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0.1 Classical Algebmic Geomely : Affine voriekes

R= k[?t., ey Xn ) Po\anowxiaﬂ €0y over o‘%do(‘wt(a."j closed Reldh k.

T € R idedl

X=V(I)= {aek": f@)=o VfeI) a%a‘ne, variedy,

The hpoloacul Spose closed sefs: V(T)

A’{:’ﬁl\e Spq.(,o.: AV\ — ky\ w‘\'-\'{,\ '-'Z.zﬁ[\.fk\ —-}q‘ao'.nm< Ofev\ S@‘h . u;‘;: A“\\\/(I)

X< A .su\ospau. %fo‘om : XU, basts of optm Se{'S:: 4%1: .-b‘F

The fuackons on it De={ac k™ f@#0], fer
R = Hom (A", A, fr— (o Iﬂ)‘FCM) «— The fmckons on A™ are
L(x) = [feR: )=o) o the Ldons on A%
Remark W (T (X)) = X _Hor affine variekes X Vanishing on X
Coocdinate fing : |kEXT = R/T(X) g Fonchons o X oee

Key facts: |)H'\\\0U"'J basis Huorem @ R Noetherian , 50 RLX) Noehasian
2) Hitbect’s weak nullskellensatz : maximal ideals of R (and of hEx]) are
m&=T_|'({aO,\: <Xy =Ry ,o0) Xn—An7 , S0 comespond to points: {a)=Y(m,)

3) Hilberts Nuliggell 1 = o | of T | Hence:
) Hilberts Nuligiellensatz: T (W(T)) = /T ( {n:cadgﬁ) p,ﬂ_)) TVI-T
Lemma. Thee arc €V\OVLZ'(—\ vav\ol\‘ons Yo se‘oa\[ak points Codical

E 0.=f-'\o (= XQ/A"\é Some cordinale Ou;:f:L; = X, ek’_’x} Sefara-ks a,L.n
Morplisms bedieen affine Variehes

HOW\(A"‘) A‘”\) >~ R”“ &« ‘Oalvv\awﬂaj Ma.fJS a— (\C\coq,_../ -Fm(a.\)

Hom (X,Y) = [res-\n‘ckov\ af a eo\:jnovm\'al. map N>R s.t. X%Y}

Foucks : | %\ = Ho . A <«— "values of fatkons are enow
acys ) kC 3 Hom ( / A) fo delmine Yhe aboshuct fvabﬁor:\

2) Hom (XY) = Homk_d%( RCY)  kEX])

\ "pu"l’aCk\\
(F:X—)Y)I—)(F*‘HOM(Y,A')—) HO\N\(X//A))C— x F.Y
E1uiwa|¢m of c-&-tgartes £ > F¥ = {oF Fx?“:.) )LA\«{-

{afGine varieties } > nikly geneuted reduced R—alydoras A, homs of k-algs.}

R ca”:
X — %[X) nomilpotents | Ry e
(F:x=Y)— F* (5 mitpeleat it $ oo somen) | 5T fodical

Note: TL(X)is codica)

Remark The "game_“ (U‘O-Fo ?SoMorp‘/\iSmB X con be Umbedded in Various A"

E% Cusio\‘do& wbic V((QL_ 13) = | i QA');,'Q Is = \\/(‘gl—x—sj 2—'13 < A3z,‘3.%



0.2 Why schemes?
Some reasons :

) Why alvays have spaces embeddad in A2 fextinsic)
Can yow vake semse of X withoutr refeence do /A“? ('\/\\YII\S\‘(_)
2) Nh\.g viot Lt R be any rir\'a".
3) Whea You defocm vaciehes, ni@pokn‘h anse najcuranta, and chovld not be ignore«{=

T ¥ f = (x-a): (x~b)
ALL, X=VE=M A et pois
a b
RCX] = k kR Cx ~ % valve ak
DC'&"‘M C b LELO?V\Q—O _.EXJ/(:L—-G.) @ /[DC—-\O) - k <_2Ld\ point
1 ULz (o) (x-0) = x> LVEN= Ve by Hitbert Nullstel
\J x=V@=iyepn R S gyt .
) x kEX] ~ kEx-J/'\/C_;") = kC:Q/(x) o~ %)

We lost informakion ¢ classiaally yow cannot dell x=o apart from 3(%=0o
ln the Yoy of schemes, the Rey de is not played by the +opologied space.
The Key nole is plaed by the ring of funckons , or cather, the sheat of fondions B:
on €adn open sef S X az\—a ring of funchons O (U).
Exarple above = (F(X) =k [x)/[32) « We do nok redvce Hhe virg of. funckons
At N\I\QJC C—oS‘{T?. \/alues oF fomtkons need not Aekrmine “M. a\oshc}r fwwkon‘-

O(x) » Ltpx —— (oLtpx : X=o) — A') € Hom (X, A)
0 —— « do not rewover B.
ldea: the gbstmach "(5“ remembers otk X arose fom Hhe wllision of

wo points, so [ recocds tangemhal informakon §x| (ot px) = [b-
X

=0

0.2 \What s & poink? —(and ieduce i€ no!:)/(X;:FX)
X '\Oea\oD?CAJ spal s \‘Qéud\o\e W X = X,uxz_ o proper closed XCEX.

Euclidean world (MOre, gm?m“g. P X Hausiorﬁ) : YeX irre,hoiue_@\/: point
or \/:

pPoint ae X € max ideal M, < R[X]

Classical A\ Geom.
9.5 <d.o$eoL g#Y < X irreduchle & T (V)< kDX] prime ideal

R Tir\fa. = "Poin+s\\ 01_ R are Spec(R)= {f‘rime ideals ‘1—R} nok just mox ideas
Co\JCe‘anricaW} & good choice sinw functorial : fails for mox .‘oleml_sl
: R—=S hom ef rings = CP_‘(B“""‘Q\:“— prime < €9 Z%{) B, ¢ (=0
¥ & tdeal ideal We wWere just Lucky Yhak

=2 Spec S— Spec R [ oms kLY]—kOX] send
"(’—' Max kel = max deal .



Motivabon: M nxwr malvrix over € it

l. LE‘P,'J‘ TNopN QF SCEE”E-S Then c[—x]—'pCCM]/ X M has Ker:(mg
|.I Exawples of abfine schemes 5o CLM] & €T%)/cmgr = D €L/ py
Spec Cim)= 2@-};\ s ac c:‘a,u\vq(u\cr 4 A}

Spec (R\ some f\“‘g R (alwavs: comm.ring w'dfniB :
« As a sek: Spec (R)= ier.‘me. \deals p< R} <—(Pf?mi\( Spectrum

.~ . 9. V(R)=
+ Zariski %—LQM ‘ /,eg \/(o)-gccﬁ.

closed seks: |y (T) = { prime ideals contuining T € Spec R

which we wnstruck later. <— spaces of fund=ons

« sheaf Gs?ecg

Rmk The ?&Lal funekons are G-SPQCR (SpecR) = R . «—— 50 spaces o fns com /
Exercise \/ (1) = VN:—I:') — r€coves Hhae 4op.5pace. !
Key exerdse | \/ (1) vV (7) =V (T-3)=V(TaT)—|ETLEITIIT
(% oaxoMms fr N V(I _ So VT-J7 =VIAT
o 4opology ) = V (_I I\,) but T-T amd TaT may be#
Kepg V(T)=8 & T =R © 1eT, sine any properidal < some maxidead
Topological , fopen sets: U_= Spec R\V(T) = -er/I D [Rek D=l
| for
(,anse‘j{u&nce.s basys of opom sets: D ={ peSpecR: .F¢I> ]I sm&"’zlx
loceh i3, e ) PP , frep © fep
' =R|’/?-g|; - { P € gpec R: ‘F(P )# 0} l(}_call'.mh'or\ ' '
"Value o'F 'FGR ak P\\: o Kq‘t‘v M‘
@ R— R/P > K[FB:. Fra\c(R/F) o RF/PR p prime
Seec & 'F t > -F(P) \ P R/dg is
Remark [F(P)=0& fep R At N
Exarples 1) R = k. [X] v —afbne variehy XS/A
Spec R Tyeckon {info\vwcue, subvariehes Y X )
s Ul o I Ul
pecm omn WSKe oloares a9re
={max ideals) — X <— omd riski Japologies agree
Value of feR af m, ¢ WM, — R/ma. ~= R | inHnis case the
= - - A&n } 3 + P\C\A does not
(mﬂ <X 1)--Xn" A 7) -F ‘F(a) ma\ on He garat

D) Spee 2= 10} 0 () : peNpame) L e
D . . %T”mcmb\.:_?

©) @ @ () - So (os{"no infocmation .
V( (0332 fen‘me ideals @ntaining (o)}z Spec Z so the pant (0) is JQnSQ!
\V((?)\ = {(P)) are “closed poinks". Valve of £fe2: £((p) =(—Fe Z/P)—_—(-F mod ﬂ

In sgneml Prime idoals p with  WV(P)=SecR are called geneic points
Prime idals p  With /( P) = {P} are called closed poinks

Execise {doseA pointt } = Jmax ideals of R}




Exercises + @ prime idtal = o owdical

(a_-_-_—\ja_) e— [recall. rad: ca.ld:a.
or a,b mied, 6. b V)2V <3, [B={feR e

Cor VIT)EV(T) S NT 2 VT RSN
FEV(D)=V(IT), so: © V(T) sVIT) D (1275 by exense.n Va2 s Crodical (R)
Gor [Viy=V(b) & Va=1e {Eiﬁ‘::e*ii;"«; q

= ic(.oseok sek 4’ Spec K} JALING PP RN | Io\eaﬂso}R} ?ﬂg\o}gs‘;{\ (\P
correspondence L P €SpecR
Progosibon e R vanishes ot ol pcSpecR & £ milpotent <[ immediak frons

Cchrtc\aT(:cK Spec R = UD& S Lelal &> & <al £i5=R
'P-F Specﬁ\ UD.F - ﬂ\/(H = (<o\a ‘f')) now use Frev\'ous@ O
Theorem Spec R is quasi - Compact <—(‘[Va3\-cowpacl' = conpact =ofen covers have

Hnite subcovers
P Spec R = \)U\. As U; = U_D.F‘., wroa U =9, .
Trick V ! f
= 1= 2

" rf;, <« so f:n'\\tLJ oy £ geate R, 5o Hhose :b'F: Gver, O

Y
nNe

Basic Exercises
l) (p: RS ring bom = of : Spec S — SpecR, p +— @7(p) is conbinvous

indeed [A™'(Dg) = Dep| «(Hint: F¢pcR=9 st ¢'9zf Ph«s ¥ig9)
2) Show that Spec (R/T) “is™ d)e subspace V(L) ESpec R amd Hee C[uo‘l\e/u\/r

Scegwl_\;g Mo T R- R/I induces Via (1) He inclusion map on SPQC.S &’je’;&
Nore | Example | Spo (ra/(m = Jprme 1dtols d R contuining £ means:
;e‘?‘l’?““ e points of SpecR where 4 vamishes | | Saooriealy
SR = V(§) Ao

3) Show b Spec (S'R) "is* o subspace ol Spec R, uhere SR is localisabon

KI, 2 ok a m\l{‘}\F‘\CAA'\VQ set SC R) amd R — S"R/ r \——»? vadwiees via (1) He inclusion

means:
Les | Example S ={1££%.} so STR=R, then:
S-S¢S
(we do SPQC R‘; = EPHMC |MS-)‘;_ R not con\'mmr\g, 'F}
Q‘;ﬁ\m = the points o Spec R where £ dots not vanish
OE£S) puy D‘F’
4) D

(\'Dg= D'F} , So

S(ec R-F N Spec_ Ré = Sfec R’F9'

¢ (144 €"<rg =3 = £v)

5) -D,(_Qb.a% NH#)2V (G <= ¢ cla & fely (=)-,C}Je (9) some N& 9 € R-F invertible

G) p<R prime Wdead = RP==S"R for S= R\P} +hem 3! closed point my= p-Rp€ Spec R

so local cing:3 | max ideal m ((:) 2lts oudside v are iaverhble)
mpe USSpec Rp opon = U=SpecR,,.

Also:



.2 Defnibon o a scheme /QED: WoRDS TO BE DEFINED LATER

Def A vinpd space is IDEA
© @ -lopo&a&cqﬂ space. X &— He points
« Wi o sheaf of rings GX on X < He foactions
Loca”:a: rin%eo[ Space £ also : "
. : < the germs of
0\.\[. S-\-&QKS le.x Gre LC&Q rmas '\eumc?w'ans nea
o 3 unique maximal ideal M, S Oy, Point
. . ! ’ ] \
(PP i PRAE
My % lives here

M An oaffne scheme is a ﬂ:caﬂ»& r;r\a,ul spous
isamoq)kic ‘o (Speo R, Gs‘pecR) or some ﬁN} R.

Def A scheme s a Locally r\‘/?zd space Which s
locally. isomorphic +o an affine scheme.

means:

Vxe X = Some open nen Woourhood xe WS XEst. (u) GX YE (Spec R 0_ \
3 some ring R DAQvaMIAa onX |u ) 7 Spec R
¥ use

-3 Pre-sheaves catesory C
I . / ry:t'fg:thhea_m
Ab = Ca-\eaor? of abelian AOUPS amd Fovp Pomns ::;.(_’v: R;s\é:-c

Top X= cakgory with objects: opem sets UeX Mor (U V)=36 if Uy
morfhs ©  inclusion mafs <_( ’ {{rnd} Uy

Det A frCS\\emc (o(' abeliam famutps) on X s o contavariamt Amdor
F : TOP X — 5 AL
Se: .Yy opem U E X have o abelilan grovp FU) « elements called sechons (over W)

‘¥ induston Uo Vv have o “resicicHon” Youp £ovn .F.(S'VS——) Fscll:>

« Flid:U-W) : Fu) Ay Flw) so sla =5 fr seF(U).
- Uevew = FIW) = F\V)32FM) So: (5|V)|\4 =s|y for seF(w).

EXamele X -|-0Po|oa\‘c¢l spoe, F(U) = {c.ov\‘)"muous fonchons U R} with obvious resiichions
Morphism of pre-sheaves = natural hansformation of such fncdors: Y:F—a6

So: Wopen USX have fy: F (W) — GLU) gooup fom /i"qéecr:?:k,uz‘
V ir\c[us{ov\ M—)V have F(#) ‘ﬁ\, G{u\ " e stviciNons

)
~  &—restrichon homs i-g. Hhis :

e Y G *“;ﬂﬂf:sil
Su.‘o pre—s\r\emc FE€G&A means F(u) & G(W) Su\‘owl CO""PWRLLa with resiriciRons




|. ¢ Sheaves
b_emc Pe-sheaf Fis o sheaf on X if ¥ saksRes Yhe goml—'\'o—zfoLaQ wndilon

£ W ogen ) s;e F(U) ageeeing on ovelays: Ua@
ucau: = Si|u;nw e FlUiawy) 7 ",

J )
Thew 3 unique se F (UW) with S|u- . uou
Consequimces ' —idea: c:;\w.quclj
- two seckons s, t € F(W) equad & Hey equal Locally : 5| =%, U=LuU:
30\4 Comnm l:uuQJ SQCJ\OV\S lwg olmemJ roa,Q s'ed\ans/ Cona‘iﬁu-a on O\IU‘@o.fs
- e@x&uf@iﬁw 0— Flu) — T1F(k) — [1F U nY)
r =LV W . 0
S 6D (S'.') —_ S:l . S — S i _
F(¢):O (M onsides Qf"el-\a c_o\/u.‘(\ﬁ rr, ¢) ( \k\r\U\) dlu‘nub\
Exawyles

) Sheal of conBnuous real Fnckons = F (W) = { conkavous maps U— RY
2)  Skysaaper sheaf of peX for gooup A: F (U= {?\ ‘\fp \’i \(kk
3) ?(‘CSL\QO&'F OF COY\S{"Q\/\"‘ -R/n(,\\'av\s -R;r %.no.)f A: TP
. o FeF(U) s 4 conghant
F(M) = {A f M¢¢ ‘_(‘funckoﬂ £: M-—)P\ =a €A
(@) [ty \A'-: Q’ <—(on\3 want one {'vn(,«l\or\ on %)

Ll-) Sheat of |oCa||3 conskant fmnckons for Gvovy A. So fe F(W) means
£: U= A such Haat VxeW, 3 opom xeVEWU with £, v— A CO'\S\'W\’C

. consy dec

Wacaing : it implies £ constant on connecktd components but converse can £aidf @ with asual

Euclidean topolo
l:_xeruse_ (3) s not & sheaf \f X = 2 points withh o‘.\SC«rek-i'ﬂFDLog\a_ “A :#o‘_m

Wrike Ab (X) = Cac|-€.9,or\g sheaves on X amd mor'p\n.r-fj- shaaves

\l

\
SB\(X\ W€ Work Wil cockb'of‘a d Sets mr-lQaJaf_A\, |('V'0ff""S of. presheaves)

.5 Stalks
Dip S"l:a.ek ak x U'J. flfs"\@’\{ F is Yhe abelcan Froup
: &— direct Kkmik
FV- = HAM F (U.) ovér feS'L':(‘.'KOV\ Moo
EXP||c\’c|~3 xeU induced by tndusions.

