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1 Introduction

[UNDER CONSTRUCTION '] In data science and in many applications such as quantum field the-
ories, we have to handle datasets with a large number of attributes, and often labels and attributes
demonstrating a dataset are not independent. It is convenient to represent datasets with D many at-
tributes as vectors in the Euclidean space of D dimensions, where D though is very large. In many
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applications, D is larger than the size of the sample data. Often datasets in applications are located
in a lower dimensional sub-manifolds, so there is a question of reducing dimensions in datasets. This
course does not address this kind of questions, nor to address anything about learning from data or
about regenerating datasets. Rather, we attempt to develop an array of mathematical tools to address
the question of describing the distributions of datasets.

Prerequisite: It is essential that you have good computational skills from (1) Prelims Calculus,
(2) A2.1 Metric Spaces, (3) First half of A8 Probability, and (4) A4 Integration.

Main tools: We shall introduce a few new concepts on the way, but no one of them is particularly
new, and they are introduced mainly for convenience. We shall mainly use the computational tools
developed in elementary calculus such as finding derivatives using various rules, finding some simple
integrals, a little bit algebra for helping organizing your computations and etc. A4 Integration is re-
quired to backup and to justify your computations. You shall enjoy the powerful techniques developed
in this course, and you shall appreciate the results established in this course like the isoperimetric in-
equalities both for Gaussian measures and for the Lebesgue measures. You shall be able to appreciate
the main method developed in this course, i.e. the method of stochastic quantization in its simplest
form.

About this course: This is not a course about data science, it is a course which is quite useful for
understanding datasets. It is a probability course with strong flavor of analysis. While I hope in near
future these tools shall be used widely in data science.

The standard one dimensional normal distribution, even in high-dimensional probability, remains
to play an important role as in elementary Probability Theory. The Gaussian distribution function
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whose probability density function (PDF) is its derivative: ®'(x) = \/szne_%. Clearly its second
derivative @”(x) = —x®’(x). @ is strictly increasing on (—oo,00) taking values in (0, 1), whose

inverse function @1 : (0,1)  (—oo,0) is also strictly increasing. A fundamental fact about normal
distribution is that the tail probability

(] X2
1—&(r) :/ S dx
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decays to zero in a speed like e ™" /2 as r — oo.

In fact we have more precise quantitative decay estimates.

Exercise. For r > 0 we have

(r+ %) - () <1-D(r) < %(15’(0-
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[Hint: Observe that
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You may read page 4 in H. P. McKean: Stochastic Integrals. Academic Press New York and London
(1969), or any other books on probability.]
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Therefore we conclude that
< 1] 2 1 1 1 _2
l-—®(r) = e 2dx<minq -,———-¢ 2
(r) /r V2T - {2 V2T }
for any r > 0.

Suppose X has a normal distribution with mean zero and variance 62, then for every r > 0

| a2
PX>r :/ e 202dx
[ ] r V2mo?

1 2
=0 e Zdx
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which maybe called the Gaussian decay rate. We shall later on prove that

2
PX > r] §exp( 2—62)
for every r > 0.

In this course, we shall develop an array of mathematical tools for establishing effective tail esti-
mates for high-dimensional probability distributions. In contrast with the traditional probability the-
ory and classical stochastic analysis, where the concepts such as independence, martingale property,
Markov property, play dominated roles, in High-Dimensional Probability, we seek for tools which can
be used for handling distributions of random fields which do not possess these properties. These tools
shall be particularly useful for the study of distributions of datasets with large numbers of attributes
with complex (dependent) structures.

Let us collect several notions, notations and a few elementary facts which shall be used in this
course.

Suppose (X, d) is a metric space, then the topology on X defined by the metric d is the collection
of all open subsets, that is all subset U which have the following property: for every x € U, there is a
positive number r (depending on x in general though) such that the open ball centered at x with radius
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r, By(r) is a subset of U. A metric space is separable if it has a countable dense subset. A metric
space is complete if every Cauchy sequence has a limit. A complete and separable metric space is
called a Polish space.

The o-algebra generated by open subsets, i.e. the smallest o-algebra on X, containing all open
subsets (and therefore all closed subsets as well) is called the Borel o-algebra, denoted by #(X). By
saying a measure on a metric space, we mean a measure on the Borel o-algebra on a metric space,
unless otherwise specified. In particular, any continuous function on a metric space is measurable
(with respect to the Borel c-algebra), cf. A4 Integration.

Most distributions one has to deal with in applications are probability measures on sample spaces
with additional space structures, such as linear structures you studied in Linear Algebras. The most
convenient way to introduce a distance on a vector space X is through a norm. We recall that a
function x — ||x|| from a vector space X — [0,00) if ||x|| = 0 only for x = 0, ||Ax|| = |A]|||x|| for every
scalar A and x € X, and the triangle inequality holds: |[x+y|| < ||x||+ ||y|| for any x,y € X. The
topology (i.e. the collection of open sets) on X is defined by the induced distance d(x,y) = ||x—y||
(for x,y € X). In this way we call (X, ||-||) is a normed (linear, or vector) space, that is, a vector space
equipped with a norm. Such normed space is called a Banach space if it is complete as a metric space
(cf. A2.1 Metric Spaces).

A scalar (or inner) product on X is a mapping (-,-) from the product space X x X to C,which
sends an ordered pair (x,y) to a number (x,y) which satisfies the following properties: (x,y) = (y,x)
for every pair x,y € X, (x,x) > 0 for every x and = 0 only for x = 0, the mapping x — (x,y) is linear (in
x) for every y, and y — (x,y) is conjugate linear (in y) for every x, i.e. (x,y; +y2) = (x,y1)+ (x,y2)
and (x,Ay) = A (x,y) for any number A, and x,y € X. ||x|| = \/(x,x) for x € X defines a norm on
X, the norm ||-|| induced by the scalar product. A Banach space whose norm is induced by a scalar
product is called a Hilbert space.

Like in A4 (Integration) and A8 (Probability), we shall apply the following conventions and no-
tations. Firstly two symbols o and —co are introduced with the convention that —eo < g < oo for any
real number a, 0-c0 =0, a-c0 =o0if a > (), and oo - 00 = oo, as in A4 Integration.

If (E,.Z,u) is a o-finite measure space, and f is a measurable function, then f™ = max{f,0}
and f~ = max{—f,0} are the positive part and negative part. Both f* and f~ are non-negative
and measurable, f = f* — f~ and |f| = f* + f~. Integrals [ f*du and [ f~du are well defined
(though may equal to o). If both integral [ f*du and [ f~du are finite, then f is called integrable
with resect to i, or called p-integrable. The integral of f is denoted by |, £ Sd, which equals namely
| frdu— f g Jdu. For simplicity, if f is measurable, and if f is non-negative or integrable, then its
integral [, fdu is also denoted by ;. f(x)u(dx), [ fdu, or by w(f) if no confusion arises.

For every p > 0, then L?(E,.%#,u), L?(E) (to emphasis the space), L” (1) (to stress the measure
in question), denotes the totality of all measurable functions f such that |f|? is integrable. For such

1
function f, || f],, = (fz1f1Pdu)>.

It is a very important fact that for every p > 1, LP(E, %, 1) is a linear space and f — ||f]|, is a
norm. In particular if p > 1, then

If +e&ll, <IIf1l,+lgll, forany f,g € LP(E,Z, p),

which is called the Minkowski inequality. This inequality can be proved by using the convexity of the
power function x” on (0,e0) if p > 1. The detail of the proof is left as an exercise (see Problem Sheet
D).

Let us recall a real function p defined on an interval (a,b) (not necessary bounded) is convex if

p(As+(1=2)1) <Ap(s)+(1-2A)p(r)
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for any 5,7 € (a,b) and A € [0, 1]. A function p is concave if —p is convex.

Proposition 1.1. If p is convex on (a,b) and X is an random variable valued in (a,b), then p(EX) <
Ep(X) as long as both X and p(X) are integrable.

Proposition 1.2. The Holder inequality: If f and g are two measurable functions on a G-finite mea-

sure space (E,.7 ,11), then
1 1
p q
[irelaw < ([1rran)” ([ teran ) 1
E E E

if p>1and % + Cll = 1. In particular if f € LP(E,u) and g € LY(E, ) then fg € L'(E, ). The case
where p = q =2 is called the Cauchy-Schwartz inequality.

Proof. If one of the integral on the right-hand side vanishes, then f or g equals zero almost surely,
which forces that fg = 0 almost surely too, thus both sides of the inequality are zero. The inequality
is trivial in this case. Thus let us assume both integrals on the right-hand side are greater than zero
(but may be o). For this case, if one of the integral on the right-hand side is oo, the the right-hand side
is infinity, so the inequality is surely true and of course is also trivial. Therefore we may assume that

0<|fll,= ( /E |f|f’du)" < oo

q
0< lgll, = ( /E Igl"du) <.

For this case, by replacing f by f/| ||, and g/ ||g||,, we may further assume that || f||, = [/g]|, = 1.
Now we use the elementary inequality

and

1 1
st < —sP 4 11
p q
for any non-negative s, [This inequality follows by inspecting the function @ (x) = x — I%xp — %I (for
x > 0) and showing the maximum ¢ (1) <0]. O

The Holder inequality may be stated as the following convenient form

o 1-a
o l1-o
[ 1517 dus( / |f\du) (/ !g|du) (12)

where o € (0,1) is a constant, f, g are y-integrable.
A special case for probabilities is worthy of mention.

Proposition 1.3. Let (Q,.7,P) be a probability space. Then
(EX]” <E(|X|7)
for every p > 1, X is p-th integrable. Equivalently
E(1X|%) < (E|X])*

for every constant o € (0,1), and X is integrable.
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Proposition 1.4. Suppose X > 0 and Y are two measurable functions on a G-finite measure space

(E,Z,u). Then
Y2\ (m(rp)?
H <Y> =X (13

Here we use also l(f) to denote the integral fE fdu.
Proof. In fact by Cauchy-Schwartz inequality

u(\Y\)zu(\/Y%>§ u(x) u(?)

which yields (1.3). OJ
It should be understood that the main task in probability theory (i.e. statistical mechanics) is to
give a good description of the distribution of a random variable. For a real random variable X, we are

interested in its distribution function Fx () = P[X < ¢], which is a reason we are so interested in tail
estimates such as P[X >1].

Proposition 1.5. Let p : (0,00) — [0, 00) be right-continuous and increasing with its right-hand limit at
0: p(04) = 0. Let mp denote the Lebesgue—Stieltjes measure associated with p (cf. A4 Integration),
i.e. mp is the unique measure on ([0,00), %([0,00))) such that mp ((s,t]) = p(t) — p(s) for anyt > s >
0, and my({0}) = 0.

Let X and Y be two non-negative measurable functions on a G-finite measure space (E,  ,LL).

1) It holds that

[Ep(X)du:/Owu[le]mp(dl). (1.4)

2) Suppose that there is a constant C > 0 such that W [X > A] < Cu[Y > A] for all A > 0. Then
Jep(X)du < C [ p(Y)du.

Proof. The proof follows from the construction of m, and the Fubini theorem (cf. A4 Integration).
Indeed

/ p(X (@)1t (do) = / (P(X(@)) — p(0+)) i (d) = / mp (0.X (@)]) (do)
E E

E
- /E [/m,xm)] e (4%)

= / L (w)>2mp (dA) pu(dw)
E x(0,00)

u(da))z/E {/Owl[xgx@]mp(dl) u(dw)

— [ n(x = apmp(@)
(0,00)
where we have used the fact that m, ((s,t]) = p(t) — p(s) for any # > s > 0 by definition. O

Proposition 1.6. If f is a non-negative, Borel measurable function on RP, then
f(x)dx = / Leb({f >t})dt (1.5)
RP 0

where Leb denotes the Lebesgue measure on RP.



Proof. We may observe that, if p is increasing, continuous and p(0+) = 0 in Lemma 1.5, then u[X >
A] can be replaced by u[X > A]. In fact

Flx)dx = / Leb({f > 1})dr.
RP 0
Since ¢ — Leb({f > t}) is decreasing so that

{t>0:Leb({f >1}) #Leb({f >1})}

is at most countable, and therefore is a null subset with respect to the Lebesgue measure. Therefore

(1.5) follows immediately. [
Proposition 1.7. Suppose X and A are two non-negative random variables on a probability space,
and suppose
1
PX>A] < IE[A :X>A] forany A >0.
Then, for any p > 1
p
E[X?] < (Ll) E[A). (1.6)
p —_—

Proof. We can assume that X is bounded, otherwise we use min{X,n} (for n = 1,2,...) instead and
take limit as n — co. Let p(z) =t? for t > 0. Then, by (1.4) [with p(¢) = fort > 0]

[

~ 1
E[X?] :/ PX > Almp(dA) §/ IE[A : X >A)p'(A)dA
0 0
gp/ E[A:X > A]AP72dA.
0
Using Fubini’s theorem for the last integration, we obtain that

X
E[X?] < pE [A / M—de} = L_Eax" ).
0 p—

Apply Holder’s inequality to obtain that

Q=

p p PI\3 p
E[Xx ]SH(E[A 17 (E[X7])

where % + é = 1. Rearranging the inequality to complete the proof. 0

2 General concentration inequalities

Let us begin with a very general concentration principle of high-dimensional distributions, which is
not quantitative as we wish and therefore it has a very limited value.

Lemma 2.1. Let (E,p) be a Polish space, and P be any probability measure on (E,B(E)). Then for
every € > 0 there is a compact subset K C E, such that P[E\ K| < €.
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Proof. Since E is separable, for every 6 > 0, E can be covered by countable many balls with radius

(n)

0. Therefore, for every n, there is a sequence of closed balls B;" of radius zin (wherei=1,2,...) such

that U,-Bl(") = E for each n. By construction

lim P (u{?B@) —PUB™) =P(E) = 1.

k—yo0

Hence for each n, there is k&, such that

P(UfB) > 1-

2}’1

Let K =N;_,; Uf.‘” BE"). K is totally bounded by definition and is also closed. Since E is complete,
therefore K is compact. Since

oo kn ¢ oo
c (n) € —
< fe(f)]<£5 -
and therefore P(K) > 1 — €. N

2.1 One-dimensional distributions

The most familiar estimates are perhaps those derived from the Markov inequality. Recall that if X is
a real and integrable random variable on a probability space (2,.%,P), then for every A > 0 we have

X 1
PIX>A]=E[lixs1] <E [zl{bx}} =B [X1(x>21]

In particular, if X is non-negative

1
[X>M§I [X] forA >0 (2.1)
which is called the Markov inequality.

