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Graphs of groups

Definition
Let Y be an oriented graph such that the corresponding unoriented graph
is connected and each of its edges appears with both orientations in Y.

A graph of groups is a pair (G, Y), where G is a map that assigns a group
G, to each vertex v € V(Y') and a group G, to each edge e € E(Y') such
that
Q G.=Gs
@ for all edges e, there exists an injective homomorphism
Qe : Ge — Gt(e)
where t(e) is the terminus of the edge e = [o(e), t(e)].
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|
Graphs of groups

Definition
The path group of the graph of groups (G, Y) is
F(G,Y) =

(lJ G UE(Y)|e=e" eac(g)e = aslg),Ve € E(Y), g € Ge).
veVv

If G, = (S,|R,) then

FG,Y)=(JSUEM)I |J R.e=e eaclg)e ™ = az(g)).
veV veVv(Y)

NB The group we are interested in will be defined first as a subgroup, then
as a quotient of F(G,Y).
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|
Graphs of groups

Remarks
Q Ifall G, = {1} then F(G,Y) = F(E*(Y)).
@ There exists an epimorphism F(G,Y) — F(ET(Y)) defined by
sending each G, to {1}.
@ Ifall G. =1 then

F(G,Y) = *,ev(v)Gy * F(ET(Y)).
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|
Graphs of groups

Definition
A path in (G, Y) is a sequence

c= (g07 €1,81,€2,..-,8n—1, en7gn)

such that t(e,-) = o(e,-+1) and gj € Gt(e,-) = GO(ei+1)' If vo = o(el),
vp = t(ep) then we call this a path from vy to v,. We call

Vo, V1 = t(el) = 0(62), V= t(e,-) = O(ei+]_), cees Vp

its sequence of vertices. We define |c| to be the element of the path group
g0€181---€ngn- If ag, a1 € V(YY) then we define

m[ao, a1] = {|c| : ¢ a path from ag to a1}
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|
Graphs of groups

Remark
If a9, a1,a2 € V(Y) and v € wlao, a1], § € m[a1, az] then v € 7[ap, a2].

Proposition

Let (G, Y) be a graph of groups and suppose agp € V(Y. The set
m[ao, ao] is a subgroup of F(G,Y).

Proof.
If
c= (gOa €1,81,€2,...,8n—1, €n, gn)

is a path from ag to ag then

el ™ = g, teng, 185t € mlao, ao]

y
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Graphs of groups with basepoint

Proposition
Let (G, Y) be a graph of groups and suppose ag € V(Y). The set
m[ao, ao] is a subgroup of F(G,Y).

We call this subgroup the fundamental group of the graph of groups
(G, Y) with basepoint ap and denote it 71(G, Y, ap).

This is the definition as a subgroup. Problem: it seems to depend on ag.
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Fundamental group of (G, Y) wrto a maximal subtree

Definition
Let (G, Y) be a graph of groups, and let T be a maximal subtree of Y.
The fundamental group of (G, Y) with respect to T, denoted
7T1(G, Y, T), is
F(G,Y)/(({e:eeT}))

This is the definition as a quotient of F(G, Y). Problems: it seems to
depend on T. Why isometric to the first?

Let g: F(G,Y) — m(G, Y, T) be the quotient map.

Proposition
is an isomorphism to m1(G, Y, T). J

aq ‘m(c,v,ao)
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|
Graphs of groups

Proposition
is an isomorphism to 71(G, Y, T). J

q ‘7r1(G7Y7ao)

Proof: We define a homomorphism 7 : 71(G, Y, T) — m1(G, Y, ao) as
follows.

Va € V(Y), there exists a unique geodesic path e, e, ...,e, in T from ag
to a. Set

g2 =e€1...en € F(G,Y)

20 =1

We first define  : F(G,Y) — m(G, Y, ap):
o Vg € G, set f(g) = gagg; ! € mi(G, Y, ao)
e Vec ET(Y) W|th o(e) = a, t(e) = b, set
f( ) gaegb €7T1(G Y ao)
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|
Graphs of groups

The definition of f is consistent with the relations:

@ &= e !since for o(e) = a, t(e) = b,

2 1

f(&) = gpégs ' = (gaegyt) =f(e) ™.

Q eac(g)e™! = as(g) since if e = [P, Q]:

F(eae(g)8) = (greggt)(800e(8)8g ) (8088s )
= gp(eaec(g)e )gp"
= gpaz(g)gp’

So f is defined on F(G,Y).
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For every e =[P, Q] € T, f(e) = gpeg51 -1

Q

@o

Hence f defines f : 11(G, Y, T) — m1(G, Y, ao).

Recall that g is the restriction to 71(G, Y, ap) of the quotient map
F(G,Y)— m(G,Y,T).

Consider go f = m1(G, Y, T) — m(G, Y, T). Forall g € G,
qof(g) =qlgge, ) = &

Foralle¢g T,
gof(e) = qlgregy') =e.

Hence go f = id.
4
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|
Graphs of groups

Consider now foq:mi(G,Y,a9) — 7 (G, Y, ao).
If goer...engn arbitrary in (G, Y, a9) and e; = [Pi_1, Pi],

f o q(goer.--engn) = go(e18p,) (&P, 8187, ) (8P, €285, )---8p, ", (8P, 1 €n)&n

= 80€1---€n8n

NB If e € T then f o q(gi-1eigi) = f(gi-181) = &p,_,8i-18p " ,8P,8i&p, =

-1
8P, 18i-1€i8i8p, - O
y
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|
Graphs of groups

Proposition

q|m(G7Y720) is an isomorphism to m1(G, Y, T).

Corollary

The fundamental group m1(G, Y, ao) of the graph of groups (G, Y') does
not depend on the choice of basepoint ag.

Corollary

The quotient w1(G, Y, T) of the path group does not depend on the
choice of the tree T.
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