An element of T, is determined b*a, Sel:((/\\ some U x open ,
olen-\\F\a S~t Jor teF(V) & s|lw=1tlw some unV 2W > x gpen
Rmk + natveak ap FIW—F, s+—o5 _.e7uivq|enc9. clar:aj s. (for xeW)
or wrike: S|

. mO(-Pk W F — G ‘H'\.QJV'\ %Q{- Le F — G ((ei (sx) = (-p (S)|

or wrike: le \€ s€F()



Exeuse @ ¢iF =G morphs of sheaves | < Hﬁ)| =4,
if JQ @Y =y, :F, > G, thea @=. . V‘n -
Lulslw) Y (slw)

Facts For sheaves F, G /ff\ cm-l-(%or-a_ AbLO Thew use Lol -to ~afobol

. ol o pory Hh
F— G monomorphism = Fr o Co  imedkve VY el m catpary Heery

(] s —D)
Foa epmorphism S B — Gy, surjechve \x CHoMp—o:;ES_;;ﬁl}%tl.ﬁf[

F o G isomocphism & Fx 2 Gx Vso e iﬁ%:&H%azﬂ

\l“a{'nina Mmono & F(U)—JG(U\) fﬂj-\f\i y but ‘f‘ui\; {for epi : Flu) 9G(W) need not be Sury.

Exerase F;_‘ﬁ,‘ Gy sur,‘@ V{ZGG(M) Jse F{V) : L(v{s)= 'Hv GG(V) (bwh vV n O\Q’Mol on ‘U) A.ree

‘tw / ervSu— H\.JKL{

RW\'\'( F—G iso & FlU) GLw) iso VM_<—(T(‘3 pProving surjechvity by wmbining Hhe Exeroise

For o : AHM\AAM\'MGN\:ps’ FraFW) is a With injed\'v(b and a local-4o-ylobal argument,
Pador, omd Rnclors semd isos 4o iSos. For'e™: limy fundtdor gives iso on stalKs B, G - O

1.6 Sheafification so YxelU, AxeVe U, teFIV)
F Pre-'sheo.‘F = F* <sheaf (i-(-'w'cartion) ! \/ s()=ty€eFy, VyeV
FHu) = {i\‘ U— LR : Lowally s is a seckon of F}

in fact by definshon S(X)EF,, So S: | U— l;.élu-F,_ < l_e_lel
x
wmes with natveal mocph F — Ft (s F(u) — (xr>sx)e F*(u\)
Exerwse : F+ IS a skem'F/ F; =F and it s‘a'\iS‘ff\‘CS= F+.._=':LI._-) G

x

Universal property \f shead n X, ¥ presh.morph F—s6, R an
(} } &« Vs G on X, V presh.morp _’/;) ,L/ Sheaf

. ;a.' Sheot morph F+ 5 G s}. J.{aaram commuit
(dekrmines F* uniquely ve to unique isomorph)

Hisk. In our comshuhon: Fi =F —> G, so we kmou Lo¢ how sechons
map but we need {o 32=Lq,&.‘.fo_
Terick - F— f* +
| L firlly G s sheat so G =G
E— G+ (nodva e, wsing Gy = G: omd Facts )

E xawyle (pre-sheaf of Conshamt fw\u\a‘ov\s)'*' = (sheaf o £ocallly Constamt fw\ukav\s)

Exercise ) Fc G sub pre-sheal ;| G sheaf =) J smallest subsheat HCG sb.FeH

Moreover H,=F B \Hick wic
y x x- (*sheak ot discontinuous seltsons ") %\-m’r\t\')w

2 (DR (W) = QAF‘* with obyious reskdchon maps is & sheaf of F+
3) {* F—DF obvious moreh, Gk Fb= preshea) imag so FL(U)=CF(V\)=DF::
ten F2 < DF is a sub fr(’.—.s\r\eq,{_ omd  nsichon (1) 9:Nes H=F* -
1.3 Kernels, Cokamels, lmoges For @: F— G wmorph of sheaves:
. (Ke.r' L(\ (W) = Ker @ is  sheal 4—-(%; FlM\—vC\lM))
o Gkarg = (pre~Coker @) where (pre-Goker)(U) = Goker
J m Y = (Fr(’_-lm kev' where (pre =1 (W) = Im ¢,




RmK In addilive cab; o Coul{aoﬁ'(cﬂ Ker
mono & H—)F:G Hen HSF XCoKU‘,see. L¢|ow
epi & F-—vG—owH Hhew GH

Def abelian kagopg_ = addikve Co\l'ﬁaafg. sucdh H«a)r] maorohisms have Ker Goker
amd ) Y: F =G wonomorph is Hhe Ker of its Cokes
i) 7 epimorph 7 Cker 7+ Kes
E a.Aﬂll'l'\\IQ 0&)‘-(’{;0(‘%_ means Mor (A’, B) ﬂ.‘DQkOW\ %nf (So ofden werle Hom(AI'B» s.k.
Cowposikon of morPhisms distvibules over addibion
3 products AXxD (Y oloj.)(j(a‘. morph 0-X) (3! morgh %X—3 0)
~. . V)
. 3 2e0 objeck O (an object thakis koth inkad & Hrminad)
Fundor ¥ 01, aMiHVe/ﬂ\Leh'ow\ Cats ;5 addibve i Hom (AB)= Pom(FA,FB) is p- bhom.
Fo~ ¢:A—B: ¢ Objeds Qkery s B Gkey € Ob; |ﬂ(€: k_er(Cﬁx‘ @)
Kiﬂ{ tsca morpl\ Keru() — A s t. ;f% \\ which is & morp\a
s.t. \4 . 0 - @ )M(_e — B
al | g Cokerty § B

FL& ALJ (X) IS o abelion Cotpgory
idea it"behaves Like" Ca,kzor» ,3_ abelian 9(s

X . Facks 2! facdorizotion
KQF(( _)ALB Fai"cotll't(u'ow\ef\‘morpln. A__y\mLe_)Bajce
s |€ ¢ mono, dekne Abtlion cat = A imy epi
Fack Kecy is & monomorph. He quotient B/p:=Cokery and = Coker(Kerg)

4
Exa!jfle' Br abelian 3¢S | (i) says -.Ker",/A %"J—a B %»i{f‘ o as exypecied |
s ke “ “Mitchell
I will now stop \mo(crl\‘nin% Ker, GKer, Im. is CoKerep Fregd-Mitchell Thw,

) J
RmK  These qu—ea,oifcaﬂ definhons can be cumbersome o Work with . 1€ 4uras out:

L SMGU. aull‘m’\ Ca g A,a o possiblj nov~Commuianhve \r'iha. R with 1
ﬁ\vﬂk N Faili Al exact fndor 7\—)222-‘:{: R—mOdv(ey} (in Par‘f\'ulaf‘aﬂe:e(\lfs )
e

- A t“ . | JJ.J\.
oo.'o‘)nef s)e{-?nnt’cH;m”class“) = can "pretend ‘You work with modules. © K&, Coke and is addiv

Bomple you juit apply the Haoem 4o tha smalk alelion Sd\ra\}“fof? ivolved in Your disgram /sequercs
of mops —donlt need 4o use fe whole “J—?Q/? . Explanafon of wl\‘) Yhe abelian Smbcaf.g%eﬂﬂ-d-
by & Small dirgrans is & Small cat : wnode HaaF Mor (A R) arR ab. groups heme sets. Lat Co be
Hrae (small) full swbcat A witl objects Ahose iavolved in the fmall Mogram ‘|‘a&‘“~l" Wit Hhe objedt O
Let C, = (small) i\ subcat of o witk objeks HMose in Co,amd finv producks of o\ajr.d:r inCo, 05 well as
KU, CoKU‘, Inm foe 2very Morp\f\ i Co (nohw ob.‘,l(;h e lal,llln.d bv seh So Obj(Co) S 5@,-\') .
Conrinve induchvely : C,= Al subcak of A gt feom C, by -\-qki:; -(\‘f\'\\&emﬂvds,

wer, G, I . Finally C =,\§)° Cn is Hhe smoll abelian subced wWe wan¥ed .

- § Exactness

A (cochain) conplex £° = (... Fi £\F°£>FH'_,.,-) in an abelian caf
means (,OWVo.S'rK ai_ two onsecwhve morphs is 2ec0 : 4o d" =o

(Co) homology | H* (F) = Kec d*'/ | d° (Benp b brd™)

F* exact means |m &' = Kee 4V (& complex with 2e0 kmo\ozg H*'=0)

?"OPOS“\\'OV\ (o\mp\zx F°in ALCX\ exact & F; is exact s¢7MQ4aLeln'qn3fs
k(‘ﬂ'\"'\t’-d.t'o-"t by FackS on previows pagr ) YreX




RmK For SES (shork exack sequences) ©O— F S ebHoo o] sheaves
You usw»"\k UhicK exaciness ok (el o stoliks, bur con equivalimily check:
i\.) O—-FMW—oG(UW) — H(w) exact YV open U
() H is smallest subsheat contwining pre-Imfp, meaning ever
seckon o H can be obtuned by 3&"“9 Locoll sechons o;ﬁfe_ {3(%2(_4\.0,\)
Def A Nacdor of abelian cats is Lot oxact if. O—0A—-B —c—o0 exack OFG<

Fexa.()"
= 0 FA-FB-oFC exoct S F Lol
t

rat exact iF= FA-FB—FC — O exact left & righ
eLXact

EXavwg'& HO\MK(M/-) is lebt exact, - ® M is r.‘gM— exolt | o %MCION on R-mods

1.9 Push—forward (dicett imane) amd inverse image (any R-mod 1)
f: X>Y  conhnunows = Addihve fmdor £, ALX— AbY | Pienee 18 miND
Dek FeAb(X) gives §,Fe Ab(Y): f; ‘Cr‘:
EFY (V) = F(£7 (V) XY
Exerctse (Jof),F =9, (£ F) Hor XEY 22, |5V v

= additive fmdor  £7 AbY - Ab X PICVRE IN MIND
De€ FeAbly) gives $7'F ¢ Ab(X) is (pre-f7'F)F where | cop

. \ |
Gt = Ly F) SXEm | X%
V24w v V] DAL
Brvase (F1F)= By and GeA Lz T

also follows by —
by vaiqeness vp

M ') L: S X indusion 01_ o opery sUbset rd::/a-&f‘\::d:ﬁs
FeAb(S) L F: Ve— F(VnS) See next poge.

F e Ab (X) 'Fe lkg—) F(W <« denoled F|s
"Pe:S\QX called cestrichon of F

2) AL poit — X , C(point) = x more precisel 5
e [ G F)(ny= B ¥ Usfead]
Fe Ao(X) J'F = K * {0 i€ =g :
) T+ X poink Wil ek ke sudh cenarks i
FenL(x) T.F = T(X,F) = F(X) < gbbal sechons fondor
7

Progosion 1) fu is Left exack e in parkwlar T(X,.) is [eft exact
2) §7' is exact
tor fu : exercse
trool for §71 . 00 E'R—EB),— 60,0
!

I [
O A = B, — G — O Whith by assumphion is exact B

R 'p,‘_ BN
LK F—l 2#-‘;;‘—2':;;& } WmAH '{°)|Olr’ \O‘a. Ca."'eéor‘a 'n\l.or-a. ‘&wov\-\_ “.exb PNfDS\)\o"\




Pooposihon £7' s W Left adjoint fmdor of £, mearing I natval i
Mo¢ (-F"'FJ G) = Mor (F £,G)  Whith is natvial in Foanmd G

Fen v en
Sketeh e el Lm Fow) 25 6wy ot
In — dicedon > W2 tu | < pick W=f"V | a di“f“".{”/
you juit nee
o o : 9;‘,2“ _ ent in o
In < diced F(V) — G G l\/\ « hsSUMe vafi o e
l L bke Lw oues suhV R"}‘rk :" 9:;3_“{
) . -1 UT OT . Q)
M F (V) ﬂﬂ) 6@: V) \r‘e;fﬁc{-io(\ <_‘F'\l°\+/\(.ﬂ- " ?‘:\-}-‘:‘an W\"‘is
2 - 2 V. mpakt
Vafu v2iu G (W) T

Now theck thase two are natiral 'lfawﬁa/mu‘\*onsj nverse to gadh oM\—V, avd natvrl wFa. 0

Rml Another example of adjoint fmctors, for R-modules, ove Hom(m,) and -@M:
Hom (F@M, G) = Hom (F, Hom (M,G)) 4 R-mods F,4.

.10 Mocphisms of Cinged spaces

Def (F @):(X,0x)—> (,0y) mocph o} cinyd spacas waans
‘F
oﬂev\{;tc X ﬁ\/ onhnvous Mmay o’J_ -|~a‘oa(a3\u1 spaes ""°$Lr“_‘;: ‘:\: (%)
Q= £ + 9x <—G morph o:} sheaves dJ_ Fings Se Cingn & m\a
( ‘c ) (Pv 6 (V) on Y) g " insYead "o ab-ges. gaf&om
S, - '\ ,—\/c\/ cowpahbly) Wita resieicins. —local
© rl\akom fﬁ VVY)Q J ) (et RS 7ings

FPr a W‘Of‘\o"\-lSM 01, C‘q” r.‘na-eA spacls wWont in addilon: |is Local riny bom

: | wmps g
aXx % O)’ £x () zoa& rirxg. B\om E1uqu|eﬂ+l,a_:
\N (-("(ms\z mg

(Exﬂar\a{\on (-? ( ) € 0y (.Pw V) it & ref,,-esen‘)'ov{we. er Yx (Sex SIn® Hus D is prime
amd\ Contoans ™Mo

y X
Rmk  Can Cowyoo.se_: (X QX) £ (y,@y)ﬁ(z,%) : ';V?f:,\rff,ﬁ;ﬁ,;\ ,J,fo
£ H#+ Moy TO FUrms Vanishing o X
(g' {_) X= 9 f, G 9"(; / %*e\/ <i (9% : Fa is a fmddor 52 9 ()
Rmk  Nokica in Hhe defnikon we cannot just +alk about MM"'O'WB? %,"b
o wocphism O, < By becawse He sheaves are ce f—#@y

not defined over Ko some dopological spaca

ﬁ -&H\U' v\e-eo\ a mor{;L ’ﬂ-\’-OX <— @ O-‘- s\nem/e: on Y
or o worph O, «— ;"(9 o-i- sheaves on X

By M proposikon, this is Hha same m(ormox\xov\ SinCe Mor(—F Gy, Ox )= Mor'(ey )

(No’m.t alsa (NT wmap on s—\—nﬂ(s 8 (Gx) <_(‘F'—l(9)'\ = oy\c i ““Q' L?'x “‘L°V¢'>

Rk @ locall = also get hom on res\clwe_ Relds : @, : K(fFx)= eYFz/m,; —? XJ‘/W\ = k(x)

\
=) field exlensio K K.C in classical algebraic glomedn : ke loted and X ¢‘°$¢J poin
nSon Py : K(fx) e K(x) g d:R—ak, ?((—'a.)»—»(#iﬂ?)(a\ wLe,e{PekCY]



-1l A she«{E defined on a tepslopicad basis
X op- space with a basis B o open subsels «/means: basic sebs wvem X, amd -
¥ basic B, ,8, xe8,nB, )
Def B-sheat F means 3 base B with x €B<B,NB,
- F(w) €A’0/V bassc K wiH. bows F(w) — FIV)JSF—ailV Vbasic V€U
awd a5 usval © F(U) s Fy) amd  FU)—FNM)—FW) Jo-  WEVEU
NSNS
. _!A)CQ:Q—-‘}’O_ %ﬂlﬂ'\l CDV\J.Cf)\'on'. L .
& bane
Vlmn‘c U wilhk, U=V U,
\d sté'F(b{c) ”aa.reetmg locot“‘a, on oveer{s‘\:
Yaxe Wil 3J basic xelUp, cUcald; wit

_SJ|Mk e F(u,)

Wy,
= 3 uniue  se F (W) with 5| =s.
Bk skalk F, = Lm.  E(v) | Honce. also M)

Y

-
v

x&(basic V) Stalk fsc,.ro:.“ v bo
canony 5o .

Theocem I) B-sheat F exbomds uniguely (upto Unigve iso) j

fo atheaf Foon XN So Flbasic U) amd reskicKons for basic seds
Gxe SAme uvp canoniCak iSomorenisms.