There are variations of the Markov inequality. Suppose ¢ : R — (0,c0) is increasing, then

PIX > Al =P[p(X) > p(1)] <E [%l{m]

1
=) [0(X) : X > A]
which of course yields that
PIX > 4] < ZosE[0(X): X > 2] )

for any A and increasing, positive function ¢. In particular

PIX | > 2] < soB[X — ] ford >0 23)



for any u and p > 0. The inequality reduces to the Chebyshev inequality where u = E [X] and p = 2.
Similarly if y : R — (0, 00) is decreasing, then

PIX <A] = P[y(X) > w(A)] <E [%um} .

Therefore

Pix < 2] =PIy = win)] < | 9]

for any A and any positive and decreasing function .

Proposition 2.2. (Chernoff’s inequality) Suppose E [e’lx } exists for all A, then

PX >t < e () for everyt € R, 2.4)
where
I (1) = sup {M —InE [e“} } . (2.5)
A>0

Proof. ¢(x) = e (where A > 0) is increasing, therefore

P[X >1] < e%]E [ ] _ o (Re—nE[H])

for every ¢t and A > 0. However the left-hand side is independent of A > 0, therefore
]P[X > l‘] < e—supkzo(lt—lnE[e“])

which completes the proof. 0

The function I; (which takes non-negative values, but maybe infinity) is called the Cramér trans-
form of (the distribution of) X. We will revisit this function later on.

Example. Let X has a normal distribution N(0, 62). Then

2
] /WP( x_”x)d"
2932 212
exp( (x—0°A) +G),)dx

w V2152 20? 2

2}{2
o)

P[X > t] supl>0(lt—7}»2)

so that

where the sup is achieved at A = é, and therefore

t
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2.2 The Cramér theorem

Let X1, X, ... be an independent identically distributed sequence of (real) random variables on a prob-
ability space (£2,.7,P), with a common distribution y which is a probability measure on (R, Z(R)).
Assume that X is integrable, and let a = E[X;] = [pxp(dx). Then the strong law of large numbers
says
n
p ZXi — a almost surely.
i=1

That is to say, the distribution of the average %Z?:l X; 1s concentrated about the mean value a, and
tends to Dirac’s delta measure &, at @ as n — oo. This result is at the core of probability, statistics
and Al technology. In this section, we give more precise information about the concentration of the
distribution p, of 1 ¥ | X;

The distribution u,, of %Z?:l X; (forn=1,2,...) is a probability measure on (R, %(R)), by defi-
nition

forA € Z(R).

1 n
=P|-) X;€A
iz

Let us assume that the exponential moment of X = X is finite, that is, E(e’lx ) < oo for every A.
For simplicity, let yx(4) = InE(e*X). The Legendre transform of yy is defined by

Ix(x) =sup{Ax—yx(A)} forxeR.
AeR

Ix takes values in [0, oo].
Now we are in a position to state the first example of large deviation principle.

Theorem 2.3. (H. Cramér) Suppose E(e*X) < oo for every A, then %Zl’le X; (forn=1,2,...) satisfies
the large deviation principle (LDP) with the rate function Ix, in the sense that

li —1 P X;€F inf [ 2.6
imsup — log Z € — Inf Iy (x) (2.6)
for every closed subset F C R, and

llr{gl;lfn logPP ZX €G| > —infly (x) 2.7

for every open subset G C R.
We divide the proof of this theorem into several steps.

Lemma 2.4. 1) The function A — E(e*X) is smooth and log-convex, that is A — wx (L) is convex.
2) Ix is a convex, and K, = {x : Ix(x) < ¢} is compact for every c.
3) Ix(a) = 0 where , and Ix 1 on (a,) and Ix | on (—oo,a).
4) We have

inf Iy = Ix(y) fx<y<a
(x.y]

and

inf Iy = Ix(x) fa<x<y.
[x,)
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Proof. 1) We only need to show that log[E(¢*¥) is convex. For every a € (0,1)

B (e(@hi+(1-@)m)Xy _ /ea/'tlxe(l—a)lzx‘u(dx)

<(/ e%L(dx))a ([ #nian) -
1.

(u is the distribution of X = X;), where the inequality follows from Holder inequality with p = =

[0
Therefore A — logE(e*¥X) is convex.
2) Ix is non-negative, and is convex as it is the supremum of the linear functions. In particular Ix
is continuous on {x : Ix(x) < eo}. We show that for every ¢ > 0

K.={xeR:Ix(x)<c}

is compact. Since Ix is continuous on {Ix < oo}, so K is closed, thus we only need to show that K. is
bounded. If x € K, then
+x—yx(£l) <c

which implies that
e < e+ Jyx ()] + yx (=1)]

for every x € K.. Hence K, is bounded.
3) Since —Inx is convex on (0,c), by Jensen’s inequality

log (X)) zlog/e“,u(dx)

Z?L/xu(dx):la

which implies that
Aa—yx(A) <0 forall A

Therefore we must have Ix(a) = 0 so a is the global minimum of Ix. The other claims then follows
immediately as [, is convex. ]

Lemma 2.5. 1) We have

A - x(A) < (x—a) A 2.8)
for any x and A. Here we recall that yx (1) = InE(e*¥X).
2) We have
Ix(x) =sup{Ax—yx(A)} for x>a 2.9
A>0
and
Ix(x) = sup{Ax—yx(A)} for x<a. (2.10)
A<0

Proof. By the proof of 3) in the previous lemma, (2.8) follows from Jensen’s inequality. In particular,
Ax—yx(A) <0 for any x and A such that (x —a)A < 0. Therefore

Ix(x)=sup {Ax—yx(4)}
A:(x—a)A>0

for any x, which implies (2.9, 2.10) immediately. [
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Lemma 2.6. Let u be the distribution of X = X| and a = EX. Then
U ([x,00)) <exp(—Ix(x)) =exp (— [inf)lx) forx>a
X,00
and

U ((—o0,x]) <exp(—Ix(x)) =exp (— inf IX) forx<a.

(700,)6]

Proof. Indeed we have already proven the first inequality: if A > 0 and x > a

elz e)t,Z Py A
H([X»w)>=/ p(dz) S/ — M (dz) S/Wﬂ(dz):e—( —yx(A)
= >x € RE

which yields that

A>0

1 ([x,00)) <exp {— sup (Ax — Wx(l))} =exp{—Ix(x)}.
Similarly we may prove the case where x < a. [

After having established the elementary facts we are now in a position to prove the LDP bounds.

Proof of upper bound (2.6). 1f F =0 or a € F then infl;, = 0 so that infz I, = 0 the bound is trivial
in this case. Therefore we assume that a ¢ F. If F C [a,o0), then F C [y,o0) where y =inf{z:z € F}.
Hence

infly = x(y) = sup {Ay — wx (A)} 2.11)
A>0

For every A > 0

<P

17!

n Ay x
JLwey <[ e
= {1y X»>y} ey

</enZ )LXdIP’ /]'[l 1en
’lyH/en Xidp = ¢~ (E( )) )

Taking log both sides to obtain that

—lnIP’

ZXEF

for every A > 0. It thus follows that

ZX €F

—ln]P’ < —sup{Ay—wyx (1)} = —Ix(y)

A>0
= —iI}fIX = —Ix(minF).

12



We thus have proven the upper bound for the case that F C [a, ).
Similarly we may show that

ZXEF

Finally for an arbitrary closed set F in R, let F; = F N (—o0,a] and F> = F Na, ). Then

ZXGF lmQP%i&EE >
i=1

ZXGF

—ln]P’ —igflx = —I; (maxF) if F C(—o0,q].

1 n
—mp +P =) Xie R
niZ

so that

limsup — ln P

1
< max {lim sup—InP

1 n
- ZX,‘ <y
i3

max {—Ix (maxF;); —Ix(minF)}
—min{ly (max F}); Iy (minF,)}
—ianX

F

}

IN

IA

which is the upper bound for large deviations.

Proof of lower bound (2.7) Let G be an open subset of R. We are going to show that for every
x €G,

1
liminf —InP
n—o N

l n
—ZX,' eqG| > —Ix<x) .
i3

Obviously we only need to prove the previous inequality for those x € G such that Ix (x) < eo.

We consider two cases.

Firstly let us consider the case that the supremum Ix (x) of sup, (Ax — yx(4)) is not achievable.
Then x # a (as Ix(a) = 0 which is achieved when A = 0). Without loss of generality, let us assume
that x > a. Then we may choose a sequence of 4, > 0 such that A, — oo and A,x — yx(A,) — Ix(x)
asn — oo,

By Lebesgue’s dominated convergence theorem

lim & (dz) =0

e (*‘X’,X)

and therefore

lim M (dz) = lim [ MY p(dz)

n—roo R

—  lim e 1Anx—10g [z exp(Anz)p(dz) }
n—oo

= exp(—Ix(x)) < oo. (2.12)

On the other hand, for any 6 > 0 we have
(/ M (dz) > M ([x+ 8, 00))
[x+6,00)
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so that

P +8,00)) < e / M (dz)
o+8.00)

< e—ﬁln/eln(z—x)‘u(dz)
R

< 6—51,16—{?Lnx—10gfReA"Z,u(dz)} _

Letting n — oo we conclude that

An . _
WA} im 0% —
n—roo

/.L([x+3,00)) < e—limnﬁm{/lnx—longe
for every 6 > 0. Therefore ((x,o0)) = 0. Hence by (2.12)

lim [ M p(d) = p({x}) = exp (—Ix (x)).

172 Jx,e0)
Now

1

Y Xi=x| >P[X;=xforalli=1,...,n]
n

-

P

ln
-Y XieG| >P
ni=1

1
= (P[X; =x])"

1

and therefore

liminf —InP
n—o n

LY X G| 2 B[ = = Inp({x}) = ().
i=1

Similarly one may handle the case that x < a.

Next we consider the case that x € G and there is Ay such that Ix(x) = Aox — Wx(Ag). Then
(x —a)Ap > 0 (see (2.8)), and Ay is a critical point of the function A — Ax — yx (1), so its partial
derivative w.r.t. A at A¢ vanishes. Hence

i [ ze®u(dz)
B fReMZu(dz) .

Without losing generality, assume that x > a so that A9 > 0. Choose § > 0 such that (x—0,x+0) C G.

Then
ZP[
Ao Xl Xi n
e’ Li=1 1
EE{W § LXim

_ ool {eﬂoZ?_lXi;

(2.13)

1 & 1 &
P|-)Y X eG =Y Xi—x| <&
n= ni=

<6}
l n
—ZX,'—X <5}
ni=

:e_n%ms)/ne%w1Zi1{|;2¢_,z,-x|<5}u(dZ1)---u(dzn)

14



Define a new probability measure v on R by
Moz
f R et (dz)

which is a probability measure on (R, Z(R)). Then the previous inequality may be written as

1 n
P ,_lZXiEG > ¢ holrro) (/ e%Zu(dZ)) / Lrjiyn oo <syv(dzi) - -v(dzn)
i—1 R n

¢ A (x+9) (/ e%zu(dz)) P ! <9
R iz

v(dz) = p(dz)

I

where Y; are i.i.d distribution v, so that its mean (see equation (2.13))

ElY, (d zjels
[l] = /Zl Zl /fReAOZu dZ Zl)
_ AOZI
e e%ZH (dz) / Hlda)
X.

By the strong law of large numbers

1

»{|}
ni=

I

i=1

<3}—>1asn—>oo

and therefore the previous estimate yields that

> —Xo(x+96)+yx (o)

+11 P 1271:1/ <0
—lo — i—X
nt =

— —Ao(x+8)+yx(Ay) asn—oo.

Therefore

hmmf InP
n—o 1

ZX €G| = —(Aox—yx(h)) -S4

= ()-8  V&>0.

By letting 8 | 0 we obtain

liminf —InP

>_ .
it > —Ix(x) foreveryxeG

1 &
;i:ZlXiEG

Thus we have completed the proof of Cramér’s theorem.
The proof is complete.
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2.3 Independent random variables

Let us consider the simplest case of high-dimensional distribution, that is, the distributions of inde-
pendent random variables, which are the focus of the classical probability theory.

Let us begin with the following generalization of the Chebyshev inequality to independent random
vectors.

Theorem 2.7. (Kolmogorov’s inequality) Let X, ---, X, be independent real square integrable ran-
dom variables, [; = EX; and 6? = var(X;) (fori=1,--- ,n). Let Sy = Zle (Xi— i) fork=1,---.n
Then

k k
[lrgl?i(n =1 X ‘ul ] = % ’ 112152(” 1_21 X 'ul z ] (214)
for every A > 0. In particular
k n 6-2
P [113%1 l; (X; — 1) >/1] P (2.15)

forevery A > 0.

Proof. Let A > 0. Let T be the first time k that |Si| > A. If no such k exists then 7 = . Let
A;={T =1} and A = {T <n}. Then A is the event that max;<x<, [Sx| > 4, and

A ={|Sx| <A fork=1,---,I—1and|S;| > A}

for/ =1,---,n. A; are disjoint and A = U}_;A;. Observe that A; depends only on Xj, ---, X; and
therefore is independent of X; 1, -, X;,. Now

n
S214 = ZszlA, Y (S0 =812 +2(Su — $1)S1+ 7] 14,
=1

n
Z 1A,+2Z (Sn —Sl)S11A1+ZS,1Al
=1 =1 =1

an identity you may be familiar if you have taken B8.1. Taking expectation we obtain that

n n
E[Sila] = Z )*14,] +ZZIE [(Sn=58)Si1a,] + Y E[ST14,] -
=1 =1 =1

Now note that S, —S; and S;1,, are independent, so that

E [(Sn—S)Si1a,] =E[Sy— S E [Si14,] =0,

E[(Sy—S1)%1a,] =E[(S, —S)*] P[A]

2
=E (Z (Xk—uk)) PlA]

k=I+1

=P[A/] i o;

k=I+1
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and E [S714,] > A?P[A/] for { =1,--- ,n. Hence

S21A Zi Al Z Gk—i—AzZPAl

= k=I1+1 =
n—
=1 k I+1
which yields that A>P[A] < E [S214] and the proof is complete. O

The same idea in fact allows us to handle high-dimensional distributions, demonstrating in the
following result.

