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Direct sum

Let X # 0, G = {G« | x € X} a collection of groups.
Consider

Mape(X,G) :=={f : X = | | G | f(x) € G, f(x) # 1c,
xeX

for only finitely many x € X}.

The direct sum @, cx Gx is Maps(X,G), endowed with the pointwise
multiplication:

(f-g)(x) =f(x) g(x), Vx € X.
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Semidirect product

Given two groups N and H and a group homomorphism ¢ : H — Aut (N),

one can define a new group G = N X, H called semidirect product of N
and H with respect to :

@ As aset, N x, H is defined as the cartesian product N x H.

@ Binary operation * on G defined by
(nl, hl)*(nz, h2) = (nlgo(hl)(ng), hlhz), Vni,np € N and hy,hp € H.

o If ¢ is trivial (i.e. has as image {idy}) then N X, H is the direct
product N x H.
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Semi-direct product 2

Given a group G and two subgroups H, N how to know if G isomorphic to
N x, H for some 7

Again three conditions:

@ N normal subgroup.
e NNH=/{1}.
o NH = G.

If the above are satisfied, G isomorphic to N x, H, where ¢(h) =
conjugation by h of every element in .
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|
Wreath product

Consider a direct sum @, ., G with index set a group H.

There is a natural action of H on the direct sum:

©:H— Aut <@ G) co(h)f(x) = f(h™x),¥x € H.

heH

Thus, we define the semidirect product

(@ G) Xy H. (1)

heH

The semidirect product (1) is called the wreath product of G with H, and
it is denoted by G H.

The wreath product G = Zy ! Z is called the lamplighter group. Its name

comes from the way in which (1) acts.
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Finitely generated groups

Given S C G and H < G, H is generated by S (we write H = (S)) if one
of the following equivalent statements is true

@ H is the smallest subgroup of G containing S;

°HZHSCK<GK;
H={stsf' .. st | neN,s; € S}U{id}.

o If H= G then S is called generating set.

o If S finite then G is called finitely generated.

o If S = {x} then (x) cyclic subgroup generated by x.
°

Rank of G= minimal number of generators.
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Finitely generated groups 2

o If G is finitely generated then G is countable.

@ There are uncountably many non-isomorphic finitely generated groups.

G finitely generated = G/N finitely generated, for any N normal
subgroup.

Not inherited by subgroups (not even normal).
G, H finitely generated = G H finitely generated (Ex. Sheet 1).

But @,y G not finitely generated if H infinite.
If N, H finitely generated and

1 N6 % H— 1), (2)

then G finitely generated (Ex. Sheet 1).
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Free groups

What is “the largest (infinite) group” generated by n elements ?

Finite sets: A larger than B < card(A) > card(B) < there exists
f: A— B onto.

Infinite groups: We look for a group G = (X), card(X) = n, such that for
every group H = (Y), card(Y) = n, a bijection X — Y extends to an
onto group homomorphism.

Clearly cannot be done for any group G, e.g. if G is abelian then H would
have to be abelian.

So G must be a group with no prescribed relation (“free").
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