
91 ⑰

(a) Van Pyne's matchingme (mtil (nt 01 = (n to) (mti

↳ aterms of the cuter solution, written in the innervanable

and then expanded to m terms, is the same as in terms of

the inner solution, mitten in termsof the outer vanable

and then expanded to a terms.

(b) f(Xiz) =21+ (x+ 9112]'1

2to+ mth x =0(1 = f(xis) = (1+ x+ (1+ *(x127'

~ [1+ x+11+ Ex+...(7
- (V1+ xt) + ix +..)[
-11+xIl (+ T1+ x' +..7

-11+ x*)(1+ +x +..]

- (1+ x(z)"-+X"'
↓11 + 0) = 11+x'1'12

12 t0 = 11+x('+#7X'12/"2
3- ot mth X = and x = 0Ult f(<Xic) = C+(2X+s("r]'

= (1 + a'(x + 1)"2]'2

-Itta (X + 11' = +.. .

: (1t i) =1

12ti) =1+ 2'(x+1) 2

(1,1)
11 t0) = 11+ x'21'

= 11+ 12X1')'2
-1+ 21>X'+..



②

·El+XMI (1ti 1 =

= 11+ 12X1')'2 (I to((Iti) =1
-1+ 21>X'+..

(Iti)(1t01 =1
nence (toll1ti) = (tillito

&EVENti"ortaxi
(1ti) = 1

↓ expand =c(2to) (1ti)=

~Ita'X' + in nence. (Iti)(2+01 = (2to((Iti)
v

(Iti)(2t0) = 1

#12,17

(I t0 = 11+x1121'k (2+ i) = 1+ E2- (x+11

= 11+ 12X)(2)" =ItE2 '12 (x12 + 11'

~ It2'x'l +..
- 1+[X12(1 + 5(x)'

(2ti)(1t01 = 1+2'X' v1+ EX +..

1 to((2+ i) =1 + Ex12
Hence (2til(1to) = (1to((Iti)

12+i)(2toClZinityMainTr -It a'klEX' +***)

~ It tall2X' + t...
- It a-lX +x(n)+.



⑤
12ti) = 1+ E2'(X+11'

- 1+ t<'ke(x12 + 11'k Hence 12ti) (2to) = 12to112ti
W

- 1+ Ex' + ix1+...
12to((2+i) = 1+Ex'k +5

(c) g(x) = It logwith It 0+, x= 0(1) and X = Emth X- (1)

g(Xi21 w 1+ oy as 2tot wth x=0(1)

S 2+

logas it of with X = 0(1) and X=

then, 11 to=1 and (1ti) = 2 E (Itill1t0 = 172 = (Itol1Iti).

we can resolve the situation by treating logo as Olil inthe matching
procedure:

11 t0l = Ho
y=

1+ loytax) = 2+ = (Iti)(

( Thesearenow equal11ti) =2+ wex =
2+ logal= Ita = 11to((Iti) i



⑰
542

(a) Cy+ y =x for x>0 mth y(0)=1.

OUTAR: yoyotay,t ... gives o(s0): To = x

0 (91): yo'+ y1 = 0 = y1 =- 1

:.y(x)-x- S+..

INNER: y(x1=Y(X), X= xs -0(1), and lety =Yo+<Y1...

then
+Y= IX for XC0 mth Y(0) = 1

0(90): 4 + 4 =0,Y(0) =1 % = e-X

d + Y1 =X,Y,(0) =0=Y,
=e-

Y
+X- 1

: Y(X) - e- + a)e-Y+x- 1) + ...

12+ 0 1 = x-2 (2+i) =e
- x
+ c(e- +x- 1)

= 2X-2 -e-
x
+ g(e-+ + E - 1)

=c(X- 1)
~ x-c+ exponentially small terms

Hence (2ti) (2+01 = 12to) (2ti). W

[Note that the problem can be solved exactly togive y(x) =(1+ 2(e-*x-a]
(b)(x + a)y) + y =0 feX>0mth y(0) =1.

OUTAR: Yr yot [y,... as it of mth x =0(1

0180): xy'yo = 0 = Yo: MtIR.

0(21): xyi + y1 = - y' = y1 = -A +A CALtR

INNER: y(x) = Y(X) for X20 mth x= and Y(0)=

Y(X) - Yo(x) + 2Y,(x1+ ... as sto+ wth = X ol



⑮
0190): 11+X1A + Yo = 0, 4(0) = 1 = 4 = MX

019l): lItX1g, +Y1 =0, Y,(0) =0 = Y1 =0

mathing

12ti) = EXT txEstEliTaNFElITEAT
(2+ 0) =E + c(++E

= + -( +x)
~ (t -++ =(2ti)(2+0) =H + att +E)

↑(Iti)(2to1 &

I2til(2t1 = 12tol(2ti) = A =0

Az =1

↓yo for x = 011 3ass0+

~ Ex for X = 0(1)



PS393 ⑥

sy" + xEy' +y = 0 as stot for 0<X<lmth y(0) =0,y(1) =1.