Theorem 2.8. (Lévy’s maximal inequality) Suppose Xi,---, X,, are independent random vectors of
dimension D with mean zero, and suppose every X; is symmetric, i.e. X; and —X; have the same
distribution for everyi=1,--- ,n. Then

k (| #
<
P [1?,?;‘,1 i:ZIX, >/1] < 2P i:ZiX, > A (2.16)
and
n
P{max Xk >7L} gzpl Y Xi|| >4 (2.17)
1<k<n =1

for every A > 0. Here ||-|| is a norm on RP.

Proof. To prove the first inequality (2.16), let Sy = Z§:1 Xifork=1,--- ,n,and T be the first time k
(if exists, otherwise T = oo) that ||Sk|| > A. Let A = {T' < n}. Then A = U}_ A is a disjoint union.
Define

SV = Sp— X1 — o= Xp = Se— (Su— S¢) = 25k — Sy

fork=1,---,n. Then (Xi,--- ,Xk,S,gk)) and (X,---,Xk,Sy) have the same distribution, and therefore
PlAcn {5, > A} =P [aen {[si ‘ >}

On the other hand the previous identity implies that
A= (@ {lIsil > anu (an{||si”] > 2 )
PlAg] < 2P[Ac O {[ISa]l > A }]

fork=1,--- ,n. Adding over k to obtain that

for each k, and therefore

<23 PAN{ISI) > A1) = 2PAN{IS,] > A

which yields the claim by simply dropping A on the right-hand side.

To prove the second inequality, define 7 = inf {i : | X;|| > A} and B = {T < n}. Then B =U}_, By
is a disjoint union, where By depends only on || X;|| for i <k (where k=1,--- ,n). Again Sy =Y | X;
but this time Sﬁ,k) =2X; — S, and (Xj,--- ,Xk,S,(f)) and (Xi,---,Xk,Sy) have the same distribution.
The same argument now yields (2.17). [

17



The symmetry of the distribution of X; is an unwanted assumption in the previous concentration
inequality, so there are efforts for removing this assumption.

Theorem 2.9. (Lévy-Ottaviani) Suppose X; (where i = 1,--- ,n) are independent random vectors of
D dimensions. Then
k A
P Xi||>A| <3 P Xi|| > = 2.18
o, Z max P LX) >3 @.18)

for every A > 0. Here ||-|| is a norm on RP.

Proof. LetS; =Y~ | X; (fork=1,---,n). Leta,b be two positive number, and T = inf {k : ||S¢|| > a +b}.
Then

Ar=AT =k} ={||Si|| <a+bfori=1,....,k—1and ||Sk|| > a+b}
depends only on X, -- -, X}, so is independent of Xy ,---, X, (for every k). Now

P[Sall > a] = P[|[Sull > a, T < n]

= Y PlISull > a,T =4

AV
= T

]P)[Hsn—SkH < va :k]

T
1L

I
=

P[l[Sn — Skl| < b]P[T = k]

T

where the second inequality follows from the triangle inequality that ||S, — Sk|| > ||Sk|| — ||Sx||, and
the last equality follows from the independence of {7 = k} and ||S,, — Sk||. While
P18y = Sell <b] =1 =P[|Sy — Sl > b]

> 1— max P[||S, — S| > b
[max P[[Sy —Sill > b]

Plugging it into the previous inequality to obtain that
n
Sull > 1— P[||S, — Sk|| > b] PT =
US>l > (1 max PlIS, 50> 4]) 3"

(1 — max P||Sn — Skl > b]) P[T <n]

so after rearranging the terms we deduce that

P[[ISn[l > a]

PIT <nl <
s S e P [Sa = St > B

(2.19)

which is called the Lévy-Ottaviani inequality.

Setting a = % and b = % sothatb—a=a= % Using Triangle inequality ||Sk|| > ||S, — Sk|| —

P[Sn = Skl > b] S P[|[Sull > a] + Pl Sk]| > a]

<2 P[l[Si|| > al,
<2 max [|Skl| > a]

18



and therefore

Pl||S K
1 —2max;<x<, P[||Sk|]| >a] ~ 1-2K

where
K = max ]P[HSkH > al
1<k<

and we have used the elementary inequality that ; K2 = < 3K for K € [0, 1]. The proof is complete. [

3 Gaussian distributions

Unfortunately it is a rather challenging problem for describing the distributions of general high-
dimensional datasets. Here we give a detailed study of a class of random datasets with high-dimensional
Gaussian distributions. The approach we have adapted is a primary version called stochastic quanti-
zation.

3.1 High-dimensional normal distributions

Let X = (Xj,---,Xp) be a (random) data set of D dimensions. Suppose X has a normal distribution,
hence its distribution can be determined by its mean vector g = (l;) and its co-variance matrix X =
(0ij), where y; = E[X;] and 6;; = E [(X; — ;) (X; — ;)] (fori, j=1,---, D). More precisely, the law
of X is a probability measure on R” with a probability density function (pdf) Gy (x — ut) with respect
to the Lebesgue measure on R”, where

Gs(x) = for x € RP,

1
lex
(271)D/2\/det2 eXp( v )

which is a central Gaussian density with co-variance matrix X. Here X! denotes the inverse of X.
We will write £~! = (0%/), so that ¥, 6 6;; = §;; for any i, j < D. £ = (0;;) defines a scalar product
on RP: (x,y)y—1 =x- X1y for x,y € R and its a Hilbert norm ||x||y—1 = Vx- £~ lx. The Gaussian
density

Gs(x) = (ZE)D/imexp (—%ny@_,) for x € RP. (3.1)
By means of change of variables we may see that fRD Gy(x)dx=1.
Lemma 3.1. The norm distance
lx=yllz1 =sup{f(x)—f(y): f€ C! such that Vf-EVf < 1}.
Note that, since X is a constant matrix, therefore the right-hand side is translation invariant.
The proof is left as an exercise.
Remark 3.2. A centered Gaussian random variable X = (X1,---,Xp) is symmetric, that is, X and

—X have the same distribution.
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The distribution of a centered Gaussian random is parameterized by the co-variance matrix X,
which is positive definite and symmetry, so that |o; j\ < 0;0; where Giz = 0y 1s the variance of X;,
where i, j =1,---,D. Since Gy is positive, it is a good idea to look at its logarithm

D 1 1
InGy(x) = = In(27) — S Indet X — Ex-z—lx.
To calculate its derivatives with respect to variables o;; (for i < j) and o;; = Giz (fori=1,---,D), we
shall calculate its differential with respect to X.

Lemma 3.3. Ler X(¢€) (for € > 0 but small enough so that X(€) remains positive definite) be a

variation such that £(0) = X and % c_o2>(€) =A, where A is a symmetric matrix. Then

1 1
yr lnGz(e)(x):—Etr(Z_lAH—Ex-Z_lAE_lx forx e RP.

e=0

Proof. Clearly we have

1
—| InG =—— —| IndetZ(e)—-x-—| ZX(e) 'x 3.2
d . n Z(E)('x) e N nae ( ) 2x dg e0 ( ) X ( )
Now observe that
D d Ai(e d
—|  IndetE(e) =Y fele=o il ):tr <21— 2(8))
e=0 i=1 Ai defe—
=t (Z7'4),
(which is called Jacobi’s formula), and
d d
0=—| (X h)=x— zx'4az’!
de|,_ de|,_,
which yields that
A1y yipxt
de e=0
Using these equations in (3.2) we prove the lemma. [

Corollary 3.4. Let X = (0;;) be symmetric and positive. Then

J 192
Gy =-—G =1,....D 3.3
aGl‘j p)) 2ax12 P forl 5 ’ ( )

and

o . 2
aGij 2_8xj8x,-

Gs fori# j. (3.4)
Proof. Set A = (ay;) where a;; = 1 otherwise a; = 0 (i.e. ay = 8;9;;) in Lemma 3.3. Then
tr(Z*lA) = lealk = leSliSki = Gii
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and

D 2
x- 2 AX " x = x,0ap. 0% = x. 006l = (Z Gk’xk>

hence

2
J ki 1 il
o0 InGy (x (ZG xk> ——G’.

Similarly, if i # j, we set in Lemma 3.3, A = (ay;) where a;; = aj; = 1 (for i # j) and otherwise
ay; = 0. That is, ay; = 5ki61j + 61i6kj , we deduce that

InGyx(x ZG kaG]xl

d0;;
On the other hand, we may differentiate Gy in the space variables x = (x1,--- ,xp) to obtain
d
—Gs(x)=—Gz(x) Y o
o, r(x (x Z X
and
92 D . D ’ N
— G =G o/ oy, — 6l | .
et =0so) | £ oa E ot
Comparing the previous equations our corollary follows immediately. [

Remark 3.5. Jacob’s formula holds for any matrix valued function:

%detr( £) = tr (adj(F(e))ng( ))

where adj(I"(€)) denotes the adjugate matrix of I'(€). If I'(€) ™" exists, then

1
detI(¢)

L)'= adj(I'(¢))

that we have learned from linear algebra, so that for this case

%detF(s) = detI"(&)tr (F(&')_]% (8))

which is Jacobi’s formula for differentiation of determinants.

Theorem 3.6. (Joag-Dev, Pelman and Pitt 1983) Let f : RP — R be a C?-function whose derivatives

are at most polynomial growth. Let
hoy) = [ | F0Gx (s
RD

where X = (0;j) is symmetric and positive definite (so h is considered as a function of o;j for i < j).

Suppose that k < | is a pair, such that ﬁ f>00nRP. Then h is increasing in the variable oy,.
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Proof. By an inspection, we are justified for differentiating oy; under the integration, to obtain that

d d 92
r._klh = wp f(X)rmGz (x)dx =

Gy (x)dx
RD o o'?xkax, Z(X) ’

where the second equality follows from (3.4). Integration by parts twice, we then deduce that

and the conclusion follows immediately. [

Theorem 3.7. (Slepian’s Inequality) If X = (X1, ,Xp) andY = (Y1, ,Yp) are two centered Gaus-
sian vectors. Suppose that EX? = EY? and E|X; — X;|> <E|Y; - Y;|* foranyi,j=1,...,D. Then

P [supX,- > t} <P [squ,- > t}

1 1

forallt, and

E [supXi] <E [squi] .
i i

Proof. The assumptions imply that the variances E [X,-X j} >E [YiY j} for any i,j. Let¢ > 0. Since
1(_007,] is non-negative, and decreasing, we may choose a sequence of functions %, which are C 1

decreasing, non-negative, such that /, and their derivatives are uniformly bounded, and /(") — |
asn — oo. Let f,(x1,--+,xp) = hp(x1) - hy(xp). Then

azfn I I
9x;0x; (x) hn(x’)hn(xj)k;él iI,jhn(Xk) >0

for any i # j. Since ]EXi2 = IElYl-2 for every i, by Theorem 3.6, we have
E[fu(X1,--+, Xp)] > E[fu(Y1,---,¥D)].
Letting n — oo, we obtain that
P [supXi < t} >P [supXi < t]
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which is equivalent to the first inequality. To show the second inequality, we observe that

+ .
(supX,-> (supX,-)
i i

E {squ,} =E —E

<supX,-> > t] dr

:/ P |supX; >¢|dr — P[—supX >t]dt
0 [ J

:/ P |supX; >t |df —
0 L | 0

o T : 0
= / P |supX; >t / P [supXi < t] dr
0 i oo

oo 0
< P squi>t] / P{squ,-<t] dt

which completes the proof. ]

3.2 Heat kernel
The heat kernel on R” equipped with the metric X is defined by

1 -1
pZ(tv)C?y) (47”)D/2\/m (__(y_ ) X (y_x>> (35)

fort >0, x,y € RP. By definition, Gy (x) = px(3,0,x) and px(t,x,y) = Gz (y — x).

Let us first derive the properties of the heat kernel as a variable depending on ¢, x, y, and X, with
D fixed (but large).

For any t > 0 and x € RP, py(t,x,y)dy is a probability measure on RP (with the Borel o-
algebra), denoted by Px(f,x,dy) for simplicity, or simply by P(z,x,dy). By definition Px(z,x,A) =
[y px(t,x,y)dy for every A € Z(RP), and therefore Py is a mapping which maps (¢,x,A4) € (0,0) x
RP x B(RP) to P (t,x,A).

Proposition 3.8. For every x € RP, the probability measures Ps (t,x,dy) converge weakly, ast | 0, to
Dirac measure 8,(dy). That is

lim [ ps(t,x,y)f(y)dy=f(x) foranyxeRP
t}0 JrD

for every bounded and continuous function f.

Proof. Since X is positive definite and symmetry, so that there is a square root L3 of XY, a symmetric
positive definite matrix such that $iXh =¥, Making change of variable: y = \/ZE%z—i—x, whose
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Jacobi is det £z = (2t)%\/ detX. Therefore
/ (1,x,9) f()d / L exp (-2l f(Varsiz+a)d
x =[] ——=zexp|—= x
RDPZ X, Y y)ay RD (27T)D/2 P ) < Z Z

N — (—%W) £ (x)dz = £(x)

as t | 0, where the limit taking under integration is justified by Lebesgue’s dominated convergence
theorem [cf. A4: Integration]. OJ

In view of this lemma, we may define for each ¢ > 0 an operator P, which maps a function f to
another function P, f, by the following formula:

Pf(x)= /RDf(y)pz(t,x?y)dy=/RDf(y)Pz(t,xady) for x € R”

as long as the right-hand side is well defined. For example, for any f which is non-negative and is
measurable, for f in L”(RP) for any p > 1, for f which is bounded and measurable, i.e. f € L”(RP).

