
PS4CI ⑰

(a) x + 2x + x =0 as stor

let x=x It,M mth T=st = H E +27

subshinting: x+++25X++ +22X++ + 2(x++(x+)+ x =0

Expand: X- Xo (t, t) + (X. It,TL... and whet terms

0 (90):X0t+ + x0 = 0 Xo = tCALTlet+AITlerit)

=
X- ICACTIet+ACtlet) as stOt mth T-st =0(l).

0(21): Xit++ x1 =- 2X0++ - Xo

=- liA+e't-iA+e-it)- EliAeit-iAet)

=
- i(A

+ + tAlei +c.C.

suppress seculates (etit) ( A++EA =0

let A= Reio so that Dieio+Rio+e00+[Reio =0

:Ot = 00 = constant =0. 180, Rot(R)

RT = - IR 5R= Roe-IT

: Xo = R.e-IT cos It+00 (

Exact solution: x = re-Ws(11-e"x + 0.) (ro.00IRL

~ roeT Ls (t+0o-524

:x- x0 0(s) for t = 0 (E).



②(b)
+ x =2xas StoT.

Let x=x It, T) with T= st, and mite X-Xo(t,T)+(x,(t,T)+.

Xt+ + 22x++ + [2x++ + x = 2x3 < substitute and conect

terms.

0 (s0):Xot+ xo = 0 5 Xolt,T1 = E(Acte' + Altle-it)

8(21): X17t + x1t = - 2X0++ - X3

=
- liA+eit-iA+eTt) - (Ae't+F2-it is

-FiA
+ + EAREJeit+c.c. +non-secular

terms.

Hence to suppress secular terms weneed iA+ = E AUE

&A = ReiO = i(R++iRO+1 = ER"

: R+
=0 = R(T) =Ro

ROT = -ER" 0=
-

gRo" 5 0 = Ro"T+ 0

=>

A(T) = Roe:(00-ERo'T)

= Ao e-1Aol*T



⑤
(c)x +2(x--u)x + X =0 asa-0+

Let x= x(t, T) mth T= st and write x= xo(t,T1+ exCtiTl+ ...

X++ + 22X++ + 2-X++ + c(X- -M)(x+ + 2X+) + x =0.

0 (90):N0++ + x0 = 0 E Xoltit) = (Altlei+AITle-i)

0(21): X++ + x1 =
-

2X0++
- (x-M)X0t

= - liA+eit-iA+eTit)
- LE (Aeit+Feit"-mT(iA+ei- iA+ e

* (

-

FiA+-FAPFEAl-IAA-M)ETei+c.c.
t non-secular terms

suppress non-secular terms by taking
- 2iA

+ +ATA-i IIAA-M)A = o

i 2A
+
= (M-A* A

utA = Reio = 2(P++iO+R) = (M- ERYIR

↓Ot =0 F O= 0
McO

2R+ = (M-+RYR "Fo R
= R

+ <0

=>RLH)+ 0

:ForMCO-system tends to u> 0

a steady statemth R=0, ·FECR ERCH52s
whist for so, solution ast-a

tends to a penodic orbit with

Period 2 and amphitnde 25 -called a Hopf
bifurcation.

lat leading order).



↑3445
④

2y" +y'+ xy
=

0 as stormth 0<XC1 and y(0) =0,Y(11
=1.

(a) WKB expansion:y(x1=e"( wth S(x1 = SotaS1..

y'(x1 = s1es(XI and Y"(x1 = [1I"Jes(x/

=>Iss'+ 2Is"+ x) =0

Expanding and colecting terms:

0(90): 15 + 5 =0 t5 =0crs=-1

: S.(X) = A., So(x) = B,- X

(A,, B, GIR)8(11): 266s+ si+ 5 + x =0

So(X1 = A, E si = - x E S, (x) =Ac- EX2 (AztIR)

so (x) = B
- x = Si =x = S,(x1 = Bz + EX3 (Bzt(R)

:General solution is you Asex"+ Boe-***" CAs,BefIR)

Boundary conditions: y10 = 0 AsrBs

y(1) = 1 -> Aset + Bse-Itr1

: As--is aeratinus
Hence

y teflotltXY as 250+



⑳
(b) Cy+ y'+ xy=0 for 0<x<lmth y(0 =0 and y(1) = 1

- Steka BLat x=1: x =1+ 2X, y(x) =Y(X) wth xc0,X = od(1)

=>Y" + Y' + [lIsX/Y = 0 > Yo(x) = 4+12e* (cfIR)

then, matching with the outer solution with require Total finite
and hence (2=0 so that Yo(x) =c, = 1 and there is no BLa+x= 1.

