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ay (convesse is obvious)
EE O A—>APC—=Cc — o0
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Nov\—examp\e, X 7 1).'J Vie vordes are not
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for T (s not 1 . . -

a A—'Covv\p\g,;(. 7 vy L<‘)<k<\. —5
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We want +o addf{{anaﬂ»oll tmsuce Hhot gach pink of X Lies in the interior

Oi exacly one bk | becawse we wamt 4o avord unexpeced idemhRatons.
o.l |

Ezraw_ne_ le - Q 0'% Hoom ?L,.e, 0'3' — view 37_/3_\0;.

X_A cf o926 03 O @ oy
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A 1’\0‘"\20 from such a Lowy&'x to Xis +f|'an3ve~kaﬂ O’J,X.

NOV\—QXa.W\\olQ v

S v
5 S bo+h 2-Simyp |\'CQS' have Vecrkes VARV
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M Tor a A—@N\o&x X/ bt Xn= set of n-simplices of X
Cﬁ(X) = fcee aMA‘w\ grovp WA{,\BJ Ha set X,
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- g Z Cu 0y Cx €7 ond ovx\7 fr'in'v\&\‘] Many) C‘,‘#o}
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"an G;( Z C_‘) {5(« &) Q)O(Y?\/iol

S0 On Vo, Un] = > (- N[ o,,,?/\ sy In] Q"NMQ'}
Wil] Show 3¢ =0, 5082-\— §§N\\'M,°- L\om.o(.og_s H*(x):\,\* ( Ci'a*>

E \ Lales :

Xome &S The (- I) S\Qms hQ.Q_? VY3 4
fa (+ — . of Whethe Hre

'\, Y, o Vv, oriewtalon ﬂf.rﬁer/Maf(us
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\_ \ - / v ﬁverm:'&&g&
7,09, (-Hms) = 4+ (V- \ﬂ)'— (g - o)"'é“' "VO)—'

Ded =0 *Fm|s w[or Zf)k (V\O\’ A—C"W\’&X> )

Lomma (DD = O

b+ D (9 \:\ro,_ f\l) ZC3 O V5,77,

Z(‘) ()" [ve -,J-qu,_ A <>
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J)
J— O 1 o
E>(0UV\\0\€_ S QQ AN—cX : X 4 O-$3 "P&'X *&F e(su,o\:Q(suA)

1~ S\NY&K+Q

o\vH\S mw\U\“’ lc
if S"J“"f \)

OﬁC HCHO

\\ I A \ _ Z ¥:O)|
= (S =
Ze 2V Huv- ) %O 0
e b— Y-V O
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EX&MP|Q A cx shvive on SV\' One con deduce -
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@m @a S _pb uA/ ,\Jag H,S"= iz<?0m> ~Z x=o

/XA call *his A, MM, Ao §<%,Q‘;_A°>g Z *=n
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X = —|-—z — fi—
2
Y
Y a) A
(@ J— CL 3 Co——a O
{ |I N
26+24, Ze te,+ 2Ze, v

fi— e e, +e,

e. 62_’63 HT-V:O
{-LH €, €3 te, g

D 2 2")_ *=0
Hx(T ) = (Z€|+ 22+ 0 ex) /Z(e\~e,,+e7_) Xx=| &— 1£r€€(7 th@ru.-‘rQJ\
2 f.—f) x=2 by €,€;
O -Q/Q—yl Al:\‘erhﬂ‘HVg uscaf.,.e_ meH\oA \Ls'-l\a o K from o.\sebfa:
Stra¥a normal foran oF 9 s .
— enc

~ Z %_OIZ- (ll |I r;w(lol op (IO H,= :er'a"'z

= 27— Xx =\ et o% o0 H. CoKer'B =z
o () 2N So after Z-isos o] C2,C, we

ot 2* 523 & (x,00)
RﬂﬂWIL ﬁLOu’I' Onen‘}'a‘hO'\S (See adso my R3.2 Greometny, 4.3011;\.6&5‘ no‘t(’_S)
Rr o vecker Seau. aAn orientoRon s a Clnaluo},)-— basis moaﬂeo
|C(\W Qr\OLOMorPL\/\‘S‘M,S 4 M>O
| o
€y g W —hand o -l ‘LHC\ lefr - hand
Exanple R* ‘ . gn%;_x;\o,\ <o 4 or i embadion
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fak GL(WR) has 2 pa%—@manev\h /A %ﬁ;fo So can

ad wargo coanuous&, a\q,arm a bass 4o &noH\U wiYhin  same orievYaRon

Canonmcal oremtation on R" : € -y Cn  Stomdarh basis & "positive
ocientation’

Exomple [Vy,... Vn] simlex = v, .U Vo s a bosis & veder subspace
V"{Zav\r S Q. :o}g |Q“+\°“

hence o droice 01; oremtnfion ol V,
amd each frans posihion of Verhwes Vo,... VA switdhes Ko oriewrabon class.




IF Vo, Vn€ R" them V=1R" 50 simplax’s orieutakon can be compared wikh R orient”

\ Y v,
Example | B2 Jz.\r,k Posiheely ‘\ﬁ-% negaky
Jo Ui oriented o v, ofiemitd

J" o\’o \’;--\ro

s No nonveal dwoicr of orientnbon ‘for an abstadh vedor Space .
Need choose basis Uy Un Hhen dedore omothar basis posihveds oriembed
W Hw dr\wv% 09. basyis madix Ahas dor >o.

J R)r \/\v){)efflome Hélﬂv\ Wil chovee DJ— Y\O(MWQ coon ACJO«.H’_ ocrieminion

normal Oj_ bass W, ,— Wna of H Eos,‘}{\/e, i€ normﬂ&/ w‘l'“l""""' i§ posihve

: va Convenhion “outisard normal Rrst™ R"-basis
H™> Exape 52 HeR®> = ¢ posikve basis for H
J'WML} (noemet e, ) = (5 6), dak=+150

Exanyle AN < RMY il normad (1)1,-.,1) is posiRvely orievied.
UISHOT For am  n-simplex  [V5,..,Ua) i ni/ eadn fact Lies in a

)\\ﬂ“rflo‘“e amd. Wave Cavonical (/1/\.0\'(.2 oj, vormal owhwardA notmal
o, €acths ace. camonically oriented.
|

E\(am-le. |R2' 2 W‘I' 5 OMI'
in smootl. world: D So oD =S @

an Relockunse
AY\,D rcwqﬂ'av\ 6‘ Rn vd\“ Swap O('i(M‘l’V\,‘HOn : afler c‘> 9|) SXA—Q clockwise
] 1

E le. V3
—Xowf'e '.5 out . reflect oub \r:b /E\)‘OI\/J'\,,\T,,‘\Y;LJ
.U— -\r Voe\n \
AQP e, oV ) ’ /7 o“t/ Yy Ve, U3

; , ‘ - -
Vo vV, * out y U3~V \JT}—\J" AA‘ TV r\eaq,\we_ R3-Lasi
Posidve  [R>- basis o

UPSHoOT (,_|)5 i {"‘)C[Vo,.--,‘/’}\:,--,\fh] in AekaiRown of simplicial O secretly

keeps track of whether He oneatabon of Hae Siwo\ex manes or not with the
orientakon induced g,eome-\v\‘,m“.a, by the above convenkions. From His point of view, Ye
equakon P09=0 lolds becanse a codimension 2 face Y of & simplex ¢ arises as the
focet of e_xacﬂv o €facets f‘llﬂ_o-F a, ond He az.ame,\-(ic. orieataklons o‘;. 'F,"F-,_ indwez oﬂgos;k_
deomelric orientakions on Y (Herefore if We Keep ack of orientakon Signs we wusr +y-¥ =0)
(hecking Haat they are opposite requis some thought, one approach is fo say that we

Can deform £ ,‘(‘l;_ unk! ey make a Fat an ond Pichee ¢ delorn, Y gt +X{~m9f
then heir ouh,llarA normals Zn‘ﬂ be opposite . ah' (hee: "'-,’ t +X :
£ 1\’ £ {1 * from sz




Lemman. Hf()()’f ® HI(X) where X; ase the path=conmponents of X
PEB L) — X, ®eir— Te, e

L/ Path~conn .

'y CL\aLAlSOMo(‘p‘N\SM Sl M\a S./\'V&/}( 0 : A — X has pm%-canned-@k
lN\OV_ So € X; Some . N

Theortm X has A-cx shche = Hi (X)e @ Z

Pa:i'fn—C.onn.
Pe By lamma, Woa X path-connected Components

vy v o= Vel () 2= . (N=0 = [v]eH(X)
* Veghas vo’\r,eX = ’;}fod{\ Y Gom o 4o v,
=  Can (/voMmLoFe potn so hat %alo\jugq

X "
A S
= ‘6 1S SUMJJ_ |- (,!/\MV\S‘ s-k. ’a\(=d|'\ro

Yo hewy V] € Ho(X) indgpondant of choite f ¥
Ko (X) = < Lv}>
y Ho (XY =<TVvI> 2 s Mjehve ?

hy <« N 5J(P05Q nUy = oc Jormg CéC(X)

conidu~ Hae awgmentaion e\pm‘)

(X =25 G, 55 Z
EY\ g — o ne

JJ

o-simplices — 7 :
nolce conpasikeis 0 s ('—“"’Y“X)= 6,-0, — ([0
0o a\

— n=2¢(nhy)=¢2c=0.
Rmk ¥ top space = podh conn. comporamt < Connwle»\ covponent

sinc path— conn. =3 conneckd. For A-cx, SHiese are same (.S’mC.Q_
Connected + ﬂom% (M\H«-—conr\ = Pau\—wm\euleol)
However for 4op. space Hhey need not betha same e, TOpo(pa..Sl'-r sine Curve

mJ_ | oorme,vkﬁl
{()C s 3 xe (o, ‘]} u Oxlo) ¢ “2 WUV_\ - not path-connected
. not zoca‘b? fﬂH\'Conr\-cckA

0

2 ra-H\—wnn-cowyonzv\ﬁ




3.SINGuULAR HoMologY P
Moth‘i\ov\ N0+ ol Vions ‘\‘LJJ" H,;@ (< ‘FUV\V"O’\KQ A X

Hew foa Hpn(alty rot s/v)glex A_) %_}@
Solukon L1 ony allow Simgplicd maps £:x 3y (so £o6 smplux Vo)

Solubkon 2 ¢ show Yhak any s tep fixoY canbe a,ppmy\mam acbir (o vy
\/\lUvQ 5'9, /9 Slmf)] M\X (N’v() affer '/mvm%u p.eraformu( bmfviu,r\k\c, subdivision on X,Y
mouyh Kmes. Also any two suda appoximations indutt Har same mop Hi () oY)

Soluhon3 3 dovelop neas Vromatogs Hi(X) whidn allows any ¢t map 84" X
and proce HY (= HylX) for D-corplores Xy 15 any

+top- Sporce

> Y

Q nhnvous
it f

T
WILL Do THIS.

M Sinqular r\—-sbv'r(%( is any- [ cohavovs map N —— X

Stngulo nochatns Ca(X) = fren m%dmgmvygw»\m}dbj5

= z C g CpHE 2
SW)J\N On\~7 -ﬁn'\\-eL, many ca_:ﬁo
n-simplices
> 6N T and. 2o Bingo
C |A.“\i-\:\r\4¢auj— ( %)

Rwk Here AT =[e,,..,8: . en] is idmiked canonically with AN (S%eif,“:.ikﬁ,rké)

L&mmo\ P20 =0

Proot 9n+l (9 a)— Do ( ma—\a o ]
RN R S
177 JI D AV\“\S W\N\C'\"”C
+Z( |) \) O—| N A if Swaf ‘:‘)
- ecl’7ej'"')

I
—Oo . O

— singalor homdyy [H,(X)= H,( Cx,2)
‘FO(- A OOW\V&/X >< \'\O\\IQ. \I\C@\IS\OV\JX’ S'\)oCOWY(—q'X C.\F—}Cx_
— induas H (X\ —> Y Oq Foct \S‘ON\O{‘\O\I\SW\
(proof lakes; see cellular HEWz 1)

Gorlary.  Hy (X) is indegemdont o} choite o A-cx shache on X




anka X = ()0\{\\' = C.(X\=Z - (0"' AV\—-?)( +he conprant W\“f’)

0 g, = 2(1)6“\“_"2(') Op }@ L2225 2% 250

5 'Q | i noeven = £ G
{ v odd /] —) H*(_P'k) {% :lsz

Lemmo\ H*(X} = @ H)‘(X\') where X\ ace P\‘H\-—wwone_v(\j o{_X
E |""“3€ Oj— ks mop AN X s (Dw\’(,\ conn. so lies in some X;.O

Cor |H, (X) = g'? Z —generotors of Co(X)

E By Le.mmm) wlLO§ Krmﬁ«——wm\ﬂd{ak. Ao=\0{'% X is a/o@- Sin@ C——l (X)=0
Given 2 points X, y€X, a path A= EOIDT X, ¥©)= X, ¥0)=% is also a |-chain !
So Y-x= 0y ,50 X9 ot homologous. Finally i n-[x]=0 € Ho (X) Yhen
NX =3¢ some ce((X)=gmamitd by paths. Now run Ha avgmentadion
bom.hrick iKe we Atk for HS: n=¢€(nx)=¢%3c =0 a5 £.3=0.0

Na"ivmu'ka— (f&.. f\mclwn'a,c&"‘g—)

LQW\M -F X—-’3 y oovr\\m/ous

/ ’F : C-V(X\) ""’C.\L (Y) A T . X
indw Cedk map L (@) =Fo¢ anol c;(de\ foo H
\!\Cnf)

Q—_f—- O (—C_\L o) = ZC—\)V\-Fao‘ &?‘-l =.F* (Z(-])" O"A,E,,>='F* (’bnd‘) 0

Peoper Res ) Iy 2,2 — (3‘”(:)*: Fe o Fu

2) d, =id
P ) Ged), o= gofor = g, (fo0) = g (80)
) 4,0 = deg =0 vV D
Cor H, ¢ {Wobg«dsmw} {3’”\”\2\’“““&” “VS} s & Avnctor
ch mMaps Gended foms

Cor XV = H.X)= H.(Y)



4.CHAIN HOMOTOPIES AND HOMOTOPY INVARIANCE
A|geLm . Chain homotopies
-F.H %‘F " <C+//)¥)__3(€+)§¥) chatn mops
Det {4 9, &t dain howotepie if 3 (degeee +1)
foo on D: Cy—> Co[1] st
9. +4o0=4£f -2

hoic ol o chain homlopy

G)nSQ‘]\FfN\(.Q_ ":4=9¥‘- H,,(C,,,@,.)——a H»(C,g..) n "‘°"“’\"33
o

P_'F_ CV\-H — CV\ —'\)_ C“"_|
Sh
£l 1%
’C\:\-H N—; Z'Jr\ ¥ Cv\.-|

n+\

C CVJL e Cr\
=) -Fv\(c)_ 3,\@3 - ’anﬂo a‘h(c) - e\r\—\ ° B“CC)
——— —~—

Low\okﬂ\f'af (‘)‘
= £)= g, i W(T) D
Theorem o ¢ X— X«T, lbt)=00) hee T=[0)]]
‘.'| . X—%Yx I/ C| (X):(I,I)

Tl L Co (X) = Co (X xT) are harn Wpic.