Remark 3.9. If f is measurable and non-negative, then P, f is also non-negative. Therefore the
operator P; preserves the positivity.

Remark 3.10. If f is bounded and measurable, then, according to the theorem of taking derivatives
under integration (cf. A4 Integration), the function u(t,x) = P, f(x) is smooth in both variables t > 0
and x € RP.

Remark 3.11. Suppose X is a random variable in RP with a normal distribution N(m,X), then with
the definitions above, E[f(X)] = P, f(m).

By a slightly complicated but completely elementary computation, we prove the following lemma.

Proposition 3.12. The heat kernel {px(t,x,y) : t > 0} possesses the following properties.
1) ps(t,x,) is positive, smooth fort > 0, x,y in RP, and px(t,x,y) = ps(t,x,y) for any t > 0 and

X, .
2) The following equality holds:

2st t )
t = t 3.6
px(s,x,2)ps(t,z,y) = pe(s+t,x,y)px (Hs,tﬂﬁtﬂy,z) (3.6)

forany s > 0,t >0 and x,y,z € RP.
3) Chapman-Kolmogorov’s equality holds:

/ N2 (s,x,2)px(t,z,y)dz = px(s+1,x,y) (3.7)
R

forany s > 0,t >0 and x,y € RP.

Proof. 1) is obvious by the expression (3.5). Clearly (3.7) follows by integrating (3.6) and the fact
y Y y y integ g

2st
/RDPZ (t—l—s’a’z> ¢
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for every a € RP. To show 2) we use the polar identity for the scalar product (x,y)y—1 which yields

that
2 y—z
_|_ N
~E

where a = t+—5x + 5. and the equality (3.6) follows 1mmed1ately. [

2sl H vV 2l‘—|—2S

Proposition 3.13. The family of operators P; fort > 0 together with Py = I the identity operator forms
a semi-group of linear operators, denoted by (F,);>, in the following sense.

1) For eacht >0, P, is linear: P,(f+g) = P.f + P,g and P,(cf) = cP, f for any constant c, for any
measurable function f, g which are bounded, or non-negative.

2) For any s,t > 0, it holds that P,y f = P,(Psf) for any measurable function f which is bounded
or non-negative.

3) For eacht > 0, P, is self-adjoint, and P, is a contraction in LP(Rd)for every p > 1.

The first item follows from the definition of P, and the second item shows that P, ; = P, o Ps (often
shall write P, P, for simplicity), called the semi-group property. The family (P ),>¢ is the heat semi-
group on R? with the metric X. 3) follows from the symmetry that px(z,x,y) = px(t,y,x). Indeed

/fBg //f y)p(t,x,y)dy
//f y)ps(t,y,x)dy
=/ng

Proposition 3.14. The Lebesgue measure is the invariant measure of (F;);~o, that is,

for any f,g € L*(RP).

/ P,f(x)a’x:/ f(x)dx forallt >0
RP RP

for any f € L'(RP).
Remark 3.15. Let us recall, for a given p > 1, that LP(RP) denotes the normed space of all p-th

integrable functions (identified up to almost surely) with respect to the Lebesgue measure on RP

whose norm ||-|| , defined by | f||,, = (fro |f(x)|pdx)%. LP(RP) is complete and separable, so that
L?(RP) is a Banach space. Similarly L (RP) is a separable Banach space to. As a matter of fact, for
every p > 1, P, can be extended to be a linear operator from LP (RP) to LP (RP) such that P, s = P, o Py
for any s,t > 0. Every P, is a contraction on LP(RP), i.e. B SN, < |IfIl, for every f € LP(RP).
Moreover P.f — f in LP(RP) ast | 0.

3.3 Geometric properties of normal distributions

In this part we study the geometric aspects of the heat kernel px(z,x,y). Firstly we observe that
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D 1 1
Inpy(t,x,y) = —Eln(47rt) — 5 Indetx - E(y_x) 2 (y—x)

which allows us to work out the derivatives of py with respect to all variables r > 0, x (equivalently y
too) and £ = (o;;). In fact

D 1

J _ -1

ElanO:xay) _Z +3 4f2 (y X) X (y_x)7 (3.8)
ilnp (t,x,y) = ZG’Z (3.9)
oxi - '

We therefore have proved the following important fact.

2
Theorem 3.16. Let X = (o; j) be a positive definite and symmetric D x D matrix, and Ay = Z?j:1 O;j —axa_ T
) j i

a differential operator of second order in RP. Then px(t,x,y) is the fundamental solution to the heat
operator % — Ay in the following sense:

d
(E —Az) pe(t,x,y)=0 fort>0,x,y € RP

(where Ay either acts on the variable x or y with the other variables being fixed), and px(t,x,y)dy —
Oy weakly as t | 0 for each x.

Proof. First we have the time derivative of py is given by

d D 1 _
st = (<34 1pb=- 20 ) prleony)

While the space derivative of py(f,x,y) can be calculated as the following:

P apstny) = — Lo
x —_— — —
dxiox; TELHY =T,

which reflects the fact that In px (¢,x,y) is a quadratic polynomial of x,y. Therefore

2?2 Jd d
mpz(t,x,y) = Fr (pz(t,x,y)a—xilnpz(t,x,y))
d 0?2
=9 z(t,x,y)a—xilnpz(t,x,y)+pz(t7x,y)mlnpz(t,x,y)

9 p
= iln (¢ )iln (¢ )+—21n (t,x,y) (t,x,y)
- axj px\l,Xx,y axi px\l,Xx,y axjaxi px\l,x,y) | px\l,Xx,y
1
4t

D
o 1.
i O-lkaﬂ(yl—xl)<yk—xk)_2_tcu) pe(t,x,y),
Ki=1

26



and therefore

1 & 2 1
AZPZ (taxay) = (412 klZ] Zl Gl] lkG]l(yl xl)(yk _xk — Z Zl Gz] U) Pz(l X y)
) IJ LJ

= (00200 - 2 ) prteny

d
= = t .
5, Pzt %)
This completes the proof. ]

Corollary 3.17. Suppose that f is a bounded measurable function on RP. Let u(t,x) = P,f(x) (for
t >0 and x € RP). Then u is smooth on (0,%) x RP, and u solves the heat equation

0
<E —Ag) u(t,x) =0 in (0,00) x RP. (3.10)
If in addition f is continuous, then u(t,x) — f(x) ast | 0 for every x € RP.

Proof. Since u(t,x) fRD f(»)px(t,x,y)dy, all conclusions follow by using the theorem of differen-
tiation under intergrals. O

The heat equation (3.10) may be written as %PI f =Ax (P f) for every bounded (or non-negative)

measurable function f, so by abusing notation, the last equation may be written as %P, = Ay P, for
every ¢t > 0. In this sense, we say Ay is the infinitesimal generator of the heat semi-group (P );>0, and
formally write as P, = e for ¢t > 0.

Remark 3.18. The heat semigroup P, (hence its heat kernel py(t,x,y)) is uniquely determined by the
second-order differential operator Ay, and equivalently determined by the quadratic form:

82
[, -vssowar= [ —vo,5 ot

dp d
= / O'ij—(p—wdx
RD 8x,~ an
for any @,y belonging to W>! (RD).
Proposition 3.19. It holds that

D

d
\% 22 - .
” lnp2(t7x7y)||2 at 1np2(l7-x7y) ¢ (3 11)

foreveryt >0, x,y € RP, where ||a||* = a- Za [Note that it is not ||a||i~,1].

Proof. The verification is completely elementary. In fact

d D 1
51 =—= Iy 12
ot an(t7xvy> ¢ + 4t2( ) (y )C), (3 )
and 3 5 |
L0y P ) G npr(0:63) = =) 70 —-) (3.13)
which completes the proof. [
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Exercise. [Hard] Suppose u(x,t) = P,¢ where ¢ is a positive continuous function. Let f(x,t) =
Inu(x,t), X =VInf-ZVInfandY = %lnf.

(1) Work out <% —A2>X and (% —Ag) Y.
(2) Show that
X(xat> _Y(x7t) <

RIS

forall xand r > 0.

[Hint: you may look at the paper by D. Bakry and Z. Qian: Harnack inequalities on a manifold
with positive or negative Ricci curvature, in Revista Matemdtica Iberoamericana (1999) Volume: 15,
Issue: 1, page 143-179.]

4 The Ornstein-Uhlenbeck semi-group

In the previous section we have studied a few properties of Gaussian measures on R”. In particular
we demonstrate that the Lebesgue measure is the invariant measure of heat semi—group P, = ¢/** (for
t > 0) defined via the heat kernel px(z,x,y). In this section we introduce a dynamical system whose
invariant measure is the Gaussian measure Gy (x)dx. More precisely, we construct a semi-group Q;
(for t > 0) in analogs with the heat semigroup, such that Gy (x)dx is the invariant measure of (Q;);~0.

For simplicity we use y(dx) denote the Gaussian measure Gy (x)dx on the Borel o-algebra (RP),
if no confusion may arise. Let L?() (for every p € [1,0]) denote the L”-space over the measure space
(R, B(RP),7).

4.1 The Mehler formula

The simplest way to construct the Orenstein-Uhlenbeck semigroup Q; is to apply the Mehler formula.
For every ¢ > 0 define linear operator Q; : f — QO f by setting

O f(x)= /RDf <e_tx+ 1—e*2ty) Gsx(y)dy 4.1)

for every t > 0 and x € RP, where f is a Borel measurable function as long as the integral on the
right-hand is defined — for example f is bounded or f is non-negative. Clearly Q;1 =1 for every
t>0,and Q;f > 0 as long as f is non-negative.

Making a change of variable one can rewrite the above formula as the following

exp (—2(1_%%)@ —e )27y~ e"x))
0= [ 10 7
RP 27(1—e2))2 \/detX

= [ 70)as(r.x)G(@) 2

dy

where
| P (—ﬁ(y_g—tx) .Z—I(y—e—fx))
Gx(y) (2m(1 —e—2f))% VdetX

is called the transition probability density function of the OU semi-group.

gr(t,x,y) = (4.3)
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Recall that the heat kernel associated a positive definite and symmetric X is given by

1 I .
Pe()) = o Jaes o0 (_E(y_x) = 1<y_x)>

so that

2(7 7)) E( 2 Y ’))G (I'I)

for every t > 0 and x,y € RP. Here the Gaussian density Gx(y) is inserted in the definition of the
probability density kernel gy, since we expect that the Gaussian measure Gy(y)dy is the invariant
measure for Q;.

Lemma 4.1. Suppose f is continuous and is of at most polynomial growth, then
MO () = /() and  Jim Q)= [ 0)Ga(@) @5)
tl0 t—roo RD

for every x € RP.
This follows immediately from the Mehler formula (4.1).

Lemma 4.2. The transition probability function of the Orenstein-Uhlenbeck semi-group is given by

1 ly- 2 ly4x-Z7lx—2ex- 27 1y
qz(t,x,y) = ————5 eXp (—— > (4.6)
(1 _ 6_2’) 2 e’ —1
for every t > 0 and for any x,y. In particular q is symmetric: qx(t,x,y) = qx(t,y,x).
Proof. By (4.3) the transition probability density function
1
qs(t,x,y) = ————pexp (=I(t,x,y))
(1 _ e—2t) 2
where { {
_ —t -1 —t -1
I(t,x,y) = m()’—e x)-E7 (y—e'x) - §y~2 Y.
Collecting the quadratic terms of y together we have
I(t,x,y) = li (v T lhy4x- 2 lx— Ze’x-Z*ly)
Y 21— 2
ant the conclusion follows immediately. [

Lemma 4.3. We have

QZ(S,X,y)(]Z(t,y,Z) = q;;(s—|—t,x,z)q2(T(s,t),ch(x,z),y)

where T =T (s,t) and cs;(x,z) are given by




and

el

o 2t s 2s t
Cs1(x,2) = I ((e —1efx+(e” —1)e z)
for s,t >0 and x,y,z € RP.
Therefore the Chapman-Kolmogorov equality holds

/RD gz (s,%,y)qs(t,y,2)Gs (y)dy = qs (s +1,x,z)

for any s,t >0 and x,z € RP.

D
2

Proof. Leta(t)=(1—e )7 and

y-Zly4x- X x—2elx- X7y
I(t7x7y): ezt_l :

Then g (s,x,y) = a(s) "' exp (—11(s,x,y)), and

s = oy ew (U 1 -t )

Let us calculate J = I(s,x,y) +1(t,y,z) —I(s+1,x,z). By definition T = T'(s,) > 0 is given b

S S S e +e¥ -2
2T —1 e»5—1 e¥—1 (e&—1)(e2—1)
Hence
25 _ 1)(e2t — 1 2(t+s) — 1
oo fiy@one-n_ e
e’+ezs—2 62’+62s—2
and

a(s+1) e2ts) 1 %_ ( T > 1
a(s)a(t)  \ (e —1)(e¥—1)) \eT—1)  a(T)

Moreover, one can verify that

1
e2T —1

J= (y-E_ly—2eTc-Z_1y+c-2_lc)

and therefore

t 1 1
qz(s,x,y)qz( ,y,Z) _ exp (_—I(T,c,y))
qZ(S‘l_taX?Z) a(T) 2

which completes the proof. 0

In what follows we will work with a fixed symmetric, positive definite D X D matrix X, and we will
use ¥(dx) to denote the Gaussian measure Gy (x)dx on (R?, Z(RP)). Let L”(y) denote the LP-space
over the probability space (RP, Z(RP), ).
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Proposition 4.4. The OU semi-group (Q;);>0 possesses the following properties.
1) For every t > 0, Q, is symmetric:

/ F)Qig(x)7(dx) = / ¢(x)0, F () 7(d)
RD RDP

for any f and g belonging to L*(y). In particular, y is an invariant measure of Q;. That is

/Qt [ reay

2) (Qr)s>0 is a semi-group: QsQ; = Qy+s for any s,t > 0, where Qg = I is the identity operator.
3) For every t >0, Qy is a contraction on LP(y), in the sense that || O f || 1p(y) < ||f|| s (y) for every
p>land f € LP(y).