2) B-sheaves F,G Hhen morph FG on Ha exemded sheaves
ts uniqely defined by daton:

‘ \I\OMS F“A,)—) G L) for Las: (A, MMU'HI\ wirh cesdeickons
Proof (1) © T MY Cer o opens)

unigv(’.nc)'s Sudn om  extmsion ,\FJ 'S unique (i H'e,xis{'s} becavse We com
omonically idumkfy F(W) for any opem W in Yerms o} Hha B-sheaf data :
= ‘dju.ko“ . . S - . c y
Fln) ) 1 5y e FIV) For basic VYU S |, = s,|, F(W) for basic WE VAV
S —— (Sy:= sly e F(V)=FIv)
Explanakion Yiven s, noHae that His “Tholds : SVlw: cl)lw= s|w=(s|v,)|w=Sv, W
Converse,ln , givem Sudh sy ¢ F(V) = ’IE:(V) I-H\em S"l\rnv' € E(VaV') amd SV"V:\vel F{VAV')

must equal becavse Heir reshickons o a covering of Vav! by basic W agee (=) .
R &'(M Hen wse sheat property of F)

Exislemce

A F { M) = /&M F‘ [ \/) e——ravecse Limit over resicichons for basics

(basie V) U /’com,mln‘ue Famlies 4 local

sechons on basic optn wb“‘(b&;;,

_ { Gde 1 Fv) @ 5], =5, YWcveu

(La.s\'c V) < H

Witk obviows reshichon maps  (for W'CU a svbset d P (basic V)EU are € Ul")




NoXNca : F(bm\‘c W) has not cknhgu‘ vp o canoncal idenkfcakon -

F(U) = L~ F(v)
(Lm{cV)EV\.
S pb— (S|V3 whith jacludes s| =5

and for stalKs:
. g . easy check:
’&) FIV) — &‘4 F(u) /i sZc:‘:uew
. e on X
DCé(bQS\C V) xe U < ;'ndw\tf Lo;SfC M:V ﬁg\eﬂ.\f/rie&'\
Proof (Z) g lo'g. {Jv\ cln/\‘ql“-a. oj_ fﬁé\/\ : Some. basic V.
Lion Flv) — Lim G(V) - a
«— <
(basie V)en (basic NEW

Ruake  Cquivalently , it s enoudh o remembe gums wound eadh point
(a\l-lerm\wle con view Sef | (:;,_3

Xew L/-d(SJoin‘\' Union of sets K
Flu) = /f_“" FIV)| =, )s: U= xlleEc t Sx)€ R which
(basic V)€ U f u "
take are Qccnll\a. compahble :
- i . Vxel, 3 xe (basic V)€ U
Wil obvious resieichon maps for Vhese 3 teF(V) with
(jost resicick e wop U— DoFx )- A open xeWEV t,= s(y) YyeWw
gw\_‘L Can Simfli'F‘j « WLOG W also basic (jus¥- Pk x€& bostc € W)\ S0 Wxeld 3‘16@:0«5&\/)4%
- WLOG (tplace V by W, s0 V=W basic. JLEFlv) with
Invecse : have cover U= U (Las.'c erx) . @ h \A:_: =5(9) VQG‘Y
and te FIV¥) st ¢* agree loally (since germs &a:ee))] ? 0 Unia ﬁcav‘:“‘eil&?‘m

.12 Conshruchon oF  Bspecr MohVakon: I should be

on acceﬂ-al,a funchon

XZS‘oe(_R, we o\e&ne (9’x Rrsi— on basic opem ceds - / on Dg provided we don't
divide b? aem,l
O (v,
X

R |oca|l'SQo\ ok mhl'hp\\'CA*\\IQ set z% : 9 Aoes not” vanish on D_f_}

=R Reall @
R Qxﬁﬁm Vi <V(E) & DD,
Rmk  Ox(XY =04 (DHY=R . S F"'e(g)@geRF inverhble

For D—(‘- G.'b? define natval eshichon foms: (Whid ace COW\MH\:U. VAl Composihion)

Oy (Dg) —— Gy (Dg) < localise Huckhec"
']\31 'T'g- -— exel.‘ai-\r\\az P":r% So
3 > *f x oy oxe™ _ oxe"

3™ (r)" £



L.QYV\Mi This is & B-sheaf on X Lo~ B ={ bosic open sets D_FJ'FGR}
i Un: ness : o(,(!: & R‘erx(D_F_\ omd 'D‘F= UD;‘C

in e o&| _ | Ve thew o=
T b, = (Flyy, ¥ ¢
M B'& Nﬂle‘g‘/\i/\? X, R L'a— D‘p, R; we can assume f= 'L/ R{_:R) D=X.
L—( =0 € R'F_ = -F;N'(rx—(%\ro €R some NEN < N moy depend on ¢, but
N _AWLOG finite subcover D;_
= < all ‘F;N V- (o(- (1;) =0 (7045.'—@m,achlm) S0 Py maximal N N
g el S - I D= D)
Co\[q_("ﬂa-\—n’ck —— R SinCL X =D_F|U-.- J D‘F'\ = D‘F:‘j V..V ‘F:‘ <_(‘~Q(q £ {"'
= | g-p)=0 so «=p QO
Existemce 1a @ : as before WLOG WU =D;' R; become X,R )

Uniqueness =D in () can assume seckons s.e0 y (D{-\ agree on overlaps D \D; =D

| ;= e
apply U"iquv\efs) S = 5, e R .
( ‘D'F;'GJ' D'F“ﬁ J Df\r) ﬁ%

WLoe X =D_Flu-~- v ‘D'F,\ pm\-k_ v, ;= % Sk D{‘::Df?:,WLOG ng=l, so §; = %

SC = SJ. on -D_Fb{, = (_;;‘FJ)N(‘C') %;—-F'c é.h -0 éR «
rewce s (£57)- (69 - 6)- (£79) = 0
~ o v e

u u
by ac b:

N degamds on () bud oo pick
\rgest N oves -Finﬂela many o,
so N works V.5

I nohce S =% ’ b_;; =Dy, se WLOG N=O!
aj t so ‘FJgC:'FE%J

”CO\IU[M& Teick" : X= DF\V"' v D—F,, Se { = Z re 16.: 9(” Parl\'konciuni“la“-)(;cy
K
i ?J- =(LZ r: Fc) %= aZ"c(‘cc 3.,): ;f; @:J %) = ‘Fj (IrC%C)

. — g.i — v Qe . .
= 5= r _Zr_ﬂ.% € Rfj Vi 5o we z&Lafasei Hee s:)'éOX(D'FJ-Ho Zr;%LGGX(X):%

Coro”&:b: (9X exlends un.?wé? Jo a skee/ on X=Spec R called Struchre sheal

(Or S hea# of ngd\N' funchons \

shalic O, = Lm O (D) <« Messp unpacking of definifions
XIF D_a; Xt YE w&idenkf"a- ;—-MGR&EOX(D:F) ok L“GRBEOX(DQ)
f iee -;—'M=S_, e RB\ som@ heR wila peED, D t\“a
Lemma2 Oy, = R g "
rest. T ']‘fpc,L‘se

$
O, (x) = R

| (iFG aN (Y‘g"‘— sf™)=0 €R some N) Dy

‘ ‘ own inwf
pe Lm 040) = Bq R = R .o

o\ elements
R f¢p

[s{'ra:gkﬂomord o\lgehm exXevse é_(ﬁeto.u n Rf
fée



= 0 (W) = 165) € D‘;L Re = Sely, =53 ¥Dys Dy
= {s: U LIR, = S(MeR, whidh e Locally compodble :
PX T vpell, T opem nbih PeD.Cu with se= t, |

Tte Ox(dy) ¢ Vxel, -"—//eO
with Yhe obviows restvickon maps, \\%m '\\\24: Some £¢R {'T" X
Rri ok ssome = £ sina can gz Dy Witk D (SD)- [
© R jusk ask s =ty on a smallr open peEVEDe . O, (N6,

L ecall XS k" so |ooK at scheme :

Comparison With classical GQ,M&: omebes| & = aly. clsed field X=Spec kK]
. ‘ . kOX)= RO, Xn) [ S\ on 2 0
X a#me vaﬂek}, PGMEX open nbhd I/(X) EZp:cmAlz[;]g\\e:
£ W —l is gl akp 2 open dd peWs U w0 TS
F= % on W, g9 he RCX) , AW #o Yuew
Rmk o fact can assume \N=bf}\ basic open (EF £= % , place Dg\ by D&”zb&\
GX(U\) = h-od*z\om DJ, fondions U= e regular ok all peh
Gx”, = h-—oJ#,z\om oj,albrmfcj. fmdRons near p, rgulas ak
So  pairs (\A,'F) with peUl € X opem, £:U-k re;fvbra)"f
amd io\-u/\'\\'@a- (UJ'F)’V(VI%\ <=9-F|w=9,|w on Some open e WE aV

Theorem GX(X) = k[)(} RmK  Tlhvs theotm 1S not obvious in C3U course.
X=5Spec R[X] 5o by Lemma 1 g0k ex(x)_—_k[x]

| —_ Al ~ — G
e X - An ﬂ.thne wf.'d-xg_ /M D= A }tO(:\/((f:-:;)—yg/A
feR=%Dx, ;xn]  polynomial RLY) = k€], = leCa, 2]

V(E) = TF =0} € X hypersarface ‘& ek,
D, = 1f40} €X open, bud idenkfoable L # A
it affine vovieks Y= \[ (£ 1) € A (Do Y, a— (&, X))
amd RLCY) = ROX]/(25-0) = kEX]Jc via Z € f

fack 0, (D;) & RIXI,

Onp = kX1, < whe wy = T(p)={feklX]: £()=0}
|aca\/w Ull P i max Mlo& CDMSPOMC/\g to f
r:na. _ \ L.
™ = wm, - k[CX] = ms of fomeRons near p vanishing ot
X,f P p gu o} __[or peX clpsgd Po;:\'\', oH\ear'lew_P

residve Aeld K (p) :GX’P/MX,f = k/ g — & 0€ Al is closed poink (o € Rk D), k()= k.

Morghs : 2 () \(0)c krx) ot closed point, K((a)= k ()

- - -
A: X—=Y = & :0y(UW)— 0 (= 'U\)I F#(F:uk) = (xF(6)= fook: ' U— R)
(worph of aff.vars.) (wsual pullback on funchons ia classical alg-geom)

Mocl Cwa\\'ck‘d e.9. Ak=5(ec RI[x]:




.13 Morphisms belween Specs Y X

@: RS hom of cings = Spec(4) : Spec S — Spec R
P 7P

Exaw'(. (.e'- R — R{_ , T — 15 |oca[\‘Sq‘l\‘or\
Spec R «— Spec Rg iv an 0!"\C|V.Siov;\ with image = b{_ .
X = Spec(¥) : Y — X prH ¢ \(p)
LQ"\_M A~ (D{_) = bge(‘c) Auhmakcq“:) ‘}’Ne,!.
/\A-
PE A7 faeX : £49Y = [peY: o'(p)=q some 9eX, £¢ @ '(p))
= {eeY: 9 é¢p}. o

Claim I | ¢™: Oy — A0y sudifak @36 (X)=R L5 3=, (X)

P£ Ehou&alr\-lw Luu“ (e on basic opens :,om(a&x\oln wWith resiichons

3t -
¥ : )_’de (-F)-— 0 (°"1r_) =0 (Dcpm\
By 'ﬂneorew\) I[laz Torel |I?-
on B-sheaves I AL don ? 5 Q@)
— > _‘”” = ¢
£" Wity o)
E_as-g theck @ cowpakdble Wi reshrichon VoS for bg__ . n

Cloim @xP is local and Le is local
bE Lemma 2 Gx,p‘ R, 5o local with wax ideal ™y = p- R

* Ai l—,&mr" o maps 7 hence :
For peY, Q. O — O I ares a
s X, 4p Y, P Nl map: E (<)
TN A et £
Hink: @) ¢ p=rdyp Rte“'r 2 S o FELTP 5o atige

%’n\eof?-"'\ (r;r\g R) —_— Qom“g (iuguk Sp (Sf-ccp ) espe,gfﬂ
(f{f\‘a hom R %5 ) — ((Spec‘{’) L?t)‘(srec S, &Sf!c_s) — (Sf“R GS(ecR\)

Contavasiant functo— | Spec ¢ Ri\nas — LoCo.“la_ Riv\aeo\SFo«ces (eﬁa:ﬁ)

Cloﬁf’\ The fonctar s fFul\'a -Fm'-H\f\;I <—ie. 3V 2 \n) (50 .-so) on mor‘ok.‘sm spaces
PE Given a hom 4 foc r.,\yui spaces (£, £¥) - ()’,9 )= (X,0y)  X=SpecR

Y= Spec S
let  y:= ¥ . RS oxcxs—mce (=0, (V=S cing hom .
X £+ JI \I,eP &— |ocalisathon S
R PN _P (Llemma) for GX OY
GX'FP P D Byp S 'D YY\P —F S

= {76 = <{’" ( L (my \\ = L (47 (m 3\ = +p
P Amaroum m’FP sine 'F Lca& rw\a hom



= ‘F(‘O): k(_\lf) So 1°=Seec(‘€3 is He mAp on Specs indvad by @:R-S.
Upshot: have 4wo morphs o cheaves 'f:#) C{# : O — Sfec(cq),,_ey L,‘F_P, @tr)
{ \

QY\d ‘F-.#-z ({#sin&-&qu on Sh&ks(bg H M&am'v\ e\A,v{ -F-‘: = (,p‘bn —
s (and morphs of Locally, riaged spaces) Eec:{?: (ﬁ,‘c—?)

Sone ria9 R) ‘e#)qc?(r‘_):;‘,(g_%)
=6 (5) ()= 5o (5) €0

Def AlL =Category of athine scheme
(ﬂomﬂ'a{f':‘«?u( spaces = erc R, e

= |[Spec : Rin}soe—> MNE is an equivalen o] catgories.

NPV AP v Mg

0p = oppossie cat fy = reverse asrows . s

(—E so Pa.rk&'ctal\tge?:\&?ce, Seec covariank ‘\'{‘)”) ’FW\“‘J"(/ e“z"%“"? S‘"Jed"\'t fuactor
—

eack object i~ trget cakegory

I' Iq' CIOSQd a-FFine S'ALSJ\QMS AmK same as Spea‘l\;:n; o Sv\fj.) ) X o

X=Seec R, TCR el (ringhom ¢:R>5 then FoIT) 7S i0 b am ahjec in image

Y= V(I) = Spec (R/T) are oy closed (affine) sw\,:c,l\emeroj ¥

N~ (as top-space, \Y (T)= V(1) butsheat
remembers T : Oy (V)= R/I)

(]’SR prime .2]:) — F'R'C- R/I

Examele T=m maxdtal = 9¢t o closed poiat {'m) = Spec Rin = X. Warwing

RV“_K Spec (R/T) is closed subschemen:[ Spec (R/IX means J 2T P{%V(T)%\/{I)
1T EE

Def Spec Ry N Spec Ry = Spec (R/ ) , Seec R v Spec By :=Spec R/In
Dekne sheat of Meals J=T7 sy on X Classical A.Geom
‘—‘ () are Hhe regulac

A

also : - — .

fdeaj s\\eo&) j (.D‘F) - I R-F < R‘F _ GX(D‘F) ‘AC“Q' f£nckons \/Am‘shinaonY(\(A
Nole

Nokee O (Dp)=(R,.\ = Rg¢ = 0, (D) -
Y (f)é Y/, = Ox */'J(Df\ ]fRfker(R{_—\R%Rb

J = Ker (0x—j,0y) [« uhee i Y X !
taclvsion. 3 (d) = Kar &(b*\_,ex(b;.)
= £
Gy Ox/ B & more precisely Hats i 30y ( ’ 3(/134\)
ater in ourse: Sheaves of R-modules and quasi-coherence)

1S Closed subschemes ¢ ink of th
' = o Think o€ these as oo ceguber,

(X,@x) sdr\eme) sheaf o tdtads T means J(U) € GX (W) ideal CoMpo.-\\‘U‘a_ with u?s::lid'ions_
¢ See .

Def A shea® of ideals on X= Sfec.R § quasi -cohecent it arises as ] as above, some (Mol TR

on X=Scheme # u & \f affine opem WU 7] |UL is quasi~heent
RmK 3 =

r(lw\'er revisit these in Sec.3.6)
Closeok SU\.\oScl\eM-e_ "‘U"‘S'YEX d_oseo( *\DPe‘eD&Cca.Q Sul:spau’_ l/?;i;\;iegtm
. 8y = Oy /7 some quasi- ohecent sheaf of ideals J on X,

st yn(Q‘F‘RAC open M) C WU s dosed a#.',\e_ sabscheme {or Ha ideal Jn)< Ox ).
Rmk 3 11l contspondemca |{closed subschemes o X €] quasi—col.. sheaves of ideals onX] °
if TepER then F'u

Can rewoves YEX 'From'j ‘p"M e Suceor’c of GX/J : [|I-RP¢RP sine TRpSMp

>/= S"Pf’ GX/:] = {xéx . (GX/D)X#-—O} = fxéx : jx=/= Gx,x}
mm‘)s&

Example closed pornt PEX (50 {_P}:fp}) = pick affine pe Spec RL‘—»X Hen P%(ideo&
= sheat J on SpecR = exlemd J 4o X by JVI=04(V) if pé¢ Vv (5o OylV)=0)

=

P




2 . GLoBAL SECTIONS AND THE TuNCTOR OF POINTS

2.0 Points of SpecR (not necessacily closed)

wokent
R % R ki kf(’)_Re/mr, = Spe.c. K(p) s Spec Rp &— SpecR

LoC"'(Mp\=P < FRP _YYIP &« (0) {(0\11 () — YV\P —F
So foilﬁ? ff, Spe_cR Gon'ﬁSpoV\J Yo ¥ max daals en Hhe Lol \"\"\20.
2.| Global seckons and basic open sets for loolly cinged spacas

(X ex) f_a(_AMa r( Gx) TOf (X) ré R\{\YJ \A l—-L’) Gx(_lA)

rhl\gl S'oad- SZC'I\OV\S 'ﬁlnu’or‘ indude ’\[‘/U\ - Gi’('\e}s)*""&

2?0\-:01 sethons f\lv\(}oﬁ Lomﬂg QmJ,m( S}ma:o?ﬁ 2‘1”95, (X,Sx) — r(X/Gx)z OX (X)
3 canonicall map X — Spec G(X), x — res; (M )where res: G )2 G restich,
Trick £e8yx(X) Hhen ££0x,x iveckble & fo)#0 € Kot) = Ox x /My

image of £ voxG (X) = 6, .. — X
PE £, Ox N\ 1y = finvekblesd 8 Y s fudmy g | <02 Qs ¥

. &P'Fémx@f‘ 6(9
Lemma £ §,(X) = | Dp={xeX: fxizo Z,ch))- is opem in X. Eocs
P Teick = 3960xx:f9=1 o 3 opom xcUSEX st. £9e0,(U) £-9=1€0,(L)
= X € US Desina Vyeld, -F” 9y™ (-F g) I€(9 So +\9e{:nv<rk\ules of & tg} so .Fna):lzo,.so YyeDdc D
LQW\MIL ‘F| 6(9 (D'F\ is m\&l‘-‘\uc
Pf Lemm% £ is locally invekble. If ‘C.& Lon W thow h=g onUnV. So wn febalie.o

7\
2.2 What iF means 4o be affne uniaweness of inveses (A=A 1=Afg=1-9=9)

o locally ringed space Iacd on stalks
(XG,() affre & Srma, R .3 X Hy Spec R laomeamor,ol\ omd- 3 @7—3 oL, &
But 6,(¥)=R s0 R £ O(X) So  SpecB,(0) =Y. .
0 X) R Qo) = _) ru-\{m‘)¢8()() S~ _vie %'

‘ J
L So X canonical Spec &(X) y

ey *(x) Ro(“)_’ ex % d(") Ro((’.ﬁ m X — res’ (W\,) — o((ﬂ)

So & Locally rinyd space (X8,) is affine P,eo:wﬂ.«a .
- He canonicl mae X — Spec r()(,@x) 's homeomorph

- 0X(D_[.) ’E(r(x,ex))f Ve I‘(X,Ox) and esdichons ax LOCAfEmﬁor\SG(L\a Sec.l|. l')_)

2.3 Fundler 4 foints Ay

MOTIVATION \/ set, You rewver set Y fom  Mor (point, )
W‘OJ‘”/ / P sek /s Y Mo ( Z_ Y)

(?,_loCa.l 5 _)




op= oppos:)-c.

