A NOTE ON COMPACTNESS OF (L9)* < (W, 7)*

Theorem 1. Let 2 C R" be a bounded Lipschitz domain. Let 1 < p < oo and

np_ g

0o if p = n,
so that the embedding W'P(Q) — LI(Q) is compact. Then (L9(Q))* = LY(Q) is
compactly embedded into (W,P(Q))* = WP (Q).

Proof. Let f € (L9(Q))* = LY(Q). Then for every ¢ € W,?(Q),
| [ sods| < Wflavlellos < ISl

Hence f defines a bounded linear functional on W,”(Q) (i.e. an element of (W, (€2))*
= W~(Q)) and
[l < CllLf M o

This means that L¢(Q) is continuously embedded into W~'#'(Q).
Suppose next that (f,) C L7(Q) is bounded. We need to show that there is
a subsequence (f,,,) which converges strongly in W~1#(Q). First, as ¢ > 1 and

by Banach-Alaoglu’s theorem, we can extract a subsequence (f,,,) which converges
weak* in L9(Q) to some f € L7 (1), that is

/ fm ¥ dx = / fi dx for all ¢ € L1(Q). (1)
Q Q

We claim that || f,,, — flly-1» — 0. Recall that

||fmk - f||W*1»p’ - sup ‘/Q(fmk — f)g& dx|.

1,
W, P (Q) el p<1

Let
K = closure of {(,0 e WyP(Q), [lellwie < 1} C L) in LY().

By hypothesis, K is a compact subset of L?(2), and clearly,

o = Pl < 5| [ (o, = P &)

Fix some § > 0. By compactness of K, we can find a finite number of balls
Bs(¢1), ..., Bs(¢¥n) C LY(S2) which cover K. By (1), there is some kg such that

‘/(fmk—f)widx‘ <sforalli=1,. .. N k> k.
Q

1



Now, if ¢ € K, then ¢ € Bs(1);) for some i and so, for k > ko,

’/Q(fmk—f)wdx’ < ’/Q(fmk—f)widx‘Jr/QUmk_f||¢_wi|dx

<0+ [fome = Fllzarllo = till o
< 6+ 20sup || finl| 1o

Returning to (2), we obtain

“fmk - f”W*lvP’ <0+ 26sup Hfm”LQ"

Since 6 > 0 is arbitrary and sup,,, || fi|l .« < o0, this implies that || f,,., — f|ly-1..r — 0.
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