Key idea.  Need Yhe I'PT\‘SW\ opelator Which cuts A'x T indo a sum E\ of
(h+|)_5i~YI|k£S in &Nx1:

What s farh?
T rees R e Ry
s, \ o™ > - s < PTY: _r;‘_‘ o\opln'e.o\'lw -] AN &e, :s'o
n ‘\FT‘

o ) .»
A'xT Ax LT o¥ ENN)

"hen" atk chainhpy




— Non —e&xaminable

P'(:‘ n L./_\r\:ze; XO
T boomdaet A x 0 = [\)'o’_,)\)”n'] c A o) < |RY\+\
dop ek AN x| = [Wo,-wa)
Examples _ oz e X |
n=1 h=2: w
Wo J \z o
é,;‘/*ztzmw ] AN e sl
I{ /// 4 [‘\)—O/\Y\)dl‘l I ! L‘\Fc,l U, ’\rz/ VJ‘ZJ
d‘oC’\p—) v Lo, W, ] Cve, T, vy W}
|

D Now ——— 1, C'\To,bfo,w‘“lfz]

Lejb SC = [_vo,—-)\j},wC,--; \/J‘Y\'}
Clam = The s: cover Dx [o\1) and gt A-cx shuchre on A%T

P St s
o w- — A * tom
ks K +kz>:;" @ = (o, e ,, titse, Sear, oy Sn, Sitt5,)

So gven (xo;—--/xru o) € Anxl_j eqwﬁe amd solve -

_ e e = A=A ip = =X
to_ Ia/..} -t‘:"—xwl s Sva = Xip, -y Sp=Xn, amd, {-L.'.: A —S;
No‘l‘e 1k7’o/ Zxkz |/ ae EO,\] hence j—hkf ZS‘Q.—_ { \/ ‘tz 7/0 for kK< v

Sk 70 for k>¢

e ii;o}‘%{avx;+,+...+xn . Thus & solubon exishs i we pick
W0 x£+xC+,+--- +Xh 7/& L= mCr\{R AT Xyt +xﬂ}

Theee ace mth'p\e solubons (€ W41 = Xigy = 2% =0, byt Maok 15 Gs
xpeed 2 Hhose points of AT belong }o Hie frces of 5¢,Si4,-55 . 0

Det .
r'\ = Z (——l)b SC = Ch+‘ (,AV\X [O)|]> &geomeJn‘a[[.J %,{ ”repl‘lfan',:r“

AT as o Sn‘th‘cid chain

Sl = TTEFEN Cony G oviyoon) ] gntish o

T (rmnh';
< ) A NeT
+ (’\) - 5"'\ S, . \)—c (J\: ) [,J"' = w’\ a(b X
? -JZN‘_ SURR AR ) M J =« T)u(B'x2I)
eXaﬂg\e
Yo > Y, rl: ["-O,WO,UJ:'.S’[\YO,‘)’”D\] " ¢ Yhe Stld&re"

t AL N =000 = Do D) + v, )=, ) 4 £ 1L 07

¥, —r “is O’S, S'qt/ﬂt‘e" "inside facats™ cancef]




Peism operator

D Pl = 2(6%d)x(Tn)

P: G (X) — Cniy (X x (0,1])

P(o) = (e xid), (Th)
7

T AN — X

Noxid: A"x 1o) = Xx (o)
(oxid) (x,%) = () t)

Hhis abbreviated notahion means He moyp

Vs
('tol,,.,tn)l—)( (\‘:oeo+ +t¢ +’cJ g, t

P +E 0 +te bt +tneﬂ) B +'"'+t'>
Af\

= (G'xi.J) (arv\)

€ XxT
}: i Z()) (—1)5 [b Geo J - ,Eoo“e; g‘GeC/,_):\Gen]
(O‘xio\)('\):-) S« 341 ! A~
bxid)(e;0) | * ? J2> O () [%0‘@0, ) w68, LT, {0l - e
= (0te:),0) , ‘
=@ (&) | = leT = o — PRo O
e

= (ate) ) oo o 36 xed).. O
= (@) (&) o o (60) xed),, T

/\
26 [, -

now use @ oww\

do= TR (ce,,. o'eh ,Gex)

(No’re for k< ‘He P opu'a:)or on (")k [(Yeo GQk, ,6‘6-\_3
gves T () () (5 %y ife, e, L))

M 'Fo;’Ff')(_’ 7/ '(,, "—"‘C, \Nomo‘l'op.lc if 3 conknvous nap
F:Xx[o l]—>>/ called \f\.OW\o‘\'OP‘A- s.t. {’\(o: Fo Co

':j Vy"‘/"'} w’\—l]

Homotopy iavariance

-----

£=Fo{
ldea Thisk of Yhis as a onwhnruous f—amm df Mmaps
f =F( )XY Lrom foto £,
Exorcise o~ s am

efuu/d.ence relahon .
Homotopic reladive do ASX if F(at)=4(a)=f (=) ol ach
WeHe "f~9 el A"




M Xc\/ \y\oMo|<>‘A:, E?VWM spacts £ 3 maps
_]C .
X ey wh gt ="
3 -Foa ~ ¢
RmR  homeo =5 hpy equvalent
bk X conadhble % = pt
2qmivaleatly ()(_L;*_) X) = (X ﬂ)bpa?v\*é)()
Examgle R™ o pt
Fxt) = tx tow £ =0, f=0d .
‘ (SW’SL\‘YOZ_A s ubsels s R™) = pt

S~— containg |(ne. sejxm&m)'r
o a SPQUC-F-.'C_ ,Oom" P

WloG, p=0 R wst Same F

-Jw\slql-e

(exawples : D", convex Sets, ...)

Theoctm {le — f.=1T. HXo HY

o

% 'L\‘at - -1£0¥ = E;.CHL - F-F t‘o* (N\'\MF:L\QM.D‘LD\O\?_J )

‘:O,C‘ &S i previous Thmw

= Fe (8, loy)
T = Yo(FeP)+ (FeP)° 0

e CL':'\O\:»’; /% Fee P s dnain Wy from fo. 4o 40 0

Coc X~Y = HiX = He Y
PEf, 4.5k, Gate =34, O
X =0

M& X Oovw-Voxcklole_ = U X = H*(P{;)g {% o

Cu-e‘l‘\)(b\l KW\K (Wh”—e»\@\dk %\ﬂ,otﬁw\\) Tor nce “I‘OPﬂloa/;CAQ SFQCQ.S &G_\Ige;—ogx‘f;f?i>

i€ XY ae simply connected amd 2 £: XY indvsing. isomarphisms on Hy e
Hem X 2V ore homolopg 2quivalont.




Relakve homologn,

Dok (X,A)  paicobspaces  iF ASX toplgald sibspace
= L=rincdr A e X indoes a subex Ayt CoA — G X
= C*X/C*A 7\/0{\'&»\/4’ chain cx é-e_&\\ o[*) = CB'JL’D

H,\,_ (X/ A) — H% C C¥X/C¢PY>
relakve boundaries:

|ﬁ.: relahve C‘jd‘:: X
c <X ‘ ‘ be (X
S'.‘t_’ac éCa\:A ’W S'-'t.HDCéCy.HX

¢ Ix=b+a
SGA

= 05 CGeA - CX 2CX /0, A—> O SES
Cor |- — f1 (AY™s H, (X)) — H“(XA LAY

K Les forpe foir Sc ,ac
EQANQ'A l"""""e"&: Need no+
be da.

FaX= Kor (HX— Hale®)) —
N indwad by X—pt
For X#¢, ﬁ..X = H*“j— _g»m&w/eo( dwin go»y‘(l/x :
..__,CHOQ.——) —. s CD(X)—SQZ%O cam view
S(ch ) P) =2 € O
nYoron — y = Z:(mae $X
vgmenTaTon Cﬂz on{n‘rx NL\eﬂ’( allow +|r\e)

E n v\ eV"‘Pl"a Si Mplex Q)
Exarpe H.(RY) = H,K(ID )“H (Pt) =
Check + My X = Hu X %o, a\nok H)(~H><@z for X%

D FixoY = R — LY
Lesneran (XA) pair = 3 LES

- HH(A)—ZHY‘()O——# H_(x,A)— ﬂ;_l(x\)—“i . = Ho(x,A)=s0
E wse Mafw\e,v\-\—e_ak h-ex. amdh Z,2 =0 ()




IR

Com H=\=CX, pt)
P_‘(‘ ’I:‘{J#(PE) =0.

H, (X for X+

~J

D
Exanple &5 7,6 5 Ta(0)=0

H}V\QR‘\ [-\—_‘\\ ./ nen=ty 0~ T n-i
\D“=s““ Mo(pys™) 7 H(035™) = Ky 57

Natvcality of the LES for pairs

el A mopd pairs o spas  (GR) —s (,8)
means ' f:Xx>Y and £(A) EB.

Lemma. - — H A D HOX — KX A — H A

'C.\,.J/ LKJJ L ['&L
e T H_K‘B — H*y_) Ha (\/JB>ﬁH-¢—\B_)-“
and S§m3|0f|-3 {or 'HJ,,_.

PL 0 GACKY S X /A >0 = claim follows by

AN ful natvedity of LES tndvead
00 CGBoC Y D CGY/CB—oO by SESs of chain (xes. [}
. EXC\SION THEOREM AND QUOTIENTS (%qiets
(X/ A) palr g +£\QM/g\ezc";f\r&c.r)
b{i . X— X cehuction onto A if {V(X\ =A
Exmmek A X:éjv Sl = 4wo gg\nercs gfartok ak one poinY v
A ‘D Y (wedge sum)

r: X—)A\ Mmow Selond Sp)\e_(e ‘o v
EXamele_ )/\ P\C o(— Boower— g\'XQaL ‘)h Y we LV\.QH’ A rehackon \o7 conodichon

Gr r orethackon = 1L Ho X — Ha A sucjedive
incf_*! HeA— HxX inyedsve

PL lac r. .
Lol A\/_b/\ now use H* faddorial 0O

ida




M X o X Aelormation cedcuwdkion onto A E'F ~ rehneon

r = de Y_CQ A

A = equator = X </X
nd

Lemma I AQL . = Aﬁ X is a hOMo'IVW") Q_quf\/aﬁen&

ndly and My are isos on Hy  so H AZHX

fm,Qor-:r*f:fo( y roind = \"lA: io‘ﬁ 0

P’F AIV\OQ

r.

Xauv\?_\t, S \ Y def. FEJ‘(Zd'S +o [D = |ower h&W\-\)'p"\CrL ‘\ 2’\\3\1@5

= S \ek' = ]D MCS‘
— SN2 fewk] =\t = D" \ON@\

= SN\G e 2, B2 & OO, (0w
E—xcisiov\ %\eace.m U) 2D =5

ECACX sibspaes = (X\E A\E)— (XA) Tndwees ico

W\'H'\ E < Ao r~
X\E A\EY =L H, (X A
Proot Laler. H*( /A\E) «(X,A)

s X552 OO 24% 30 2 £= Oz
= H (xA) = H, (&, 2) = H (v,2D) e H(5Y =2

RXC. Hm. hPy ‘nvCe. \\So ?_Po A¥s

Example [nvariance of dimension from chapler 0 also holds i replae R, R™ by
nov\-emp+9 open Sets AcR" \/C|R’“ because for pell ~— S‘+a*\evnevr\'\>cmw\es)

H (W, U-p) 2 H R R P & Hea(Rp = g, )

Roxcise RNA SLES of PAC N feformakion reicact R LpaS

2R

RC-P""“-““? of Excision Thm using Hx(lkn)— o
X=NuB = [Hy(X,A)= Hy(B,AnBY | inclusion ¢
(AIB <X SULS(OL(Q.S) (X,Pi) <—(BJ A{\B\

"Ry DB

Pf Take E=X\B so X\E=B and AnB=A\E.Q

ldaa wb\v, exusion holds = G, (AV+C,(B) — Ce(X) is o kow\o)oﬁ Qﬂmvm‘&r\c&

Amd Co(AYN Cu(BY = Cx (ANB). IJ\e_ou_j\CO\r\ subdivide. dhains in X many
‘h’mesl Gndk Small emougL\ chains lie eithe~ (A A or in B (or ia both).



Good pairs and quokents fr (X A) oaic
’ M\- X/A — ></ [Cﬂlui\h&'ehm relation X ~Y <=>{x/3€A

(xc:-}
- O( A d pair if A?'—'¢
) goec et A Losed @% *
A Ae{ormw\\'ov\ etk Yk A

_ o nbhd Vol A
Exompe X5y 5'= (XD 2v= XD 2 A= Oss
X/ = O e fall pointr of A ove idembfied itk Ha node)
bonesomye Topeapats e o el
hot QoCaﬂ? onneded
not Zocau/} path-Ganeded

{(xlsinfi):‘ie(o,l]} y Ox[o,l) 9.\\21 A—>
\-’VV .
A not o good pair:
Chval Rmbe.

Smooth submanifld & SmooHa manmfe\d s a aaool paic <+\)L>|A|o~!‘ o\)

nesghbourhoo
+l\e.;a re/:f\

@ (X, P\} zoool = (X,A)—> O(/A) PJC) indwees (so N
H, 0GR — H, (X, 3t) = H_(X/a) A
Pt ﬁaodéanbl\o( V?/}/ amd. A%V- eiein
LES e — O\, _ - o
2 Ha(X, A1) =, Ha (X,V) «=5/H, (X\A V\A)
;\‘T\NZ\:‘MQ e quot-l v :l Dy =idenhty
B =% Hn(XKq, f\/ﬁ) = H (Xp, V)< Ra (X/A\]’ A7AN F\

T all s point p Henw afl arcows are iSos D

n -~ q\lo \'\'C “* ;I\\'S A=Sh—‘
EX“’“’)"le‘ [D‘q > S ! 2.oool: 665"" _ ePoiAe:?{li\
TNy
= H (0057 = Ha (D7s) = H, (57
— H, (D = ~a) =
J‘( I ) S T\-"_(S/. [Dh/Sh’\ = Sh
Exercise (Check Hhat the iso in he Cor i naturatl (\CO"“-"’WP (%, AY— (¥,B) of

-
@ood PaIrs 9et Comm. dirgam. .-




Recall we proved (D" 5m7) ﬂ;_,(s"-')

(me LES
H-r.“D "0)
= H_(s 3" " ) =§2Z n=k
indweket ly, ( ) ) - (// ) Xio eloe
lAsir\a Eme\p\& 2 Points

HO(ZP*S)ZZ@Z

Gemaonbor o Wu(SY) = HL(DY/5™) = H, (D",5") =2z

Observe 3 homeo e": A"

N

molmw\g, N-cx shvdvee on SM

D)Y\ (;\OMCWOFK)

LY

> D" =57 vt
l:xo\mPle. ‘2’:.}\‘;:’\,\;\56 ,:{(A)
~ m\oarvcbv-
3 Z@x pANE Q .
Upshot H 0y S“_ ) = CDLes
(h=2) H,\ - (S“") = Z 96" T— for n131, 50 132
\ n-\ = Z en “a4— b Cor
Ho (D /5" = Z-[e] X e ety ves
Evertise Real| andher [\ -cx shvibe on S ('2:’ (‘,E '3 Sn),>
e [$5- Dua /gm_ adov#BQ s
N/ call s 0, S#his Ao o (s™)
becanse O — A, 15 & cyle and 2
e M, "= 7 (- 1) (52, (S70) % H, (5, 20) = Ha (T 90"
A » A| — e
Prother remark aboud oritnnhions (by LES 4o (S0, using no1)

Fa_ct {\/\OW\MS A — \B} has 2 pm\'{\—cowwonewh

Above we chose o pad. com onent by constveNng e
P { Y/ s
¥ © s any re—HeUI\on in R e @76 is in the other path - componeit

=H, ",

]

—

% SWap 2
woocdinakes in A

e” \—7+l

e,ol"' — I



We will See |ov|-lr ‘a the Course Yk Mais o (ceSponds 4o a choice
of oriemtaton of [DY\ and Sh.

O\AY' Ll'\okl- s wnsiskent with H.e inclusion |DV\-C—)RV\ (wf-\-L\ Hee
fosijn've, (CAnom‘ca.Q) orientabon of- }2“) and  Hre Taclusion

(B eRT) 2, (&, £) e R : ty0, Ttog1)
(‘b=°1’7t"\) — (EJ’)*"‘X o

iy 0, L=l
EXaMfle, L
A‘J_ _ o C IRL “ Ibz - )?L
/ P = B
[_eo,eue,,] . k. \

e, €, poshve R -basis shavdard origwaion
Our choice is also consismt with Hre “nocmal Rrst™ Convenhion

Fof oﬁen'}\'r\g, hy\ouplomes wHh a 8/\'\/% drhoice of norma,q. <

A" € hyparplone {(to,,_){“):ZtJ=l}g R normal (L., 1) (so pointing.