(a) Let x=1+ d(s)/, y= Y(X) mtn X = 0(1) and to as at of

=>Y" + lXIEY'+ Y = 0

⑰ ② ③

- balance by setting Evt z=d

:Y" + IHIXIY' + 2Y = 0 for Xcomth 7(0) = 1

Expand: YwYot 24, t.. as stot mth X=0(1).

8 (90): dco+o = 0, Yo (0) = 1 = Y: At 11-Ale-* CAtR

Then, matching as we more towards the outer solution with require
Y(-N) to be finite- but this can only be achieved for A=

E Yo1 lethere is no boundary layer.

(b)Let yyosy, t.. as Stot COUTR) mth x= 0(1).

0(90): xy' + yo = 0, Yo(l) = 1

=>

I=E Inlyol--2x+ C

Yo =e-
2x1+ c

yo(l) = 1 z1 =e
-2+ c
=c=e=:. yo = e2l1-x')

(c)(+ x=d(z)X,y =Y(X)mtn X = 0(1), d(2)to as stor

=> tM+Y =0

Hence dominant balance
① ⑳ ③

is @n@
NB B <c@



⑰
Sett = 1 = 0 =243 E BLofthickness O (23).

(d). . d+ x[MH + 2Y =

0 for XT0 mth Y (0) =0.

NB scaling of the BLE he should have expanded as yoyos5y1t.
inthe enter region.

Expand: Y-Yot 25Y, t ... as at or with X = 0(1).

01s0): o+xA =0, 4(0) =0

=>do =Ce-x" (CER

:Y
=cle-5 +31 dt

matching:

11 t01 =2211- x() "It i) =C)e-et""dt
= 2211-124X1'( - Co)"

' e-Et1dt
= e"g-1's X'

~ Co (0 e-3"dt
-2

:
(Iti)(It0=e2 ↓(Ito((Iti) =C01e-Et"dt
Hence, by UDMme" =c01e.""dt s =Ets =+12

-

Co (E)'s 18 gYs-letds
- Co()13+(E)

:c =

txE)



⑧
PS394

(a) Cy" + yy -y =00cx<1 mthy(0)= 1, y(1) = 3 as 250t

OUTER: YoYo+ sy, ... as stormth x= 0(1).

0 (90: yo'Yo-Yo = 0 OCXC1 and Yol) = 3 Since no
BL@RH

:.yo = x+ 2 end)

INNER: x= d(9)X, y= Y(X) with d121 t0+, x = 0(1) as stor.

=> + Yl- Y = 0
dominant balance 0.@

O ② ③ c E =t =)o=r
③<c@

Expand Y2%+24,... as stormth X = 0(1)

01901: dfto + Yoo = 0 E do +4=IB1 (BitR)

wth T(0) =1.
Let B, =-w" (w>0). Then To = wtanIE(x0- x1)
and Yo(0) = 1 = 1 = wtan (EX0) for NotIR & cannot match

Sincewill get a

singulanty in Yo(x).
let B, =0 = Yo = 112E cannot match as (N) = 172=%10%

Let B, = w" (w>0). then 4 = wtanh ((x-N1) So, for a

valid
and Yo(0) =1 = 1 = wtanhFEX) for NotIR. solution

we need

and Yo(a1 =w=> can match with the outer.
I
B1= w2s0

matching
(1 t0) = x+2

(Iti) =wtannl(X-Xol)
= cX + 2 =wtank 1E1-X(

11ti)(1 + 0) =2 ~was stat w>0, X10

- (I to) (Iti) = w and Nor-tanht(t)



(b) ⑨
sy" +yy' - y =0 0<x<lmth y(0) == andy (1) = I as so

LHOUT: Yw Yo+ 2Yn... as I of mth 0<X<Xo

0(90): 'Y10-410 =0 mth yco(0) =-p Y1 = x- *4
0<X< Xo

RHOUR: Yr ypo+ [Ypt.. as stormth X0<X</

0190): YROYRO -Y10 =0 Mth YRO(0) =IE YR0 =x+
No<X<I.

INNER: x = xo +2X, y= Y(X) -Y(X) as ator mth X-0(1).

0190): 14+ Yoo =0 tu - NcXc
=>t+EY"=Ew>>0 Io avada singmat

atfinite X, as per (a)

: Yo (x1 =w/si) (BEIR)

matching: "10(x5t = 4(a) and yoo(xo+1 = Y(+ a)
No - =-w Xo+ 4 =w

=>w=I and x0 = 4.

[Note that the constant B is still undetermined. This will be thecase the NNo! We would need a WKB analysis to pluit down.
J



*45 ⑳

y" + 2y' = 0 as Efot with OCXCL and y(0)=0, y(L) =1.