F\AY\C‘\“OrO(‘ po‘wﬁ's &Y . S'cLo(H fe-l: ) &Y(X) = Mo(' (X,‘/) 7 g
! =nr Ve(:fﬁ-
X(—2> on morphs : ay (X<_'Z) =(HOF(X,Y) Lf; Mar‘('Z/Y);l aermws

NY | otivaTioy oo
Y= Spec Z[x)/(x*+). C-valved points of Y7 points of y"
0] /(24— T, X8 D morph X= Spec T—> Y so € fhy (X) Hofhen weite. Y(C))
HWK L nabeal kavr:}"@rfv\nh‘ons _ Vcag}nf:;:\rri:nf take image GI.Adye Mor (YY) K (\/) gven £0y)
Yonedo. emma Nat (e\y,F)z F(Y) Conversely given ote F(Y), e hy(X) gft' Flp) () € F(X)
Yoneda ewbtdding | £, . Sch —Sek SR Yo B‘y is fully fmkkfuee’('f,‘;;’@»“a“;gl";i;‘m w)
= P Ob; are fomclors Sch™P—, Set
UFSHOT O Ay X by & V=W \(S'e-l-ss = tategory - { MO,F{‘“M orn) odraions

@ Can now ask which fnglors Schob— Sebs are = =y, i-e. epeesented by a sc}\emeY
EXam‘ le Will show thak A'= Spec Z[~, -, An) rt‘artsen"ts ((”J'e” me who your frieads are )

and T will +ell you wWho you are —;Y
SU,'S XH MOy, ks G —)G which are G - linear }
{ f @ /'SC‘\QYV\C or loc- einged space ffpecﬁ,?()

Mor (X, Spec R)= Mor; . jop

E){o.m le 4

;\ P \Z_ abfine =) Mor(X,SpecR — H:FM (R} F(XJGX)) Bu‘)ed-\ve. ‘)
k S”ECR/"'? - SPeC R 3’ —_ 9Y %S‘pec K a‘eobaﬂ s€e. are adjoin{’{)ﬂd‘q

KEY EXAMPLE
T Oy 20 Q) 0us paimogeqf e gives pe R =Y
B B M defnes g1 XY ga=p

nJ - — ee r basic
MOF(XA‘) . 9. \S ‘OV\‘,\ ous (OL\LCK 8’ (-D'F> Dq{_) Opens %q‘“"‘) ‘\WS‘PQQS
n . G\/(D‘F\ = Rg @ (X) — Oy (Dys) = 9, (97D, Y =9, 0« (D{_)

6 x()() 1\ | \ r\a:\\)rd mope mJ/uu.J b rts"r\d'wv\ Qx(X\ﬁax (D({P)
(since T localise Y snuz @ inverkble EN 8x (Dy) see 2.|
dzg;:fﬁ) These &re compakible {‘ Universal property of localisakon: R,—€5 Ry and

el (S)< inveckblesof Ry =931 R\—5™'R,— R, .

y itode of X with reshichons O 2
Viows :
Cor I (X Ox) schemt. = Canonical hf\orp\'\ X— S‘nec r X GX\ —'—’q(ﬁ-l

7 ¢
Example Explictly « on seks x+—> res ‘('W\x Ye 8,(X) 0, (X) il ) (D)
for R r()( 9)() h reSL’ r\ow localise a,{-.(.' )
ank id:RSR On sheaves over Dec X : ex(X); Ox (De)| Wtag ook £ javerple

RmK often wot use if X has few global seckons (e5. TP only has corgtanty)
RmK Canonical w worph s m‘gedwe if global sechons separnle pointy meaning :

xi‘;éX=> 3 f¢ F{X %), £(x)+ fy) (e,qUu/alav\Hrg B'F -F('.t) =0, 4[913#:0)
fem” £¢ My
C\qsstca.Q Agpaze grom. X €A™ abhine vorieky  (X=V(I), T <klx,.., %))
o [l 60=kIX] Oy(Dg) = kDX, | By (wi- rege & M.ons} X,a_k[x]ma
S‘z,pa.rod:es poinks, and W Gl {dose_ok fom‘\'s} C Spec k(X)

a > mox idead Ma ck[X] (¢ max ideal 4 BX ‘k)
in €adk g&l— em\,e_obho\a { Category of Affine Vomdses} < Sch




Evorgle2  x-g..p {FéMor(S‘oecR,\/w & Hom, (S, ,R)

f\y(sfe},&) meR=local ring.

P_'P @ Seec_ R i) Y
WV \/
(rsenst) mie——y

@ Affine crse Y = Spec §

¢ sy k=
@ m=4-S4 M
Geneal case

with f(w)=y

rl't\z S

_ £5
R ~ Tpeck,m < Oy Lol bome] e

SEE) S.’_—)R = S(ecg—ﬂyﬂc5=\/
0" Ygiven M (etiveed )=y
OZ'Q Vio. S Sy \\3 .
%

‘gé Mg\/ open %n& ; Hrhen 8“:}‘;‘:6‘4‘9&"{ ?,C\ICS g{@.(_ﬂ—!ﬂé‘/,
Uniqueness . svppose £+ SpecR =Y gaves same o

Mr— y

V5o

Ny

(\‘.F me W € Spec R open thewm U=5pec R sinee
Spec RA\W closed so ¢ =/.-¢ Hhem Wold Fnd ancther wax ideal

pide yeVEY dfine opon =) £7(V) opem am=(Un\‘q\'€ dosev\) = £7(V) = Speck

fo?l\\- 51, Sfecﬁ

so F:5pec RoNVCY 5o redut to affine case. D

Cor2 x¢ X/‘=).3 Ca,non{cal morp\'\ S'pe.c GX,X — X,

g'g Gxawy|e2 for

(exescise 6 in 1.1, s0 Jeick)

Cidex,,L—)Gx,,L) .Ah»a S‘OCC R—)X 'Fﬁd‘off QS S()Q( K—’) SPQC QX,X —‘,X Some x€ X.

Nehca in Uocal cing indodd by o locak cing hom
woof alose * Any £: XY of schemes SpecOxy —a X My, o
(m;ih?sfa s * %i/ﬁL GO i 1f
9);.: 8 if\J\JQ(“Oj ‘f')c S.Pec QY’? —_— Y Wh’/‘é — Y
=S ”( - & u K. KV"K
o G e e b Rdd K

R Local = vesidue field

vk
A Lo cal hom R* \K={<elol fadhors RL» K — K
(S;'\U- Kef“(.e = L(’_|(°§=Yn) S-‘r\uhio(al)

K=R/m

spec K ={ (9}

™

Thus: {wce Mor (Spec K, Y) } Ly Hom (Key), k)

A wirh £((o))= 4%

(0)—'\3

ﬁy (Spec K) cfalse writkn Y(IK))
UPSHOT : MQfP"\-S feom ko

~ Non-tamincble :

and any SPCC IK— Y faclors :

02;/%19_ Spec IK Spec kba)—’ Y

cad r?/\aa oc felds don’d Zive more. 1afermaton

BmR yeY called K-valed point Kp=IK, how id
@t{ IK-point, o K- rakona) eo‘\n’c)

€ Y tomes with a m™orph Y5 Spec K (hence 6, (u) are \K-A.lad,r-u) amd. abovt Hquire Morphs do

commale. wids T, them gtk Hom o (K(9),K) omd if K9 EXK them Hom, (kK =Tid,}. E.9. Spec (€)

L has many C-points :one for eadh aulomorphism ok € (9'3- €€ 23 ) but \F work over € g2t onl

&

-HAOLY\ a.Qrw\«a kenow fom S}oec_ (9X,>( — )( oww\ Spec Kexx) — X

K J&fq‘c\u a worph SpecK— Y
sary Y is & Scheme over K"

Yy one _G-"fuint

¥ work over IR g% two C-porats .



3 ’ l &2!6“1‘\?5 oF SCHEME.S | Mod = module
3.0 Usehl fack from Commotntive algtbra : localisation  1¢s s.sc
R Cing M R-mod, SCR molkplicabve set L/wr:k—c"%“ 5o nes
=) lealimbon ST = MxS /rlakon (m,5)~ (n11© - (Lm-sn)=0
whidh i an STR-mod omd have R-mod homn MN— %;‘M Qocalisalion Mo,
A ) ‘ m—
Bk SN & MR ammtaby (o 5 e | i Zame e
EXevse AK:-M—N hom (o{— R-mods) = 3 nalml S« : SSTM— STIN
Fact Localisahon R-mods—>S™'R-mods is an exat Nachor. K("s—"'—> °%"“)
Coc STYMMWN) = S7TM/5'N
Pt apply. S Jo eadk seqimee O = N —m M — M/N —0. 0 Jindeed hake
Foct Submods ofF ST'M have form S°'N for submods NCM /(”=‘m"

viee M— s\

Fact M = fﬂ;\ M wa fowkisakon mops Me—WNg  whenever §=ff €S

» fes L I MR e findvad Lj R%_’Ré
(9. proof : fg M@Rs = M® liny Ry = M@S'R) f % via QR -M@Ry
Lo cal L 0 v |Kplicahive sek S= R\ p TR
n.Qg,t ca. theo same res °
cem l/ P v or\lg1 use
D xeM: x=0 & x,=0eM, V pe Spec R moax deals p.
® ., p M=o e M=o IﬂVpéS‘pecK
@ r\ - M —‘)MI xact S MPﬁP M P —P7MP” -QKQ(A’ V ‘Pe S‘Pecﬂ
® f: M= N n.& fo: Mp = Np in3. V pe SpecR
Vs SMY‘J. / Suu'j 4
% iso, Y iso, ,, I€Annx if 240

.P_'F @@ Ann (x) = {re R: r‘x=o} ideal £ moax deal M (ulc\esr x:O)
X,=0 €My D 3 re R\W sk, rx=0€M F (nceréhAme)
®@ by @ ( / (exa\d;r’\;g M;,(i)MP")
® H:=Kecl/Im«t = H = qu(a) (I o() =ker (3 =0 now use @
P P
holds sinca ind. \ﬁ /k{%f

.
(lo ltsad 'SQXGC(T) Se o0 \40‘[5 — \"l, L Jmfp—O exad
lisaton i =) o (kA — Mr’ -ﬂ_".()m{&)P—»o szJ-J So Ke,-(p,f,)_—_(mmf

@ \)\a @ e(ea il\j means 00— MiDN QXad') 0 ™ (Per= nhﬁ)l’
L/7(4. € <Lal\ F;))
RmK Spec R = UDs.” them above results hold & hold whem localise at each f;
Pii; =0 el"l,cc = M®R'Fc=) Localise focther ak fefpeck,[:‘_- : M{:..=M®§R;_‘.—> M%RP= Me
(Noke: everny P€ Spec R is in some Dp=Spec Rey7" 0="x¢ | > %p,50 0. 0
RQG“-”: N‘Q(R) = r\‘\Q(‘omUc_a.Q (R\= in\'efo-k/w{' e|emn+$} = \/?O_ = [\ {PGSNC R} G’\ (u'v\%)
Exarple Nl (Rp) = (NiQ(R))p, 50 by @ : R, ceducwd Wfp & R reduu_dl"t(=) no nileotents o)

. — & Nik(R)={o
PE£. N2 (Rp) 2 £ (%)“= o€eRp somen =5 t.r" =0 some *¢P =M =0 = treN;g(}R)

= S£= t_: e NiQ (g)l, . The nverse is easy. 0O




3.1  Noeterian | £-9.= Finitely generaled
Reanl : ring R is o ideals o R oy svbmods 4« asending fumily

) ore £.9, £.9. R—mods ideals in R stabilise
Noethecian ? are £.9. ( “ascending chain condition!
Rmk |oalisalion amd 1\:0‘]\'3‘4“3 preserve NoeH\en‘qn froeﬂﬂ'-a. ACC'Y

Del An affine open (for the cing R) means o opem subset UeX [SILS..

- #I =I =
aolmi’d:\‘f\g o 1SomorpPhism SoMQNN it

(U“/ &xlu) ~ (Spec R, 85',“&\ for some ring R 1—|_—Note.: 6, (W=R
Dek scheme (X,0) is NoeHerian if quas: covpact amd Locally, Nostherian -
Claim e -[ollow{na ave equivalent definiRons for (X,8y) 4o be focally NoeH.erion
1) every point  das am a//;ne_ open h-eT?L\Louf'aooo( U with 6y (W) Noetherian

2) X=UMC ,fLoF OPGV\%ACI WU, with 9)((\}-\) Noethwian (

3) gq'ven any open %ne for a r\'r\g, R, R wust be pNoeferian Secp SacS
PL (1) G (D) amd (3) 2 (1) since schemes ae Locally alfine . WSEFUL TRICK R Srinss

OLES0) - consh SecR = U < X Dt reoey
Vpe U, afbae opon peV=Spec SCX witk S Notthwian (by (0)| which i basic for bothR,S

. P 3 basic ped.cY for R3r
= 3 basic open PEDg S A for Spec S some 3€3 — ‘e PEUrS
= spec (Sa) avv«k’ Sa NoeH,- (e S NoeH\-) = basic peDgED bor S35
By He WEFULTRICK, WLOG Dy is basic also for Spec R, say SpecRy. = 1‘*5 =T (Seec S, Ox)

J,res\-(ich
Sinca Spec Sg = Spec Ry get So = Re so Nottherlan. Get wves for W, Slb,?%e (>, 0x)= R,
Sh=2 5 (R\ =R
d: bea L et Vo rn rp~ Rar
So nee A-\%{ fo. LEMMOL R'F: NO v — R NOZH« = D; ={xéDr.=$(;\4:O}

<all £:> >4
proof T & R 1deal (L\m T is £.5.)
=7I_‘;; = I'R—F‘; QE‘C\. \‘M /‘P? Sine ?‘FC Ng.e-H\_j _gma_ aenerador:s 8 E.'J_

Yy =

<« 7, : : W =(x?Dr: &(‘x)*o)
by " Govering Trick SpecSy  _ Seec Rar=Dar

. . < (some a‘r G:I)-j {-.N
é -F‘l_u © 9 = &l a.lso QCY\UK‘{'Q (S\nQ_ '_F\'_‘,J eg,ﬁ) localisaton _ J v
9) 1 //gwendor‘ of ';J_ copy 4 R. ot \L\(: l)/(‘?ﬁ(e‘.i)‘ e%) SQV\QIT»R:\ 5@03,0

= 6? R X2 L , gy by saksRes  ( Supedie V£ so @ svrj.0

Exm,cm‘) %ive an alternative proof ol kg,don\ Lymena by proving the ACC f-r R
Ke? eicK - T = (\‘Pj‘(I;) where ;1 R— RF- is lecalisalnon . )
You may need He famous Trick * SpcR = DgM y... 0 Dg¥ so Yo fl=\
M(Hu\d& ex'Hv),(W)) X Noelh. scheme = every) subsed of X is 7\,“;,'_(0,.,.‘,“{_._

3.2 Properkes Hat are afhne —bocal .
Above we had « f(oplﬂ"a. & of qm\e opens (”r\‘f\a 1S Moeu.ufam) Sm')\'S#au'na_
AfGne —local condihons So property s presened
{ SPQC Re—os X # @ s‘ou Rf- c s X * V'FGR (—I by (ec-\h‘s.od\‘on
2) SpecR= UDg, SpecRpesX & =5 Spec R e X # {27, Blobariefom

bas ic af&nes do rffne




”l.c L\o\h -far'
a cover, ct

Claim X = () Spec R each fas * = evuy open "#"“e ""X has % « holds Yaffine open
P_‘F' SPQC R—X= Spec R = UD,.. Df;J = Srec? D_j; * @S‘oec_ﬁftﬂ

finite ‘FuJ )
uwse USEFUL

Exaumples of #e : ”ﬁ‘l\a is rzdwao\“, ”fl"\-9 is Noeth ., n’\a s 4:'3 B-algtbea™ \TRICKia 3.\
/
“locally of £ttt +ype over B™ QSO"‘Q 'FXeA cing B (“base’)

"
so 3 Suf')-hom“ﬂs “ﬁ_B[‘x:n )('\']q fll\}

Af-Fme. Vars XS/A
Zoc.fyomitetype /.