C | 4 " o @ in posikve qua;thk)
=Xamgle + normal
3
N = e:, <K hormal €-€, , -,
Y/, (X4 5, {)‘JSH\\'{ R3-Lasis
[eo e, e,] P fé:e,
Consislont also W;HA He geomednc \;ow\&c\fj orienwtzhon (o“\-?oorﬂrtai'r:\d fl'r:fl:)
2 2
B = L stomdard
I 0 onentzhon
o o |

— A 2 A
COM(JMPQ ’aA"" + t%,ell'@[%aeljel] +(e‘°:e|f€7’]

—

This = [€,8.] is not equal Yo S\‘Na,\r(v haan [e?_/eo] Sine H‘M()’
0t di€frnt Maps Ak we Take éree alehan Frove gememitd by maps
Bul [Rs,2,7) + Ee,_,eo‘g \S L\OMQ\OBQMJ +o 0 (Homework)




'ﬁ_m(’ijfg; (or “smafl simplices thoorem™)
A = {Su\psma; W € XY V:‘)\'\QSQ. Mo cover X -
M C-’- (X) EC«L (X) SULCX éo\nefa.k'_A JDJ n——sIl\\o|\Q5 o withk

o (') €W\, Some i

Theocom |14 (U 2 K, (C.00) = HiX

barycentre of [V, _,Vn)

N f\_“i'T(\yo+ /+7)
Skelch p—f— @ Ea(‘\/cgwk’\'c SULJiviS\'on loar)'cen‘ht dive Je,;ealg,e in2
Nonz-‘cxamm\o\e,
)_ S(A
— 4»

_>C/L\6‘VU\ VV\AYO S C (><>_)C (X> S(,\.Lo(\v\de. -\Le L)Ob(f\dd\.f

0 O‘o N (mdUohve19 by dimenrns: or\) Hen
Mol S (C“) C C W 0((&\/\/ #\e new 'Fﬂ(lf Obf'ﬂ.lr\e—"{ b?
¥/~ ~x ConveX Cowmbinahons mvolvmg -}i\z

Conshuchon of “do ST 5 tndwehve new verkes and fhe bary(_gh-).«{
On lineor sinmplices (-H'\em for mags 0~ Yo ceSkauta]. ) gcame)neﬂf‘g. < :

o S [er) = [©.] e Y
—o+——- S Le]e,]_ [L) 6‘1 EL) e-o] (— [‘b SQE‘CQ Q]J >

€o b <,
] & S[e9,6)="[b Sl e\le,_]}
o “ by = [b S Le, e,_]] [, SCe,e])+[b Sle, e])"
LN, = (Db, brn,€a )~ Lo, b o )= bos €3 T, bed)
+ (Lo, bor, @} = [k, by, €01) d
So {for ¢+ &—-»( You R avomeld be, b,
take S(o) = rr|[b b, € o—ll:'olon_/e.] Yome C“’U'} ﬁp
2 e,

Ol

@ S dain hpie Fo Al
T:C,(X) »C _H(X)

Pl"ﬂ'\'

T(): T NS X _
e DT+ TH = S —Ad =3¢ HX)

A, ()




|dea : S(a)

l /\./\/'\
~ i [Tk
Al r-’,;/' .':-"\:\ 5\‘
. AN ,6,’/,”/“” \‘\\‘\
®\7’ V\"S\Mf\ex OM'A - X/a’f(’l‘) S() QHOM?& 'I'\‘!V‘CS - D
U\n—\%Q d'(ead« Nn- .S‘.mp@e.x of Su,odivis\'o\rﬂguc Some. * Az

YV cydo ¢, Tn ot S"(c) € C!(X) ey cle
/7@ Z‘IQA(O — e (X)  sujecht &~
\y (S S2 T} =) by @
V bdey c¢=2b, 3n st. S7(b) € GY(X)
claim: H () — Uy () injechie
suppose. [C)—s O them c=3b for be G (X)
now Shc,S"b e CAIX) for large n
= 95"Lb = s"3b = S"¢  in CHX)
= tc]éS';[c]:[s“cJ: [25"b]) =0 in WA (X) /' 1

Proof of excision Pheorem
E_Anb L+ B = X\E

7N o we W= {A B}

T T —— so CAX) = CUlA) + Ce(®) € CulX)

B
Cx(X\E) = C.(8) = C.(B) = C (X
- C, (A\E) /*@"\B\ m\C*{B}\ %x (A)

na . .
L H. (X\NE, A\E) 27 isomerehisem
= COMPM LES s 1L ¢—by A\ooVQiSoS; foc groves

MalB — Ha (X — ML (CEX /0 A) — Hao(R) — H,_EX)
| |om\i4-al'2-‘ lfSo b7 S-levme. || |oco.|:-l-al ~=
HolA) —Hy (X)) — Hy (X /e, A) = Haoy(A) —H, LX)
|

are wsine, nahurals LES s
(oSt ) .



C. Mﬁ\/m ~V\ETOR\S SEQUENCE «— |(ev~9_ C-ova:\H-M-\'ov\aQ ~+oof

X=Aubd «t. X = A°L B f\/E/’\

A NS
ony Sv spaces \___\/\__‘ X
MV Theorem 3 LES -

A
oo H (A B) 25 HUB@HB) — H(X) o H,_(An®) 2

WH)

& same. holds for ’):l; ?nov\‘dll A(\Bif¢- /\L:{A/B}
PE SES 0— Cu(AnB)— G (A) ®G(R)—> Ch(X)—>0
o ) } (O‘) —0")

(X, (3) ——> o +[3
= inducts He LES (U\s‘w\} Qo(wuy H\;X?—: H.X» -
EXertise Qonnedrir\a, Mmap is §: H+(X) — H, (A nB)
[AtA) —> [ox] = - 19¢)

=S BT e 2
s! - —| By <"

Ang ~ St
— H (fﬂ@H Y — HzS — H(S)—> H (e’r)@ﬁ ") >
5 w2 Z 0
Execise  Compuk HuS" _{% il =0 ysiny MV
®) S
E>(ouv\p\e wedge sum of X 1% XvY = XuY
\oJI‘H’\IO&Se.PO nts x ‘é'w ﬂ
5" 5"~ QYD A= (YN 8= 2D aap= 2\ Y
~S" v ~ pt
O%Z(-DZﬁH,\ X) >O—).--—>O—?Z—>Z€BZ—>H(X)—>O
= L — (1,-)) X~z

Simi\ar|3. He (XvY)= H*(X)@ He(Y) dor x#o| ¥ T condmchble nbhds
of xe X ,0f BeY.




Cone.s ar\ol suspensions

(XX [O Y)> /(7( s) ~ (g, ) HF eqva,Q oC

~ ot s=t=\
é ZX (XX [O YB} /(D( 5) ~ (g, L) HF quoQ
Examgle CS"= D™, ZS" = S ORI

Lamma Ha‘(zx):—tﬁ X

\,
A =R (AN ANBE X now apply MV, 0O

LES

Rmk A <X = 'PT¥(XUCA) 2 Hy(XyCA, CA) = H, (X,8)
Conneclth sum  idikfy acACX it (2, 0) € CA
M’”éﬁi‘:ﬁ:ﬁﬁﬁ - MH#N= (M\ AT o (NNl )
IA&A-I\F Yballs vie a homes

(=)D

Fact Compact connecfed orientsble surfaces are homeo to 5 o w
and /7 7 non-orientadle ones @ IRP# ... #RP™. 3"\0\4‘\{ 9. = # cofies

ccn-\\e_& Zg_

—

EXtise (Homework) Tor~ M,N compact connected n-mids:

By MV, [H (M#N) = H,(MOH,(N) % 1cxen-z| |HlEN=Z

Since conaecied

£ Mor N orientable : % =n—1 also works e i
1€ both non-orieatable: %= n-1 ong of Z/, Summonds” becomes Z Z or O
’2_ for N even T %e.\re
COF I)X (M#'\j) = X(M) -+ X(NB - / Jr odd L{;'T'rq\%“
4 X=o0 \’V_\J e .
2 Z = 2y — see |ater in
) H ( 93&9{ nos & {%_ :\;-:-:‘2_ ’X(.S") ( course )



3. DEGREE OF MAPS OF SPHERES
f.,s"_,s" = an : H“S“—}HV\S“

r— T
= R, o F, 5™ s dea(d)-d Ly M) €7

Propertes ) (id) =)

2) dug (£o9) = )uzng - dg g

) -F/:? =>0\a§4:ﬂuf9— igm depemds o

4) £ ~ const = £ =0 /(h;m;z e e
oriaw\-nc\\‘on-PreJuv{Aa

b) 'P hOVY\QOMOI‘P"\.{SW\ :> o{ea.F — __tl

P_'€ or reversmg.
Cd\*_:‘t(l} (‘Foa)_v_: 'F* °%-\r./ 'F'la =>—F-‘r-= 9.\«.) COV\SJC‘,_':O/ + homeo=)-(ln iso. O
g%a.W\pLeJ A sinea S pt— S {adlors

So H"‘S“—vH:"‘(pH—) H"

\ Sh= Nxi v Kx 0 <—call this 4, a8

) s (b)) ~ (b)) i# bedD " a
recol HnSn - Z.CAl’-Ao\) Aﬁo @
refadcon: r+ S"— 57, r(X,t) = (x, |- +)
SO QOH Al SwV{oeo( L‘J r, So Q(Alpﬁo): _CAIFAGD
= dgg (r)= - +

2> antipodal map -1k ST ST Viewip SMS R
= o\eg (k)= )

P_'(: —A.OK = (HI, >o (I—\ >o ... © (l o ) c:—:;'w:ey;l;:h;itac\,\
° ' - homeotepic 4o . [
3) Ae On = A: S SM= o(egAzolQ*A éZiﬂJ
P£ fact SO(n) is Pﬂ%—wnnecka( so AeSO(n) is ~ id so oQ,gA=JM‘A= +1
The other paH.- componemt ofF OM) is o SO(n) where « s any cefleckonD

’4) £ not surjehve — Aep £ =0

PEIE ydimE = HA(SY) Fa )/th (s")

1C“‘\I—\V\(S"\:;) = H,(RY) =0 O




APP'CW\\'OA '|° vedor &JAS on Sy\ ()
B ‘I‘a\r\ €n+ 2

AT SV\ |Kv\+\ “\"ﬂ R \fe-(rl-of— —Q(I,on on SV\ SPG-CL xt< R

So v(x) L x )
S

Cor Hairv'u ball feoremw [T nowhee 220 v.€. on ST E N\ o
(COLSE n=2%": ”yout cannot comb a ball of haic wiH\oud' c.remkna o tu{—'t“)
PE Suppose V(X)) #Fo Vsl

%Ley ~:5"x (o)) — 3"
F (1) = ms(f-\:) % o4 sia () (X)

= FE =, Ff=xa Ol
n €\
3 F, =) )
: N oi:d d‘g h—\znh_|

k
o n odd 3 v () = (’7(2_17(\ ) 77) '—:Izlz, “XZM—JQI’P?-

Cudval Romoske  Adams in 1362 proved usin Foplopy
(Mo # poinhise. Linearty indsptimdent veclo - E(LUA om S™)= 2% 4 Q4|

Where n+1 =7_'+a'+‘o'(0d°( numLe,r-), OSL’S?’/ “JLGN’ "zt 1\92"'" 0 ¢

N even
R = Cov~ \/
Locat dgte 15" — 5
¥ s = fny
@Suppose_ Pom‘\'s#—'x_ near > deo not+ may to Y

Tk welf yel sk (U, U\1) £ (V U\ y)
D" "

N
= (EL), 2 Hau, i) e (V) call s §]

e Locod map ajx
excise /;f S 5 \x 2
2

S™MU

will use Hhis again lier:
ENCHEL NN

QJ ohent




Lemma L£ogn 59 ) '9_\(‘3): 57(!)—97('12}
= |dgf=3Sdy f

fL H gh ; Pn ( Sn\
O[uOLew{" l N\L quokemt

Hoa (s 57 \{vcl—,iﬁ){é H (S S™\ ) xt./.
exc. SN\ uil =
@], G ol ¢ v o
D HalU U\ ) = U (V,V\4) PN

\/ =QOV.
wpbead S0 1 ez df, z @ = £
)

( 2 2 Squares Lommu){)
A

= n
LQXC- SNV Onowse same

st quoNent s anb

< aq e_xo.s\onus natvra S
N (n,,l)e®2—>?z n
So So. ® “:
e Afﬁ l//‘“h#':O

E}Lﬁ |(’. P - C — C PO[?V\QM\.‘\/Q 6{.\'%.“—‘- R 2 e -+ a, ) a€C
] {; S?___ q:?' —s ¥’ _,S (WL\e.re.. viewd CP'=Cyoo = SL)

2 — PR A

P —) P sJeceogenphic projecion

2%t
= \r\eg,L Fl= -E)""ar\'t + Jc(ﬂn\ *-om+Go)
hpy is con-\-muowmak'oo sinee Qa2" \dhis wo:&( -ﬁa&@ ;;FP
m— — dominaks ol dfms: £-ifCP'\ K) Youtried o homolope
r° An2 “Mk F 'F —(,P'\(Somf.cowfbadﬁ Vco(w\pa>t'l< t(aa")+a, 2,

Nn-\ 2N k

= deg f = Aﬂ;(a“ Lﬂ“ A,e,cr an2. U =eTn
onr\ev& prestrnnd

= 0\28(32. of He Po\‘& ? =\ Nomes nesr ‘Wi

Cor. (Fumdam entad Thw of Magha) 1131 = p hws o root \h‘i‘é??r?f“
PE p(0)=8 = £7(0)=F = dgf=0 Z O oo

&~ Nocth pole.
Colbord Rk Ror Sn;::ﬁ\wi ons;n)r:;“ss';ns Ez"ﬂ’l_e S:‘—}S"‘ T “‘: e
alﬂd’-F — (—Hu; numLercj,fmmmeS) SM::,M::{‘_?(‘; ;,iao\ amd NorHe 13 NocH,

4 goreric point = dtg = A = # peimagss of o point
(i2. aﬂmo:+ any point Works) Sxcapt it pick NOZ‘A@& eole




8. CELULAR HoMoloGY o
Def  CUW comglexx X is sequemce B=XTEX X EXe-

S X° is any set

S labelled by

V\‘Skﬂh‘hﬂ\ XV\ . X n-| L_J U> n & Some indix sel In
I . S L A
e ‘ - X~ YQ (x) athaching map

7 n—( (0\12_ conhaveuy mo\‘oj)

n often not injechve
— — . J
) X =UX" topsper il wenke dopdoggy -
UEX open € Un X" € X" open Vn.
(&= UnD] <D open in,)
Ca.ﬁ,Q X '\—OVMCnSt'OV\ax i X=Xn and +his s +he lea:f-suc,l,\ n.

Sl S'= (500) / (prmon) (O oy ) -5
A

® lDo .
M X — |K?7‘: LOW\AN:j S'=2YD
identfRed with o

Xo: o — |Do
XI — O = s! — ([DOL-I [DI)/(, y (pl(')q\ }9|D|=S°:{Ol]}.t_e_?x°: o
X* = (<Y ())) /g 2 o @ i acovnd O)
_ (X‘L_l DZ)/(%DiS;26)X\=S( ’aLDl:S'i‘S'/ ?1(%):%1
Tact \& we \/\omO‘i“OPC_ (.6,‘) We QM’ o \r\OMO')O(‘7 Q,QU\'\/RQ-U\’\' SpA-CL
Ex:xme\g |+ use anoHier o‘.eapee, 2. map @, Aloove. |, ?ek X ~ IEPL.

Cuddvral Rmk Evu‘g C\W=—cx X 'Ls\npxa e,a[uwab,.,d- o a simplicial complex Y (so
i particwlar oo A—cx) [ X faide/n-dim then can ensuce Y is fnike /n-dim |

X S quk%‘o“&l as a set ]99— ineols of '\-—CC% e':(:hv\ag&ob:(—))()
><V\ — XY\——I L) LJ é:z

o(éIoco “~ ok o
:(U€3>u(ueol()u(u e'j)LJ... inHrigr\D:m

el AeT, oke'_[z So ez — ez




Emmpl es .—e,,Q pes; iedhve a2 RP"N=S /(Z/ - ackon by +id) h‘n:
15 X }R Pk |f\dUC'hVee‘a— - S,C: X ~-x :
@mb n-| n-l " ™ "
STOXT =X Wit ¢ ST X =R S 4y
g
"N n+i ntl ~ - B
CP ( cC M‘S atkon by A- Iol)

X'=¥X'= ot = e
B B P , - \ ‘/a:p @,\.Sl
X—X—XUQ_CCP k(S—apf R oo
v :XS: queq':dff’ T 53—>(l:|9— S-/(g(‘-a.d\on)
> | > [x] —EAx] wNE S
zn_ th,z 2,\ :CPV\ L(-'S -_) XZY\ Z_ @o“—

/

? C‘X.:]
In wocdinales <CP"={ [20:--:2,] " notell 2;€Care 0 and [(2)~LAz) Vye"
Con tesade o that Tlzjl*=I So zesu‘ ' amd fz#é with resaaling by Aé.f'cc“

G:Ph— ~ XZY\ 7. {[‘% 2 O]}CCP :X'ZV\ ‘(-—n:js:—”mSlfl‘F an
2 I "= (o, vy ): 2w M}ex vio. [Wo: 3oy VI=TIP] 7250
Dbseree : For X C complex for mop = (" n_o-(;fo/,)f;);% ?))

n-t A —(sine T nbhd o D" Hhak
()( X ) s & ?,oo paic (n:{lorm?\hm ?—Qfmoh 1o o
— &

L~ n D) Sa= Dy /oD
X/X“ | _«¥§ % x </
idenhRed Yo a pont

Det Collikar complex for X a CW cx

CEMx)=Ha (X7 X™") = Ha (X7x™)
” foee abelear 30 gam. by He n-alls e

/
since. A\" = rb“e(e“cx“\—> Dy /fpn =S« gomvmk
Wil wao( CQQW AA\C@&“HA d: C * _, prove doh =0 [as usval we use

the .i:r\‘olosrd»
) +ons
S gtk [HSY () = ch:“m,oo of B,085".