- Seek a BLatx = 0: x= <X, y(x) =Y(x) mtn X c 0, X = 0rd(1).

=>Y" + Y' + 2"xY =0 mth Y(0) = 0

Expandas YnYot 24, t.. and collect terms:

O(s0) 4" + T' =0 mth Y(0) =0.4(x) = Ell-e* (

(E, tIR)
- solution in outer region:

Expand as ya yosyt.. and collect terms:

0(20):Y't xY = 0 with Yoll)=

=>
=
- x = (n(y) = D - EX-

(1- x2)/2:
Yo(x) =2

Matching: (1 t01 =el-x*k & (Iti) =E,l1-e-x (

= el-12X"//2 =

E,(1 - e- *)I
nE,

ret
tE =et

composite expansion: yoyo (x1 + Y(x(s) - Uti)(Ito
-ell-x'/1-et- as ax0t



⑭
PS4 06

(a) Szy"+(1-xly = 0 as (for for x> 0 mth y(0) = 1,Y(0)=

Let x =1+cY X and y(x) =Y(X) => Y" - xY =0

few xx-s-213

:YIXI = aAiLX1+bBilX) labtR)

wt Y(-z-/3) =1,Y(0)
=

0

↑(d) =0 = b =0, YH-1
-) = 1 = aAil-c(x) =1

.y(x) =Y(x) =NX = NEIIT
(b) WIB expansion:y(x) = A(x1eY(x1k

=>y'(x) =(1Ad'+Alle"Y(, y"(x) =I+2A'tiA"+Alle"Y

:- Aly'"+ [12iA'4'+iAG") + aTA"+(1-x)A =0

Expand as An Ao+<At.. and conect terms:

01901: - Ao (y'"+11-x( A0 =0 = d' = I11-x(*
(Ao t0

q= 13(1-x1 +c

0 (21): - A,ly'" + 2i Ao'p'tiAod" +(1-x(A, =0
=>

(A'' =0 (collecting imaginary parts

= Ao?I Tz
-.

&
"

character of solution depends
t Ao =x1

+
on whetherx (crX<1.



⑫
RHouter solution (x<1)

Y(x)
=0 -> need to ruminate the growing solution and so

-E(X- 1)"
y(x) -++ e as stomtn xx 1, X-1 = ord()

CCtIR)
tHouter solution (0<x<1

-Both roots (9-1511-x1") admissible. Ante solution as

y11 Sin(511-x1" + a) as at of mtn0<x<

and x= crd(1).

CC2, X2t(R)
BC: y(0) =1 = (sn(s+(z) = 1

:y(x- cstaul sinall-x"+(z)
Inner region (near x= 1)

Note that, due to factors (1-x1-, both outer solutions are
unbounded as X- II. So seek an inner solution of the form

y = d21Y(X) wth x= 1 +d(a)X

=>Y" - x Y = 0 Punded o(c) = s43

↓Y(x) = csAi(X) +CxBi(X( (Cs,C4fIRI

NB AilxIte-YX"1 and Bilx1-ine*X"I
as X-> N

Matching inner solution with RH enter solution
(X- x) (x-> 1+ (

use an intermediate ranable: x- 1 =24X = 2%X(OCx<5)

(Xc)



x=re + a as sto+ with x0, x = crd()
⑬

·Y(s = sA;(sal+ Bilsd
~ ausra("xe-Yx(*/ays -a 1"

+says-a)l+eYb(*/2Ys - a)5km
and

y(x) -Flip--"a(x-173 x = 1+24x-> It as sof

with x0, x = ord(1)

iy(1 +141-1lacx/e-(ax1°
matching -(4 = 0 and 4

= c
Matching inner solution with (Hauter solution

(X+ -x) (x- 1)

X =c+ - was sto+ mth x < 0, x= crd(1).

oylaa) -still
~ (cY-a(GriI5(c1"+

x = I24x -> It as atO+mth <C0, x =crd()

y11 +anx)-wedata) an(-)
matching -> <2=#(Wcool and to -cosec/s+)