33 Redved schemes
(X Ox) redwaad i ol G (W) redwaol rings (=no vitpolmtr=£)
Hvk 1 redvad & stalks (9x7¢ are rewad <(so “stolk—Locak propecky®)

S VPGX has am open affine n&?l\baurﬁopol for o redued, ring
(P£ "D R=6y(X) ,"E" R tduced 5 Rp=0x,p reduced)

RmK spec R reduced & R reduced
Lemma X reduuu&/'ﬁa €8, (W) +ake same values -Frx):g(z) eX(X)= Ogx/Mm=>f =g
P Take £-9,WLo6 9=0. On QFG‘AQ/ K(p) = Frac (R/P\ so fe P= N.‘lmd-‘caﬂ(k):(ni(paknh} ={o}.0
(Don't confuse fuis with gmead fack Vscheme : £,=9, ¢ Oxx VxeU=f=ge 0 m)

Claim (not Hnat shony aondehon e.9. £,9:€—¢, £(2)=2, §(2)=F diffesent, but £ 10)=§ o), Spac=lo)

N
X r(’.du&d 'F?X —Y -@:3 a;-lopolpM maps, £=9 on opem demse set = f:a.

PE en0u7(\ show §= 9 @om"? b; sheaf peoparty.. WLOG Y=SpecR, X="spec S (pick Spech'_-'(s',,cl)

Lek s := £%(r)- g#(r)es need show s=o for each reR. e(‘:‘gei“‘\,,\g ;;?“) a (SPCCR)

lpe Spec S: slpy=oe€ KP)} = VY(s) closed & contains an opem dewse set hence s=o by Lemma g
'\S nee YIP SP =0 € Oy f’l contoins opem demse sc.)- L7 as.w»yhar\

3.k |reducille schemes Ameans £X)
'bef- 'h)po\.oa-\cd spact X s ireducible i X is nok a vaion of 2 propardosed sets
X=CuvC, = X=C or X=C (whee C: closed)

/-\na non-empty. open US X s dense amd ireducible
A"a two 4 a U, Uy have UnU, =/‘¢(0\02n dense ,irred)

Hwle 2 (X Ox) irtdmable & aﬂ affine opens art iredinckle [Example \(T)=Spec(R/7) < Spec R
ircedncible & {T prime ideadl.

Easyexercise & X icredmeible -

(Not enough 4o Know i+ &;r an affine cover, Can Jou see wh-:,") R/T) T
( ' = I
H\,J\Q 1_ Sre(_ R i'rr(duuue & Nl (R) prime lo(eauQ JS:MR \V(I) =WV (J-*l.) as sel—;
< R/Nnie (R) lﬂ'kz-l‘«l domain irred. closed swbsehs oj, SPec R are:
\\/('P) Sor ?GSPQCR So:

e I ?Cner.c ‘om"t na\wﬁﬂfa N'Q(R) itred. components : if P minimol
Recall PEX denerc poiat if closure P =X (pis dense) R (itred & Max Wt C) "(W_é-*-)

Claim (>(9x) icreducble= 3! generic point Y . amd Y € every afhne opem #g

PE alfine open g $USX ES" Winred. "5 3] gongre pt 26U X2 UW=X (510 X cosed and 2
Suppose YeX gneric = if 4eX\WU Hhewn 7 € XNU=X\U not dense , so yeU, so y=>x.0




L/(X-'/: U,ulU, for disjoink open u.-=/=¢)
HwRk 2 imredusble :Z Comnecitd . Fact SpecR connecitd € no idempotents # O, |

QC\oLSsH:-'Qs‘ connecled components of Spec R in Yorms o} 1denpotents Kre R with ri=r

M‘ R Noetherian = 3 ! sequin a’_ eiime yheals Py, e, P (UP‘)O (eoro(er;'/\a): {?f‘;;;\:ig)
v J
JE

(Same Pf. asin C34) &(;,‘ fact theyare the minimal eCime deals of R)
= 3! seqvemce °j— icred. closed subsets C;=<(p.) (uporocdering): Spec R?UC"/ C‘$L£.C )
Re(which as +op. subspaces are the it€ducible corponemds) as topological spaces ’
Warning: 9 =(x*)Sk(x}=R = p= N;Q(R/ﬂ) =(x), C=Spec (R/P)=(o}=s‘pec (R/9) &ﬁ-f_ﬁ:‘eﬁ&
Non-examinable (see. C3.4 Noles ont Laske —Noether Haeoem)
w—Noeth. N. LY

To recover the scheme Spec (R)= U WY(9:), V(9 Sé }{&c\\/(ﬁj) 7(@ ;;:fs,d::in;‘{)
need Pr;mﬂf‘? O\Qt.ow'poh"HOﬂ <—(l..'ke 0Mm‘10\¢ factorizabion” but for idedl:) ‘
{0} = 9N qz(\...(\clnn.-.(\ﬂm w\r\efe_ 9; arR pr;Ma.rg deals sk 9e 1QLO|J

9 SR primacy ideal i€ 2000 ali:inr:oi R/q are niffokn"‘ Rmk. P=\/'a'l is prime ideal
(Equl‘va_QM\‘K” :ab eo] =) a€qor beq some N (@ i€ A,L¢q Hen a,Lé'\/‘-]-) ('/a,rso.acaﬁ prime -:deadb\)

Example Pr‘ s r(;ma\ﬁa i P peime f&:aﬂ/ e.9, (3‘*)52 ?X‘;j:’;nw::?:afqr“

Exarple (18) = (2:3%) = (2)n(3N<cZ is primary dicomposiFon . [ abeq, adqay be?
The qt. are V\_o'" Mn\'qu-/ but Hhe ﬂ::r; ot Mﬂl‘?"e (MP"‘ Peofoi?ﬁ-l\a) V(9.:) =\, \
(e Pe are precisely dhe prime deals arising as dials o}annihﬂw\oq of alts of R) (\GSZ_LIZSZd .s'e((]:;))
The WV (9:) are called primar /| components : not unjque aSS‘cLemeSJ but are unigue -l-ofoloa-l‘caub-
*WLOG Pi=Va,,- Pr= Vg, ave &s in previous exeTise: the minimad prime jhealls

(So NCQ(R)= fm-.-r\pn/wlnid\ s Hhe f’f|'NWa AQCOMPGIH'W'\ for %ie(m)

Fve Hhe csolated components V(a;) (as fop- subspace =N(P:) ;creducible comp.)-These. 9,9 ar€ unique.
s The ofher Antr s, 9 e rise to the embedded Cawyonen"'-f \V(q,), 22Nt (hot unique).

(Note p;2p; some ¢, so Y(p;) € WIp:) € WY(q;) ae closed subschemes, but W(9;) & N(p:) as shems)
RmK Can apply above o R/t Yo gb VT =pn—ap,, T=9,n--A9.NA---N9q, , eFc.

Exawple T = (\9", xY) € RIxy]=R , X=Spec (RT%)/T) = —+— //x<-4.s Yop.space

nnihilator of x& R/T . .
(T =4, S L= 092 fr 9, =(3), P= C*a)r':\'"\ prime, \YIC‘I‘) .‘s”iso|o¢le4, ||.r\r\c:abucth J
Thiak : Fv'\ch'Zns vanishing. on o 9. = (=« ,‘9?)3‘ Po=( 37,"9) emboedded pr -'Mq\ ("2\: (;»*Hned onigin is ewm edde

x-axis tn A% and # ordeszat O. Ronokice P2, 50 notminimal. it kaby= | = max |ev\5\-k
not uniqe, eq. could also pick (';7} x). of Rinite km_\,[\ ideals in GX,P;_
3. lﬂ'kal'_al Scl\m (max length ef chain o] ideals
To2T, 3~ 2L,=0)

(XIOX\ —a—ink ral if ol ex(U\\ 1D 6(‘“5‘5m| domain=no e J{V“-"‘_S:#o) (PN exA:‘pie:*/,(foY)
Hwk2 & Ox(u) ID V(_;#ﬂ',\e open (A L=(0)2(0)=1,
non&xaminskle

Foct %r\:c«.ltsako.g X presuve Id ?NPUJ‘a— -Fa_cl— € Xis ],,m",, NoeH;
rrect Lim i 2 Key Non-€xamples . conaeclied

Coc X 31\'\‘?-43-(‘%1=) @X,‘x i) (LV\.‘\' not é) _I*_":f:i-“ I X inieyul é{- X=uSpack:

k R; il\karn.(
; ) : U9/ | RE48Y ey = kL
Hwk 2 | X integral & Rdvad and ireducble o 3) o ‘:“‘/ila)“ =k ;_Jgokfﬂs

Spec R ink?fa& < R inkegral domain <« Example All ireducib affine varieties XS A" (Spec hDCB




Claim (X,8x) inkegal => resicickons O(U)— O (V) are injechve (for V)
= e+ all sechons can be ompoved in le 4= generic point
- Kry) = Ox,g S Fac Oy (U) vioreskickion (any u+p)

P_‘F QXUA)—)GX[V)—) sz'a So e,y\ou.}l\ ,s‘LovJ 5}:0 = s=o0.
|6 show 5=0 on every opem afkine S U then sy=0 Al xeUd so s=0€Ox(u)-

=) wos U= Spec R, y= Nil(R)=|0} (sine RisTD), so By(U)—> O becomes
R Rey=Frac R, r— IE inj, Sing R is IO - Thus s,=0=ys=o.0 O tor
Classicall Ay. Goomedry X A™ tned-affine vor = SITcxyc_, G’f.(b‘)_".?"rf’ I //k(X)
(s Spec RIXT]) RI[X) € kLX), < kIX), < Frac REX]
3.6 Proprhies o{- Morphisms <all goperhes we list are presentd  whin compose Such moghs
A mocph of schemes £ ¢+ XDV is: (Wil svppress £%6, 0y bom notation)

@ afbne : equivalent condibons : < £ (affine open) is -
v Jaffne open cover Vo Y, ’C—I{Vf) [athine |
- V alfne open cover /¢ Y. f(V:) _QZ-F;'ne-

@ quas —compact = replace by [quesi-compact ]
(D) Locally of finite type = » ¥ affine opems UsX, VCY with fineV,
N

# .
(Qi/\as; A8 «f{‘\]k‘ﬁgg ) £ ¢ Oy(\/)—> Ox (U) Raite typee

&— called foncbion Geld K(X)

means B f.9.45 A-alg. ,ie (m{o.m’f\a : Gy(v)i; Ox (F71V) 255 9, (W)
Isvg Aln%)— B ‘J»A'“Qz = open af6ine wvers Y=UV.:/ £-(v)=V U..‘.l)' }
‘F# : G'Y (vb)—) ex (M\J) }ini-\& e
@ Rarte type : D+ ® : quasi-compact & locally Haile hype (ﬂ%o}\u‘tiﬁ;kt

@ closed immersion @ iso onto a closed subscheme. v ldea.: fonchions
Exp\ic.\"\'qra D fiw \'ﬂ)'F(X) cgeal y l\\.(se( . 14,1-15) ;m'\z?f?;g_y
£7%: Oy — £,0x sucjehive  (Soideal shea) J=ker £%) Jalomakenlly
¢ Y aff-open U=SpecREY Tideal TSR st £7(U)= Spec (R/T) Rr:KMc:tm
B2 ,dep  |anicedTSRY
- 3 aff over Y=U Speck;_l ideals T; S R:, £7'(SpecR:) = Spec (Re/1)) EZ:?Z::;::\
Exag\e.))(: )/re 4 €Y closed subscheme : X=Y as fopelogical sprte and ?"c::\rss.olle.r giees

(reduckion o Y: i's reduced) shea) of ideals J(U) = {seb, (w): s(p1=oek(p) Vpe U} (0 8c=06y/3)
Nole l.oca“tg: on U = SPCC.RJ j[u)={Sé R:se¢ (\F-: NiQ(R)=(m"pokn‘h}}I$0 .Zocaﬂa 7 agrees with

Ni€ (), indeed T is the sheafifeaton o} Ni€(G,)<— need not be sheat e.g. Y=Ll Ya, ¥, = Seec(Z4n)
2€0y(Y), 2 Nil(By(Y)) but 2&Ni€(Oy(¥,) 26T

@ 0gen immecsion =L\ iso oo ::: opmn Subscheme S \gpc—en\/zemf OY'MX
Exdlicitly « £, omeo ° ideo. i (vatlons on X ar
xplicitly ~ £ w 20 LX) = Y e gq‘;:\g o 2 4 Y locally)

-F# : SY — ‘F* GX 1So (@ IS0 on kas "Cf : Gy’{:x_TGx,-x)



@ flot: an GZFDL_’ Gx’x ore ok ring Porms
Not inbikvely clear, bat ensues fhak Llers of £ Varg in & controlled way :
Ma\'\a iAVN\'aV\h' of ~bess hke dimension, do not cko.r\y. wnless You "-prcckd“ k!
IE is Weaker Hhan saging Hae s ace Qocally 5o 2.9, it allows two points do collide as vary Rber

A\gg‘orm'- R-wod M s LC@JC it M@g s LXadk fvador on R-tmods
@RS Mrio\;a\ow\ means S flat R-mod (us\‘:\a .S = QrSs)
Basic facts v injetive. (from of R-mods)
D N, alwasys righk exack  so M Pt R-mod & N ES N, implies M@M<s MY,

fact Cnough 4o check M@ T <5 M@gR VY hg.ided T .S, R.

2) M fee MMk (PF. M=GQR = Med= @ N o)
E-KM'\p\!. ;L:;I\ih Z is ﬁ -Ff‘ee, Z'Mook_, buk i+ is £lat. An abelian ?‘n is Rx{- 2-mod <=>4zfé;eu\
N on- example Z/,\ is not Hat Z-mod : Z <92 Henw - ®Z, get Z/n N Z, not iny.

Fack (Lﬂt?:m'd) R-mod M is £lat E M= Lwm M, some -(-'.3_ free R-mods M;
= =S

3) R local | M Finite R-mod (so Hi%bepmc) P M fak S M Ffree /‘ but Ox x s
— (acely &nlke over it

W) A—B b, Boc Mk = A—oc Bk e ¢
Pt N\ N, Amods = B®A N - BQANL RB-mods = C@BB@AN, < C%B%N,_ Q

(50 no elis+o
of £ri+e. ocder

) A8 ks = Ao B =B A, Mk VpeA BgARN =8N
& Nies Ny Ap-mads = Niesy No A-mods (vig A%A‘P) = B@;‘N,MB@‘NL o

b) Ring fhom @:A—B, mokplcakve seks SCA, TC B with @(S)C T, €hen '°‘Z"““"‘°"
Sl =sA ®AB — T B, _:_. ®b — Lftﬂ-\‘o factorires as ST'B i’ (‘9(5))_‘ B— T_|B
ets? L@b— Wb ;@b

Since isos of Fings and Locakisation are axact functors, gt ¢ flat, S @(s) @)
Example : pCB prime idaod, §=@'pc A prime ideal, S= AN, T=B\p = Ba|=B® Af‘\—)BP fut
A

Theorem :Ao B ﬂa*‘ rfna. bom & (p#: Spec B—s Spec A ua\}

*p
O AoB Ut = A8, ftak for 4= by (5) ,Bg— B, Hont by (6) %l A8,

7

(see 3.0)

Y
© Recall ke (BN BB, N,) Fo e ko foFovpeSpe®. — 5 gani erean.
Kl 2 M) =0 = ke (A"QAM — Aqg N =0 =5 wf%P@ﬁf\“‘%N‘_’ BPAqu?%Nz Y=o o

Hakness
Motivation : Deformations (see Homework. 2 &x. 6) € defined rigorously laker in S.| fornow
FQQ}/\QSS % I"PN‘QML"‘U- {'NN\RRU 3‘— Sd\eMU t\a.\le. eA‘.M\'\'S . sz-[\-d(L): S(.Qc. K“’)XBX
Fact B = Spec klt] = Spec (R (L) ®jeryy R) i X=3pecR
Also B = BNO =Spec k (¢,t1] ; o NP AN s
i[[ﬂ] X <& Ay dosed mb;okom\e, (7‘- Pt over 0 &= Fber Xo s “himit %:oxh
[t I Lim X, means :[hbes overo of cosure X *=T"(&")
\l"Ofk{.E) R B \Wl" dC‘RI\Q kw'»?/, b—':\o . So @ F_X 4 see $’_\ :
here A= Spes KL%, %) = (5 ¥