Example CEV(CP") ={z-ek for k=024,...2n hence d=0 so Hi“"(a:?“)= c(cem)

@ else = §Z O0<%<2n eVen
Cellular differential: 0 else
no_ Z n n=1 [now descrbe the weficents 40 €2

— . e
d S A€ Tn-i A"((‘ § and why Hak is a fimke sum. =

cwW cw
d : CV\ 2 Ch_l

|| Sh q n—j ||
|___| (xn Xn—-|) L . H (Xh-|) L H (Xn-| X n-;_)
" / Co Ck n—{ . h-—\ /
ke
ey ) ?@DZT%(S'““)) — 2 d, e
Recall LES IDQ Setex®

H, (X" — H,(X") ﬂé@»&ex*'

n <= XV\—I

C-1) S# /ﬂ: L_/
H (XV\ Xn-\) here it is imepr'\'ah'\' Hhat We dnose ihenkEicaons
¥ A2\ SN = D/Hpn compak by with orientabins,
. n-)

ﬂ\er‘e‘ﬁ)(‘e_ : Quohemt b%I\n/_ ‘\S(b

N — dﬁ, 5“—' Yt n—\i} n—| ~ n—i l n-|
Ok((s 3( “ﬁ)( /X IVS —> S )

n—-2 — ¥
D% Dy /o)
Rmk  Only Fnilely many dap #0 (for fived «) beawse @y g
are onBnvous and S“"‘wwyad— , $o 8,¢+ o covvx\oac\' inowe
in \/S“"'/ Yherefore Cannot surject ondo co Manvy 5(:‘".

N—|

(>
LQ/M(V\.O\ d o & -0 Q—;—Q(_ﬂu :‘F d.on'J- surjed' %2(\ Ma=o
- n
Gﬁ. df\ = q:“—‘l o gh 40 by LES

n-—\ N-1 o gh

-2
0{“_\ o O{Y\ q:\.’? o n—1 o (1”_' . D

Gor |ramk HY (X)) € # n-colls
P #nctdlls = ramk Cf‘w()() > ramk Ker wa 7 rank H,C‘W(X) 0

)




EXOva\o\C_ T x T T=_Lo )] {IDI = E’I ll
arrous here R us how we tap [-1,17) - edge

€' x| ~N / - (0 oriembkion)
0
OXQI /—)’*‘////// é\lxe ]::.ﬁ—_.q O-—Cdes |
7 X :* a6
o' %o e'xl
e Oxe'
y——e l .
) _ X /x° — o ‘\7\4\‘0 04— s
X% = ’*//////‘/28?“ /x° = gf%{z;s-b ory emt
.+.

4’\ dageee —| becavse Jop edae

Z
e Sz iAo )(l = &
> X T 4\1\/\ Maps o
+ bg AN OF;QV\'\'D\,HOV\——TCV%\‘I\J_
359 > _ ' l _ l I .
ﬁ e = +é¢exo + — e x| oxe ome.omor\olmsm.
(: (fael) X e_' — e‘ X (83') < \Wwe Come. Lack to Hnhis |0¢|-0r>

Exaw\olt [RPY\ recall: 4 <l in e da JAM/ ¢ Sk — X\l= HZPk
. @A X — [+x]
_— | Q

O, ‘1 . L/’b@

. 7 IR/PM = & dego
0D, y-dld)  dey= ()"

k _ 2 k enen
%Ao{_go kodd

cw

k=n \2 ‘F n &M\ k= @) -4

0

O 4 odd 2 P
o]
= |

X P aLo x=n f OJA

)’
Se



E.)(a\r\()\e, SY‘: CEW(SV\> : I\B/'Z'. O — Z'D“—o) O — - 2507 |D°___’O

D" n=1 : 0 -ZD 5 2) —o
2‘( (_{,_o % H Cw (SY\) ’E Z 7’-: O,Y\ 'K HI(SLP+)§) Ho[P'e)‘i? Ho((’l‘,¢)
0 A,i - v oo (8'=[0,)35") —— 3o~
b O~ 0 € oyou wz';'zveltro~| =pt-pt
L;( l ‘\224'565, needw-;., <o

remenber— oriemialons @
AN ILoN=[1]-[0]> pow\f
So degvee = f1—|=o
bo\h\AM tg, i den K A‘(_aJ\'ons
&b a b atl
q\lol 1 b\ Q2 3 aLa

9 o S~ Noht all verhws are idenkfed
oa; = v--V=0 cal yortex v
Abe =V-V=o

OH‘ZLZ'L%?;‘)’Z%Q b ( sz ¥=0,2
1 n I > rl, i%\= ‘% > ;},:
2D Z<hangby? 2V

‘b H—q_[_ Ll+a‘ + L|+""‘Q¢é" L)z + Qg'(- Lg__—o

(Sigms: Lompoare edae oriemtalion with anXclockuise. orientadion of 3D)
Examelo_ Non - or'\ar\\'AL\Q sucface NB\: ol }

5 “ SRR {Ze\ 2527
Oﬁz—)z 0 _Z_—)O . % vy &E’-Z—IQ/ZJL:'
| = (22) “AO“ "7 Lo e

(mse He standacd basis for 2% Uaft)
ceplace (0,.,0,)) by (),-1).

Lemma X A-cx cdvdve = induces CW-cx stwelure on X ownd
(€5 (K),d™) = (4L x) d®)
= | HYO = HA(X)
P_'F ><V\ — UNT?QM{,\MMJ >< and J\e,a.rees N t‘| olp‘_pem\\‘zaw on or;zntn
'Q D" So can idenkfy d““and 4T 0O
%o\_e X =+rn'w\g& =N

= WA i N :(" bo
. @“ b | A-Oo%. B
XI X?.

. o
(Sm(l_ IDH_QI—Q|“G1_"0\L—--- —QL-—AL) A

(=
Xpa T T po / A, = -\
= d% = 8, btp, = 4V = 2« VD

‘\’-o'
XO




ﬂeomw\ X CW cx (or A-cx) = Hiw (X) = H,‘ (X)

=2 Hi, \’\C,,_w indepemdert-of choiwe 0'1— CW—ex/DN-cx shvetvre.

MO MO X = (XA ) = HlySY) 2 QRS

=0 & &#n )i\/ejint(yru,r\
LES for (X X™) = H,(X"") =5 Ho(X") iso for & <ne
X 2> n
@) for k<nt Mu(X") = He(X™) = H, (X"*) = .. = H,(X)
by (@ L7 Cowpa()mrj eah Sing- chadn
[ lards ja XN somenN
(D) for *>n: H*(X“) =H, (x™) = Ky (x"7*)= . = HulX =0
@ LES: -3 W, (x"7) — Hn()(")-——) H A (X",XM)——J-»
I 1a
. o B
:) Cfn if\jeolw\/t Y n
NI Sv\+| /@
Ores Iy XY I A xN) — H, ()= 0
upbsdoT M (X) ,Ci_) H, (X™)
/"C-i-> Mo (XM /0 im S:f\‘
1750 +am (D) n+l
= (N H M) /i qn e S0E = HEYK)
i k'\n’\_/
i 97, —
exadness —— ) ®
L n-| 2
ES Z—U_Sn — KU‘ qn_’ogn B
N~ ———~
|.|dcﬂw

vk by () |He not afleded i atbach (k+2)-alls or Wghir

l°3® lncdusion X" —3 X sadwees so Hy (X))o HUX) o x<n

COT_ X n'd:ﬂ\%wsio(\c\ﬂ, CQIQ X == H*(_X) =0 ~(o¢— X >n



AXiorhS {o(' l'\omo|°ga3£ E:fu\Lexa-S'l'eznroo( a.xioms
It was no accdomt thab  HP, US” Hu ol apeeed.
Def A generalised homology Heeory (GHT)

Category of pairs
IS a ‘ch‘vf' F= TOFPGG(‘S:(OF sgz,%,?ﬂfol )ﬁ Graded Alae,lcm\&ps
maps o LS
wit, & nabod demvlemakon § < F(X,A) — F,_(X,8) saksfying :
N ‘ F
|) homo‘»on tavwionce @ f <9 = Fif) = F(9) ablbreviated: F,_ (X)
2) exadness: 3 LES [ EA) D B 0O RKA S (A

L Flathoy)  Flinds (0 4) (X A))
3} additwvity - (X)ﬁ) =LJ(X:,A) , adds - (X5,A) — &,A)

Yhonm S Flind) © @ F(%,B) = F(XA

4) €Xeision : FESASX = F(X\E/A\EB% B (X,A)
Fiad)
Remark (L{) e X= Ao v Boj tined :(B, A(\B)—a(X/A>
Yo | Flind) : F(B,ANB) =5 F(XA)
EB=X\E, E =X\8 nokdvxa,w (X\EY v A® =X o,
E = A\B nokdng fak E S A\B < AR = A 0 000,
Rmle. |n (3)} -H\e,%polo% on the digoint union L] (XA} s defined
by @ UE U (X, A) open & Un X S Xi open Ve
FACT Theorem
0‘) (ESF\,(Gch) GHTS, A:F—=§ & natral Framsocmabon Comm\rkma, WEHSF‘SG
Such Kok O(Poi,\-\— . F((’O‘n‘\'\—} G(poin{:) 1S an \'so/ Haern < is am iso .

b) £ (I:,SF) GHT sakskies (5) dimensiow: | (Poiat)= i_oz J:Lio

Thenm 3 natval iso F = Ha_ (such an F is ca%dae\omoeo” Haoy)

Rk |n (b) i eequice B, (paat) =G  an abelian geovp (instead of 2Z)
= F(X,A) 2 H (X A; G) =(homelogy with coefbsients in G) ok in



9. COHoMoLo &Y G = @7
Cx, 0 hain o sk €, fee z—m{& )
:D_e@ n-ockaras C" = Howm (Cn, 2)
Coboundary may M. e Cn e
(Vhis is the dual o 2) @) = $-2,. ¢l BH=god

Nokw O is Afcee ) mayp (not —) 2

M m e cocycles Yo d= o3o3=:0
) = W) Y ?( p=foi
H (Cn-) *\ 4‘,\,51“—\@_/&%*‘,"{,

KV“_K H\" ule V\ngm\rf. 0“0\3,} (C—T 9—¥) IS a (.I'\W\v\ @mv\no\og\}

SO Mmany resulfs from H, caccy over +to H*. So abusively write
H*(Ck/g*) — H:\c( HOM CC;UZ)) ’9¥)

Warnind A cochain Leéc" takes valwes @) €Z on chains ce G-
However +he Ool'\om.a\o‘af‘g dass L= [yTe H* does not have a well-defined

value on ¢ : [¢l=Ly+2(Y)]) and [ + "N () =le) + w(3,0) - ¢ cis
o cyde, so sc=0 +Hhen oL (€)= prc) is well -defned,s0 2 paicing H*%H-2

Remoaorks abgm.l' AU&“S&‘HOQ His 15 He &d"’i‘l .
Moy (Z"‘/ z) ~ 7" Sgner‘a}e& lo\g. Projeckon wops q’?_j;t\e_?;fws-
TR (X, XY = T ew—0, kit
2" 2" S Hom@"2) 2L Vou(@®2) = don
A /}‘\"* n X b
L wL
mxn matrix 2" < Hanspose (A) 2
Def X space = singular CoL\omol% H*(X) = \—\*(C,“(X), Dx)
S\'mi\qr|‘—] define HZ, HEw dualise C.= C_¥ (X)

3 cw 5
Extarple R?*: CC(RPY): 052 25 2> 2 520
duaice - CX(RF): 02 & 72X 2 =2 —o0
*/o0D) ~ 4% N — VZ X =0,3
H (R?)— ch("@ ) 2/, *=12 < noh HI([}Z?°°)'E‘_Z/7_
o oboe has movtd 4o 5»1‘«:/1\‘:3 2.



Funcloriali

,F X — Y = L . C.X—C.Y /CaHeo( pull-back
. - £, .G .
= C“><<F C*Y is dval = |[#*¢ =g oL,

Lemma £% is a cochain wop (MQO\V\;Na— Dol = £%o ")

= [ BYY —=H X
PR (%6 (#) = 2% (8- 4,)
= (¢°'C-\<3°3
= (¢o2)o{¥ as ﬂ‘ chavn map
= £% (g42)
= % (2*¢)
= (£234(g)

Croparkes . K =id
. ({02))‘ = 8¥ o f noXee ocha~!

== H*" TOP — C\(‘MUP(LG;@ ConNavarianr fonclor

Exercise HO(X px 7 whee TLX = {fWH,\—c.oMPonen‘\'S a‘;_X}

HOMolvp\a- InVananc

Lo,mma 4 3 Cx chain \'\pl‘c = —zea* L U C MG
K'-Free.
E {V._g’v__ © o ‘B\ + ‘E\o 0 some P Cy — 5)«-[']

AN

0D+ Do h" - dul B*: T — C*[]

(no'\\'w Al&({j, _1/ "‘"\'-H) G.

oo =

Def A* caled cochatn bomclopy
Cor

freg:X—Y — =g :HY— H*X a



A\V\-m : dwal oj, SES

Lomma O— A 25 B Jye >0 .e_xad'l A,B,C free

=) O «— A & B“JC)&% o exact E¥— (C"‘H"EJ Remark
- @Z :r_] ZJ‘.
PE C fee 3 splm s jes=u nen
B Clee o5 3 sy B : jes =14 newd ) aeN
Piek preimapes b for basis ec €, then (e =L (Baer 1937)
= $0 A* BYC"are not
= ReC =50 £ree unless A,B,C
dﬂkﬂ L@S have &nﬂ-’-r‘o:mJKS
& A®C BT ad sfot=id Rk imvese is
(@5t o, x sve) N6 ¥ B = A\\ ®C
o o A* < ot cfe—o b {7 (b-s(8) @ L)
=

. &

where 0= (joi)¥= *oi* S0 Imj* € Kec ¥
prove 27 (¥L =g 45 b - j¥*b € ker O Al ¥ {o}

= b :-_J*s"),e\w\")“' S.'Jt\\u. Ksi;gc%sé*@s*
= (o * :\W\J* 0 s¥j« =i
Lrecall Ca (X A)= Co(X)/Ca (A)

Relative dohowwlo
22 ond homs C"’O/Q(A) — Z

Hx(X/P‘) = H¥ (Hom (C'k.(x: P’)/Z)\) orespoad pregisely 4o homs Gu (X)SZ
. . . which vanish on Ce(A) .
Excision, LES’, Mayver-Vietoris So lahve cocydes art oydes on X

which Vanish on chains in A.
33 Prtvions Lewmo de“-Q resAts: vemish hains o A
Excision B S ASX = HHX\E,AN\EVG HY(X A)

éi 1%+ X . “
LES forpaic () 1TH X m) A E ) e
MV X= ALR = e H (X )e—H (A 0B) e~ H MBH™(B) «c— H¥(X) ..