(a) suppose (= 0(1) as 2505. Let y=yo+ <y, ... as Itof

0 (10): yo" = 0 with yo(0) =0, yo(x) = 1 = yo = E.

o (c1):y"+ y = 0 for ocx<lmth y, (0) =0,y,(L) =0

=>y =
1:y1 = [X1L- x (L

..

y(x)wEtc.xIt-x1+.. as sto+mthL=0(1)

(b) Note that the expansion is not and for (Klanquence
In the large L(L-> a) limit).

Disterentialing gives y'(x-+Ell-2x1... as stor

mth (= 0(1)
=>

y'(0) -E+ E +.. as sot

-

so this expansion is not raid when &= 0(1) as stor
this corresponds to a distinguished limit in which we have
L=zmthe =o() as at ot

scaling x= and y =Y (x) > Y" + y =0 for 0<Xcl

mnY(01 =0, Y(e) = 1. Hence Y(x1 =E
In this case (we have scaled properly, we have

Y'(0) = .e->1 as eta. This agrees mith what is

obtained from the exact soln y = e-ay(=
as L->N



PS396 ⑭

(a)90( =h(nr2= xx+ y> </mth n=1 cnv= 1 as so

OUTER:U-not [Uit... as 25 of mth 1-rO(

0(20): n0 = 0

3 n=0 (2Y tneI
0 (21) : u1 =0" = m1 =0 as 2500

01927: uz = Pru, E uz
=0

INNER: w(ri01 =U(R,0) w r=1-da)R mth d(alto

and R= 0(1) as atot

=>uaR-FoRin + Forihoo- n =0
⑰ ② B ④

--
balance by setting o = ct

= unk - punt R1<100 - n =0

Expand: U-Uo(R, 01 + <H, (R,01 +.. as storwth R= 0(1).

0190): Uopp - Uo = 0 in RCOmth no = 1 cR=

=>No = AeR+(l-Ale-R (AtI

Matching: 1to 1 =0 E (ti)(1t0 = 0

E (Ito (Iti) = 0 (byrDMR)

=>Noto as R- x

= A =0

.
u =e

-+ 0(a'(2) as at or wth 9'k(l-r) = x =0(1).



⑫
Exact solution: n= Frste
Fo (x) = I)cslixanol do

-c+/(evilixanol + etilixsmol(do
-

Hexano +e-xsino)do

~If exsino do as X50 listtam dominates because
sino so on CO.H)

~(0yx+- (0 -2+..7
do Inselaplace'smethod

because qlo) = sind has
a maximum at0=~ ex10e-xsds = (0 -42=

-

Ietdt-(s -IE,TR
:Fo(x1eas X-> N

Hence u-e-l-r/5 as stormth r=0(1), 1-v =011

r=1-c12R =1-r=s12RurET'Itoldasatomienczatro
mthR=c(1 - r)

= 0(1)
- Consistentwith the result from BL expansion.



(b) S024= Ux(ys0 wth u=) cn y=0, xc
⑬

My =0ay =0,x<0
n-> 0 as x+ y2-0,y> 0

OUTR: U-Not<U,+.. as stormth x,y = 0(1)

0190): Vox = 0 with no =0 a+ x > No =0 n=0(qr) EneIN

0 (211: Uix =0 mth n
=0 at x = m= 3 as It Of

menx,y =0(1)

INNER: h(x,y)=U(x,y) mth y =d(2lY and 550, 7=0(1) asseof
=>cUxx+Elyy - Ux =0
w

Balance E d= st -5 <Uxx + Uyy - Ux =0

U-No+<H1+.. as 9tot wth Y = 0 U)
.

0190): Voxy - Vox =0 in 430, x10 with Ho(x,0) = 1 forx>0

Matching: 1tol =0E (Iti)(1to1 = 0
UDMR

E (Ito((Iti) =0

=>No 50 as Yt N fer X, 0

seek a similarity solution no = f(y) m n
=Y/5x

substituting: ux = -z, ny = Fl

:Nox =f(n)7x=- 3 => f" +Enf1 =0 (n>0)

nony = f"(n(ny=
BCs n0 = 1 on 4 = 0, x30 5 f(0) = 1

No t0 as Y-0,xx0 =f(0) =0



⑭
=>

HH=-n > InIf'(ill=9-Ey" CPERS

.:f'(y) =e9-42

f(x) =x - c/e- tsds
↓s =2t

- (2-2c,/e-tdt
-

( - 2c,er+c(u)
f(0) =0Ecz =0 3 =>f(y) = ertclU2)
f (0) = 1 = 1 =-29erf((0) =-2(2

:.n=ertc(x) +o(a) as somen y = 2y =0(

and x =0(1)

Neither approximation holds for x = =0 (1), Y= z = 0(1)
=>Uxx + Uyy = Ux (n Y>0.