Fact Ancther nice property of flat morphs £:X—B  for 8% Locally Noet. :
dim £70) = dim, X —dim B uhee b=Fon
. ‘ . L4 n dn X:max.lev\*\"-\o\
So damemiions of 'Flkl‘_s don'¥ 'oump uv\ex,oeako“g. '\ 4’"{;\““'\ 4"‘.“”0:,02& losed 2t
(X}eEC 25 2G-S EASU

Minimizing over open xclUUEX

Greomehrical makvation (Veﬁa onse()g\

X2NOy-t) < A XK=V ()
~ + K

T
evomple A has dim=2

0} < Lne < plane
I I I

how man if have & famd BHcrh 2
J/ l A Kmes Aoi ﬂfr which If&‘bﬁoh
e o o Lnein K" pumder is constant, in Such Hgortms
X=V(y-t) S AP =Specklt,ng)  inkrsect frher? 1 mey be easy fo You Will almost aluays
ol nloke for a see the flatness
"y A, — Spec RTA) a.:_a,uv\e/ut( Fbe aSSuva#on
Recall kpo\o-a Yy

Remarks about CQ|CUl6\.kI\2. closures of seds in X =Spec R
l)'feSpecR = | P =VI(p
PE pe V(P =3 7S V) (siha V) closed)

b ¢ -I'Ofo‘nrcd SPacs
YEX Hof. Smbs‘aaa
Y=NC

C closed
Yec

So any closed c 2V

ConWse : P & P L—({%I_) = Ic< P}:Igr;_? = 9€e\V(T) D
9 evip) = Ps 9 B*=Spec R[t,t7']
Example X =VUP Po P)E A‘g*ﬁpj_c_: R[x,‘,)x.:)-{:,t"J prime ideals
. =V~(P|)U"'U VL(Pie) N whece \L() is V() caleviakd ia A'B\*
= X*=VE)v- o VIS Ay o sna pee X X°
= Vg propy) omd p: eV, (P VIp) =P,

Z)Tor Q=R—)S cina bom of : SpecS — Spec R o((f)'—'te"P:
"2 y P pects

Given C = VI(T)E€ SpecS , |x(C) = V(e™'7T)
fadical
RT=G7=0p= ¢'J=0yg'p Sin «((C) € A(CY
J=F T @pY A
pesSpecS d(P):‘(—‘PG V(ce“'r) - V;i—SpecS
0PEC yog Vigny) €T <e

Example S= R‘: (,oml.‘Sq'Hon)’FGRj iF Q:RR,  injedon Hhem
eq. X"=V(1) < A

= )F = \/(Rfuu,..p(v\,t]hj) = Mg

is Hhe cosure

SaksRes Y €£C. Also:

\/,U---u\/v\ = V, U-»\JVV\

E \/;' < Y‘J--U Y
=) zg ‘/lo..-u‘fn
ConvS/ SR —- —_
‘/lu-..u\/.\é ‘/,u...u‘/-\
S P ”
closed _
% \/,.a--\."’—\ gq'u._u‘f..\.

/Sa\}
= V(I), T<¢p
=S T YT
V(@)= Vie™s) .o

| vl
«<C xC

e 'T=RATJ

for B =Spec R[t], B'=Spec RT+,t7']
so Ap=Spec RCX,,.. x0t], Al

= R, 51, 4,47

L7 (V(I)) =\ (€9T>)

RmK Also Know invesse magss o closed sets:

P+ pe o("(V(I))(E) dp:t\o"(F)éV(I)é? I<¢'(pn & PT Sp & pe V(<$I>). 0



4. GLUING THBoReMS
Y.\ Gluing sheaves

X = U WU open oV, dbkrﬂ\h‘alr{ u‘,) = U, (\\I\J- ) MCS"“: A n uo.nun
F; shea b on WU;

Q\;)' : F\'|u;|,- — FJ|uﬁ
Cow\pa,'k\o\'lf'\'? condiNons D W, = id
2) Y = ‘(’%‘
3) L‘el- = . o ke‘-
- l“¢.i"~ e |Mi.)'k
Eyam\e. F sheag on X, F‘- P= F|u: (so FtV) =F|M'(V) = F(McQV), Vopen VSb(cB
@; = ises induad by dovble reshichions (iso o) fanchors .|u“u 'l“s )
'n\w_rew\ 3 ,up o uniqr iso, a ske.a% F on X with ics i w;

m

Flhl - F‘,l .

UIJ-
Nl l\&,
M.\J MJC Flu" " FJ' |UJ-'_-

\A
Pflet E= U L_J =, ‘
¢ - (F) / C1u;\/a\0v\c_€_ elakon (F) (0 ( F.)')x. for xeMl.J-

(“S "a Ccond ik} Ov\.ﬂ

F(M) - {s.. u_) E : S is ZOM“"?' o SLC'I\O"\ 4 Some F } -0 (F)
(Vxeu 3¢, 3 opom er u AteF, (V) s(g)= l: V\aé\o
T‘\wfem Gm\\lev\ Sl\lﬂ\&s F Gi COV\.S"WC"I'Cl as ﬂLOVf— -I{‘OW\ ‘bd d‘“k"‘ F\., (e\, on u

S.t. \'PJ ° Le‘_‘)-

4

is the nabal (s F|u-

oV
o mcfp‘/\ F:F o G caan be unwqutly defmed fom datn: sm' K
Morp\\r 'c; . F; e ~ & F‘l Q
ARIh 0. . W
COM(a’n\mM-\, tondikon : \|; -FJ ° Lec')_ # | l{-
u‘d Yje YWy
Gily —> G|
St via td&t\"\'&‘u\]\‘am F|“.":FL./ Glu\-:GC eV ,F[Mz
42 Gluing schemes ™
W V@ "
(A; schemes, u;,- C U open subschemes (Uee =U;) “?ﬁ}‘ ji
\ , (185
cp. s U —) W::  1Sos <—(Hn‘m\< "?.-, from u;%uj) Cor [~ uJ.
Ji S d =xd uki U ke
g cnbions ) s uS P
case k= 2) Oy (u\, N Wk\ < WUse n Uyie
LeJ:"l=(€‘\‘)') 3) (Pk k _ \J»\QV\ rt.fh(.""(JL as m“'fs u f\u k-_, uh



EKamfle i€ U, €X opem SU\.!arckeW\CS Con toke Uy = WU; ﬂu X wik kp = id
Claim (exme.) 3 vaique (up 4 o) Scheme X with open wver X= UX,
- isos a‘a_ schemes  U; TX\

URJ' %} X; 0 X;

G(“:’\a LQMW\A- SJFFOSO- we buclt X as above
= —F . X__, \/ morp\/\ awn L(’. u,h\'qvelj ACLMLJ‘ ((OM W\orpkf -F,; "XC — Y s.t.

bl ndiKon Xea Xy —y X, .
Compa: \o||l)-7 tondiNon, ) ) \-F\y ®
X‘n)(- | XJ /‘}f
on S\,\eaVU I'\Qeak ’F 9\/—) 8 <—[,-ec¢|,// a‘e*‘ 87_—;.{;8)( b; AJJ"vnd'\'vh)
-\ | —l . -1 _ -\
B0y, = Fl Oy= 70 (X H X indsion, hen ¥ 70, = (Foy) 0

'p;#é Mor (GVI(FC)“ Gx; = Mor (-C;—‘&yl BX;\ amd G)(,; = ex‘)(i SN 0p A subsc.
Faally e con ofve Hre {';*:»F{'ﬂy—)&xlx\. by @ 4 gek £7'9y — O..Q

Consequimce : Top (X)°P — Sets IS a sheoj o}_ Sefs.
(X Y S'J'\?JW\G.S) Uk f, (U) = Mor [‘4 Y) comes with mosph

AR—!S QcK Vie.

l'. 5 W‘M Sm W"ﬁ- (S‘ee Hoon(k {of‘ Pm)-edﬂlfe. SPQ(L\ /CO!\S‘I'GA‘}'POHSR—?REX _,x..'],
Affine n-spak over Spec R: /A i= Spec R[%y,. )x'\—)[ ASPCCR) ey

s(ncS—!S':’«.R
Rmk R— S T\‘I\a fhom = 'e\ow\ on FOLT (so:kf_x,,,,x.\'S—wS[x.l...;c,\]) =) Al; /AV‘R
Exavple R — Rp = AT R A"‘l is #ht basic open set of Ay for £FeRESROH, %)
£ (ACSpec_RopeM = u UD =)A = AT C/A WAJT
(Some £: e-R) Ri: "opevgx Sv\lo:(SP“ R f; —%);n fJ
scheme / afbine N\~ SPAL ovar X+ AX-— U/Ax whese X=UX; affine o0pen Cove

( U/ﬁ\" ’K A ALOV\?_ AX(\X
= UX: (V\°‘|‘Qf /AX = U /A\‘x (\X / Hhen Id%{'\(g #ese ‘of’\&raﬁ A/OPQA in affint X

2 A2l st S, O 0t
x{W)¥ — 8 is homd]l Dyln)-mo

=+ F|T° x°f 5 a shea\!_ o‘s_ sets (eas-a to hack : con W morphs since Ox sheat)
e okt ise)

/A“lTop(X) ¢ L? Consequmce above - Thus if Hhe 4wo {uvxc:lor:r ageee on 4#,.,@; Hen
by shenl properdy Yroy agee entrgwhert. For affine X = SpecR jusk need compore global seckons
F (SpecR) = Hom, (R" R) é—(kere R-mod homs |) mLOH\ CQSQ;S' Jos{' { . _(o IR e
'RA-'\(SP&'R MOF (SPQCR A ) - HOW\ ( Z’:‘I'I'J xh} R) wkmsgi:\uzkr: 90 e

Y |Top[)<)°f

N

31
a




5. PRODUCLTS

5.0 Products in Cakeyory Yooy

Ca—\{.ﬁor\:) 'Hu,org: C cat.,

P_non- C,x--

C.e C

V2

a'i%

Coxer xCn & Co

—

coprodw Mk Cu - €,
vz

al?%

e
Gu...3Che—— <o

Vecdorspaces/abelian 9¢s/modules :
R il\a-f :

Fix BeC (“base")

Covk%or-ﬂ of B-objedks: C/

ob; : Morp\qs C,—-)B
— inC 7

e
(‘H\w\\t of B as o pacameses s'oac_q,
and C as o FaMu?q pocamedrised I-7

fber pmolwd' C
@f' Pu\”om.\(

So: V'Z

Morpks'_

F: % s Sebs, F(2)= MMoCep(Ci/2) =Mhe ()
Is i+ representable 7 i€ S0, call Hhe object MG f =F= ”B\c

¥xCo (i exists) is am cbjeck wia morphs T, 4o G st

<— Yoneda Monchor of points interpretation : product

& og sets

.
3

Expliccty : () € NAe (2) gives unige € Bne(R)=Mor(2,0c)

Why 3 maps T;? 3 projecsons o sets e\(%)”ﬂﬁ (p (2)
bt Mor (A, fie) 2 Mor(M:,G) > T

Examles SC‘I‘S /Tof. spaces : X = PNMU"/ = f’mJ!.C’\'o'\Sl U= At&.jﬂ"’\'\- W“‘b'\, T, at .-r\c,(vnm

4

/4

N\
B

I &
or (a\rkSmn .S‘qum-!.) ~ At
) Tb
L N ngb — D
imilar
Sim v R ﬂcl l,a
Cl x cor x Cv\ -F
B 8

EXagﬂlC- for Sets o Top. spaces : CxgD
"PU\.Sl«out Twe OPPOS\-K d\

C —m@8 B

U= drect sSum ; T ace inclugions

U = Hwnsor pm&ld" T(N=10.8r®.8\

£

C—D

IMPORTANT EXAMPLES =

All schemes X have Co.r\on\'col X—)Sfec,l
L) 3&'"\3 tanonial I\M{)S on Nhnes :

SPQC R —SpecZ #om Z—R -1

Schemes over Reld k. means have

X — SpeC h same as s all GX(M)
ore —aly.bm,s and rtsinchons owre le-qla_hnms

)(B]) is tha Pmolzdd' in 6/[3 01_ C—»R D—)?, (@u\s’rs

| Funchor .)1 oints inkrprekabon:

Hom (2, Cx D) S Hom(Z,c)x  Hom(ZD)
™(2,8)
Se we au-uuk\r\ whethe-
e\c xﬂ ﬁb s representable

={ €d)e cxD : f()=g(d)eB}

o (reverse ovrows)

Exar-pe: for Rings Ehe pushout o BC,BD is the dewor pradnck C @D

Y
EXample B_,c B-2D inclusions of open subschemes, hen pushoud' C gD s 'H\e_?&m\a‘
Exertise i (co) produdk, S4er product, pushouwt AN Unique up 4o Unique iso if

Sec. 4.2

Hay exist.
(Hint : compose unique nags behieen them (s.4. doprom commutes) Hemn composides=id by uniqueness of selfmep)

i—.—xamp|es of fber products in cat. o] Sets orTopSpaces C>< D={(d): f (o= g(d)}chD
R= fom‘\.‘ = Cx, D= CxD

C—)B D%B = CXD

D —>B = Cxgb _{'_(D)CC

E — B

L &9

€

cND

(viae (¢,c)lem )

for examde D=point =beB got fber £7 '(b)
la= o\a_c)om\ = E: Cx E f(C,‘o) -F(C)—g(c) b) {CéC {(c)'gcc)}"eﬂvahur'
C. L= pxB



S PRbe podudky exist in Schemes/B kL;x 325;":\/2 gves
Ax schene B,  consider u\‘refor-a Schennes /B :

Theocem  Rber prodedks X‘xg.--xBXn exist

If\(MCH\le\j soffus do do At n=2. First need some alyl,mcc. Petliminaries

A A—@Lm— R is &« T?Aa R %adwr IMMA o (‘\‘t\a ‘e\OM ATR
(Ar'\':\a—) .

(= Ris A-mod wa a-r = ylr)

R,S A—a{r.bras = (R ®On S): free K—a.ﬂg_ on RxS &(50 glneml elems,w\' is ZE@Sc
relotcons  “genecndors” ace r@s

re,\ockaf\s: j.) ® 'S b%\fnw oflen Anoe ¥ ‘P from nohm\\'on)
M) a'(r®5)=(%(m)-r)®s = f‘®(~f§(a\-s‘). [1( RIS
In porhakar A— RS s ar—a-(18))= L @W@] = 18Y;@)
A.
The pmdfld' on a—cnefo\.-lors H (r@ 5-) . (r‘l@s') = vr @S‘S’,

BmK R S cings =2 R®S = R®ZS
Facts
YR® S = 3 (Vi 2 c@sc— Zeese)
2‘) REX,, ‘77('\1 ®R R[\g'u-'v‘g- m] = R [-x‘/"vx"fau-')vém]
NE/HHR, T = (SQT) /(Tel)(se,T) whee STae Raljpbmm
4) R feld, A k-olg, for A-alys R,S get: R®, S =R ®u53/<wgtas®\-|@ V@) : aeA>

Affine case : Spec R XS‘pec A Spec § = Spec [R@RS) exsh ia A‘FfF/SpocA- :

S— 1Q®s
have eushotﬂ' : R® S £
C'm C"‘ha‘".‘) o'x_ A-a&as) A T /Now a\of% S/ec.- |
1 — *S Convinia yoursq!l: Haak wniversad
o ve| R £ Ve A Progerky of pushout for A-olyn g9nves )

yow Mo univ. prop. for frhe~ prod. for AF}
Sete

Claimn = Hals is fbey prodedt also in Sch/Spech © fat X=Spec R
7= SpecS

akbne wve . . - B = SpecA
o} scheme T\l F = spec (R®S)
Scheme, 2 Ve, P
\._\:Jg"\\' ¢

used Lnwversol
(fmfc('#; i Psﬁf/s)

A

Rem‘“ 'RLU' fNAA’J‘! are hm‘civt \)p'\@ U\V\fﬁu@- 50 F ‘|¢~l7 -b(fS{',
Bv onsivbon  (as U aﬂ-:neb al y; —»F Mq\f—iv A;a}rm commute



¥ con show Haese afree on o laps McJ-'—"—M;n \A)\) Hhen aue fo unqe Z25F
|¢ M;J were affine , Mass would have been immediate .

UCJ' < athne U; , so Cunning Same orgument wilh 2 replaced by Uy

We can wvem U5 by basic open %r\es D;h.C_ U, amd now Dr A D affinel
k.

el - : fo b*nfe
= e uniquely to gve¢ Wj—>F o "USEFUL TRICK™ in 3.
Recq_ll -]T:(.k -H/\nﬂ' Con Pfck oPen wvg—ﬂuij H,\qfau'e_ bo«s“c opéns .Sa'mun‘mneomﬂ') 1('>r ME/UJ-
= Uy >F ard Ug — F agree .