¥ .
@ -~ (g JA Q);

Shere )R Lahgn et Ha duious mops
) 5 A
‘g B s

Axioms for Col\ow\o\ng'}_ These are analojous Fo +Hre axions for L\om::(.om

excopt We reverse all arous, amd W change axiom (3): Minskadd @
additvity - (X, A) = LJ (X B)) , iad: : (X:,A) — OGR)
Hom | [T F (indi): [F (K P) SE-F (A




0- CUP PRODUCT
N [‘SF&Q @
Theoem H()() s united M—g\m’h{{vc cing Vi
U HR(O x RI) — HR (X)) dedermined by
v CR(X) x ctX)—> C‘HQ(X)
309D = F (0] e2) ¥ [Ty o)
®» 1c CC(X)  coastant fuackon = | o g =¢pvi=4¢g
® Buy = (4% g
Weehl bk £ X i A-cx , C2(X)™9595 C,(X), so Ca (X) S %)

amd can defne cup prodk on CR (X) So Haak : Foind <«——| @
Ha () » HA(X) 25 HZ(X) o at chan leve)|

ET ) Tg (¢\J+) (EVO:-7VV\-D: ¢(E\f°,--—\r ]) \P(CU—K ) \7“3)
He (%) H* (X) 5 K7 (%) Vo E '

So Yow com compule cup products on H(X) by Picking simphcial coa,de epresentatives o)
so debne vales on M S\'««f\fo\‘,aﬂ Jdraing o\c.};m‘,\z Yo D-cx skt , and use

?(Doc‘ o'c (r\'\Q_o m P\(Cam\o\' do Hais foc Ciw()() becaunse Hiere is >

X 'r,\o mea\nir\a«f\‘m\ qnq\onve &r,'E" 1Co‘F \-‘HEeé .
0 (¢ J Ll/)(d‘) = (¢U +)(ad~> - boom face® [2o,-8,] And "op face™ [ey ...}
(o) TN Tl e

. v,TonNn
) :L—(kéf‘)\‘ ¢ (G— [e"/‘??‘:l") ehﬂ‘])l \P(0‘|Ee\l+u'7e"‘q\
) . - — -k, k=i
! (th(_‘) % (O_|[e°’_36k3\ Al (€|[€ - € —')e“‘)> . (-‘) (d\)
= ((Fg)v ¥(a) + ()" gudy ‘
Indwee s [¢]u [‘-I’]—"; f¢u+l: ,0 L0

Well- defsned ¢ » cydasacyde = J(Puy) = ?\é;’b\)u% + Puloy) o,
e [ =[P +ox] so need [(aﬂ)u ¢ ] =0
(Qa)oy = D(xuw) V' (using 9¥=0)
* Smilarly [#) o (93] =0
L“(I\QN‘, O'LS‘SooCd';Vf)MJ-r]\oMHV‘C'- e ab dhain Lnel



Unital : (31) (o) :1_(0‘|[€J} _ 1(01[,30]) = |-l =0

LoV} ()= ($loe) Hoge, o) = o) (F1=Fsinier
%{qotnd\-'wmm- sketely erooF‘ €é— non-examinable n(nty)
let ¢ XV GK), rlo)=5,F whee: £.560) ~
— _ e Rwte orda— vehiees:
ana o ||:\r°//>\fv:3_ 0' [\fn,-../ Vol is Product r\+'(3?\’-“)4‘---+\-\(‘o\r\5(zo.s‘,%'ons
—

\ ‘ n(na) /o
(|& t ead '\W/\S(;os}ﬁ\‘o‘/\ S a Hon t- "\‘7{’”({“"\{; So “QWSU)
oCientzion d]_ .s\‘rty—emx/ So inSest £ 1o CWV\a?/V\SoJfQ

one cb\ecks: v  chaa o

. Y'¥x€ J r*~f) = Y‘*(\\) Yy L()
2%

> T
\ k¢
d\(\fﬁl‘ L)‘Q 6")
r~/d so can drop ~=id on w"‘”“"”lﬂb
(r-co\ = Po+2F wiXs i u; ke dor >
D

- / peism oPQ/‘A"O
Pr=5S&Y' ¢ . (-1
Z n-u (/' | Cv’)"'l\{'/wy‘l'“/ W3 ]

levml\'lna 01 v gﬂdnd— projechon AT 5 " =

LCM_N F:XH\/ =) ¥¥ : \’\*7’——9 H* X ‘f\or\m 01, umitad rin%

PE £%@ o)) = (¢ o b)(teo)

Le(’[*dl[eo,,,ehj) ¥ ({*‘rl[ek,_.,e.ﬂ \

= (0ohe) v (vo £y) (o)

o v £%%) (o)

wnital = [*(1) = 1of, =1 D

VPSHoT H‘x : Top %{Gmﬂo\- Commutniue \m‘\\-aQ rif\zA\J

with 8{»@1«! uniyad Ciny PomS

coninvaniomt {oncter.
\/\W—'\if\‘} An (iso)morphism H¥(Y) —s H*(X) of ups will also preserve the
(a9 stwihre if £4 s 1aducad bl? A map of Spaces X—Y (L» above Lamma) .

= &or The excision Mot iso on Whomology 15 am iso of (1Aga.

Howent~ Hhe connethng hom in MV or LES cannot foSIS‘.‘“; be. a rina o
Siace it raises gradings by | (D5 (avb) amd §) v §(b) have diflcent 3.@\,1;/\3!)




Examyle H(TH) x FUTDSHTTY i bilinear form 22273 2 Wit makix
PE By ¥ Wseful TricK, i+ s enowgf—\ o work with HX inskad of M.

O +I

)

A 2 3 0
p-complex b7, Cy: O;Lz: — }%\r:—az-—eo
Shuchre = ,Dp  \i Jn) a,b,
for T2 D, o a dvalise : ’
o . CZ!O(—ZZ'TZ3<L'Z———)O
A enms : - :
X H*.(Tz) Hz(TZ) / g)':D'; (I ! _l) “::é; << dual basis
olz |2 |24 . e [ A2 B basis o,
| 2 Za_@ 2L Z(q+ )+-Z(\9 + ) — abbreviake B= ¥4+ e_’_ A“(“)‘;_'
212 | 2{>-v)| 2z e—(Remark [D*]= — [Df] in HE(T?)) ( f.{"’};f,)
. o
élwgl :u B =D, oAb
— A2 — . —_— — —
B2 CoB0)=ABly, (3l )=ABEI=1 =

(my\ olso check
«

p> > (AU B)(Dz> = Al(LYBE@)=0 . O Hese by hand

Gradud-tomm. D puA=-D, , AvA =) AuA S0=0 sinly BuB=0.Q
Rmk Recall Hat Spéb;("‘a o cochain in C%(X) one needs 4o speufy valies on ol
tazmu'a\crs of C,ﬁ (X) so not just on 3&erl~or.r ‘4 Hﬁ()() (e.a,u\,,ove A and o ageee on
Yms o b of HO(T?) but disageee on eCI“(-r’-)/ note a* is |-cochain € Cp (T2 but is ot a \-Cocyde)
Some (but not all) k-cochains Y can be speufied by drawing a "nice’ (n-k)-dimensional
Su\.\osfau 2<X amd okd:\"ﬁ'\a- (-P(C) = #('\\'MCS S inkrsects c)|for all ce CQ (X}
where one mush e,xplo\.in With what st + o nHrseckon goint s covared

omd one has ensuced Mok 2 inkrsects M s of ChH (X) in a Knik & pointT;
<« We obtzined the oncves %,p by "pvu\n}e\a off " Hhe wmrves a,b

N.Spu.kvela. away bon Hnemselves . Node Hhe andpoinit of (andf)
ore Yo Same So it s o Loop (hemee & 1-cyele in T%) |

. \ 2\ .

a = gk mcochais C{’dlce{‘lECb(T). AN +4 £

(@"(c\ = # o inlseds C wvnied wix. orientaton Sigms: %« J
s SWritlen o ¢, called indersedon pairing c'® 1

Nohae ¢, (a)=0,®y (b)=1, @ (V=1 so @ =B . Similacy Yp=-A .

¢ Non-examinable ommemts abont nterseckon numbecs

Fact Sine T2 is aw oriemtable manidld, Qv Y, = (d.0) vl where vol is o generndor

O'S. H"-(T’-) . Lalerin e wurse: vl is e “Poincat JUaﬂ“d— Ha point c&us, amA Coresponds do yvhe

ol o&_ e onenktd sum 4 He +op 5;"\0\;“_5_ Above: th."—' ‘DT omd. - 3

VU Yp=BuCA =AuB = (&-p)vd =v =D} ,Qm\ag%?‘,:c
DeRn‘\Na in¥ersehon nuwbotrs rigorguily is dricky even when using smooths chains.

one can cololale L(?z(c) on o ¢y da ¢ deform. \_AT a in Lo\'k_ciuesd
% N QA.CC)_._:_OLQ-(C)

\":9 Ges¥ dt‘orw\il\} chroan smooth ‘r\o\v\o\-oaons c
A
The fack ‘KAQ} we wnsider Ha inlrseckhon numbesr oo v a =0 is becavse We com ?u\n o of€ iself: Q

\\

. a
Yo S Which is 7 Ycansverse . 4o 2, omd ) Y
’
Haem we count interseckon points T AT (With orieatabon signs'). LT




Exercse 2, remove balls & gloe Ldries

(3mus 2 surface) m ﬁ
# )7, ,, = = = 52
SO NEM ) 9c

cw z
H’K(Zz,) ch:(f
o|Z | 2k 2\
\ [Z% Za+72b+ 2a,t 2L, | Zz<al, ‘of, G:,b: >« dwal basis in Chaw
212 | 29 2 easy e define

on cl,(T3) but
no¥ g0 obvious
on C‘bctq_\

dorm curves a,,'k'szl fo gk oL (5 oy

@ -

\
Pen noker for c€ C,CW(Z,) /.S'\Wncd count

b, €= O-cx Slvehire
onT?*

&« ¢
a; (c) = — & (P indeneds <) A\ € CA(T,) by allowing ceCBT,).

Lf‘ () = ;45(0(c / / ) Check Hat ai,b; are |-cocycles in C‘L(Iz.)-
key idea: a loop has Jotal

& & &« d o
;EX.Q/'CiSQZ QC v ‘OJ. = S : b = - L) v A signed inKrsedion ¥ =0

b,
}Sa Com extmd this o o definkon «1_

) W N, Hne boundary o). o Wriongle

Hink - repeesent D /\ o op o) 3
6S & Sum {‘ =J =1 /e\ 1

+ L, . o :F)'

+ ‘mqmafu in . « So Same. as g-e.ome-l('.‘c_ inYse hon

Qast picivee . o Lo LY . % .
o rientabon Signs: WA = b ub: =0 NumbUy Jd. correspav\ahy Curves.

( D=-D,-D, +D¢ Dy~ D¢+ DGH}?- D8 using + if ouker edyt is ocitaleA ankclockwise)

Culvcal Rmk on gimual Paeory (Infersechon T\"%"‘a/])\‘ﬂeﬁ’m"\'aﬂ To‘oo(om

m . A
M ornemkd m-manifold - Hh(\d) i; Hv\(M) «— See loder

n m . in course
cM™ orvemied |\ _d:; 7
NTCH CQM(AC{" h-d :; SU:T‘(-A = genecator [NJm—‘n—' EN] me\ Sigms
N,M alse S'moo‘\'l\ (%%Rwﬁ'éo%m\ => (A),\) (= H (M} couq\-s # ya¥ersechons ui—“«\ N

Can o\\wms"komobpt“ N, (orN)) 4o achieve fransversalite and class 3w, does no¥ change if homd\'ofe)

n " - m ' homd'm\-ke_iv\dpﬁonmq() 3 ble mtd o 4
C Co rie NiON, | g em WNE NN
N l/ N'Z_ Smng‘;?t\ g‘ub Yc\FdS _ﬁ (/\l) i wowai o 4 7.m—m—|n,_ -
and dransverse (= at every peNaN, N, Y Ny ™ wNm N, €W (r)

the —\'WS 4o Ny Ny ak p span In parhicular if a+n,=m and M conneded, them

e tangmt space do M atp)
A I W . . HM(M)'.;_'Z S.t- U"J‘ J W, # (N n” € 2.
tany.space. Means e best veclor spac. afproximakionat P In non-orientable case, -Hm‘sza.\\ holds \‘F| mrz'\z ovec Z/2,

Aoiermined by the local smooil Cooro\:M-\u-) (N\nN-,_ has an or;eatalon induwd by NN, Wnen, =m, 98¢ NiAN, is Sum
FO‘Ct- (T‘WM \354) = T PointS-_Sign compares orienttd bases ok tang. Spaces : TM=TN@TpNa.

Notall ae HI(M) arise as Wo for connecled. Compact orieated codim=)) smooth submfd N
But 3 NeN st Noa does acise. They do anse orH¥(M; R) H*(M R, H*(M; Z)




ll- KINNETH FoRMULA AND PRODUCT SPACES
AL ‘oﬂ\- -\'CnSo(' pnoolMU\S €e.3. 0\’°W°\M aoves = Z -mods

R jf,\g, ( comm. with 1) /'—/ VeGer spacts /ip = = —mods

Def A, B R-modvlee = Temsor produdk is R-modite
ASDB= <Cq \03 aeh, beB) felukons of bilineaity & iescoling

(or A®B> %Z:‘r’zﬁd w“.\{ a,@L for iks OQQSS

“tan move
L\u\e_ah"‘;- CQ\‘f' q)_) ® L = q|®\° + 4. ® b (;ﬁ-%s; the
a@(lo-r\a): AQlL, + a®l,

® Symby| "
rtsc&b\a ‘ . (2@ L\ (ray ® \o = a® (r‘ Q YrerR

go M Q,Q.QN\.?/V\%' K.oakf @\-ke- qu® L\Q <‘r\t\\k SUM)(—U:’IO'EUEL\“

*Don't wnfuse wik AxB: eq. 0@b =0 ¥b

RmMK Can deBne A@B also by a unvesad groperty i far ol R-mods C,

Hom (A@B c)

{ R- biliatar mops AxB—C)

na-l'v\rae

Msma above descNpron of AQR: @ — (A xB—C, (n,b)— p(a® b))

Exawyle (R= F) VW vs./F = VoW vs./p bass v @W;
Ioassv \BMSU‘ o\mn\/@\/\/ dimV - Anm\/\/

Exerwse V\/J Rate &\M/H:% \/*®W = Ho"'\ (\/W)

—

H\(\‘\"F \[——)|\: bré—\l\f ’F@WH (V%W v £(¥): W)

E)(O\W\'old N N
(R=2) 2" ® 2" = 2" |'Les or A Ty
2/ ® 2 = I —22ueb=(lak)ol

25 @ D/3 = O <+— 1®x = 3@X =1Q3x=0
"ZhH @ 2, = B, (Il =31 =183
Exomyles A®B~= B®A Q2 = 2®1 = O

(®A )®(@B > @@ (A ®B\ hence now know

A B -Cor' an £
. A@ R -— A (go ®R (Loes V\O-HMNZ') R®Moo\5 A B\a- A

- A® R = Afa RmK (Z/n) fm 24
for example Z/2® Zyy = (@10 /222 = 2 (_Zﬁgcolc/rv:ny n)
Moce gnemlly : iR/I ® Py = Rjpayy forideds LTS R

A R/ir = A/gA



\/Jarni/\} ‘®A oH—Qr\n_o{' an exact ﬁmdvrl v-¢. does not Presene ex“‘k“"imm

indeed it con tuin injectiviby: 02 2232 now YaKe -®Z, g2k 022,24, .

Fack [  OR amd @R are exacd fundors on 2 -mods  |—Hort genemlly
2 2
Q@ Frac (R)

QX_M‘L]L A £.9. 2-mod DA=7"® Z/AQ @ -Z/dh Some d;#0 i.s:e_xao{; on
1 ~MPDaS
= A@@ @P F=romkK A = Ol.LVV\@\(A®®:) where Fac R i€
Com“ar:a Rank__ nu”r\—a' ,H/\m &\Oéb ‘&FZ MOdMleJ |f— wnse r-a(\K II\SMAOid\M irr-\(i\ovR\‘G‘qsid

PE 0 A B—9C—> o exad =5 - ARB— BRO.—2C®B -0 exac+ am integral domain

KC:"Q imy = Ain(CRR) +dim CA®G) \d\m B@A). n l%wl.rﬁid.\on i an
rank-nhullihy o [exact functo M

Temsor PW 01, Uhin Cxes Q-~vedor spaces.
C., €, chaun es (C"'®2/)n = @ C. ® CJ

2

of R - meods Ll =0
bat
Y (x® D 5 () ® 4 + (-9 x @Dy "‘-:.uk,_\?
“n'\\n\ﬂ o QS an Operator deg = ~| SN 2 Jw\ar OM‘JC
advxj &:5— o€t P 4 7 oM (_\)Agg'a deg X
reall 2,=K 9

=Gycles

Evogose Qoo =O < ol d il wWivhouK .ng—vx L/B iD= botaries
2
& Bf} c By (GO®3)

Z2.0%< Z2,,,(Col,) and P @
Cor 3 nabad Maps H . (Cx)® H; ng) — Hl+3CC"®Z')
- > [ck]QEE] \ > D [CQE‘J

A_Lk“““'e'\"‘-n\m /-?s\) (ecincipa 1dead domain)
C*_)H (C) £. 9. @-ee R mods (no assumphion on C‘-v.)