Proof. 1) follows from the fact that gy (z,x,y) = gx(¢,y,x):

[swertran = [ [ ewsastrrame

— / £0)Qe8()7(dy).

2) follows from Lemma 4.3

0.0.f( / / g5(5,2.9)qx (1,3,2) £ () 7(d2) 7(dy)

= [asts+1x2500 ( / qzms,r),cs,z<x,z>,y>y<dy>) 7(d2)
- Qt+sf(x)

which proves the semi-group property.
We only need to prove 3) for bounded and continuous function f. Then, by using Holder’s in-

equality,
1051 = [ | [ rOrastexan)|
< [ [P astexydvia)
= [ [0 asty0r@)vay

= [ sy

where the inequality follows from the Holder’s inequalty to f and constant function 1 with probability
measure m(dy) = qx(t,x,y)y(dy) for each x, and the last equality follows from Fubini’s theorem by
integrating the variable x first to give 1. U

Y(dx)

Using the fact that the space Cj,(RP) of bounded and continuous functions is dense in L” (RP) for
every p > 1, the following proposition follows immediately.
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Proposition 4.5. Suppose that f € LP(y),

IIL%“Q’f_ADde =0

LP(y)

and

ltif(l)lHQtf—fHLp(y) =0.
Remark 4.6. Let t,s > 0. Consider two linear mappings T,S : RP x RP — RP defined by
T(x,y)=e 'x+V1—e 2y

and

L Vited  Jiew
S(y7 Z) =e y+ Z
1 — e—2(t+s) 1 — e—2(t+s)
for x,y,z € RP. Then
[, rertemdran = [ fama
RDP xRP RD
and similarly
[, postamamd) = [ v
RP xRP RD
for any Borel measurable function f. The proof is left as an exercise.

We next establish the most remarkable property of the OU semi-group (Q);>0-
Proposition 4.7. 1) For every t > 0 it holds that

o ., (df
WQlf_e Qt(ﬁ)

for any C' function f whose partial derivatives % are y-integrable, where i =1,...,D.

Proof. Suppose f is differentiable with a compact support, then we may differentiate Q; f(x) under
integration to obtain

904 [ 24 (crer T

p dxt

. df 7 _
_ t t _ 2
B /RD ¢ ox (e * e y) v(dy)

which completes the proof. ]

Theorem 4.8. (Domination inequality) The following domination inequality holds

VYO EV0if <0 (VI EV) @47

for every C! function f and t > 0. The domination inequality implies the following weak domination
inequality

VO.f-EVOQf <e ¥ 0 (Vf-ZV])
for every C! function f andt > 0.
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Proof. The proof relies on the Cauchy-Schwartz inequality |a- Xb| < va-Xav'b-Xb for any a,b €
RP (its proof is left as an exercise). By an approximation procedure, we may prove the domination
inequality for C!-function f with bounded derivatives. For simplicity, use f; to denote the partial
derivative aixl f- By the Mehler formula

d
a_x,-Q’f(x) =e! /RDfi(e_tx-i- 1 —e~2y)y(dy)

fori=1,...,D, and Fubini’s theorem, we have
VO 2V = [ [ Vrle e VI A e VIS e )
RP JRP
-2
=¢ t//]RD \/Vf'):vﬂe—’)ﬁmy\/Vf.zvf|e—’x+ lfe‘z’z’y(dy)f)/(dZ>
2
= ( / VYV (et V1= e 2y) - EV f(etx+ 1—e-2fy>y(dy))
RD
2
SRAGED)

which yields (4.7). ]

We next goal is to identify the infinitesimal generator of Q;, which is the elliptic differential
operator L = Ay —x-V.

Proposition 4.9. The infinitesimal generator of the Ornstein-Uhlenbeck semi-group (Q;);>0 is L =
Ay —x-V, in the following sense. If f is continuous with at most polynomial growth, then u(t,x) =
Q. f(x) belongs to C'((0,00) x RP) and solves the following initial value problem of the parabolic
equation:

(L— %) u(t,x) =0, limu(r,x) = f(x).

110
Therefore %Q, = LQ;, fort > 0. This fact may be denoted as formally Q, = e'".

Proof. According to Lemma 4.2 the transition probability density function

1 < 1y-21y+x-21x—26’x~21y>
—————exp
)7

qZ(t7x7y) =

(1_6_21 2 €2t—1
so that 1 ] z 1
D oy Ly Xy +x- X x—2e'x- X7y
lnqg(t,x,y):—aln(l—e )—5 o .
Thus
d e ex- X1y
—1 t =-D
at nq2< 7‘x7y> 1_672[ 62[_1
e’ ~1 -1 t ~1
-I-W(y-Z y+x-X ' x—2ex-X y)

A
ikXk — € Yk

0
—Ingx(t,x,y) = —
ngz(f,x,y) = —0"-5—

8xi
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and

92 d Xk — €'
sogmasttay) = o (- g ny) )
J J

1 !
ik _jlXk—€YiXi—ey i1
:lecjl €2t—1 62[—1 qz(t7'x7y)_al]ezl‘_lqz(t7‘x7y)'
Hence
1
Xk — € Vi
x-Vaz(t,x,y) = —xlﬁlkﬁqz(t,X,y)
x- X x—ey)
- o2 1 qE(trxay)
" (r—ey) X (- ey
x—eéey)- X (x—ey D
Aqu(trx?y) = ( (62[— 1)2 - o2l _ 1) q2<t7x7y)'
Therefore

(55 Jasteonn) = ST gy
= —x-Vgxz(t,x,y).

which implies that

(% — Ay +x- V) gxs(t,x,y) =0.

Suppose f is continuous with at most polynomial growth, then

u(x,1) / ) qz 1,x,y)y(dy)
— /RD f() (Axgs(t,x,y) —x-Vgz(t,x,y)) y(dy)

=5 [ f0asenn@) —x-V [ fG)as(rn)rd)
= (Ag —x-V)u(x,t)
which completes the proof. ]

Since Q; is symmetric on L?(}), so we expect its infinitesimal generator L = Ay —x- V is also
symmetric on L?(y), which is the context of the following lemma.

Lemma 4.10. (Integration by parts) The differential operator L = Ay — x -V is symmetric on L*(7),
in the sense that

VL@ = [ olLy(oy(an
RDP RD
= _/ V- ZVyy(dx) (4.8)
RD
for any C?-functions @, y, whose first and second derivatives belong to LZ(}/).
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Proof. By using the identity

0 D
5 InGr(x) = — Y o/lx (4.9)

we obtain that

/RDZ ij 8’ 8xl /Zl]aj<alG2)lI/dx

o 8lnG2 8<p
__/RD (AE"”; U 8xl> YGrdx

= —/RD (Azfp—;x"%> yy(dx),

which implies (4.8) as £ = (0o;;) is symmetric. O

Remark 4.11. /[Not examinable] You may wonder where the Mehler formula comes from. Let us give
its derivation. Recall that we wish to define a Markov semi-group Q; whose invariant measure is the
Gaussian measure y(dx). From the theory of diffusion processes [to be learned in SDE course, C8.1],
we first identify the infinitesimal generator L of Q;, which must satisfy the equality:

/—wLmdy:/ Vo -XVydy.
RP RP

Now integration by parts gives

/ Vo -EVydy = / GxXV -Vydx = —/ ydiv(GsEV@)dx
RD RD RD
which gives that
1
Lo = G—div(G;ZV(p) =Ayp—x-Vo.
p)

This is exactly the generator we have already seen. The diffusion process, whose transition proba-
bility function gives the semi-group Q;, can be constructed as the solution to the following stochastic
differential equation

dX, = V252dB, — X,dt, Xo=x

which can be solved explicitly
t
X, = e_tx+e_t/ \/QZ%eSdBS
0

which implies that the distribution of X; has a normal distribution with a mean e 'x and co-variance
matrix (1—e ) X. Therefore

0. f(x) = E[f(X,)| Xo = o]
/f )dN (e”'x,(1—e ) X)

)r et

= J 0 = (‘2(1—%0 - dy

which leads to the Mehler formula.
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4.2 Entropy and the logarithmic Sobolev inequality

Recall that y(dx) is the central Gaussian measure with Gaussian density Gy (x) on Z(R”). The
entropy functional Ent (associated with the measure y(dx)) is defined by

Ent(h) = / hlnhdy — < / hdy) In ( / hdy> (4.10)
RD RD RD

for every non-negative i € L' (), where slns is assigned to be 0 = lim o sIns at s = 0. Since s — slns
is convex on (0,0), according to the Jensen inequality, Ent(4) > 0 for every non-negative 4 € L' ().

Theorem 4.12. (L. Gross) For every f € W>!(y), that is, both f and its derivative belong to L*(),
it holds that

Ent(f?) gz/ (Vf-EVf)dy. (4.11)

RD

Proof. By approximation property, we may assume that f € C2. Since |V|f|| = |V f| almost surely
(with respect to the Lebesgue measure),

[, rzvnar=[ (vls1-xvirhay
RD RD

Thus we may assume that f is non-negative. By replace f by f + € for any constant € > 0 then send
€ 1 0, we can further assume that f is bounded by a positive constant.
Let y(s) = slns and consider one variable function

Fio= [ v(@()ar= [ o mo ey

for t € (0,00). Then lim, o F(t) = [ f*1n f2dy,

lim F(r) = ( /R ) f2dy> In ( /R ) fzdy>

2 - __[4
Ent(f )—ltirgF(t)—}Lr?oF(t) _—/0 th(t)dt. (4.12)

and therefore

On the other hand
~Lrw=- [ V(@) S e
—— [ v (@) Le
_ /R V(@) - ZVQi(f)dy
:/RD v (Q:(f2)) VO () - EVO, (f2)dy

where the third equality follows from Lemma 4.10. Since y'(s) =Ins+ 1 and y”(s) = 1, we deduce

that
d

——F(0) LVQ,(fZ) IVQ,(f*)dy fort > 0. (4.13)

~ Jeo 0:(f?)
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By the domination inequality
VYO 2va, () <o (VY V)
=2¢70, (If1VV/-ZV)
() Qi (Vf-ZVf)

where the last inequality follows from Cauchy-Schwartz inequality. Rearrange the previous inequality

we deduce that .

ONS (f2)-ZVOi(f*) <4e 20, (Vf-ZVf).

Together with (4.13)

—iF(t) <47 [ @ (Vf-ZVf)dy=4e_2’/ Vf-EZVfdy
dt RD RD

and, by integrating the inequality over (0, ) to obtain that

Ent(f?) g/()w4e_2tdt/RDVf-2Vfdy:Z/RDVf-)JVfdy

and therefore the proof is complete. [

Remark 4.13. If f € C2, then the logarithmic Sobolev inequality may be written as

Ent(f?) < —Z/RDfody.

Exercise 1. In this exercise we are going to prove the hyper-contractivity of the Ornstein-Uhlenbeck
semi-group. Let y(dx) = Gx(x)dx, and let ¢ : (0,00) — [1,00) be differentiable, to be chosen later.
Let f be a positive bounded and continuous function on RP. Consider two functions on (0,co):

F(t)= f(Qlf) d}/and G(t) = ||Qtf||Lq - Then G(t) = F(t)ﬁ’) and InG(t) = ﬁlnF(r). There-

fore
. L 4O, o PO
710=60) 5 (-5 0+ i)
and
Py = [ Loy
RrD dt
:q,(t)/ (Qtf) antfd7+Q( )/ (O:f) I%Qtfd?’

~LO [ @™ arsq) [ @0 Losay

_4() [Ent ((0u)") + F()InF ()] +4(1) /R (@) Lo fay.
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Let us now choose function ¢ which increasing, i.e. ¢'(t) > 0. Applying the logarithmic Sobolev
inequality

e (o)) <2 [ vien® zvion™ ey

in the previous equality, one deduces that

) q'(t) a() al)
V(Q:f)Z -ZV(Q:f) % d
<t 0romr0 220 [ vion® £y ay
—q(1) / V(@)™ EvQ, fdy
RD
_ 40 Lo tae) — -2y, .
= T FOIWF (@) +4() (2q<r> (q(0) 1))) [, (@ 2vos- £vo.sar.
The best choice of ¢ for the previous inequality is given as solutions to

1
S0~ (gl) = 1)) =0, (@.14)

Suppose ¢(t) > 1 is a solution of (4.14). Then

and

oy q'(t) F'(1)
G (l) = G(t)— <—(—1HF(I) + m)
q'(t)
a0 lnF(t))

Therefore t — G(t) is decreasing, so that G(¢) < G(0). The solution to (4.14) with ¢(0) = p for a
given p > 1is g(t) = 1 + (p— 1)e*. Therefore

HQl‘fHLQ(f)(y) <|[fllzp¢y Tforeverys>0and f € LP(y)

where ¢(t) = 1+ (p — 1)e?. This is called the hypercontractivity of the Ornstein-Uhlenbeck semi-
group (Q1);>o-

4.3 Poincaré inequality

The variance of f (with respect to the Gaussian measure y(dx) = Gz (x)dx)

var(f) = /]R ) (f— /]R Dfdy)zdy
- [ rar- (/RDfdy)z.

The following inequality is called the Poincaré inequality.
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Theorem 4.14. Let y(dx) = Gx(x)dx be the Gaussian measure. Then

/RD <f B /RDf d7>2d73 /R (Vf-ZVf)dy

for any C'-function f such that |V f|?* is y-integrable.
Proof. Let F(t) = [go (Qrf)*dy. Then lim, 0 F(t) = [pp f2dy and

pr0= [, (o) o= (L)

var(f) = — /0 ) %F(r)dt.

Therefore

Next calculate the derivative

d_ d.
P == [ ey
d
= _Z/RD QthQtde
) R

2 [ vos-rvosay
]RD

Using the weak domination inequality we thus deduce that
d
——F(t) < 26_2’/ O (Vf-EVf)dy= 26_2’/ Vf-XVfdy.
dt RD RD

Integrating the previous inequality over (0,o0) to get that

Var(f)§/0 2e2’dt/RD(Vf-EVf)dy:/RD(Vf.ZVf)dy.

