
 

Chapter 6
Fiber products
all that jazz

First we will introduce few related notions

def 1 f У Esch is an open immersion
F I induces an Isom onto an

open slschemeofY.ie 4,01 HEYopen

2 g b у is a closed immersion
if g is a home onto a closed subset
of У and gt G 90х is surjective

Ex Speck Spec kt и Speck It

3 a closed subsume of У is
an equivalence class of closed inversions
to 4 where у у Iff
there's a triangle

we will see a more explicit def later

This definition is in the same spirit as

the following one



def Sesh An 5 scheme is a scheme X
with a chosen map S called
structure morphism
A morphism of 5 schemes is a comm dig

У us definethe category Sch

Abbreviate Schs.pe Sha
scheme with A algebraftp.fyEx Sch Schz

Fiber products

Motivation fiber products help us to
define the right notion of product in
the category of 5 schemes

X 49 Жду closed subschemes us

define nX as a scheme

f X у у Ey define f y as a scheme

obtain IPL from Pf and Zak

e.g R G



dL Let 15 99s be morphisms
The fiber product is a scheme Xyy
with maps

347 у

2711971 commuting
967front
which is universal

for any counting

Elitist the diagram

1
commutes

Rem.IE Xyy exists it's unique up to wifi
2 Fiber products make sense in any category

but may not exist

In sets xxyexxy.is the subset of

pairs x y Sst Floe gly Es

Them Fiber products of scheme exists
i e XD Sch 711 346Sets
with this universal property



Rem often S Spect ns Xb Esch
or S Speck Yeshu

let у k varieties also a k variety

As a set xy is the Cartesian product
but it has a different topology
N A Atx A where is the product
in Sch fiber product hot Cartesian product

д x у 13 cm is a closed subset
but it wouldn't be closed in Cartesian producttop

Proof fetch Hartshorne Thu 3.3

affine case

if X y S are offices associated to rings A B R

then Spee A В does the job
Because 2 SpecA в m A Bright 07
which is uniquely determined by t.IR Oz rEad
Globalization slowly turn X 4,5 into offices

if хд exists and И EX open then

ИзУ exists take p и with open sachem structure



if U and 4 54 exist
then they can be glued together to XY
glue Ui's to X and glue maps to 4
coyote condition is automatic

1 2,3 when 4,5 affine Xyy exists 65
symmetric in 29 Xyy exists affine

let S Usi affine open cover

Let Xi fills Yi д si X 99 exist

Note X D X 34 obvious for sets

glue again and you will



Examples of
fiber products

1 base change generalizes the idea of
changing offs of equations

A I A Speck Ak is base change of
Spect Af to

Р2 BE safer Also works 24DX IffyActually T x S schemes Tx TIX bagдяде of

2 intersections с

ее Speed541931 ы

L Speckle у у

С Spacex double point

this is the correct notion of intersection

deformations
familyofspecdryyyfsperttii.y.tl yr tse mostly

144 comics

Spratt Spratt
closedpt

generic picture 1 1 A Aof a deformation

family



More generally
4 thematic fibers

recall that Apes we have

Spec kelp и Spec A c S

Ap pA
affine open

def For any Is the theme theoretic
fiber of y at pes is

Xp Ex 1st find A

spawn I www.ti sihgint
Speckty3 4yb'll

Xp is a scheme over ĸ p
N different fibers live over different fields

5 generic fiber
aka fiber over generic point
encodes general behaviour ovtikdehht.pe

Ex.in 3 the generic fiber is

specs Е lay guts Speetly.tl ptsgttosoit's
a tardy Sterett Speckles s



Separateness

scheme ns
top Top is not Hausdorff

usually genericpoints

But we want an analogue of Hausdorfn.es

that makes sense for schemes

In topology Wagstaff DX с ух is
closed

an settlingpair producttop
open abuts

In geometry define the diagonal map to be

infillv2
S whenS notspecified

means 5 Spec

left A map X s or Хesch is separated if

Axis is a closed immersion

Fact enough to check that
imfxlcxgx.isa closed subset

Ex 1 5 map of affine schemes
it is separated because
AДА A is always surjective



2 Als AY are separated 5 schemes affixes
3 open closed embeddings are separated

off 4 compositions of separated maps
are separated

so almost any scheme is separated
except particularly bad ones
5 the bug eyed line A LIis NOT separated exercise

People typically work with separated schemes
to avoid pathologies like the bugged line

Varieties

dL A K scheme X is of finite type
it X II SpecAj for some fin gen.kalgebr.usAj
In other words X is quasicompact and
OCU are fig h algebras

def k k A variety over k is
a reduced finite type separated k scheme
some sources also require irreducible
equivalent to varieties defined via regular functions
Rem all quasiprojective varieties from classical

alg goons are varieties but variety PI Nagata