=@ H:(G) @ H; (Ce) W, (C.®C,) | vim

I.+) '8}

A_\?(LY.R,: Eu.Z?A’ ('J\&fﬁ-&kl'uS‘l'\C more gememlly © R-mod
C ‘Rm\-{,l,\g gememM 3{3(0(9_4 a.baln'a-r\ ?p (So Z-—MOOD for PID R

Def Evler chamckrishc  X(C) = Y (-1F ramk C,
EXGLM{|L/N0%'\/Q'HOA X fnite CW-cx then take C—— VXY o gek

X (X)= #(O-ce“s)— #((-cells) +#(2—cglls)_ .
Lemma. 1f Co £g.dwin ex = | K(C) = K (Ha(C)) | (23 () cank )

%




fo~ R- mods,
PE Albrviate 1Gil= rank ¢ (Edimg (C: @ Q) o 4 (& @F)

B‘ﬂ Pevious Com\W‘J about rﬂw\kfnvnl'F‘a d (R mkafﬁa;w.,}\
[Grollacy sHIl holds, same proof )

0= 2:— C: 25 By 0 = |G \=12]+1Bia] 1 =B
: : l : = |C|=H:| =18 +18;
O— B, — 2:> H¢ 20 = |HJ|=[|Z|-1IB;| (- \ \

= X(C)=A(He) = T (DBl +T -0 18} = T (4)'(~1B: ] +18.l)=0. @
ﬁ X Spae = X(X): Z—(—-\)f (o H\(X> — fF fnke ramk H..(X)
= I ok Cof )() —if finde ramk C (X)

So X(X) 15 invaciant vp Jo ‘\f‘g 2qv Jqlgncg_l. Exam E(QX(P\Q-}vr“c) 'X(S'L) 2
Product spaces

XY CW-cxes = KoY CW-cx witke alls e xe s atadiing maps
AN

Lo e o @D X )D(s\ ‘\Sabj))(b)(% v ﬁ)*:\gaf/s)

Lor | X (X ><>/) ="X(X) -X(Y) O(Xo ul 7"’ L 76(3‘
f Fnite CW-cxes XY * w X

PE 3 A"k HEV(XAY) W \/) )

= T() ik C,T(XxY) =<2 () Pk CEX). e GV (Y)

Lemmo d(Cix€;> = (J&eo()*e(g + ()" el x(o\e(,>>
7

(i) hence [ (xxY) = CEY0x) ® CSW(Y)
Hena if H,(Y) free e by Kinneth H,(Xx7) = Hi(X) © He(Y),

Example  «|H, (5" x| Hal8)®Hals') = Ha (S' x §') & orus
| o A=z o Ao M = 2
| B =2Z (| (h®B) @ (ReA) = Z°
7~ 2| o 2 R B ==
B gnemied by

‘A,_.,—B o Hoahvxlmi-cr\‘s . WrrFH-L (o")e Z("\'O)



P—-€ (DID;‘))(DJ XH 7‘) _)xﬂ \/J i+ -2 (-
A ¥ xo\ /}’) j- N 7)

Tw ook
Nor\s e‘.’xamm:\ole, @ || —easy chaucle
><\"7- y\) U XLIY‘)I
X T o.. /N
‘)= 5’ }ww-ﬁomaﬁh&\\aw\a\ag
Y Y |1>, )/ -

Xc-\x 7) — X‘—LX7J y xyi*I (’bp X Db« u/)
=) @ = (U}L-' b’ )/ boundaries ”

— [Dl-\
/ . s Vv

@ DDy — Dx D ‘) v
© % ( ¥ |
. — ) /Hra amj{.;f‘}e -
) ‘ : N
[Db’ : j I.DK ™ '44 .
. &'bl'D;- -l AN\Q 2’
D [D(5 Pes.

(’b)D,,Z)x \b;, ?dXiL/ BD const o\&/u\a. ca,Q ﬂlotr(ej‘ Now W&
See We gef - degree = =d , for s .

s\m\\o\rlg = }U— condibution (oteo()xe(3 V4

: : . |
D. x 3Dy e, D.. %ﬁ = degee (=) dos
| f\/fo axk (—)) e,g X 0{6‘.°
(——))t caused by oriemtatons - _ : \
oudd reordar faclors : Dy xDy T Dy <Dy by (§TY)
whose det = (—-l)t‘; . Themw ’b\bg xﬂ)‘,(C — IDSJ"x)D;-(/bWD 9gives Aagrea db’&-

Swap fkecs D'k, b (54,59, det= ) Tohl sipap)!



EXQVV\O\C_ EQ_C“M Q'H—(/' A(Hn‘\\\'av\ 01_ ch Wwe L\DLOl meﬂe __[XI :

e x| arcows here R\ us \,\pw we tma [—l N e
\' h/ (s‘o ofl&v\‘l'h‘ﬂin\ Jﬁx

e.

// %elz +€xo -+ — e'x\ —oxe'

0 Ql é~ xg

X /"’*//// | = eV x e' — elx(3€'> \/
/

e‘ <o . C_\)A\N\ e
A drkher comment on orewtalon sgm (- 1)

(oMY = AS > oo
Dix B = A * A\\ — viewed in R' R’

(o, projeck R — R
Vo -3 Vi) 7 (to, 51 H['l: t.)

'&(IJ)CHDS) = 90 A U A“x%{}i

I
_ K N _ k N
2 (D s Vi, oy ] N DN K SRA A )
UOUQA be. calTeC{— oriewtalon S\a’\ 'FOF bﬂ--s'\S' bJ' ('J\) /("Z\ -7("'5'—("% b\/\i_

ad\m“\;, we have (vo,-, V) x [uSo,-, %, kW) S IR x IRY
omd (1) tR is the  orgntabon sign for the besyis
—
\5-| \YO/ = \rs —\ro/ ('J-I"’J-o /== wYL- o/ ).’Jo
'(’\or Mo \N){JQ/TJLOW\Q in RETOH! c.ov\)-wi\m'(\a
= need (-1) 4o Gx ontmtaton 5(7\«-

7_
EXO\WYJ\Q
|
OCR® AxN =
CDJ' N-IIU-'L}
= %L < IR*
- “ out
N oui-wwé\
: o t, U=V J, W,
\ O, < (F, Oul, U=Vo, uJy
E\TOI\Y\]X [Uo’wll(prz'] -:’. l is “EE !.\,Ql \Kg -—);as\'s

\/\/\_/

A out ow\'l W, -~ ( ‘|
'ﬁ&:‘“’\ S Po“ﬁ-;\le, |RZ’L“\.S.|S < aL\'['RI‘ At o (’)),l::\'



Projeckons Xy Y fx 2 X

R CW ¢x
FACT Py ho conditons on X avtomahc if use
! o .
& Y field coefRcents

Kinneth Thaorem 1 H, (V) Finilely gomenked  free  ¥n
Ha (X x7)= @ HOO@H(Y) | Hi(x«Y) = @ H (NS H(Y)

(+j:n (,.(..‘j:n

2P L ¢ a®b

] L J extend. l
4 omd RXt€nd Lnearly

Readl 6 colfular homolo 15 o —\ ‘
Hus on ae_fheeefna}t:-ors ist“(?haiz?cvel) Th i’l'\ ~ of- ‘r"‘ﬁ\i\ '-F‘lag\se. 'l("”:l»/m; ,omcb,;:{'
ei,xe("bel es ®ei, (a8¥) (2 0b)=()" ), A(ouum)@(\ou ;)

M ik oI'IJ' as ”{de\ng,:;_ ‘:ﬁgr4 \o}'a‘,"

An indicedk proof Hae Thm is 4o wrike down o genemlised coomologe Yheories
FOOR) = HX (M@ H¥(Y) and GOGAY= H¥ (XY, AxY) , amd Consider H
nalval ‘)V'ow\sformnkon {L:FQ g-l'\l&/\ by. @ ) noh2 for 35:__\0; both F,G g/&ve H¥(\/)

Example X:Sh, Y=5" nem
H, (s"xs") = {7-7 % =0, m i o (N gM) e

O else o va =a.t = dwal (e')
H Ny SN ~ Z x=0,2n = p*(S"y¢ S"
¥ Kg‘ X S ) ZZ ¥ = njegeng_- as\‘j q‘tng) ) &(:u Q‘:\)—; Okzn
O el an®  18an (buk @l 5 af) o)
n-torus S'x..xS' . Lo
Cor jQ( ‘N~ AR R aarma
— HAT ) = N [3(\,.,3 'xnl = feee abeliam FP- O Goms,
where *; :?*@uﬂni H‘(S')) 'Qoteaxczl {XC./\""’\XCK : C\<---<Ck}
‘P‘:: T“——a S‘ Projld%'\i .L, 'Fnc“‘ors' . C So vromK = (f‘;)

produck is "A’ using He rule
AN i) = —)C'I\xc

E |<(/'mr\el'L g on(z\)(;\\'on (T“zTh"xsl) n
compPo. ade —Comma ahvi
FACT ONTS fr‘ook'ud' Q‘fuq.Q/; COvv\oo.S‘\")\'OY\ ( *" N ?(A:}' cup Ftsz;I?)
L) ® WIX) — HU () £y B
@y?‘ X) ® (A’F: x)/._> (D x5 XX) A= disgornal map

A
‘ .-f/ 0,X03 X x
xKnor product Al / x: (-:c,jz()




12. ANIVERSAL  COEFFICIENTS THEOREM 4 iomeie titmom co oy

. . and Ho Ha 2
Proof is Non -examinable. For (C *:9*) Chain Cx 2 | Similarly: H;(? é@%;) H,‘zc.)@@,

= 00— QJ‘:\GJ'D,' ‘iQ) C. L B.k_,_ \M'B*_\ﬁ o s SES

U2 =0 2 =o(J
Z—Mod\;\e = O\.Lel\o\f\ 8,P
FACT: Submodulles "4— a. Hee T-modvle are freo o free means: @) 7
\NAeXin
Rmk The same Bolds o R-mods ifF R is PID o
A C {:;ee LN (P|D— ?rul\o\ :lﬂt&e.a\ doman y
Ssum - = 1nte domain R s-
FACEU € Ls 4 mod everv,ra\r =R & Some &

= 2, B, free (as Iccra Im? are .ru,Lmao(J 4 C¥) recall just
/'7 SES S‘e\ +S CL\OOS'Q_ SE‘"“‘AZ Cu-&_’ B¥ . 205 = JLA‘/IPICK preimoges
S

under Jx of

X 4™ * -1 J¥ = e e
dwal « 2" L * _0 note ¢ ind = restrict 4o Z+
SES O % C = B o O Sin \ALQ ¢ 2 lr\dl B¥_’Z

* -~
Q& 2" «— " &B‘“é———o Mgl\amg(«a-o.s—eb
T§=O T'a‘ T 3=0 He map %: "Ly " reed not =0:
N~ e D n-2 e — W B,-._, -2
o ek Oé—i «— C «— B O qa“/”—'%oazfn—a)sn_,i)z
NERNG MY O <&— 'b* "
J L( < L? — %
. an-  phA s _
o 2THET | i |P’*\ b = §($)=9l,
LES : *
/¢ <— Y .2,
“€|2{ )
LeS & 9* Nt Sh‘ "
(H'B B H"Z 2%sine D= O) P« [¥) ¢\3MH ¢

= O e— Ker §" «— H'C <« %“"/\Mg""‘ &« O

Ke(' 5 — E ¢é zh: ¢(Br\):0} =) So: y{ : Zn—"z
_ N/
= Hom (H.(G),2) Zn/p,. = HalC.)
@ (An\\ler_yc\l COZ‘F(\'(JQ{\‘*‘.S Thw\. evalvakon of a Coh_pm.\o’l) class on a,c(es)
| _ "
. O—)B /Img“ IH H (C) — Hom (Hh(C,),z)Ho 1S SES
nodk VW () 2) (@] (¢:H(GY—2) and natural

n—l I

and. SES splits (but not natually) Bl (- &_ H ) 5% =4d

= H" (€)= Hom(Ha(C), Z)('DEXF( a2 ) _;ir_(’g:ﬂ—jzk' 9)




Lemma  Exk'(H

ai(C€); 2Z) = B /T

canoncall yE

,ﬁadom backgound oa Extension groups Exl-c(MiR) S ExE;(I“l,R))

W case
M R-modula , R ring (Comm.wil—(ﬂi)
= 3 feee resoﬂukov\ :

P P e, Y5 0 exedk
P Heﬂ-mmb

(P‘\Ck 8»0"\5 X for ™M = PO: @R—}I"\ €+
b 7 ‘jﬂ for k—Q/"-€°=)P ®K—>w‘€a,e— ijﬁ

OUNT (Carl

H n—\ (C*) 2 -mod (R'—'Z)

O E),\_‘L_-’ 2/» -7 Hn-|(c) =0
I [ [
Pl Po ™M

V\*\r\\le_ IAoL\lo"\\l*e(g) (5 ?
Take Hom (. ; R) and &op Hom(N;R)
x

0 — Hom(Po, R) 75 Hom(f. R)
IS cochain Cowylex bub not exact
= tanke Co)r\omof_oaﬂj Frovps

beb Eyk?(M.R) = ke g

EKaMp&‘l Ext’ (NR) = Hom (M ,R)
P =L B oy
\ J,S" “hesamds + M B (@7 m)

N{“o\lju_l st ¢(\<er\€ y=0
Example 2 Ext'(M:R) = =4

{ P D0 —vP}/¢ SR P\,H}

o 19

052 ' —-B"'—o

Proof of Lemma

By Ex«.mpez 2,
Gxt' (Hoa(C)),Z) =

o0— B, _ -2
{ ¢\L ?Vv\odw‘%

Hiose OLF\Sma from resicichon

{ 0— Bpo — Zn- |\J

|B \#
Thwos B/ Im

8“". 0

RmR (£ R PID, them Ker (P, M) is e (since submod of &ee mod Po)

=> con P\CK P\ =

KerGamtt) | Pum0 for k72 > EXE(MiR)O k72



(Co)homologs wida coeffictents in a ring /field/module.

Mohvalion I
VP hom .
So fuc we had (C-v 2.) chain ¢x of abelian groups }”\ geadad sense

= H.\c (C«) = K«fa/\m'a* abelian %yrovp (Sine K o, J a9 wﬂ)
We cannot use a than x a{, (nOnfoJaekam) Geovps, Le carse
I 9¥ needk not be & normal .Su\aamd‘o oJ_ Ker 9, .

HOWCVU' O\Ld(a\v\ ?{‘oups can be -quu_ye\/r o(— as 'Z—-Moob\leuj

Hen given any  abeliam grovp G, oke%r\e fwrno&m with coeffs in Q

/‘W\\’L\ohf-k V\‘V&
H&(Ci‘;é) — Har- (C#@GQ fa ®,£;

Deb Xspawe = [H,(46) =Ha(GKXRE)

Exelanation:

Cr(X) fee Z-mod = @Z = Ck(X\@)G @G just replace Z by G (5 2@-= )
Wh‘,’L Cort 2 \We l~°P€ to g,d: Mo&/v\eu WnWWartonts of S‘mc,c_s

EXa»mele, X =Rp* > . " Al ¥ C (TRP G\
£ \/ bA b 0 | GVDG oy

& ' Ga@Gb®Ge
LA S 2 | 6y 94,

frG=2,: 052,02, 52,02,02 25 Z 01,

(R

= H,(RP%Z 72 iz/z *=0 Compare : HJIRP’-};{Z % =0

2 #=) =1
Z/?p: =2 (G=Z case) %2' :\se
‘ o else
Focm co dronn Covv\o\ey U\_S\'r\% HOW\Z(,G) (: }mgré"’"‘s) In péw,,j,Hom(,Z)

H9(C.; @) = He (HomyCo a1 G525 5,

X space | H"‘ (X G) = H,( Homz(c (X); a)) & H (Ca(X); G)
Umversal coefbuents Ham (S(kme ?mo{: vsing Homz( 6\)

O — Extl,(Ha (G, &) = H(C,,6) — Homp(H, (G, 6 ) — 0
[LPJ — ((F Hh(C,,)ﬁG)




Example X=RP* , Q=24  apply Hom, (-, G) to e complox in
previous ex le 21 0
amp 02, @2, & 2,02,07Z, Z,@2, 0

(14) (i)

= H(RP5Z,) = %fz ¥=0  compare: H” (szy;i% Py

/ K= =2

Z/i =2 (G:ZQAS‘Q) %2_ e\se_

07 else ") famyase om0 2513 2 0

Cam gzv\erqhsc ‘ﬁer\&r : Caused by Ex+é(2/,_,- Z,)=2, CRETY

Cae=chain Cx of ... oekficents in: Lﬁ{v\‘uz;ﬁ\emz,,_

abelian %P5 (Z— MOAS) a.Le,\\'avvx %P G (Z—moo‘\ H& (C‘hé) =H *<C*§G>
R - modules R-module ™ -M)= C.®@M
Q‘““S’ C@mM-w{%i) m ¢ H&(C¥/ ) H*( -\tR >

Rmk H, (C, M) will b2 om R—modle since ker 2, Imd are ('3* s Relinaor
/ hom by assvmphion

X spaw = Cp(%R)= CR(X)%)R ~ %R jusk replace Z by R(4s2@- = )

So ‘juﬁ' r€(|a<2

= FCGM) = H (C(X;R), M) = Ha(GOGRI®M) | (k7 by M
in C, (X)
Focr codnoin complex using Homp (-, M)(% £Z095) in place o om(,2)

with diffeceniad ’a*=
H*(Cu;M) = H (Hom(Cu, M) | 9% =po0,

SO:
X space _LHY (X, M)=H, (Homg (C.04R), M) ¢ H*(C,(X,R),M)
RmK These are R—mods. I we use M=R, then they are also rings vio Cup product

Univesel Coeflctents Thwn G R any PID , C chain ex of R-mods,

0-Bxby(H,,(G.) ; MImH(C M= Homg(H,(C), M) = s 565
Bn—‘/l‘m §" working over R [(P ] — ((F H’\(CA - M)

Using Noms o M

$ame Fmoﬁ
and Lthe SES sphits but the splithay is not natuml.  |vsing Hom (,1))
EXaWple R=F £l = CA‘,H*,H* are veclorspaces [

Rmk ol = mods (i.e. ved-orS()qu_s/“-_-) ace free F-mods >~ @ Fb.
Up Yo iso they are delsmined by dine = cardinality of basis. basis b;




yk—dwal v.s.:

)= (H, ( Cﬁ) Hom (HA(GV); FF)

PL Pler any) basis Vi for F-v.s. Bn- o1, exdend e abasis vy (,J‘ aj, 2
(abo works }an oo din case).