Thus we have completed the proof. [

4.4 The concentration inequality

In this section we prove the major concentration inequality for Gaussian measure y(dx) = Gx (x)dx.
If g is a function on R?, we shall use ||g|., to denote the supremum norm of g, that is, ||g||., =

SUPyerp |g(x)]-

Theorem 4.15. Let y(dx) = Gy (x)dx be a centered Gaussian measure on (RP, 2(RP)), and let f be
a C'-function with bounded derivatives. Then

;LZ
[, e [x (f— / fdy)} < exp (7 IIVf-EVfIIM) 4.15)
RD RD

for every A € R, where

IVf-ZV Sl = SH;};(VJ‘-EVJ”)

is the supremum norm of Vf - XV f over RP.
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Proof. By considering f(x)— fRD fdyinstead, without losing generality we may assume that fRD fdy=
0. Let w(s) = ¢**. Then y' = Ay and y’ = A%y. Consider

F = [ w(@hdr=[ ew(10)dy forr =0

lim F(t) :/ exp (l/fdy) dy=1
—ro0 RD

“d
F(t)—lz—/ —F(t)dr  fort > 0.
, dt

As before we differentiate under integration, and use the equation that %Qt f =LQ:f, to obtain that

d d d
~r0=— [ Swena=-[ vengerr

Then

and therefore

__ /R V(@) Loy

Next perform integration in the last integral, to get that
d

—F (1) = /RD V' (O f) - ZVO fdy

N /R v (Qf)VOif - EVQ fdy
_ 22 / w(Q,f)VO.f - EVQ, fdy
RD

Since Y is positive, we may use the weak domination inequality

VO f-2Qif <e 0 (Vf-EVf) < e ||Vf - Zf].,
we thus conclude that

d
— S0 <A ||Vf-2Vf||m/RD w(Quf)dy
=22 ¥ | Vf-ZV S| F (1),

1.e.
1 d
————F(t) < A% ¥ ||Vf-ZV
for ¢ > 0. Integrating the inequality over [t,0) to obtain that
1

InF(t) —InF (o) = _/IMWEF(Z)CZZ

S N
t
Letting ¢ | O we conclude that

/*LZ
/ exp (z (f— / de))dVSGXP (THVf-Ewa)-
RD RD

The second inequality follows from Markov inequality. [
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We next prove the well-known Borell’s inequality for family of Gaussian random variables.
Recall that a function f on R? is Lipschitz, if | f(x) — f(v)| < C|x —y| for every x,y € R”, where
C > 0is a constant. The least C is called the Lipschitz norm of f, denoted by || f|| ;,- That is

_ sup L =FO)
HfHLip_iiE |x_y’ :

Lemma 4.16. Let f : RP — R be Lipschitz continuous (with respect to the standard metric on RP and
R. Then for every € > 0 there is a C'-function fe such that || fe — f||., < € and |V fel|., < £l &

For a proof, refer to Appendix.

Corollary 4.17. Let Y = (Yy,---,Yp) be an RP-valued random variable with the standard normal
distribution N(0,1) (where I is the identity matrix), and let f : RP — R be Lipschitz continuous.

(a) We have
E(AVT)-EfY))) < _;tz 2 4.16
(c ) <exp (1713, (4.16)

forany A € R.
(b) The following Gaussian estimate holds:

2
P(fY)—=Ef(Y)]>r) <2exp (—2";"2 ) (4.17)
Lip

for every r > 0.

Proof. Let f¢ be constructed in Lemma 4.16 for every € > 0. By Theorem 4.15,

2 2
B (exp A (1)~ EA()) < exp (5 112 ) <exp (5 (22

for every € > 0. Letting € | 0 we obtain (4.16). The Gaussian estimate (4.17) follows from (4.16) as
we have seen in Section 1. O

Theorem 4.18. (Borell’s inequality). Let X = (X, -+ ,Xp) be a random variable with central Gaus-
sian distribution with co-variance matrix X = (0;;). Then

|

Proof. LetY = (Y1,---,Yp) be arandom variable in RP with the standard normal distribution N (0,1),
as in the previous corollary. Then Z = XY has the same distribution as that of X , where 51 = (pij)

is a positive square root of X. Let f(x) = max;—i ... p (Zi,): 1 pikxk). For given x,y, there are i and j
such that

sup X'—E sup X'
i=1,....D i=1,....D

2

;
<2 — 4.18
>r| < exp< 28Up,~6,-i> ( )

for every r > 0.

D D
f) =Y puxc and f(y) =Y pive
k=1 k=1
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(where i, j depend on x,y of course), so that
D D D D
FE)—F0) =Y pux— Y, Pk < Y Pk — Y, PicYk
k=1 k=1 k=1 k=1

and similarly

D D
FO) =) <Y pivk— Y., Pk
k=1

k=1

which implies that

D
[f(x) = f(y)] = max Y i (e —xx)
=1

< Z|x—
< max /k;%x vl

= max +/oj|x—y|.
i=1,--.D

Thus f is Lipschitz continuous with Lipschitz constant less than max; /0;;. Therefore, according to

4.17)
]P’[ sup X'—FE sup X'

i=1,...D i=1,....D

>r

=P(f(2)-Ef(Z)|>r)

r2
<2 _ .
= &P ( 2 sup; G,',')

]

Remark 4.19. (a) As long as Esup; X; is finite (in this case the family of centered Gaussian random
variables (X;) is called bounded), then the Borell’s inequality is still valid in exactly the same form,
by letting D — oo. That is, if (X;);ea is a family of centered Gaussian random variables, where A is
any countable set, such that Esup,;cp X; < oo, then

7|

for every r > 0, where o;; = var(X;).

(b) It remains to control the quantity Esup,cp X;. This can be done by using the technique of
metric entropy, a topic we left for your own study. The reader may refer to the small book by R. J.
Adler []].

2

> r} < 2exp (—r—) (4.19)

2 SuptEA Oyt

supX; — EsupX;
teA teA

4.5 Estimates of exponential type

In this section we introduce another idea for deriving typical Gaussian type exponential decay esti-
mates, which is in a matter of transport distributions, an idea which is quite useful. It yields interesting
results, though it does not lead to better results as we have developed so far.
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Lemma 4.20. Let X = (Xi)i=1,--~ pandY = (Yi),-:L... D be two independent random variables with the
same distribution y(dx) = Gy (x)dx, where X is symmetric, positive definite. Let X () = X sint +Y cost
and %X(t) = X cost — Y sint fort € R. Then for everyt, X (t) and %X(I) have independent, and have
the same distribution y(dx).

Proof. For each t we have
E[X(1)'X(t))] =E [(X'sint + Y cost) (X'sint +Y/ cost)]
= sin’/E [Xin} +cos’ 1 [Yin]
hence X (¢) has distribution y as well. Let Z(t) = %X (t). Then
E[X(1)'Z(t)'] = E[(X'sint +Y'cost) (X’ cost — ¥ sint)]
= sinf cost (E [Xin] —E [Yin])
+cos’ 1E [Yin] —sin’7E [YjX’]
=0
which implies X and Z are independent. 0
Let begin with the following general Gaussian estimate.

Theorem 4.21. Let f : RP — R” be a C'-function, and ¥ : R" — R be a convex function. Then

T
L, | eee-roraman < [ [ w(3vre)vaa) @2
and
T
/R 4 (f (x) - /R N fdv> Mdx) < /R i /R ¥ (EVf (¥)-7) 7(dx)¥(dy) 4.21)
where = (fi, -, fn) and Vf(x)-y = (Vfi(x)-y,---,Vfu(x)-y) for any x,y € RP.

Proof. By considering ' — [p f'dy instead, without losing generality, we assume that [pp f'dy =0
fori=1,...,n. Let X and Y be independent random variables with the same distribution Y, and
X(t) = X sint + Y cost. Then

F) =) = [T LX)

d

_ /0 VX (1) X (1)dr

and therefore

W (1(X)— (V) =¥ ( | v %X(z)ob)

Since ¥ is convex, applying Jensen’s inequality (with respect to the%dt on [0, 7)), to obtain

v i) -y <2 [ (Feso Sxo ) o

U
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Taking expectation both sides of the inequality to deduce that

Bl (/) —sw)<2 [ ‘g v (Gvro) 5x0) o (422)

T

By Lemma 4.20, both (X,Y), and (X (), %X (1)) (for every ¢) has the same distribution ¥ ® ¥, so
that

EM¥(f(X) - (X)) :/RD F(f(x) = f(v)r(dy)v(dx)

B |w (Svroo) x| = [ [ e (59r00-5) vianre

for every t, so the first inequality follows.
To prove the second inequality, we use Jensen’s inequality again, to deduce that

# (00— 1)) = (100~ [ sar)

RD

for every x. Integrating out the variable x, we then deduce that

L Lo -soprema = [ w(se- [ ar)va.

Therefore the second inequality follows from the first inequality. [
Corollary 4.22. Let y(dx) = Gy (x)dx. Suppose f : RP — R is a C'-function, and p > 1. Then
p
[l [ s av=c, [ vsray (423)
RD RD RD

where
D

¢r=(3)" [, vt b=/ L 00>

i=1

Proof. We apply Theorem 4.21 to convex function W(x) = |x|”. Then

ADéDT<gi(X)-y>7(®)Y(dy //|Vf ) y|P ¥(dx) y(dy)
<¢, /R vflay

which yields the conclusion. ]

If p =2, then estimate (4.23) becomes a variation of the Poincaré inequality:

L, f—/RDde
Cz— /RD %)2‘&2

while the variance var(f) is dominated by the quadratic form [ V-V fdy, instead of [V f- XV fdy.

2

dy < G / v £y
RD

where

44



Corollary 4.23. Suppose f is Lipschitz continuous from RP — R with Lipschitz constant C. Then

/RDexp (a‘f—/RDdez

T
) dy < / exp (EOCCAMZ) G (y)dy
]RD

where A is the largest eigenvalue of X. The right hand-side is finite as long as o0 < ﬁ

Proof. Let W(t) = exp(at®) where a > 0 is a constant. Then
W (1) = 2aexp(ar?) + (2at) > exp(o?) > 0

so W is convex. We apply (4.21) with . Then

‘P(gaf’(x)y> = exp EOc <

<exp <§0¢|Vf|2|y|2>

and therefore, according to (4.21),

/RDeXP (06 —/RDfdyD dy < /RDexp (gaCMz) y(dy).

For the integral on the right-hand side we make a change of variable Yiz= v, so that

T i) 7(dy) % oy
| exe (Fach) vias) = [ exp(Facs-2y) Gilay

T
< [ exp(3arChP) Gio)ay
RD

where now Gj(y) is the standard Gaussian density on R” and Ap is the largest eigenvalue. By a

standard computation we have

T 1
[ exp (GarnCh) Gty <
RD 2

\/1—4m2C?A3

which completes the proof.

Corollary 4.24. If f is C', then

/]R e (f(x) - /R ) de> Y(dx) < /}R exp (%ZVfEVf) d

Proof. Let us apply (4.21) with ¥(¢) = ¢’ which is convex, to obtain that

/RDexp <f(x)—/RDfd7> / /RDeXp (Z W ) dx)y(dy)
/RD /RD ( 3)(;6) ) Y(dx)y(dy).
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For every x (but fixed), ¥ = (Y?) has a distribution y. Then Z = % ):D 9 yi is Gaussian random

i=1 gxi
variable whose variance is 5

var(Z) = %Vf-ZVf

/exp< Z ) dy)_exp(%ZVf-ZVf>.

Hence (4.24) follows immediately. [

and therefore

4.6 Gaussian isoperimetric inequality

In this section we derive Lévy-Gromov’s isoperimetric function for centered Gaussian measure y(dx) =
Gyx(x)dx, following the approach put forward by D. Bakry and M. Ledoux [3] via the Ornstein-
Uhlenbeck semigroup (Q;);>0, whose invariant measure is y(dx). B-L [3] aims to give a general
version of Lévy-Gromov’s isoperimetric inequality (for metric-measure spaces with positive curva-
ture) by using Bakry-Emery’s I', formulation (Ricci curvature) and the idea of quantization. While
the most useful case remains the isoperimetric inequality (independent of dimensions) for Gaussian
measures, which is going to be presented in this part.

Let us now introduce the isoperimetric function for Gaussian measure. Suppose & is a real random
variable with a standard normal distribution N(0, 1), then

O(r)=P[§ <r]= /_m \/lz_ﬂexp (—%) dx (4.25)

which strictly increasing, whose i 1nverse @~ 1:(0,1) + (—oo0,00) is also increasing. The isopermetric

function is defined to be % = &' o ®~! on (0, 1), where the derivative @’ is nothing but just the 1-D

standard Gaussian density, i.e. ®'(x) = \lﬁ exp (— ) Naturally we extend the definition of % to

[0, 1] by setting

% (0)=0and 7 (1) =

so that 7 is differentiable (of any degree) on (0, 1) and is continuous on [0, 1]. By chain rule and use
the fact that @ (x) = —x®’, we have

1
%/ == @HO(P_]W = —(p_] (426)
and
gL 1 427
T @20

In particular %" < 0 on (0,1). Therefore x — % (x) is (strictly) concave on (0,1), symmetric again
the vertical line x = % at which it attains its maximum \/LzTr Moreover

lim %(x)
0 oInl

X

=1. (4.28)

Let us begin with several facts we shall use.
Recall that L = Ay — x -V is the infinitesimal generator of the Ornstein-Uhlenbeck semi-group
(Q¢)r>0, in the sense that %Q, =LQ;, fort > 0.
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Lemma 4.25. Let ¥ be a C?-function on R. Then
L(P(f) =Y (fILf+¥"(f)VSf-IVS (4.29)
for any C*-function f on RP.

