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Bernt Øksendal: “We have not succeeded in answering all our problems.
The answers we have found only serve to raise a whole set of new
questions. In some ways, we feel we are as confused as ever, but we believe
we are confused on a higher level and about more important things.”
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Comparison between solvable and nilpotent: growth

Let G = 〈S〉, where S finite, S−1 = S , 1 6∈ S .
Let distS be the word metric associated to S .
The growth function of G with respect to S is

GG ,S(R) := card B̄S(1,R).

Question: How much does GG ,S depend on S?

Corollary

If S ,S ′ are two finite generating sets of G then GS � GS ′ . Thus, one can
speak of growth function GG of a group G, well defined up to �.
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Growth functions: properties

Proposition

1 If G is infinite, GG |N is strictly increasing.

2 If H 6 G then GH � GG .

3 If H 6 G finite index then GH � GG .

4 If N C G then GG/N � GG .

5 If N C G, N finite, then GG/N � GG .

6 For each finitely generated group G, GG (r) � 2r .

7 The growth function is sub-multiplicative:

GG ,S(r + t) 6 GG ,S(r)GG ,S(t) .
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GG ,S sub-multiplicative ⇒ lnGG ,S(n) sub-additive.

By Fekete’s Lemma, there exists a (finite) limit

lim
n→∞

lnGG ,S(n)

n
.

Hence, we also have a finite limit

γG ,S = lim
n→∞

GG ,S(n)
1
n ,

called growth constant. The property (1) implies that GG ,S(n) > n;
whence, γG ,S > 1.

Definition

If γG ,S > 1 then G is said to be of exponential growth. If γG ,S = 1 then G
is said to be of sub-exponential growth.

Note that if there exists a finite generating set S such that γG ,S > 1 then
γG ,S ′ > 1 for every other finite generating set S ′. Likewise for the equality
to 1.
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Two examples of order of growth

Example

For every n > 2, the group SL(n,Z) has exponential growth.

Definition

Let G be a finitely generated nilpotent group of class k . Let mi denote the
free rank of the abelian group C iG/C i+1G . The homogeneous dimension
of G is

d(G ) =
k∑

i=1

imi .

Theorem (Bass–Guivarc’h Theorem)

The growth function of G satisfies

GG (n) � nd . (1)
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Milnor’s Conjecture

Question (J. Milnor)

Is it true that the growth of a finitely generated group is either polynomial
(i.e. GG (t) � td for some integer d) or exponential (i.e. γG ,S > 1 for
every S)?

R. Grigorchuk proved that Milnor’s question has a negative answer, by
constructing finitely generated groups of intermediate growth, i.e. their
growth is superpolynomial but subexponential.
L. Bartholdi and A. Erschler provided the first explicit computations of
growth functions for groups of intermediate growth: ∀k ∈ N , they
constructed torsion groups Gk and torsion-free groups Hk s.t.

GGk
(x) � exp

(
x1−(1−α)k

)
,GHk

(x) � exp
(

log x · x1−(1−α)k
)
.

Here α ∈ (0, 1) is the number satisfying 23− 3
α + 22− 2

α + 21− 1
α = 2 .
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The Milnor-Wolf Theorem

For the remainder of the course we will discuss the following result.

Theorem (Milnor–Wolf theorem)

Every finitely generated solvable group is either virtually nilpotent or it has
exponential growth.

It is composed of two theorems:

Theorem (Wolf’s Theorem)

A polycyclic group is either virtually nilpotent or has exponential growth.

Theorem (Milnor’s theorem)

A finitely generated solvable group is either polycyclic or has exponential
growth.

Cornelia Druţu (University of Oxford) Infinite Groups
Part C course MT 2024, Oxford 8 /

13



Notation and basic result

Notation

If G is a group, a semidirect product G oΦ Z is defined by a
homomorphism Φ : Z→ Aut (G ). The latter homomorphism is entirely
determined by Φ(1) = ϕ. We set

S = G oϕ Z = G oΦ Z.

Theorem

The group of automorphisms of Zn is isomorphic to GL(n,Z).

Notation

A semidirect product Zn oΦ Z is entirely determined by Φ(1) = ϕ,
automorphism of Zn, so a matrix M in GL(n,Z). We write

Zn oM Z.
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A particular case of Wolf’s theorem

Proposition

A semidirect product G = Zn oM Z is

1 either virtually nilpotent (when M has all eigenvalues of absolute
value 1);

2 or of exponential growth (when M has at least one eigenvalue of
absolute value 6= 1).

1 The group G = Zn oM Z is nilpotent if M has all eigenvalues equal to
1 (see Case (1) of the proof of the proposition).

2 Not true if M has all eigenvalues of absolute value 1: the group
G = Z oM Z with M = (−1) is polycyclic, virtually nilpotent but not
nilpotent: it admits as a quotient D∞. In particular, the statement
(1) in the Proposition above cannot be improved to ‘G = Zn oM Z is
nilpotent’.
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Proof of the Proposition

Lemma

Zn oMk Z is a finite index subgroup of Zn oM Z.

Proof. Zn oMk Z is isomorphic to Zn oM (kZ), and the latter is a finite
index subgroup of Zn oM Z. �
Proof of the Proposition.
Case 1. M has all eigenvalues of absolute value 1.
Case 1.a. M has all eigenvalues equal to 1. Then ZoM Z is nilpotent (Ex.
Sheet 4).
Case 1.b. General case: apply Case 1, the above Lemma and

Theorem (L. Kronecker)

A matrix M ∈ GL(n,Z) such that each eigenvalue of M has absolute value
1 has all the eigenvalues roots of unity.
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Proof of the Proposition, 2

Case 2. M has an eigenvalue λ with |λ| 6= 1 ⇒ M has an eigenvalue λ
with |λ| > 1 (detM = ±1) ⇒ up to replacing G by a finite index
subgroup, we may assume |λ| > 2.

Lemma

If a matrix M in GL(n,Z) has one eigenvalue λ with |λ| > 2 then there
exists a vector v ∈ Zn such that the following map is injective:

Φ :
⊕

k∈Z+

Z2 −→ Zn

Φ : (sk)k 7→ s0v + s1Mv + . . .+ skM
kv + . . . .

(2)
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Proof of the Lemma

Proof. M defines an automorphism ϕ : Zn → Zn , ϕ(v) = Mv.
The dual map ϕ∗ has the matrix MT in the dual canonical basis. Hence it
also has the eigenvalue λ, hence there exists a linear form f : Cn → C
such that ϕ∗(f ) = f ◦ ϕ = λf .

Take v ∈ Zn \ ker f . Assume Φ is not injective: ∃(tn)n, tn ∈ {−1, 0, 1} ,
such that

t0v + t1Mv + . . .+ tnM
nv + . . . = 0.

Let N be the largest integer such that tN 6= 0. Then

MNv = r0v + r1Mv + . . .+ rN−1M
N−1v

where ri ∈ {−1, 0, 1}. By applying f to the equality we obtain(
r0 + r1λ+ · · ·+ rN−1λ

N−1
)
f (v) = λN f (v),

whence |λ|N 6
∑N−1

i=0 |λ|i = |λ|N−1
|λ|−1 6 |λ|

N − 1 , a contradiction. �
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