= Con -QXR/V\)\ W“J \F-—lw\Uf'v\pYo \/4 Bh-— —)[F' Jo ¢ 2 ___),’F
jost Pk ang vabves B(G)EF ey gluj) =0

= B Vims"'=0 so H'(GuF)— Hom(mc.v; F) s

_—~duod v.s.
G | HY(X.F) = H, ()% for any Feld F .
Cor

H™ (X M)” ZN(X-M)% MY (XM)

Gor Ge=chain cx of IF-vedor spaces=| H"™ (¢ ;

F)( is C\W-¢x 1€ Xis D-cx

|‘. . r'\(l"'o"\‘AL
PE Cor Wolds for Logry - el
LI oIS Iho o o ha SoS are no\-‘)\lmﬂ. . P

The  vavtrsal coeff. Han SES is natval . So  result holds |ﬂ7 5-lemma. . O

Algtber :_stdhve tom fr £g. abehon goups and R-mods
Fac,H_A-FOé aLIL’Mﬂ = A= 'Z @l./“@ @2

~ .
Whaek P € Z prime fneed nok be AisKecH  fron A fa
Also r o F V\\P are dn\olu-e_ (uf>+c reorclnrnf\b port Yo rsion vy T
EXO\wYJQ, zZ/y = Z/Z ?—é 2/, © Z/Z_.
24 =

Zs, ® 2 (Chinese Romainder Thm)
0
Fﬂi —l_ = ’Z/Al@@ Z/JR J‘\AL\|Ak (O‘C&GN W““l"e')
[~ % L g 1=
Exanyple Z/l@Z/Z'l@Z/g ~ Z40 Z, . d,=2

dq =\
Facdt3 M 'poat R—MO({/ R Pid

’ then -
M~ FO®T é/»r'eN um'olve_/uﬁﬁa.o\ cank of T
Fx~ R </——-1’;612 primes, PN unigque up to ocdering & moAt by
T = Bn@-0k Lo di |- [dy nen-zeco, not inerklle
= R/Al@ R/d €B - @ R/A d: cald  invariemt fackers

Umﬂlue up to mufeh La mv@:“sea, elewants
K—E; +i
KMK T= {mer’\ ¥mMm=0 Some v Fo eR}J +oction elements if R=Z
FzM/T




Torsion shift
E =
E;:JZI(/:SQ. EX&R(@M\’E\{N‘))EDOEK%‘:{M‘/N‘)) 4

L - |
Upshot To compuie Exty(MR) $o- M= R @ R/O{‘@ f-—J\iS:' need :

L—ANY R-mods Mc,NJ'

—— sine ‘0‘-)R‘-'-‘> R=o0
Exte( R ; R) =09 7 AR/

EYJG:(( R ; R) = R/d f'\s::\cao—ii-a R R0
1 /d Rm\fo thor "J— B )eR

= EX*K(M ,R) = Torsion(“’\) M"ab;(n [ (onming feornn
2R 5o g0)=d- )

Execises 112,/%, cab

’ Exk(p_ (Z/n ;Z/m) = Z/?Cd("":"} ,/d#o

. quelfangfﬁExk‘z(Z;é)ZO amal EXPZ(Z/MG)’E G/o\-G
¢ R anv ring (Comm.with 1) {neN:i-Y\:‘O} *=0
X &R not 20 divisorr = EX{::( R/(xy j M,QR_MT_J {N/T“-N *=)

o o else

Cor  |f Hn(x,' K) —ﬁg R-mod Vn} R Pip,

= Hn (X,RB = Rr“ ® T, (fee & torsion far-l—s\)
= Hn (XIR) = an S Tn—\
4“ $— Hdorsion moves u‘o‘.
hot ho\'\'\)m.Q

P_'(l 0— T, — Hn(XJ-KE — Hom(ﬁr"@Tn‘U. R) =0
HON\ ( an®—r -1 j R) f_.—\' (HOM(R‘)R))rne HO"'\('T‘\“}-K>
2 ~——

| > X . iR (R S {n'\tgf‘o\\ domain,, J\
X delsmines Yo hom S© No torsion elts iO\

. YV U ¢
—) O - Tv\—lﬁ H (X, R) )B‘:-’)O 50 not Canonaal
feee, so can splik the SES (pick £iFts of basis). O

Exarple | H, (ReY) H* (k9>
o % Z
| /2 e O
VA @) \ZZ/Z “\‘Or‘550n moves up
3 Z Z




Universal coetfvcients Theortm inhomdogy (sl 6QM)=H. (M)
FACT  Theotm C, dain cx of fee R'f;:g{s , M R-modwle
= M o— H*‘(CQ@ M—-H, (C¢®RM) — TorF(H*_,(C,.),-M)—)O

[cJ@m s Ccom] \ defired blow.
The SES splits, but the splithag s net natval.

- i _ *n . € Xouth S'Qﬂuenﬁe)
Torsion groups = A, B R-mods (R comm. cing with1) ok s

pick - =PI P 2p, ¥sA 50 free resolution
=  —5P®B — P OB — P ©B -0 notexac
fale @B 08 %@{1\?[@ q@i © - bukbis dwinex
PSS Tack (A,8) = H, (ki arfe) < e o
Rmk R PID= Ky, fee = pick!P =¥ — only TorR TocR
| Z ’ Pp=0fer k)2 Couz begor(-%grlo
JLEX& = T°‘1( Z/ou Z/b> =?
- & %o Z — oluko
W9, ~ O 727 L g O e ol
J‘NPZ/®Z/ = OHZBH Z/bﬁ O (since Ztgé TG any Q)
a b /A ~ 7~ ~
loc, (Z/a-,Z/L,): (Zb\)A_Z/b= Z/(q'b>= Z/gci (o) = Z/a® Z/‘o

%r?-(z/mZ/lo): {xe R :o} ~ Z/%w((a"o)
FO‘C_B TOF?(A ,%) = o@BAm((Ql@;o\) gA@B\Wq! b i
Tbrf(A,B) = Tor‘i(_B/Pr) pedca)
Breccise. Torf (@A, @8) = O® Torl(A,B)
\Z To(‘%R(A,%):O for x5 Lu‘GJ A or B is fee (wnse Mg@gm)

Tor® ( Riy - M) =~ M/Wl"\ %=0
R X' wu _
?‘Fié”ﬁ T&i&,@gf)ﬁ weR "Lé @ro di\I;Cl_Sor w-tocsion (M= {xet’\:wxm} *=|
0 = p1D R any %naa_(amm_mwi) o else 2 ®2 2,
_ 2
Examele Hy (RP% @Z)g{a,";_ -, Hx(RPl)®Z/LE{%/z®Z/§_§{ZO/L
Zfy *=2 _
Kinaeth Thm "L caused by TorZ(H (R8Y);2/)=Tor(Z,2,)= 2,

R PI®> = natvrall SES :[n_, R

(C*E h - X, Q_Moﬁ _a 0 )@ Ht(C.\)@HJ(:D,,)_)Hn (Q@Da\—)“'l@;‘[or( (H;(C),HJ{D))—)O
Dy any ch. x. Re-mods thon J=n-1 -

omd Mre SES Splibs but Haa splithng is not natvead . Examdee"iz Eﬂ—:ﬁﬂdﬁm Tor, =0
Exanele (take C,i= C7¥(x), D=7 (Y): O = H'(D®H™(Y)= H*(XxY)S Tor, (H*(X),H N0 exact
(i€ Cu(X) has o0 ranK Hhen C7*(X) may not be free bLunt it will be “flat™ and Thm holds i Ca is £lat R-mod)




3. MAN|FOLDS : POINCARE-LEFSCHETZ DUALITY

._M Y\—M.'FA 'S HMSAO(‘P‘F -|-0(aalof{@,Q space st. Vpéf'\
opQ/\r\ \r\-@uzlr\L)Ouxr‘e\oooA MP ‘V\ b\oMQoN\Dr.O"\nc '\~° \2

’_ C—|R ({_0\\)\\!6\|2n\'\3 to an opem
LAM oC a\n\’ 0pom set ‘A R )
One also requires M second covnlmbt@ e 3 c,oun\m\o?x- basts oj.ope/v\sds

@ M is coveced Yy C.o\Jn}nHy many SKMJ:\ U?;

Sexerise { Xe R™: X,%0Y
A s“b"‘am..'@u NCM is o mfd s4. indusion NoM . '”
is an embu\dma (i-e. o \"omeomorphlsm ondo its (mage) R I>|<||2;o

- M h—mfd wikh Bovnobrlg._ £ also allow U\rg u((mrM-Fn

Such p ove g A Low\olmr'a, Powl;s_ Pr+—o0
-H\e.\y forn Hhe bovadary DM which 7\
15 an (n=1)—mfA without boundaty .

’* I *

FACT (collar wbhd H/\m oM € M has an ofen nbgﬂx\oovrl\oo& = 9Mx (0,1]
M —oMx|

M 'S closeal W cow‘0a6-|- without !ooumkq('a. :
Rmk For manifelds, connected womponents = path componeats. M@D}M

(since \om"?’_‘: disc, so locally path-connected, so @an. & Pat-cona)
(V)

QQU{\/ : ﬁY\g,
o pern hb’-\d o% oe,.H’\

EXamp|es
dosed mfds © S™IRP™ -r"‘— s'x-xS', €P", O, SW(n)

/

hOA—CoNYac+-M€ds: IEV‘J Mo\‘l'mx“?:‘ |'RM“ GL[V\ )R)

mbds with bdeg: N D' « S'= (), Mébivs bond = .TZ\OP;Q @
FACT (HCQ{\or \959) An\a wéd i \'\OMohpy qu{vaﬂm{— o aa CW - cx
‘Ga._ct £ ™M is a COW\PULC-\— mownifold  Hem fol"\\ ore ‘Fin“’d“') a«tr\erwknk

Rk M driangdaMe i M2 simplicial cx.
Not o2 whds are diangulable, but mogk of bhose we encoumler are.




CoMpa.d:' Mami-(:olo\S \l\aVQ ":.%- kow\om & Non- examinable pmoF

@ X space is a E uclidean nevshbovhood redcack if

3 embedding j:X— R” some N, s.b. ((X) is o redack o o nbhd V<R
K (homeo onto image)

@ X is weakb; f.o(au'a cow‘fud\'\»el. v nbhd DCGUQ.)(J ] nb\r\o\ xeVel
s.k. /s ondmekble tnstde .
TACT Cowvad' XCR" is @ S X is @

RK 1 we find nbhd Vs in () wikh tladkon V L X Hem any smalle~ nbhd V'’
also redcads U\Sl‘/\g, -F|V' V' — X .S.‘m\'\a\f‘,y n@V'cV is Lowkackble : resteich Hhe L\Pta

Lemma A X compact & D = X is Hhe re-lmd'% o finte simpheiad ex
eE (XY CRr" Compack =5 e inside somt lage h-sinplex N R" &
Poply baryambic sbdivision vakl sinplices hawe diamebr< dist (X,2V) .
Simpl.Cx.= U{SvLS‘IW}o“&S whidh inferseck X using the restackion ‘{01 cebeuthon VX, p
RL\( Also dedoce X has (.'.%. ?wma@om sSnd etk are SwJ‘eUf\'\/e on Hx .
(O 2 —H, (Bt simpl. ) B U, (X) 0 gtk Surjethion from fre Z-mod, 50 £9.)
Lemma B M compact mfd = M embeds into I?\'\j some N

PE "Jusk do it proof “:<€
V Fel"l} = homeo [DV\%P V\Ll'w{(\oér’\)

Pick Raike subcoves &,}. Y. o}{ M:PLGJHL(F(ID"‘). Sarg 1=,k

Q! . » (n
Bt M35 Dgnzsie gt dafine ewbedding. (Y5 4p,): MRY O
(syh.;_ M\ Im(t.e,;\ o Ua boint Lorrc..rpm\oliv\a-lo M e /200
Fnally use: a conkinvous Lijedkon from o conpact space to a HowsdorfF spate is = Q

Kk Same wores £ ™ has .Lou.m}mrb , Just considker its dodle M oM _

and apply Hue Lamme do the dovlle . e L

Lo M conpad W\@el (possibly with bdry) => M has £.4. hom ology.
PE Mol saksty @ sinu Lowally ball & pt. M embeds in R™ by Lemaa B-
D holds Lg. FACT. Done by Lammo. A . O



Local ociemtalons and oriemvability
Def A Local ocientaion of ) ak xe M &5 o choice 4 e oo

excise Complement gl wbhd Vo = ID”
\/CL\O\'C@_ t7r_

I~ n n homeo
/' Ha (M, 1N = B UDH’ m“’“\\fx Gontead !
(fee. Sechon 5 \— = H n (S ) a‘D"‘zs'\—‘
of fhese notes ~ Z
% i ocientmdion oj, M s a lﬂ(aﬂ} consislent choice )U——)/LA,_
W\Mn'\fxa"f /-V'x_'-::' Ib"‘e:p{:
v, Ha (M, M\ Vi) 3 a
= ~ <« quoh nt mops
M /_ _\‘ guohe P / \
Ha (M, M) HaM Ny e

b_aﬁ M orientable 3 orientakon on Y\

Ocien¥ed . We chose an onentalon

Examples  S™ R", CP" orientall sufuaes Ty, RP"Sodd

=

A
) oY Y
7

Now - exo\mpla [RPQ' = Ma)pius \oo\nA u/
)

\Z
/RN / 2N

by Locall consisknc
\s C,lv\ mMove Adisc L
/\M/\’—a
@ conhnvously~ ﬂv\o\
PCLsRrves oriembmion

Chot'ce 01, //\x_ (5 choicy Oj—-

ofiewinton 4. bouno\o\f‘j Rrcha
o] snalll Aisc Conrmpning discs are d\'ﬁfuﬁv\\‘lq
orenied
= contadicts

RP* ; A
= RP" vt ocientable focal consisknoy.