Proof. The equality may be called a chain rule for L, which follows immediately from the rules of

computing derivatives. Let f; and f;; denote the partial derivatives 5 f and 5 f respectively for
simplicity. Then

LP(f) =Y oj¥(f)ij— ;xi'f’ f

i,j=1

D D
=) o ('), - Z xifi
i,j=1 i=1
D D
=y'(f Z oiifii+¥"(f) Y oiififi—¥'() ) xif;
i,j=1 i,j=1 i=1
= W(f)Lf+¥"(f)Vf-EVf
which completes the proof. [

Lemma 4.26. Let f : R — [0,1] be a C?-function whose derivatives have at most polynomial growth.
Let t > 0 be fixed but arbitrary, and consider G(s) = Qs (% (Qs—sf)), that is,

G)(wr) = [ as(sx) % (Qr-sf5)7(d) (4.30
for s € (0,t) and x € RP. [The argument (x,t) is suppressed if no confusion may arise]. Then
d
aG(S) = O (%" (Q1—s/)V(Qi—s) - ZV(Qi-sf)) (4.31)

forevery s € (0,1).

Proof. For simplicity we suppress the argument x in G(s)(x) which is fixed though arbitrary. By
differentiating in s under integration (which is allowed under our assumptions on f), we obtain

/ U(Qr—sf(y qz(s x,y)v(dy)

— [ asox )% Q0D 50 F )Y@
RD §

= [, %0 o)Las(sx ey

d
— [ as6x D)% Q6D 50 F )Y
RD N
where we have used the fundamental equation that

d
ER (s,x,y) = Lgx(s,x,y)
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where L operates on the variable y, while x is fixed. Next for the first term we use the symmetry of L,
so that

n= [ (@) Lassx)ay)
_ /R az(s.x9) LU (Qi-sf () (d)
— /]RD qs (5, 0) %" (Qi—sf(3))L(Qi—sf) () ¥(dy)

+ /RD qs (8,5, 0)%" (Qr—sf (V) V(Qi—sf) - ZV(Qr—sf) (¥)) y(dy)

where the second equality from the chain rule for L. Substituting J; into the previous equation for
G/ (s), and using the fundamental equation

d
EQrf = L(Qrf)

(with r =t — s > 0), we obtain that

G(s)= | %" QSO (V(Q-sf) - ZV(Qr-s)) (Dax(s:-,3)¥(y) (432)

for every s € (0,¢), which is equivalent to (4.31). O

Lemma 4.27. Under the same assumptions as in Lemma 4.26. Let

F(s) = (Qs (% (Qi—sf)))*  forse(0,1).

Then

F'(s) =20 (% (Q1—sf)) Qs (%”(Q,_Sf)V(Q,_Sf) -EV(Q,_Sf))
fors € (0,1).
Proof. This follows from the previous lemma. Indeed F = G2, so that

F'(s) =2G(s)G'(s)

=20, (% (1)) Qs (%" (Qr—5£)V(Qi—sf) - EV(Qr—s )

for every s € (0,1). O

Lemma 4.28. Suppose that f is a C' function with values in [0, 1], and suppose both f and its partial
derivatives are y-integrable. Then

VY@ EV@S) ]
U (Q1f) T Vet —1

Proof. We only need to show this for any C>-function f taking values in [0,1]. Let > 0 and let
F(s) = (Qs (% (Qs—s[)))* for s € (0,1). Then F (1) = (Q/(% (f)))*, F(0) = (% (Q:f))*, and

F(t)— F(0) = /O t %F(s)ds

for everyt > 0. (4.33)

= 2/0[ Qs (%(Qtfsf)) Qs (%//(Qz—sf>V(Qt*Sf) . ZV(Qtfsf)) ds. (434)
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Using the differential equation that /" = —% in the previous equality, we obtain that

V(Qt—sf) 'EV(Qt—sf)) ds
U (Qr—sf)

= (o (V¥ TV@) ) as (435)

F(1)~F(0) = -2 /O 0, (% (Q1sf)) O, (

where the second inequality follows from the Cauchy-Schwartz inequality:

Qs <\/V Or—sf) - ZV(Qr—sf) > < \/Qs (Qr—sf) )\/ ( (Qt_sf)'ZV(Qt—sf))

U (Q1—sf)

which implies that

0. (0o (VO IR - (o, (Vi) V)

By the domination inequality (cf. Theorem 4.8):

VV(Of) - ZV(0:f) = VV(Os(Qi—sf)) - EV(Q5(Qs—sf))
<70, (VY@ /) IV(0i)))

for every s € (0,¢). Rearrange the inequality to obtain that that

(0 (V¥@ N2V D)) 2 V(o) ZV(es) (436

for any s € (0,¢). Substituting this into (4.35) we thus get that

F(1)=F(0) < _2/1 e*V(Q1f) - EV(Q1f)ds

0
= (¥ —1)V(Q.f)-Z(VO.f)
which yields that

=@ - @)y

V(Q.S) IV(Q) < o

and therefore

VV(0S)ZV(Q.]) _ \/1 3 (Qt(%(f)))z
U (Qif) Vet -1 U (Qif)
for every t > 0. This completes the proof. 0

Exercise. Let W be an increasing C! function on [0,0), and f is a C! function on R? taking values
in [0, 1]. Prove that

W (O (1) — v (% (Quf)) < — (V(Q.f) - ZV(Q.f)) /0 e "’Q(SQZZ&}Q :

ds
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for any ¢ > 0.
[Hint: For any ¢ > 0 be any but fixed. Consider @(s) = W (Qs (% (Qi—sf))) for s € [0,¢]. Then

v () - v @) - | L p(s)as.

Compute ¢(s) and use Theorem 4.8 as in the proof of the previous lemma.]
We are now in a position to prove the isoperimetric inequality for Gaussian measures.

Theorem 4.29. (Tsoperimetric inequality for Gaussian measures) Let f : RP + [0, 1] be C'-function
and |V f| is y-integrable. Then

w (/ fd}/) —/ %(f)dyg/ VVf-EVfdy. (4.37)
RD RD RD
Proof. Let us apply the approach we have tested in the previous sections. Consider
Fo= [ 7@par
RD
Then F (o) = % (fgp fdY) and F(0) = [pp % (f)dYy, and

w </RDfdy> —/RD%(f)dy:/:%F(z)dz.

Next we compute the derivative: differentiating under integration gives
d d
ZF(t) = -
at /RD ai ? Q)Y
d
- [ 7@ s
RD t
Using the equation %Q, f =LQ, f and performing integration by parts we obtain
d
FLOR AR
t RD
—— [ v @) ey
- [ %" @V xV @

Since " = —%, we therefore have
d V(O f)-ZV(O:f)
CF@4) = d
it /R v

for every t > 0. Finally we apply the estimate we have proven in Lemma 4.28

VV(Q)-ZVQf) . ]
U (O1f) T Vet —1
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and deduce that

d 1
at 0= m/R VY- EV(Qif)dy
1 » :
<o /]R OV )y
e—l
_ ezz_lfRD\/Vf-ZVfdy

Integrating both sides of the previous inequality on (0,c) we therefor obtain that

w (/RDde) _/RD%(f)dyg/“’ J%dr/RDWdy
S AL

which completes the proof. ]

If A € RP be a closed subset with a C'-boundary, then

_ piming YAe) —¥(A)
¥s(dA) = hrgl&)nf -

where Ag = {x cRP:d(x,A) <& } ,1s called the Minkowski outer content of the boundary of A. Here
the distance d is the metric associated with X, i.e.

d(x,y) = sup {|f(x) = f()|: V.f-ZVf < 1}.

fec!

Indeed d(x,y) = \/(x—y)-Z-1(x—y) for any x,y € RP. Note that if € — y(A,) is differentiable

(from right), then

d

Ys(0A) = de |y, Y(Ae).

Corollary 4.30. Let y(dx) = Gx(x)dx be a central Gaussian measure with co-variance matrix X.
Then

% (y(A)) < v5(dA)
for any closed subset A C RP with a C'-boundary.

Proof. Choose C'-functions f,, valued in [0, 1]which tends to 14. Then

U (/]RDfnd'}/) —/RD@/(fn)dYS/RD VY i IV fudy

for every n. Since % (0) = % (1) = 0 so that

w ([ ) s w . [ war—o

and
/ VT EV iy 1(04)
R
which thus yields the isopermetric inequality. [
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Theorem 4.31. Suppose y(dx) = Gx(x)dx is a Gaussian measure on RP, and A C RP be Borel
measurable with C'-boundary. Then

Y(A) > @ (D (y(A)+1) fort>0, (4.38)

where Ag = {x € RP : d(x,A) < &} for every € > 0, and the distance d is the metric associated with
X ie.
d(x,y) = sup {|f(x) = f(y)| : V- ZVf <1}

fec!

It is a fact that d(x,y) = /(x—y) - £~ (x—y) for any x,y € RP.

Proof. The isoperimetric inequality may be written as

2 yan = w(van)

forr >0, i.e.
1 d
U (v(Ay)) dr

Integrating the inequality over [0,¢] (for # > 0) to obtain that

Y(A,) >1 forr>0.

/f 1 d (4,)d Y(A) p
= y(A))dr = s>t
o %A dr’ o (s)

On the other hand

YA) p /Y(At) 1 p /Y(At) d & (s)d
s = —————ds = — s)ds
ORAY) vy Do @ (s) vy ds

=7 (v(A)) — @7 (1(4))

and therefore
>~ (v(A)) — @7 (v(4)) =1
which yield the inequality (4.38). 0

As a consequence we deduce the following concentration estimate.

Theorem 4.32. Let y(dx) = Gx(x)dx be a centered Gaussian measure on RP. Let f : RP — R be a
function such that Vf- XV f < 1. Let m € R such that y({f <m}) > 3. Then

1 2
e 2dx (4.39)

y({f>m+r}>g/°°

forany r > 0.

Proof. Let A = {f <m}. Then y(A) > 1 = ®(0) which implies that ®~!(y(4)) > 0. Also the
condition that Vf- XV f < 1 implies that A, C {f < m+ r}, and therefore, (4.38) yields that

r 2

X
e Zdx

H(r<memzon=[

and the conclusion follows immediately. [
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By an approximation procedure, we therefore have the following.
Proposition 4.33. Let X = (Xy,---,Xp) be a D-dimensional random vector on (Q,.% ,P) with the
standard normal distribution N(0,1) on RP, f: RP s R is Lipschitz such that ||f| Lip < L and let m
be a number such that P[f(X) <m] > 3. Then

Plf(X)>m+7] S/w

for every r > Q.

Theorem 4.34. Let Y = (Y,---,Yp) be a D-dimensional Gaussian random vector on (Q,.% ,P) with
mean zero and co-variance matrix £ = (0y;), and let m be a number such that P [sup;Y; < m] > 1.
Then

o) 1 )

_e z
r V2T

“Zdx (4.40)
SUp;j=1,....DV/Oii

for every r > 0, where o;; = E(Y?) is the variance of Y; fori=1,...,D.

]P’[ sup Y;i>m+4r| <

i=1,.D

Proof. As in the proof of Theorem 4.18,Y and X 2X have the same distribution N (0,X) (where X has
the standard normal distribution N(0,1)). Apply Proposition 4.33 with

1

J(x) = ———=sup)_pi;x;
= Lo
where X2 = (pij) is a square root of X. Then ||f]|;;, <1 (see the proof of the Borell inequality,
Theorem 4.18), and the concentration inequality (4.40) follows immediately. 0

This theorem implies Borell’s inequality we have proved.

5 Brunn-Minkowski’s inequality, Isoperimetric inequality

In this part we demonstrate some special features of datasets lying in convex domains. The main tool
is the isoperimetric inequality for the Lebesgue measure on RP.

As in the previous sections, if A C R? is a Borel measurable subset, then |A| denotes the Lebesgue
measure of A. If A is a box with sides parallel to axises, and if the length of the side parallel to x-axis is
;, then |A| = [T2, & If A and B are two Borel measurable sets of RP, then A+B={a+b:acA,bc
B} and AA = {Ax: x € A} are Borel measurable too. In particular, if a € RP, thena+A = {a} +A is
measurable and |a+A| = |A|, i.e. the Lebesgue measure is translation invariant.

5.1 Prékopa-Leindler’s inequality
Let us begin with a lemma which is the Brunn-Minkowski inequality on R.
Lemma 5.1. Let A, B be two Borel measurable subsets of R. Then
[A+B| > |A|+|B] (5.1)

and
IAMA+(1—A)B| > A|A|+ (1 —A)|B] (5.2)

forevery A € (0,1).
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Proof. The second inequality follows from the first as |AA| = A |A|. Let us prove the first inequality for
non-empty compact subsets A and B. Choose a and b such that A = {a} +A CR_,B={b} +BC R,
and ANB = {0}. Then AUB C A+ B =a+b+A+B. Therefore

[A+B|=|A+B| > |AUB| = |A| +|B| = |A| + B
and the proof is complete. ]
Lemma 5.2. Let a,b are two positive numbers. Then
Aa+(1—2)b>d*b' = (5.3)
forany A € (0,1).

Proof. This follows from Jensen’s inequality. Since x — Inx is concave (i.e. —Inx is convex) on
(0,00), therefore

In(Aa+ (1 —=2A)b) > Alna+ (1 —A)Inb

and the inequality follows immediately. [

Lemma 5.3. Let f and g be two non-negative, continuous functions on R, and let L € (0,1) be a
constant. Then

/R h(x)dx > A /R Fx)dx+ (1-2) /R o (x)dx (5.4)

. e\ A N
w=snr () ¢ (25)

Proof. To prove (5.4), we consider

where h is defined by

forxe R

A(t)={xeR: f(x)>r}, Bl)={xeR:g(x)>t}, C@)={xeR:h(x)>t}
for every t > 0. By definition of /; (f,g), we have
AA(t)+ (1 —A)B(t) C C(¢) (5.5)
for any ¢ > 0, and therefore

IC(1)| > |AA(r) + (1 — 2)B(1))|
> MA@+ (1=2)[B(1)],

where the second inequality follows from Lemma 5.1. Integrating the previous inequality in 7 € (0, o)
and using the dis-integration formula (1.5) we have

/Rh(x)dx:/oﬂc:(mdtzx/0m|A(t)|dt+(1_z)/0w|3(t)|dt
=7t/Rf(X)dX+(1—7L)/Rg(X)dx

which completes the proof of (5.4). [
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Theorem 5.4. (Prékopa-Leindler Inequality) Let f and g be two non-negative Borel measurable func-
tions on RP and A € (0,1). Then

/R h(x)de > < /R ) f(x)dx))L < /R Dg(x)dx) - (5.6)

where h = hy (f,g) defined by

CNA 1
1 (f,8)(x) = sup f C%) g (ﬁ) forxeRP. (5.7)

yeRD

Proof. [The proof is not examinable.] For simplicity we use & to denote &y (f, g) if no confusion may
arise, and by a simple approximation procedure, we may assume that f and g are continuous. Without
losing generality we shall assume that

f(x)dx>0 and / g(x)dx >0,
RP RP

as otherwise the inequality is trivial.
Let us prove (5.6) by using induction argument on the dimension D.
If D =1, then (5.6) follows from (5.4) and (5.3). Indeed

/Rh(x)dxzA/Rf(x)dx+(1—x)/Rg(x)dx

(frow) ([

Now assume that D > 2 and let A € (0, 1). Suppose that (5.6) holds for any non-negative functions
f,gon RP—1,

Let f(x), g(x) be two non-negative, continuous functions on R” (where x € RP). Write x = (x,xp)
where x € RP~! and define

(o)

fo(x):/:of(x,s)ds, go(X)Z/ g(x,s)ds.