Geneal case buitd schemes/mosphs by 2 aluing pro wduces (ledions!)

|) case U, XBY with B/\/ affine ) X=U0UWu; M-H-s'no_opcn covU | = 7 XsF(G abfre
athne
7—) case X Xe V) Wity B affine , Y= UV) Lo oL & = 3 X x Y
GF‘F\'AL
tH’\ = '/ ly x
3) Case Xx""h\/ W) B U\'Jk ) ook gaxzy

Gluinas work becase aa&zm%‘,' on O\IU&Y:S IS emsuced b»,u.m‘iuencs_s' vp +e ise
o Kber products. Skekch: Préimags o open set viewed as open subscheme of U,
’ /(ecm; checle by Cﬁ)‘?«\] 4’{1609)
® (£ kwnow (As Xg Y Qxfﬁ-l -H,\bv\ T‘—‘(M;j) is Rber PNANU"
Ug X Y S0 by uniqueness 3 tso T (U)— T (Uy) , so e & sek X x
)78 (l'r\?lee& e ngtura| ;Ae,,\-kﬁ'cakol/\ s;c\u:J Wy = Ui t\,::M,\ ;)heai 9x|u?§u g BY

@ as in ®,5"’°‘f’(’\"‘3 roles X’\{ é/o.aa,{,\;of% subschemes sinte preimages of opens

We affne
@ 2k Xp= £7(Wy), Y= 37 (We) = XX, Y exisks &y @”(XZ,menml)

(xisty_as map 1o B lands inW, )
:1 \ . \ Y = X y y
Key ke : nobhr )(h Kwk ke Xk B 3! '-'/Xk Xg Y\~_7 le—'y

nL;LCMSQ, 'IrY\F\X}S' ar€ -Ln:\a()ed A wk.,\/h o‘“‘?"‘mv“ <« X,‘:;(’g! )(
Then use araomen-\- in (D 4o ra&re He Xk XB\/' 0 k wkyk @l 9

BmK Proof shows Haak X xg Y has affne opon cover by UU: %, V)
wheet X = VU, Y=0V;, B=UW, a7+ ” 7 with (h; > WL €B k

E \es Vi — WS B Mo points han
4)xom'\ fne - " C‘krf‘:v;lud of sets
AR X SpecR Ag = Spec RINan 9,0, 9m) = AR g’g}agz%c‘x,a’) (@

2) SpecBh Xspeg ¢ Hs = Seec (25 @y Z) = Seec(0)=¢f <] (o)o—)(z)%(l)
Exveise Xx Yz=X, Xxgd =VxX, (Xx Y) %, 2 = XxB(\/xBZ)/ X %, Bx,Y = Xx,Y .

5.2 Fibers and preimages
£: X8R worph schemes £ — X
fiber over poink beB : F(b)= Spec K(K) x, X — | |
Primoge o closed subscheme YEB : £7(Y)= Y, X e 3%




Exaryles k = alprbonioallly losed feld (50 classical aly.geomeley)
3) ( FrA— B indvad by FF RGO k[Y), 0y
/A\Ik_ -F;loeroVefO : (v‘sew ?oif\"‘ O as Specle — AL so kgk[/ﬂ)

—— - o (x)
\I/f ' fber = Spec k xSpec_ ke[ ) Ak = Spec (k. ®k[x')t[l9]) . )
0 ° Ay — Spec(k[#) ® kh)= Seec(RC)/, ) wheee £ ()=

“Tur) R4
. 9 e-9_use Focks about ® from 5.1)
Rmk _ Notice how a product of affine varieRes gave a scheme Hiak WAS fok am afRne vaciety.

L|_) Mumford s pichvre of Spec Z[x]: _
c;_)‘ (3)‘ <s>, () ﬂ
V{(x*+1) x4

(A

(3,2+6)
X=Spec ZLx}=|@,%ah) ¢ Gr) (5, xH) 329
‘((7,z"+|) l

¢
G [ (5x+3) P

(3,1+3)

=, x+1)

(S,x+1)
(5,x)

T @]

(3; X))

Viey-=| ViEy-=| V)=

v a
B=Spec 2= (2) (3) (5) S (0)
T s indvad ba, inclusion Z —> ZE"—J
= W) =V (=3 (), (p.f60) : £() mod P is ineducle in fFe XY
(S'o (p) is & dense\—" i peT then Z[x)/p ¥ FI/T vhea IF=25
ot in W (p). S~ : ‘
pow P PID,s0 (\C) pr.me_@# red or O
Rmk curve V (x*+1) passes Hrovgha (f,x+5) E X+ vanishes ol Haak
point, so 1FE CH1=0 in Fplx) /i) S/ s 00 W =1
C\.ﬁ.SS‘\CA,\ numbasr -\‘(Aeorva_ SaMS o Square rook s{, -\ 2xisk jn \FF Q(P—;\me;—q)
Bher over )+ Kep) = Z(P)/P'Z(P’ - (Z/P)CP\ =f =24 e ired 509
= 17'(p) = Spec (kip) ®2 Z[*])=Spec IFPD(} = {‘(0\) (Fx0))Y nonconstobnt
Bl over (0) * k(o) = Z) =B

=2 T Yo) = Spec (k)@ 2.[%)) = Spec QDAY = { (o), fex)) )
[GMSS'S Lemma. : For £€ 2[x) Pffmiﬁve(%cd(weffs)=l)] fred in QLYY 50 wiog icred in 20X,

Nnanconstant > Nnoncownstank

£ itred €Z[ )& € irred. e RLX)
Conseguence  Spoe Z[x]) = {(OL ¢, (£), (P,_(_sz}—peZ[x) ired. mod p

noncovstant

&?EZ prir‘V\e_\'Fé /A4 ierA/ nontonsant



Foraz{-f—'n\ fackor |12 Sch— TopSpaces, X > |X| = underlying topologial space .
“  worgh — vmwly\‘r\a @NRAVOUS mayp

Claim £:X5B morph schemes = |[£7'(b)| = |-,C|"(L) fbe s

4 Bad B0 I hovheomorphlc

P;f‘ Wwog B affne = Spec S and. b is prime ideal PES -I{:::flaa.m!l
FURY= U Spec Ry givem by ¢, S— R,

WLOG  just consider one affine, so R=R; , so WLoG X = specR

= ocalised
= Spec K(b) xy X' = spec (K(¥) ®_ R) (RP_ Sp&k& 2@’«\:;&*58-)
(/Pyp = K( )®SR (/P)l., B R=5,8 3, oR _SPQRQ(@R R%-RP

I8
= S'pec (K (b)@ii ﬁ\ — {ﬂ cR peime ideal con'i'a.\‘m‘r\} @(p) bat not \‘nkr‘sec.-kna te(S\?)}
9 Rp € Q4 (=preimage of 9Rp via localisation R— Rp=Sp@R) _fa=p
9€ R\@s\p) = ¢7q < SN\ (s\p) = F}SOABML E:leSPQCR‘ ¢~'q=p]
120/ =2 ¢q2p Vi e 1\ comespondane D T
| do dzaram defining XxgY +hew by vaiversal
Cor Given F:X—8 3:Y—B, /?ﬁiﬁ?ﬁy'fﬁ ey} iy comes 30 onin v @

where fFXY=g(N=b

4
fber of | X xB\/|i, | ¥| X|B||\/| v (x,4) is |Spe.c(k<x)§cb|)<(-3§)|

ﬁ fbe of XXB\/—) X ow x : Spec K(x) XX (XxB\/) = Spec K(x) XB‘)’

-@\»qr OC- SPQC Kx) XBY—) y or ‘9. : Sfec )((:(,) xBY XYS(GC K[\’) :SPQC \C(I) XBSfec_k (:9)

£ber of Spec Kix) XBS/ec Klg)? B ower L: Spec_ K(x) xSper_ K(b)snc kla) = Spec kmg‘\;‘?).
(ands in Ib}E B )

&cht:EESQEJ i #Lm lemsl : :- /AHAL”{ or ok Cakegory Lurel,, ik abuse of nobakon:
in Seb ore modules over S =Rp/Ro them hence — 31 x
“petpiey 1l SQ (A ® AT A B A, < T
_rR_ r S XY,
N r\amelgz B /’B<\|I
£ Q6P | Forou-zee et

— — g sina ™ fader 15 (2
M * |Sf’-¢c % xSpecl Seec 2/55\_ |SP2" @,z-l X|SPC<. Z| ‘SF&C -Z/3| =9 aMﬂ:-\'- Z.“‘\-Fa:.-]o:-»'_—’m (3))6.5-"26.Z

c Ay = A(k >§rec;..AL= spec RC%3) then (L+4) 2 (0) via bothh Prejeckons o A but (3+y) * (o)
(&{Q‘o\ k)‘ So |~ + |'A|k| X |AL|: Hee ‘f-;lae,r“ over (o), (o)) is cowplicated .
Rnoke Speck = point = (o)} 5o ofden omit “Spec k' from notabon.

Rm 1€ 2,9 cosed points of schimee XY Raike fype over k k alpebaically closed,
Hen Rber over (49 o8 XX eV 5 Spec (_K(ﬂ% K(4)) = Spec (k %k)=5p€6 le=(o)
so over dosed pomi‘s You. 3»2)‘ Ha FNM(A' bi_ seoks . <—(S'o Jassicad o.?ﬂ.ocwh )

\I\)M"‘\f\z /A1=AL><//-\L does not have Hhe fmo‘ﬂcl— +°f°\°3'2/ 9. consider V(x—'-a_}

Non- examinae Rk Working over am aCV.LrMmlLa dosed fdd R, the stallc of X e Y
ok (%Y%) is Oxy @) Oy, Gocalised ak max ideal mx,;c@e‘//'}'f' Sx’x®my,




5.3 Rase okmar;

X=X x,A — X S base—ckmngt«j,X—)B#aA
all schemes —? v b

Vi A—B
A— B

n
Example ,{A\ny = //—\Z XSpecZ y is base okomgl aj, A;—’Specz to Y via \/—)Specl
Mokvakon Tliis gomemlises the idea 4 d\ow\a«'na He “bose coeffcents®
exawv\p|e . X =Spec R[%,,-, 'x'\l/(ﬁ, ey Fn)  real affine vwieJ? < R"
E: SST:; '2\ } amd A—B va @: R—sC indusion
XXBA is Spec 01_ : RL%5%A) R € o Clx,-5%) so afbre varsC"
(’Fl"‘? 'pr\) R ((e(.F")I__J L((.Fﬂ))&(i‘d?@fo'géf o
Same works if rplace R—> € by any r\‘r\a bom S—R. wrvemed e
EACT Many poperkes of A—B arc inhenled by +he base chaw

XA—>X :
D afhne ,@quasi-compad, @ locally faik ype ® finite type, ©/® closed/open immusion @ Fat-
as Wl as propukes fom S.4: .separw}d\)

univesaly closed , () prope”
5.4 Mo emﬁg}m of schemes (qll eropr Res we Iist are presened whin compose such morphs

Mokvakon -TOPOQQF(_d sact. X s Hausdorff & di«é’ﬂ\aQ A ={(wx):x€X]

5 ot o
¢ Product topo 0av
* ‘FT X—-B Mor‘a\a of schewes is Sg_ea!‘g,-\ed e < . . X——a-TN
A=/ X/B: X —> XXSX IS & (.Lo.fe.ol immession ﬁ:’c‘f\zc':?:ag‘ o xxbx_) X
isa ¢ £
. V/3 opom cover (A of B, 47 (U:)— U sepoaraed losed set | N} |
Rmk Often weite A 4o mean Im

el 3
< XXBX ¢ MorphiS‘m A
Rk Any subscheme SSX over B is also seamted sina Dgg = Axsp O (SxBS)
Bmk X' separaltd means separated ove~ speeZ so AS XxX dosed

Exanple Hfor affine variekes (similar Jor- projedhve voriekes) work over B=Spec k-

see next claim
Seec RCX) X Spec R[X)= Spec kEX—)@kkEX]Q A has TJQG&Q‘FQ@I&: 1@ F : fekDX]) D
Why 4o

od 1 1t disallows fn\‘f\o(oaces Like “affne Line Wik, dwo origins" (Hwk L ex. 5)aris:
-]} N —
by gty el RELGTASee RIN by 32F (F e 133

N
x— -1 them ae.* IPé: Hwkl,ex%
Claim AfGne opens are Separoted (Same poof for SpacR—Specs)

D) [RE——L 0 =
PE A:Spec R— SpecRxSpecR  comes fom RR 3 R X3 R®K<_'IE @l I®SES
il =sSeec (R®R) wultiely 2 T T
Sijed\‘va(rl):r (omd ker=<r®) —1@r:ceR>). O Re— 2 . -
/ ¢ . : ithon
Claim X separafed @/’V affine opans U, U, ) WnUy affne e Mothply rskithons
A_l(u,xul)

(enown

. Sue,
ab. i€ holds foreover Yu2) %) r(u'/ex)®r[ul,8x)_>7r(u,(\uz,ex)
P_«CC=>)‘\U,AML'=“(U. XU N A, so Uil € Uix Uy closed tnsihe affine U, so affins

U afbne 5 C(W)@TIU) = (U x Uy). Say  WixU, = Spec A, ¥hen:
M,ﬂuL = Af\ SpecA =SP€C A'/I- Some IQ_A/ So r(ulxu?.)_) [_((A,AM-L)

I liv

@ Cover XxX = U U xW; by projuds of a#.‘nc opems . A 2 A/T

TIUx U) = TIUN®TTU) 2% T(U all) s Wealy = An (U x ) € UixUh; closed < its ideak
: J is ker of

So A dosed imwUzion (u.se. 3 deknikon in® Sec:3.6) . O atfine hom (it)

HWK 3 Claim holds also in case Axse , ofter Mmking condikons S‘|\'?M*lo.




Claim X scpamlea\ S Yy, @, : Y =X if @ =Y, on demse subsek | ‘equalizess are closed”
hon ¢ =4, as topological mogs (so if Y reduced then ¢, =, as morphisms)
PLQ @xup: Y= XeX, U x @) (AYS Y 5 dosed Rdemse so = V. Nsee 23

W: x Uy (afeine)

< .
O ek V= AN (Uix ) “and 6,0, 1 Y—3X projeckons = =1, is prectiely tre sek &n(Uoxly).
——aff. cover of XxX

ST RN
Coim X5y | Y seponted = gogh T2 X— XY clsed inm @—w

Non —examinable RmK @

P_'C ‘FXM=XX\/—>YXY/ CF’E (-F XM)—‘A c‘.oseo‘ D"S’\‘;"" also View Has |4

o L ASe C,Lmv\?&' x

. X fE,XxY
() b, o ., X sy (o, S o 1 o
Y to dosed sets Y =YY

£: X— B waiversally closed: X = X x Y — X Non—exanyle -
v Y B | A'— Spec ke
every base chamgye is closed moap — |, v ],f is closed map Al xkAl_’Al

Fadt f univ. closed = £ quasi —compact Y B fﬁi'i?o'ﬂ sl‘:su

. Rnite separaled and im N
£:X—B proper < O,@, @ (§riichts cefores and) | inege iy
Mokvation Avr\a\\.o?\,{ in Smaooth :oru is ¢ preimof,es o‘&,COW\{.)adr seds are cowYac‘c“
Exargle Proedve n-spact [Py = Pz xB  (buitd P by gluing in Hwk2)
fF: XY is a projechve morghism £ factocs Non-eXxaminable RmK
x closed h\r\«r'-er',y\-Om> [P\;\ Proyecton v | Quasi-projekve wiorpla X-Yif

open imwa
Fact if XY Notrwion s is propes.

x 2enimmy o Proy-moph, o

it s
§5 Variekeg Lo abstact variety l/alaabmicdb doszo\mfi\/(ﬁ:‘c"t/r; : ; s@é)
:D_e.\f A vacie is o schewme over k means we're given a. morph X—> Spec ke
g B = B0 it
3 X— Spec k ‘Fm)-k.'l"1p€ ) 59 2.3 same &3 Fving & é\.‘fg\ ;:\-_) rv;;éx)
(i) X—s Spec R Sepornted ® | ie.a R-algebar sttire on [M(X,6Gy)

. Somehmes don'd rquire irredvability , just
e = X mf.AMO\.LQn_/ QX (U) erMCQA < &ﬂqvfre ‘s,-e.a‘luu.d But car\as/‘}-'-’:dg one

() & X =|uas.‘—CowYac;\; Ox () ace 'FJ&- h-o&%ng trredveible componemt-at a hme.
/n\O AQ‘F\‘I\-H\‘OV\ inclvdes all quasi— projeckive variekes from classical A,QJ.R.LMC Flom .
but I morg: Nagata.(1356) T vaviely can't embed inte any P _(RmK £inile unionofquasi-Compacls i quesi compa k)
You gd’ Variekes by 3&;;‘/\ Jogther #nik‘ffo\ng affine varieRes a&ona common optn sets
(Ye separnted assvnmphon prevents pathologies, see )
A varieky s, complete i€ X—3 speck proper (@), so exira condition : (V) universally losed @

Mokvakon " Over € For holomophic spaces” you ask whether o hlomorphic rmep DT X

on i punched Msc, meomasphic k0, can be exfadid to o AaCow,,,m mee Do X

2. Hiere are o "missing Potals ia X" (Made rigocous by “yalvabve cilanon for properness”)
Hwk3: i inkarad closed smbrﬁ\-of varieky is variehy &— exclude e-9.iced. closed sm‘osck-SP“(k[“J <Ap

irreducible open subsch. of variely i vaviehy . &)
Exameles comelereVoriehes: Py, projechve voviehes (l<h), Negata’s 1956 example
Vacienes: Nk , aflne voriekes (MeAy), Wosi-pojehive voviches ([ S proj-variety)
Nnot complete (except point, @) —(uses Haak k& 15 aly . dosed)