F The fondamentnl class [M]
o oral from bhe LES
ﬂﬂﬁﬂ %f IV\ C(DYQ,A, n— MM . /hq ral magp from

’I) M O(IQV\)m‘{L—EI- = Hn ({v\) ~ Hv‘ (M/‘V\\x) ;'-{Z,Ax

ConnéC

on we choose
_T ) 3 [M] | /A’X. AN orniaNon
ont2 We Choose

an onentnton rQ CAM me Jass

(Maeem
(if Swayp ontemtaRon: for —Mx gt ~[M])
2) M not ocientzble - Hn( M)=o

Conneck d Ho (M; TR) = F-M =R
S~ for any keld 4 )
characirishic 2

Constwchion o (MY M has A ——cow\'o\e.xskvo\vrb

M cormpact = Rak # n-simplices iy, YN ‘/
{V\ O(\'en‘l'ed

= P\‘Ck orientaons g’J, Y”'--jb'n) +o

SN AGe Wil Guen orlendaRon o M : - xelntly)
@EK Z‘/Ax= H"\(M/M\ﬂ%’ H,\(K;,Xa\*\ =2
M X
- o oV
= (Y= Ty, | Shes O L 0 ety | T01= 3 £,

Hl) — M (11N 5 o (e |6 S e fon |
M), e — T fx =k

I\_/ CS: WwMpare OCienrarown
52)

%« wWiYh ofientaiion of
Not difhudt 4o see kak HE M) = 2-[M], :>=>H“(M)’E Hn (M, M\x)
[M) — Mx
Alse 2 = 5Z-[M) since Cnii(My=0 (ﬁ(vwl) —.SQM,o|\‘ceS S\‘nu_dimM=r\)

More %nemll-a :

™M ho\r\—orieu\x’L\Q = each ek 01, K; APPLASS ice in '&E)'L-
= Iy =o0 ot F indgpendetty d choias
g odadatons o} ¥ J/



A JA)
J LT JAR
I) Sh = A“ U AV\ S2 A < @
e bvies RV,
[Snl = A+_ A_ jFuse canoniesd oriewtntion we Aseussed
K IDV\Q )Ph CA.V\OV\\.\CA,Q Df{ev\’}'a-}\'on
hemwe

AsM=oh-an=0 | = ST =0 4 uiny

ouMad normal festr ~ L

out
2) T =
D-complex stvchice (compakbly with side dameFeabens )

N\

X

\:Jova' or}%‘\'mHor\ ‘I\AM(.Q_OK b‘“) S'QUmFQ.Q\R-L
N2

\rl'—\YQ ) \YL/'\}-O PDS\\\'UQ Kz"LASt‘S
: S ¥, agees will odudnhon

Vg OV, VT,

@ ETzl — +X\ —XZ
I‘}yl orientaiion ohsa.ames

ot Rk gomtal featvee = if huo simplices ace idenbhied alorg a faat
Zl then M 2 respeckve outward normals are relaked by .—c/&d\'on.

either simf\;(u aAre. com pahL\7 oriewied and Hhe +wo
So OOV\S\'SW’\CV ‘—=>< indued ociewtarions on focer are opposiye

or nok wyakbly oriemitd but faet orend™ is same,
Hhen need sigm Like tA exanple whewm Lm:Qol [Tz}




ﬁ
3) Pecald 27_:“ - (v
“ K&i

A -cx Shepvre ((pvw\on‘\\'\g\e, W STde \‘a\o\,\-{{[\‘cc\,kons_l)_-

ﬁ V\S& - °r'%hk°“""‘”‘“°‘ by pevgen < R

g //t i R PR aa fal e X
A EK\olanm"\On ’\ro V-V
S, ,!'g Va=vo I negalh\& R bag = @

Vo

Il s;M(,uw ¥ howe Vo= Gl of folvam

oC WOY\,{T + A" X
3 RP* = K2§< I
= ¢ gy
(ron- ocientoble) L/\//(QV ° .
Non-oc.en e <
RXxAmple S L1 Siae, Wm&l
a

Wse the or{&nlﬂkowinol\)(ao\ Lg S"UW{ C Rl
= [RP*)= —Y, +¥2
B3[RP )= —(b-a+c)+(a-b+e)
= —2b +2a
# O so not cycle in CLVORPY)
However, WOrk{.«\a_ modddo 2 :
LR} =0 € C*w(\ﬁ?", F,) sine 2=0in

— [RP*) € H (ReS)



Degcee
be(— M, N onented closed conneded n,mMg £ M—-N

£ H.(M) — H, (N)
[M] - oie;,ﬁ) V]

Sz

Local dupcee
Lomma 1€ §7'(Y) Faide, /zmcw Lke in cagker F
then ds (£)=2 deg ( ),

*ef(y)
o
M) e Ham) == H.(W) > [N]

| L
® Halh M) —25 H, (N NNy > M)

gL xefly)

Opy (ZN?@*) )/“‘; O
EXaM\o|e_S

I

y [Sl_] — Y\—[Sl_” So AQ3=r\

2) Z‘;biv qu%w%qu =2,

ad\on 1o us
Explanahion :

\IJ' rotmhon

5\7 Mw\c,-lra_

Easy checK : ( )=3
(e.q9.use bci%mgeeg)

CUQ‘I\)(«Q Rmk
For M N § smooth | the dogf = #‘(Qrﬁa‘mﬂj‘}.s‘ of o gimeric point of N)
1dQon : OU-%F s Yo how many Kmes You cover N- (4|nnojs\+ all points workK)




Porncare JNaLHL

FACT Theocem TFoe M closed nowmfd

R TN ol Rl i
o HOM) = H (M)

M non-onenled =) Same holds WiM, W, cotfRciamts
Skekch proof wWhem M s & S'(I"\‘p'\‘c\'al complex K (Non- examinakle)

S(K\ = \,,avv,amk\‘c. Subdivision

—
<k < S(k)

6‘4 ,,\T
\) ,s\mplcx T \4 K wih €™ V Verkex q, S(K\

bary cendet
arm ' @H

2) k(o) = (hyight o v) = ow 6 °

3 b —simplex K
) o i 7 %v N

dual $\°N?6-0< v ! g

L) T

TeS(K) vrec A
Plvy) is min i
) haghts of- o —

RmR = Ut with AE(v,) max

Wlu. e K

Thus ?:r c‘b?:;orsa;o(' —

Homs vers ak Vg e

One com also olzsa.\oe. T as T

o= m closed stas is the union

veg;cg S(K) Simplices o} SIK) having V" as aFm\




"Polga-omﬁ“cow\o&;j
Fﬂ o A\M /G\- = N — ok,im o (W\WM\QV\ I\- Cx

¢ AM@.Q aﬂﬂ:@ g ve o (X,@Mcow)oo_r\'}\'on;q,\‘/\
LR = > t%

2
foset need compace orienwkaNons o{[, Gt

ag<T (+ if O‘ﬁsa{—"aq.\—d,—c has
7 loOU’\o\dk('7 0(§em'\“n+<0n‘)

~

T T,

o

9>

"l) dm\ﬂ, Cl\Mh UM’VQM out .
-Dﬂ-k = feee abelian FOUp on dvel chavns 0

Ho (M) & Hy(Dy 2,)  (5ink & gie o el dacomp- of 1)
5) (p! b,\,\k — Ck(l"\)

- — 0% whae 0‘¥{0()={01Qr‘ k-clls o+ 0
¢ linea” L\:'e.d\'oﬂ V4 '\ { fora=g-
. l\q: . RMK noNce ’H’\“]\- A
Cha\n W\W . l’/-SQ.e_ G ¥ ()= #r X intesects o
N unted wiM, oci Kon Sigms.
%(86‘_\: v ZiT=Z+T* unte Mn ocientahon sigms

*
'b*({<0- =0 0¥ = (0"*0 2 : ‘C\z—} to. la—>{i\ iFom.)
A . of \;:G‘
= Z -_t_—_'C* = (e('aé\‘) \/ ‘Fe(f:m 0 e.l.\'e_o‘
UPSHOT ¢ s Chain o 5o get o -
L) & Ha (De,22) 2 14



Ci K (0dd dimensionol closed orientable m(:z)\\ =0

PE Bebti mmbers by = cank Ho (M) 5 romk H'(M) = comkc H, (M)
vm\versa,Q colff. Yhm. Poincort, JW\AL‘I'}

(K(M — o - LL + oo+ Lo{'-mr’\._( - dimM

\Kf,/
equal. )

( Potncard —)Lefschete dualily.

Theoer H(r 3 = Hyoy (0N
M compact oriented / LeHm [\V‘SMAGH (m"'\as
Y\—MM with Lounda\ry relative fundame Cc
| \ Ho (M) = H k(M oM

NOV\—O(\.QV\-LQA =7 S&me \/\O\Okr w\% )FZ . FAG\:W‘\‘S € H\Qr Ly um \/e/;.\,l CoeFGhQM- Hhmn

since Holnan)=0 or by hand

. P . Since given peM Co(h,om
e_“lc' LM(CA“\) Same. Qas Poincat O{NMZ\}?— O Coﬂslug" (‘a&e\(a’)é‘fe}yea\«t\h?\«

Fo any q¢2M.

Ho (M IMy= 0)
HO (M. 2M) = O

R =

Lol M compact comeded, MFP =S {\J“m

(R 0 n

e’
S

>N

~ s'ys

n_ ch-l

- ob=s z=H'D" = H, (b )

@ gel\em-kr b —-D,
H (A BA) ~ 32"‘2“‘ ("“’"‘3’

Rm¥ noke 8*”\0@, H (A iS'?@ whidh inlsects g, o Hi(A2R) once damnsvecsely

éH)f(l\/\/’aj\l\) HZ *(S\/S) {% < g ‘32loaPs

)

|
o <D,
2) "ﬂnnv{uf(—rz Z =HA
Z = HA
Ho (A, 2R) o
_T2 N ? 4

def. -

¥ = |

X T2 & L\J

gxaw\lplu
(AR «»L
oz H™A (FeRE D8 2R)
retract *—
lse CMM)



What M,fp&ns in $e non-tompack case’l

Locally finde homolony (Borel-Hoore)

2 nerafors =ﬂ. C,.(x)
Cé‘F(X) allow infinfe sSums Zrﬁ 6,;/8"

SA. Ve any compadd subsek KEX
#{Vic:ﬁo : Knlm 6 #—¢_} < oo

Exanyles

<

°Cl{#(ﬂ&)9§zo—m/ G‘M-,z'i[m}mﬂ]_c_‘)g RMM/\
m

= 3+ cycle [R) € HE(R)

6, 02
oe(- (|R) 7 [f)‘o““ﬂa 0 (6’.—?6‘1 + )i a LoW\ANQ : Po?/&( +—s—s
ex s HS(IR) ={? :ale (,_3 Hl—-v-(\&))
FAcr Thiorem M oriw‘b\%& n-mbd = H*(M)g H 0F (M)
(PQS‘S‘lug ol wV"YﬂO‘I’) n—ok
wl\oMolo?-? W\H,\ Cmv\mcl': sor{or{:s H: ()() /o\e(aml.s m¢

Ct_ (X) : on|y A”ow. wekhaing g:c,Xx—>Z s.t. 3 C_avv}oa(/f K<E X with
¢ (C:,_ (X\ K)) = 0 (Vam\'SL\ on chaiins in X\\(>
Example ¢ €, (X) = @ ()= signed # inlesechions
C4KLe (j&omelﬂ'c. inderrechion #)

= PeCe(X) sina B (<) =0 if X< X\Im(<)
Thm M ornemtable n-méd _. ~ n—¥.
T (possbly et omyedt) He (M) = HT (M)

Wacning H,%f/ H%: ace not ['\OVV\o'I"OPa invariomh  (ind@ed now-tavial for IR™)

Cavsed bewwse Hhay are not funddorial . They are howevtr finclorial for propec mops
Maer-Viekoris holds for HE but not for HY (

ajcwa\o(

pmima\g’@ 4— cowpact
'S . * sets o ww}aac’t
Fack He (%) = Limy WX, XN\K) whece compacts K SK, gve HTM, MK ) HE(M A Ky)

Direck bimit Lim G; Vi maps Ge—Q; means L] G;/iol?MkF\g 8€6G; with it imnages

— nd- those mops
(’ﬂr\lir\okicts &t povRally ordered & diceckd - ¥/ ¢ ; .. v
Do m # \,I 3&)’\,’) S- coomn Co e 6'.‘: 6' . :MG
Foct “ME 5 an exact fuactor. )/ ° ¥ 1G5 insidL G

(Viaa Gt G, G;Gy)



Cap prodwct and Poincart o(uam-g, revisited
— omc-kN\U e u{-e.)
X spoca ) k}ﬂ e (

a:C, (0 x CHX) — Cug(X)  copproduct
O & =X) n (Frq)~2) = ¢[f|feo o) T
2]

‘EQQI__7 e’

-
(@53) Properties \ Toiomine ) i AT
. A bilneor € Z EC, (X)

2 *
“o (€h¢) = (_—\) (96‘(\¢ — N0 ¢)
e Neocyke is cyle
bOUAMv 06007(,(1
Uwde o coboundory

= |n: Hk(X) X HQ(X) — Hh_e (X) L\‘.\iMoJ"

Theorem (Poin car€ dualidy) The wayp ¢ — [MIng ?{ve:;follow:na iSos
D Sor M closed orenbed n-

[MYne s HY M) == H . _, (M)
@FOF M novx-—compac{* of\@v\'|-€o\ n—-w\}«ok

[MYne = H¥M) —=— H, _, (M) &

[MYae = H¥(M) —=— HE, (M)

Sketeh, PF of @) {for smooth mfds (Non- examinable)
£ M smocth = 3 //2090( ove™ U dj, ™M Memm‘rxa_ opr oV S.b.

ot boundanes

FAcr 'Fﬂnv{\ W = "
R\Qmammv\ gxomek "
(“Convex nei 3hboud«oods Y Wi a---n \A;K = R™ o @

Thor compute W (m:{?g =1 amd @ hdds £ BT
= K holds ¥ U;
= by nabally of @ omd o Maye-Vielers 3ur & foc Uu

= ® (or M wWhidhis @) . D Nuge S-lemmn



Genecal P€ of Potnco€ dmp,-{} &— Non-e¢xaminable
S"’S«e i - l’\oldS Lo R"

N; k n ~ R nogh-l) A~ D, e + A — n
EHS (R = (0,57 = (O kn = Hoy(R)

recall fFackt: —Co\n make K |ar by picki K= ea/éz bafd_
* 3 a,u' 2 f '#
HE (X) = L H(X, X\K)  Hhen k(g R N K) & HY(K,2K)

Pick A-cx sthvdvre for R™. So [RN) =2 10 &Svum oves N-simplices.
Swy 3 simplex o7 : AN R" . Define g: CY(RY) -2, $()y= 1 ®
= S;é:o K dim veasons ?‘(‘;’,f,'tf"f\'.us)=0
E'R“] O ¢ = Z¢(Z‘.’o’;):¢(‘__f(f°)=| (P\'CK 539(4\ in @)
SkeZ  holds for A 8,ANB = holds - AUR
PE Mamer viksis for Ha , nabeabidy  S- lwma v/
Step 3 holds for A: , omd A chcps.. S helds - LA
£ Btg wwlvmxa @ : boly skt \{} PN 1% commule Wil fimily V/
S¥p 4 nalds or opem subsets in R”
P;(— E\Ie_ry sucdh Sek is a unalon J:]_ LONVRX  opém sek (C-g-La”s)

B\g Ster 3 Q/V\odff/\ {o onsider case é_ FHate vaton. ,),—}i
BD indmeRon on I omvex opém sett . fx pew p %

N ‘ U— gn
1 onvex $Q+ u ~ |RV\ Ve, o Emeer— koMeoyy\orp\l\'{SN\) '.):'_5‘:"-_:% W
Now use Skp 1V ““f’"apm%*""

2 conRX sefs - KEY TRICK ConvX set N convex set is convex in I'Rv‘!
= use Skep 2 L previons Case
R+ Convex sels: A= Ui({rsl— k. convex S%‘l’s}/ R = |ast convex .Sd'}ﬁ use Step 2

= ANR < B 1S & ualon o"- k. convex sebs Indug-i{%

SkpS hdds or mfA M h“"’oH‘”':’/
Covsida~ opery sebs A M {or wWhidh ¥ Lolds.

By & orn's Lamma oacgument Wi gfd’ e moximal  open subsed U \thee holds.
1€ UM pide pEMIA amd nbhd V=R o p. Then holds for UV, UnV
(nele UnV SV R"opem, so Steply apphes) so by Slep2 holls for WVV
Condahids maximality. v/ D




Recld Hee is a wcll—AtéﬂNA enodvodion ol U —clagses on M, «
anYy cepresentutive

<y MUMRY® HNR) — R [ oyl g fora
c @ o > Lo, X = (<)
Eoma— exetse | L C)o(u(5> = <cnd, (2 any o(l(seH"/ ceH,

Cono“ou"a 91 Poincart AMG-QC',"a-_
M Covv\oauk ociented n—W\Mj ¥ ,f#;do\.

ST g A B o
oL @ B , <[M],aup > H"U“;f)* !
IS o ﬁow-s?mgqu b;,\l(\epf-FofVV\_ E(H ) (n,"F))

PE. By axeese, < M), o > = < [M)na, A2 = <PDE), B )
So He ﬁollow%bg A/v&&rm commutes « de&n“”’“’j—ﬁi’}l\cﬁ_’;vb
HR(N.F) @ H" R (M.F) _ pairin
PD is iso ¥ e ’ \P) '®

?;,QFZ/:\?W EJ/ PDA S
by urversad ol P @ H ()~ %> <@

toeffivam’s -

By univtsal cotffuionts, H*(MIFYE Hom (H(MIF) F) via  prs<p,>
using ot foc anv fF-vederspaw V

Hemee IS & MM—W Lilinear Pw(‘r?v\bg "
U ts M parns in dre A VOL TR veenem
M So ts Pan \"} @ I ME\"PVMD Hlam{\/l [F) ;SP:;?,-‘-;.QJ,

Romak For M non-oriembable , the same holds for T of chorucltrishe 2 €9, Z/Z
For 2 coefaaonts ir cam fail i€ H¥M) % Hom(H M Z) . So we define:
—

Beti govp B(M) = HR(M) /dorsion (W) " 70T
Bk(n) = Hp (M)/ Jorsion (H (M)

By wWhak we proved in 4he sedkiom on univbral coeffuients, B1(M)S Hor(8,(M),2)
Whemeve™ Hg_, (N) is finikly gonumied  (whidh we Know holds or compact mifds)
T S0 (5 ?"W"‘ b‘J <'/‘> aj"“/.”\ 2 Yhis ALscomds o ‘[\10“0\1\'\1 sng. {C,x >= o€eZ
(€ ¢ or x has fnide order (i-e tomion) . The Same prook- as alove ‘3"‘“—“
M corpack oriented n-nflk =>[BR (M) @ BT (M) — Z, <@ 1<), 4op)
Also the Remark holds. s non- deaemaaie biliness form .
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