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Section A (introductory questions, not for marking, solutions available)

1. Check the following properties hold for a character xy associated to a representation
V of a compact Lie group G:

(i) xv(1) = dim V;
ii) xy is invariant under conjugation, xv(hgh™) = xv(9);

iii) xy = xw for equivalent reps V ~ W

v) xvew(9) = xv(g) - XW(Q);

(
(
(iv) xvew(9) = xv(9) + xw(9);
(
(vi) xv+(9) = xv(g7") = xv(9).

Solution (i) Let G be a compact Lie group and let V, W be finite dimensional CG-
modules.? We have yy (1) = trace(idy) = dim V.

(ii) follows from the identity trace(PAP™!) = trace(AP~'P) = trace(A) for (invertible)
square matrices A and P.

(iii) V and W are equivalent if and only if V' = W as CG-modules; that xy = xw for
equivalent representations V' and W is then immediate from the definitions.

(iv) A basis for V @ W is given by taking a union of bases for V and W. It follows
immediately that xyvew = xv + xw.

(v) We may assume without loss of generality that the representations are unitary. Take
g € G. Then we may choose bases {v;} and {w;} for V and W respectively consisting of
eigenvectors for the multiplication by g map, say

gui = Aivi,  Gw; = [Ljw;.
Then {v; ® w;} forms a basis for V@ W and

9(vi @ wy) = it (v @ wy).
Therefore

XV®W(9) = Z Aiftj = (Z )\i> (Z Mj) = XV(Q) : XW(Q)-

LAll modules are assumed to be left modules.




(vi) To show that xv+(g) = xv(¢7!) = xv(g), use a basis of eigenvectors v; as in (v). Let
{v{} be the corresponding dual basis. Then

(g-v7)(vy) =i (g~ ) = i (A 1vy) = Ay 0
so g-vf = \;'vf. By unitarity ;' = \;. The equalities xv-(g) = xv(¢7") = xv(g) follow.

Section B (questions to be handed in for marking)
2. Recall that the irreducible representation V,, of SU(2) is given by the space of homo-
geneous polynomials of degree n in two variables (say z and w) with

(A-p)(z) =p(A~'z), AcSU?2), pcV,z=(zw),

and that the map (z,w) — (w, —z), extended to a complex anti-linear map J : Vo, — Vo,
defines a real structure on V5,.

Which of the irreducible representations V;, of SU(2) may be regarded as representations
of SO(3)?

Deduce that for each natural number n we have a real (2n+1)-dimensional representation
W, of SO(3).

Show further that the character of W, is given by

2n

Z 6i(n—k)t‘

k=0

3. Show that a maximal torus in a compact Lie group is maximal among connected
Abelian subgroups.

4. Find the Weyl group of the unitary group U(n).

5. Let B denote the subgroup of GL(3,C) consisting of invertible matrices of the form

a,b,ce C and o, 5,7 € C*.

oo 9
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Check that B is indeed a subgroup, and that there is a homomorphism ¢ from B onto the
complex torus T = (C*)? of diagonal elements of B. Show ker ¢ may be identified with the
subgroup U consisting of elements of B with diagonal entries equal to 1.
Show further that the elements of U with a = ¢ = 0 form a normal subgroup of U.
What are the maximal compact connected subgroups of 7', B and U? (You need not give
detailed proofs).



Section C (optional extension questions, not to be handed in for marking)

6. (i) Let G be a compact Lie group and C(G) the space of complex-valued continuous
functions on G. Define a product (the convolution product) by

(ﬁ*hww:[yumlwxm@

where dg denotes the bi-invariant measure. Show that (f; x fo) * f3 = f1 x (f2 * f3).

(ii) Prove that convolution is commutative if the group is abelian.

(iii) Let 7 : G — Aut(V) be a representation of G and f € C(G) a function. Define
7(f) € EndV by

Mﬁzzy@w@@
Show that w(f; * fo) = 7(f1)7(f2).

(iv) Use this to give an example of a group where the convolution product is not com-
mutative.

7. Suppose (as in Question 6) that the function f satisfies f(hgh™') = f(g) for all h. If
7 is an irreducible representation with character y show that 7(f) = a1 where

B 1
“= dimV

(f, %)