—o00

By assumptions

A 1-4
X—y Xp—=¢ y s
h/x(f,g)(x,xD)zflelﬂgf(—/l — ) g(—l—l’—l—l)

for every y € RP~!. For any x,y € RP~! fixed but arbitrary, we apply Lemma 5.3, (5.4), with one
dimensional functions s — f (’%,s)/l and s +— g <ﬁ,s> , to obtain that

/:ohx(f,g)(X,s)dsZ?L/_:f(x;y,s> ds+(1—z)/_ig(lf”s> ds
- (/:of (x;ty’s) dsy (/_Zg (12’”‘) ds)w
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where the second inequality follows from (5.3). Since y € RP~! is arbitrary, so that

oo g (1 (520)o) (e(250)e)
= hy.(fo.80)(x) (5.8)

for every x € RP~!. Using induction assumption with fj and go which are non-negative functions on
RP—! we thus obtain that

/RDlhx(fo,go)(x)dxz ( RDIfO(x)dx)l (/RDlgo(X)dx)l_l‘

On the other hand, by (5.8) and Fubini’s theorem

/h;tf, dx/ /h;tf, (x,s)d

> /Dl hy,(fo,80) (x)dx

> ([, aoa) ([, sotoa)
() ([ )

and therefore (5.6) holds for any non-negative, continuous functions f and g. The proof is complete.
]

Theorem 5.4 is formulated by H. Brascamp and E. H. Lieb [6] (this paper has an unusual long title
as if the JFA journal printed its Abstract as the title !) The original P-L inequality follows of course
from the above version immediately.

Theorem 5.5. (Pékopa-Leindler Inequality) Let f,g and h be non-negative measurable functions on
RP and A € (0,1). Suppose

h(Ax+(1=21)y) > f(x)’lg(y)lqL for any x,y € RP. (5.9)

> ([ fods ’ glx)dx H. (5.10)
R R

Proof. Under assumption, h(x) > hy (f,g)(x) for every x, and therefore the P-L inequality follows
immediately from (5.6). [

Then

Definition 5.6. Let f be a non-negative function on RP. Then f is log-concave (i.e. logarithmically
concave) if

fAx+(1=2)y) = For )
forany A € [0,1] and x,y € RP.
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By definition, f is log-concave if and only if —In f is convex on {f > 0}.
Exercise. Let p be log-concave on RP = RP1 x RP2 (where D + D, = D). Let

p1(x1) =/ p (x1,x2)dxs
RD2

where x; € RP (i = 1,2). Show that p1 is log-concave too. [Hint: Use Theorem 5.4].

Theorem 5.7. If p is non-negative and log-concave on RP, then

Fuva a?c2 ([ (’C)‘Z’C)}L ([[ptar) h

for any Borel measurable subsets A,B C RP and for any A € (0,1).
Proof. We shall apply Theorem 5.4 to f = 14p and g = 1gp. Since p is log-concave, for every

A€(0,1), ) o
p<)%) p(ﬁ) _ <p(x)

for any x and y. If = € A and %5 € B, than x € AA 4 (1 — A)B, which implies that &, (f,g) <
134+ (1-2)gP- Therefore according to (5.6) we have

/L’tA—i—(]—)L)Bp(x)de/ hy,(f,8)dx
RP RD

> </RD 1AP(?C)dX>/l (/RD pr(x)dx> -

which yields (5.11). ]

Lemma 5.8. Let X be a symmetric, positive definite D X D-matrix. Then the central Gaussian kernel
Gsx(x) is log-concave.

Proof. Recall that
InGx(x) = —%ln ((2m)P detX) — %x~21x.

Hence we only need to show that x — x- X~ x is convex. Let x,y € RP be any two points. Consider
P(A) = Ax+(1=2A)y)- 27 (Ax+ (1 -A)y)

for A € [0,1]. Then
¢'(A) =2(x—y)- T~ (Ax+(1-A)y)

and
¢"(A)=2(x—y) - (x—y) >0

as X lis symmetric, positive definite. Hence ¢ is convex on [0, 1], and therefore
P(A)=(A1+(1-2)0) <A9(1)+(1-21)9p(0)
forany A € (0,1). That is
—(Ax+(1=2)y)-Z ' Ax+(1=A)y) > Ax-Z x—(1-L)y- 271y

which in turn yields that In Gy is concave. [
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As a consequence, we have the following result for Gaussian distributions.

Theorem 5.9. (Geometric form of the isoperimetric inequality for Gaussian measure) Let y(dx) =
Gy (x)dx be a centered Gaussian measure on B(RP) with co-variance matrix X. Then

Y(AA+(1—21)B) > y(A)*y(B)'* (5.11)
for any Borel measurable subsets A,B C RP and for any A € (0,1).

This follows from the fact that x — Gx(x) is log-concave, Lemma 5.8.

Exercise. Let y(dx) be the centered Gaussian measure Gy (x)dx. Let A be a symmetric convex
subset of R” and a € RP.
(a) Prove that
Y(A+a) < y(A+ta)

for any 7 € [0,1], and  — (A +ta) is non-increasing on [0, ).
[Hint: You may assume that X = /, otherwise consider X~2A and X~ Zq instead. Apply Theorem
5.9to A = 3(¢+1), use the fact that (A +a) = Y(A —a), and the fact that

A+ta=A(A+a)+(1-1)(A—a)

in (5.11).]
(b) Suppose f is convex and f(x) = f(—x) for every x. Show that

f(x)y(dx) < [ f(x+a)y(dx)
]RD RD

for any a € RP, and conclude that 7 — [ f(x+ta)y(dx) is non-decreasing.
[Hint: Apply (a) to level sets { f < c} for every c.]

(c) Prove that
/ x|Py(dx) < / xtaly(dy)
RD RD

for any a € RP and p > 1.

5.2 Brunn-Minkowski’s theorem

This is a deep result about the Lebesgue measure. Let begin with a weak version which is independent
of the dimension D.

Theorem 5.10. Suppose A, B are two Borel measurable subsets of RP and A € (0,1). Then
[AA+(1—2)B| > |A|*|B|'*. (5.12)

Proof. It follows immediately from the Prékopa-Leindler inequality. Indeed, if f = 14 and g = 13,
then 7 (f,8) = 1aa4(1—2)8- Hence (5.6) gives (5.12). O

In fact this weak version, in which the dimension seems missing, is equivalent to the Brunn-
Minkowski inequality, and the dimension may be recovered from the scaling property: [AA| = AP |A]
for A € B(RP).
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Theorem 5.11. Let A and B be two bounded Borel measurable subsets of RP. Then
A+B|? > |A|D +|B|b. (5.13)

Proof. We may assume that |A| > 0 and [B| > 0. Let A = |A|~'/PA and B = |B|~'/PB. Then |A| =
|B| = 1, and therefore by (5.12) we deduce that

AA+(1—-A)B|>1 VA€ (0,1).

Set
|A|1/D
" AI7P (B[P
so that
PP
AP B

The previous inequality may be written as

1 1 1
A+ B| = A+B| > 1
D R A I PID

which yields (5.13). The proof is complete. 0

We are now in a position to prove the well-known isoperimetric inequality. To this end we shall
define the area measure. Suppose 2 C R” with a C! boundary dQ. Then the area of <2 is given by

Q+€eB|— |2
A@Q):mmﬂ|'+ halit]
el0 £

where B is the unit ball in R? with center 0.

Theorem 5.12. (The isoperimetric inequality) Let Q C RP be a relatively compact region with a C!
boundary Q2. Then

A@Q)>Amﬂﬁ
Q"5 1By
where SP~1 is the unit sphere in D-dimensional space RP. In particular if |Q| = |B1|, then the area

of S~V is smaller than that of dQ, which gives the name of the isopreimetric inequality when D = 2.

Proof. For every € > 0, by the Brunn-Minkowski inequality, we have

1 iI\D 1 i\ND
Q+eBi| > (12 +]eBi[?) = (|Q1P +elBib)

so that
Q+eB|—|Q
A@Q):mMM|'+ 1 =12]
€l0 €
1 1\P
(1e1b +elpifp)” ~ @l
> lim
e—0 E
= D|Q|'"5|B|?
A SD—I
_ ( 1)|Q|1—%
[B1]'"D
and the proof is complete. [
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By an elementary computation, we know that the area of the Euclidean unit sphere SP~! in R?
equals M, where I'(1/2) = /7, and therefore the volume of the unit ball By in R? is %A(SD =

[(D/2)
%13(’;;)//22) . If D = 2, then the isoperimetric inequality becomes
A(dQ
2]
so that
L[> —47A>0

where L and A are the length of the perimeter and the area of a region Q C R2.

6 Appendix

In this part we collect several facts about properties of matrices, which are useful in dealing with
high-dimensional datasets.
Let A = (a;;) be an n x n square matrix. Then its determinant

|A| = detA = Z (=1)%ay6, - ano,

oES,

where o runs over the permutation group S, of {1,--- ,n}, and also ¢ = 0 or 1 according to the parity
of the arrangement ¢ = {oy,...,0,}.

For every pair (i, j), Ajj = (—1)""/ times the determinant of the (n— 1) x (n — 1)-square matrix
with the i-th row, j-th column delated. Then

n n
detA = Zaiinj = Z aiinj
i=1 j=1

(for every j, resp. for every i). It is known that A is invertible if and only if detA # 0. In this case the

inverse of A, denoted by A~!, is given by
1
Al=— (AT
detA( i)

where T labels the transport.
Suppose we write a square matrix A in blocks:

Al Anp
A=
( Azl Ax

where A1| and A are square matrices (but not necessary having the same rank).

1) Suppose Ay is invertible, then

( 1 0 ) (A]] A1 ) ( 1 —A;llAlz > _ (AH 0 )
_AZIAIII 1 Ay Ax 0 1 0 A22—A21A;11A12 )

2) Suppose both A and A are invertible, then

-1 —1 —1 —1 -1
Al — All (1+A123 A21A11 ) _All ApB
—B_1A21A1_11 B!
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where B = A, —AzlAilAlz.
3) If A}, is invertible, then

An A -1
det( Ay Ay ) =detAq; det (A22—A21A11A12)

and, similarly, if A, is invertible,

Al A\ —1
det ( Ay Ax = detAjy, det (AH A12A22 A21> .
Lemma 6.1. Suppose A and B are two square matrices, then the non-zero eigenvalues of AB and BA
are the same with the same multiplicity. In particular, tr(AB) = tr(BA).

References

[1] R. J. Adler: An introduction to continuity , extrema, and related topics for general Gaussian
processes. Inst. of Math. stat. Lect. Notes, Monograph Ser., 12. Inst. of Math. Stat., Hayward,
CA, 1990.

[2] Azencott, R. (1980). Grandes déviations et applications, Ecoles s’Eté de Probabilités de Saint-
Flour VIII-1978. Lecture Notes in Math. 774, Springer, pp. 1-176 (1980). English translation is
available in “Large Deviations at Saint-Flour”, R. Azencott, M. L. Freidlin and S. R. S. Varadhan,
Springer (2013).

[3] D. Bakry and M. Ledoux: Lévy-Gromov’s isoperimetric inequality for an infinite dimensional
diffusion generator. Invent. math. 123, 259-281 (1996).

[4] V. 1. Bogachev: Gaussian Measures. Mathematical Surveys and Monographs Volume 62. Amer-
ican Math. Society (1998).

[5] S. Boucheron, G. Lugosi and P. Massart: Concentration Inequalities - A nonasymptotic theory
of independence. Oxford University Press (2013).

[6] H. Brascamp and E. H. Lieb: On extensions of the Brunn-Minkowski and Prékopa-Leindler the-
orems, including inequalities for log concave functions, and with an application to the diffusion
equation. J. Funct. Anal. 22 (1976), 366-389.

[7] Cramér, H. (1938). Sur un nouveau théoreme-limite de la théorie des probabilités, Actualités
Scientifiques et Industrielles 736 (1938), 5-23, Colloque consacré a la théorie des probabilités,
Vol. 3, Hermann, Paris.

[8] Ethier S. N. and T. G. Kurtz (1986). Markov Processes — Characterization and Convergence.
John Wiley & Sons (1986).

[9] Stroock, D. W and Varadhan, S. R. S. (1979). Multidimensional Diffusion Processes, Springer (
1979, 1997).

[10] Yosida, K: Functional Analysis. 6th Edition. Springer-Verlag.

61



	Introduction
	General concentration inequalities
	One-dimensional distributions
	The Cramér theorem
	Independent random variables

	Gaussian distributions
	High-dimensional normal distributions
	Heat kernel
	Geometric properties of normal distributions

	The Ornstein-Uhlenbeck semi-group 
	The Mehler formula
	Entropy and the logarithmic Sobolev inequality
	Poincaré inequality
	The concentration inequality
	Estimates of exponential type
	Gaussian isoperimetric inequality

	Brunn-Minkowski's inequality, Isoperimetric inequality
	Prékopa-Leindler's inequality
	Brunn-Minkowski's theorem

	Appendix

