ALMOST EVERYWHERE CONVERGENCE
VS. CONVERGENCE IN MEASURE

Luc NGUYEN

Suppose E C R™ be a measurable subset. f, fi, fo,... are measurable functions £
which are either real-valued or complex-valued.

LEMMA 1. Suppose (f;) converges to f a.e. in E and |E| < co. Then (f;) converges
to f in measure.

The condition |E| < oo cannot be dropped. A counter-example is: E = R,
fi= X[=i,]» =1
Proof. Fix e,0 > 0. For i > 1, let

Z; ={x :3j > isuch that |f;(x) — f(x)] >} = U{|fj — f| > 6},

Jj=i

7Z = UZi C {z : limsup |f;(x) — f(z)] > d}.

i>1 j—oo
Then Zy; O Zy O - -+, and, since f; — f a.e., |Z] = 0. Since |E| < o0, |Z;| = |Z| = 0.
In particular, there exists N such that
|Zn| < g,
which implies (by the definition of Zy) that
Iy~ fl> 6} <|Zxl <c ¥j>N.
Since g,0 > 0 are arbitrary, this means (f,) converges to f in measure. O

LEMMA 2. Suppose (f;) converges to f in measure in E. Then there is a subsequence
(fi;) which converges a.e. to f.

Proof. By convergence in measure, we can inductively construct 7; /* oo such that
{Ife — f] > 1/5H <277 for all k > i;.
Let
Zy ={|fi; — fI > 1/5},

ZJ = UZj>

25

j=1



Then

<>z <270,
>3
and so
|Z| = 0.
Since |f — f;,| < 1/€in Zf 2 Z§ for £ > j, this implies that
|f = fi,| <1/€in Z§ for all £ > j.

In particular, B
lim |f — fi,| =0 in Z5.
{—00

Hence B
Jim |~ fi,| = 0in Uz =2z

j=1
We are done as |Z] = 0. O

LEMMA 3. Suppose (fi) is Cauchy in measure. Then there is a subsequence (f;,)
which converges a.e.

Proof. By Cauchy-ness in measure, we can inductively construct ¢; ,* oo such that
{Ifx — fo| > 277} <277 for all k, € > ;.
Let
Zi = fi;n — fi;] > 2771,

Z;i=Jz

0>j

Jj=1
As in the previous lemma, we have |Z;| < 270~V and |Z| = 0. Also, we have
\fivr — fiel <27%in Z§ D Z¢ for all £ > ;.
Hence, by telescoping,
-1
i = il €3 279 <276V in Z¢ for all £>m > 5.
qg=m

Thus the sequence (f;,)¢>; converges uniformly on ZC It follows that (f;,) converges
on U;Z§ = Z°. As |Z| = 0, we are done. O



LEMMA 4. If (f;) is Cauchy in measure, then (f;) converges in measure.

Proof. Arguing as in the previous proof, we obtain a sequence (f;;) which converges
a.e. to some measurable function f.
Fix €,6 > 0. We have

{Ifi = f1 >0} c{Ifi = fi,| = 6/2Y U{l|fi; — fI > 0/2} Vi
By Cauchy-ness in measure, we can find N such that
{|fi— fm| >6/2} <€/2 Vi,m> N.
By a.e. convergence of (f;,) to f, we can find J such that i; > N and
{Ifi, = FI > 0/2} <e/2.
It then follows that
{Ifi— fl >0}l <e/2+¢e/2=¢ Vi>N.

This gives the convergence in measure of (f;) to f. O