Rmk A point xe X of o vavieky is dosed & K=k - Eg. A‘k':‘s"“kl:x]' Kz«aﬁ@f&\




5.6 Scheme shvchvre on subsets (]”o-\'ivdx‘om classically, a projeckve variety is « closed subset of lpz

A quasi-peaj- Vor is an open € Poj-var, 5o & locally closed svbret of PR
Claim Any closed subset CSX of a scheme = 3! closed reduced subscheme (C,Gc)—ﬁ(
PE 3(“\ r= {SE O, (W) : slp)=0€k(p) Y FGC(\U} is sheal uf idals
Lo cally : U= Spec R, CaUl=WV(I) for uniqnk radical igq,[_‘_]_:___/___j

Hen s(r=0 e KCP)=(R/P3P VeeV(T) & sefre\vct)" =\T =IB=)3(st)—1
Same HicK shows J(De) = Le , 50 3 is fa quasi-coheant idead sheaf cocresponding 4o T.
Nole : C =s9pp (Ox/J) amd CnWU = Spec R/T , and we define O = Ox/q . O

see 1.\5 R(so sheafi€y

M call Yhis e induced reduced scheme stwihre on C . couU I—)@xwu\

AL
Example Whem we consides om irceducile Cowponemt Z < X, we wse Hais scheme siwdtue

Exervise Tor €= X E€X get He redued schome Xred (see B in Sec.3.6)

DQ‘F‘ —Zg X bfﬂ.lb") donA means V:Z'GZ 3 op%%éu s.t. Z2nW s c.Lose,d n .
— < ! G.2. 2 closed CE X with ZalU =CalN)
& Lemmao. 2 |o(_4.u_\3 o(ose.rl S 2 open n Z (_((.e. 2 =ZNU some open UEX) Q-log Lermmo., C= Z wocks

M &E: Z2=ZaU for penUeX =5 ZaU=2Z2=2Z20U _
=: 20U closed in U so equals its closure inU which s : Ceu(ZnUL\='%/\U. .
= 26 20U=Z N UL Z 50 Z contmins an opem neghbourhood of 2 in Z o % € (4 (20U)
= - | s — & opem erQlA)
Rk ZE X dosed, so 3| induud edoud schame stwehre O on Z VA2 = &
Z2CZ isopen so sk 4 4 4 [02=05|; |(s0 62(V)=035 (V) $e X€Z bukabse xell

The focall desaiphon is the same asabove ™ Za U = Z AU = Spec (R/1), 8a] 26,5,
I

RmK I& Z credmctble (= Z tredwcble) them T= Pe SpecR whert p is a generic point for botly, 2,2
Hwk 3 2 icced. QDCG.OL& Jose_ol < Vow‘:e:l'\a- (X, Gx) = (2,9.2) Vow:e~\~a.

Non—examnable

Z hos valqe
Hwk3 (x,9x) Vagd—?, 2 X icceduble subspace Ji,},‘ ‘Mﬁ!ﬁﬁac‘j C‘:,rui%) ‘:E?i?sctfé :t_z"
Define sh 2 on 2 for opem VEZ, ¢ feani Jig
92(Ve)q4-= {S :\/— U k(x): VxeV 3 oper xe U eX, te I_(M,Gx)} ; P;V%p)
Prove Yook s xeV Such that s(x)= tE)ekox) Yxe Val oy
(2,92‘) voriehy =5 2 Gocally closed amd 92 is Ha indud redved scheme stvckuce ‘?:'V:\S:’:g-“s on
\[(univen-al Proparky for the above sheaf) 3:;:::&:3:\(:‘“7

Lemma. With that dd\‘r\ikov\} i€ Y reduced SJ'\CMQ/ £:Y— X morph o} sch.  |oe lo‘c«l
(6 FY)SZ (a5 doplogical spaces) Yhem £ fackerizes £:Y—Z—X fonchons o X,

n classical
PL Need check sheaves : se By (UaZ) Sor WS X open them 3 open Sé'-‘ffit?:d

c;ovn.r# UnZ = L)u:n%# armA 5;& B, (U:), s(x)—l-— s“”“”&fﬁﬁi‘&"}y« RMCNOVK,M
— . -1qy. . - ; - . . £4)) whi Ilo: al
= 4% (s:) € 0, (W), £40s:) (9)= F4(5) (g)eKty), Vygef (u‘nud)*(‘;,‘fﬁ{’;’%_f'ﬁ:s? i [,
= by Sec.3.3 sine Y educed 1 F¥6:), = £75)), €6y, W ye T (Ual;) x I5 closed

= £%(5) 9hre Yo o uniqut seckon re 0, (£110). Define Og [W)—> 6 (W), 51y ¢ | oy

and. wole Gx(u:,) SN G;(U;(\Z\)—) Gy(-F"Ue), S — Slu\-r\'q_-H rl-F“Ul\- m]
M_KAW(a-‘"‘a%e lommato Ko case Y = locally closed 2 € X with induced reduced sheaf implies 0,':4 9, .




GSHEA‘VES OF MODULES (X,0x) finged space

6.1 Ox-modules . o ot EXARPE
Defl Ox-modol is + . sheaf FeAb(X) — CH2b1) F =0,
€

- e F(W) s an By (U)~modvde
(or Sk?_ﬁf o‘F/-r\ Gx Moob'> . esheickons art zw{aku{ Wi mpdr’& chuuivee free Ox-mod
P

Morp\mm FoG6G oj, Ox—module (s : « mor F¥%G sheaves
G¢ W\Onomorp\—\’]-e.Qmiﬂ:)ed:'ve_/}:|‘s‘ 05 Submeod ,’_G) v FW) By G(U) is fom 01_ OX(\A)‘—W\OO{S
RmkK S'I'A!k. F'x is sx’x-Moo\, omd. foc Morpl\S FoG6 g»d‘ Fx"‘)Gx ¥} Gx'x"Mod‘ bomn .

E_xaﬂle_ A sheaf of ideals is an Qx ~submod of Ox ¢—(jusklike R""""‘f"’s-k"i'e“""&”
ot~ S milov
Fa;_i‘) an ~Mods = (cq-\eaor\a of l9x-—moAs on )() is an abelian cat L Ab (X) abeliaw
: X))
of ﬁo&ox | ndaeh nokeows o} suLMoo(, quoRent mod , ke Colar, | agree with what get in AL(X)
9. FmG = H exact & exXact in Ab(X) & exact on stalks

Wil weile HOMG;( Jor morphisms in Hys (alqmra ,
6-2 Modules gemeraled by seckons

Homg (8, F) by F(X)| W FeQMads <—| nalog-e 4 Hom“(i’ﬂfe{?)

(07 6x —F) & s=¢lt) sine @, (V= @ (r-N=r"5|, Yrebylu)
Cionlarly  Homg (027 F) € FOOP™ fofined by 1 global seckons 55,6 F(X)
Def F is genented by global seckons if

3 Sur‘;ed\'an '?IGX ? F Oi@x—mocis (@ Sily gomerate Bxx—med Fy FxeX)

as Oyu—module )3
some a.§ (’Jclc-'/\'a. sch\‘mS S'CGF(X) < D6, — Flu

Def Fis Locally goneaktd by sethons if VxeX 3 open Telh s.b- Fly, generakd by global sechons
. ossible
Rmik Con Produce GX—SV\\»MDAS -FNW\ 3—,\10\,\(9(“! sechovns s:¢ FIWD 4—{5"‘@&‘{3 u‘_’%%xlu\—l\'nhr

omyos
Def A shea€ has M if locally g—enerakd by fnikly many swls'o.r\s'_v {S;|M:Mgu{)
6.3 Vector bundles omd coherent modules (equ.‘mleni'.(eé'ni){ons) Hﬁ«
D?_F OX—MOA F 'S AQDCO.Mq 'ﬁ‘CQ ex—W\oo( 01. ‘Q‘n:k rank (”or‘“\ledor LMV\J.Q).) A Ssoonioﬁzngeu

) ~ " A on (V\O‘\‘ -ched)
UxeX 3 open xell ¢ [Fly & OP" [-{cask neandessnd o, [020e0)
\O-S eu—m"d.s
i-e. (.oCal(j 9enealed \vj £finike 7 of “independemt seckons®
M X inverhble sheaf ("or“ [ine \aumo“e.) i€ n=1 (hxed)
X,0x) locally ringed space —(as Oy y~mods) : el
Question 15 it 2nougt o ask Fu = B2 "W some neN deptnding on x 7 (& nit)

(s[:—t"‘:l—“";\q)l:' Rnite +ype, Gx%’\&) Fe Surj = Jxe X with sac; 9&«\ oy Flu) @l =, .
w

P£ finle ‘\792 = 3 sur; @fm\"_; Flu Lek s: = (@) €Fe So;uid.ﬂv;‘:‘) So |:’t.__):¢9>{'is;. Now s;€FlU)
some xell:. K{(ea_(l_u by UnU,n...ahn so WLOG S € F(U). Let 'F‘ =4 e(j-th copy o} 9.,)=)‘|’(f;)|,‘_= DI FTREH
Some !;-‘-onlx.- So qz(f,-)l\,’.e): 9.5.- 5'-'-|V; Some V; QM.) 0-94\,'\:\ WLOG \{,—:bL (ceplace U by MI\VW\-—f\Vm)
SVYEeEe Im @ e @: 02" — Flu with Qe:)=S: on U- So ¢ hits O, mod amuu%r.r\/a(fj)_u
Coanui/\g above Queston: We know Wy s inj ak X, but w& don't kmaw (£ Hu same @ works also

for 4 dosedo x, so e do not Rnow Whether W, inj (el @ inj & Y, inj ot all shalks af ‘JGV\)'

2 |

ocally §u—=— 0, s=Flu)
9envnted by one sechon s¢Fu)




L-CW\MO\- |n previous Lemmon, i Kery Failk o, Wy 50 = @ 09'\—) Flu iso, Some. U‘

P{' Skr./\k.u\a u, 3 svey 6@""_; \CU'Le hemen Gem ¥ 66“ > Fl — 0 on«-d?

Peely lamma -|~= Kerm ¢ : using (ko) =o dodn e (Ic.e,— «)| =0 possibly ‘tmck F are called

after sheinking U fckher. So @ is also injevhve .0 locally finilely Pffs"‘""’l
\7’6 -wod boms

TWis motivates Hee definition :
. F me{-e. VopoMu VneN
DE{' FGG,(—MO&S is coherent if {KU (6@h_7F|u\> (;_“‘J& _I,v(m_
RmK FeGh(X) = F !Lomlty Railely presented

PEF Gaile bype = 3 Sury GUL o Fl I-Hr\e/v\ considys Ko QO

VECE(X) = {vedorbwndles on X} = OX — Mods J but “L\_ an abelian cat (V\neidczﬁubckt

Coh (X) = thgr@ni- 0 —-Motls}' < Foact abelvan C.a\:\"e-a—vf‘g l (explains porHy ks imporfonc)

Claim, e Gh(X) ond F,x 087 VxS F e Veck (0 (%5070 'C'n\e%

C(@'-M followss L‘p Lemmas. Converse Of- C(owv\ We Kx Hae FomK
Cor X Qam“\j Noeherian sheme =Veck(X)= {FGCO\-\X Vx xz"’ (9 xs‘o\mz n}gQL(X)

E Fe VCC"'(X\) =S F faike ')"1{92 in }!mm NOA'L‘" o
Ko (0&9“ ;,%),\ Flm) ({o?ﬁsl«ow 'F:M‘k—’h?@-) skrmkma W wws U “‘M’\M- = Spec R

|n sechons below we will prove Haak Lecawse 6@'} Flu are “guasicohecent” the Problem
reduces o -I'v\,k\'l\a ?(pLal sechons: K?J‘ (an% F{u» omd Hnis is 'F‘m\eb gememded Sinte R NooH.

CSD 3—0\‘ exadr s'g_quV\u- RM — R™ F(bq =0 amok s will |N\pl‘9 9®M 6@“‘0‘:’_’0 exad—) a
" R-wrod,
6 q &(-Moiulc ﬁ on X = Sfeck for R-M.od ™M sgpﬂ-: ézubwdrmfa

shu{l M on X = Spec R by Sec.1.12 mefod: | Mg = ';}\“gﬁ*‘ﬁ“‘ 4 M ak § |0 B roet
= o = R TF o
M(Dp\ Mg (s “(x A (p,)=M) /M =S$IM_locaksakion d M ok S=R\f

. b,}g ])15 = M, _>M3L indvaed by Re — 2& = M@, R,

. stalle M = Lim M(D) = bim Mp =M < Lig MORZMBIR, 2 Mot
~ D E4d {.3?
‘M (wWy= s U\—v?eL—lcRM : s(\ﬂel"\P whidh e Locally compodible
F’e ‘FEM = OPQ/V\ Y\\\M PGD Cu witn SCx)= 't '}
3 te M (dg) &SON fer  Vxe€Ds \\

Wik, the obviows resirickon magps. am

B Srem ¢ R AT
m . N = 1 H

Rk . ol assume t:? sine. can eplace Dp  with Dem ( D-F)' \‘I‘;&'h";m:l
« old Juik ask s =1, on a smalle open peVeds. M‘F_’ M,
| P = sheaffcakon of Ur— M®, 6, (W) EXAMPLES . B =0Qx  (X=5pecR)

Call M Hhe sheat associaied 4o M . @F\‘."—_— ® M. so @R = ®9,

el €L d €L {€T

VPSHoT ﬁ ) GX*MOML o~ X= Sfec.K
\P:H—)N R"W\ad a\omé __5N 6 w\od Y“Ol‘e\ b UL M{b\—)N(D\
(Just nead ducK shlks, then use Sec.3.0) '\fo‘,:/\wm,v,e 4.:|<_¢_ 9, bal ged‘:o,\, 23 ¢ Tt nt

Mg — N
¢ il £ —Ng

fu




o s . . _ =€40x (W)
€5 Divech imepe amd iwvove oapt —(f,F)(U)= FUSU) is Oy (4 (5 omce
0 -mod F|: £.F LF s £.6 1 Example o: spec S — Spec R, o= ol st
| S -Mo ~ _ =N viewe
Fy—y * +Ux N Somod =5 [, = GRJ-eT=N T8
(ingedksp.” +op. sp. Pf @4'\‘)(3_;\: N (.Dte-i:)= NQF =GN c\,?;':\keﬁ&i%ﬂonsn
Ayebra: Recall RES hom ef, rings, tew Sis R-mod yoao s = Q(r)s .
£: X0 y W\om\,\ a} d"?}"‘}‘ spacas , thewn «—(recall Mo (8, %0x)= Mor(£7'9y,0y)
—p_IOY(M)—) Gx{u\ Makes GX am 'F-IG\,_"W‘L on cinged spack (X, £78y)

-1 _ Y .
F e &y med - . _ FF) (W = L F(V

FE RO L) 16 f(og)-med| 0, AW=hm FO)

(peesheat) V

X—=Y P r 0,\)

wrss T Seiad sp. Y _lsowrc&t\,
¢-5p. a1 (; )= VTE\LO\/(V)

6-6 Oprakons on Ox—mods l&&emutd G ‘/‘Narnh\a :Homoxm)(F(V\)'G(u))

" Fand! would not work since do

no¥x ot res{ricion oS,

Homex(F,G): U\—>Homeu(F|u lGll«) S a sl\au.J. of O’x-—woLS‘-

coprodvct in Ox-Mod: F; Ox -M”(S, @ F. = ShCQF"‘F?— ( U—s @F:(U‘\)
(Need sheafify: coold gk 00 sums when globalise, e9. X = N F; ={Zo 2;‘12‘5; Sa= (1, ,9-) ak {n}, try 5\,\p~|iu)
Fact 3 (tanonical isoe Mor (® F:,6) = 1) Mor‘ex(ﬁ-, 6) nadurnd in ¥, G.

e riohY exactin F,G

Product ia Oy—Mod: | F®p G = sheafefy (U — F (W) B (u) G (W)

Fact 31 Oy-mod shwubre st F{u)@oxw)élu)—)(f:%xé)(u) fom of Ox(U)-wods

Universal proper “H F H)=Rrlin H ~ Y e M Rakel
Propedy : Hom (FQ, G, H)=Bilineary (F x G, H) o s requice M Rkl

\ R M
Rmk Stalks art Homg (Fu ), ®(F), , E.@Gx’xc;x . R%LR—* gkﬂ =0
N A~ vy ——— ~ —~ ) ~ ~
Examples onX=SpecR: @ M; = O M, M@N = M®g N, Hom, (M,1) ZHomy (M)

Jo ®AH M|
A\a&km HOMR (M®ﬂr\l/ P) = HQM&(M)HOMR(N' P)) Man?ca”g,'ﬁ’r R-rods M,‘\J:p M’td'ljm':"')

Fact  Hom o, (F®, G, H) = Homg (F, Homg (6,H))  canonically & fvachericd inFGH.

CLor F®0x' ) H°MGX(G/') adda,‘n-kj F®9x- ﬁ# eme-J Homox (G,-) L exadt.

Fact 1( t X —y Y = 1{:—' (F@eG) = ~F_I F @_\ £q Cou\onica\"‘a. (FJ.G BZ'M?A)

(3 _pulback * 9y con o 1

Rmk R—5S rings, M Rovwod, N S-med bphand Hinking about®
= M® N js {R-Mod sine N R-mod via RS (r. (m®n\=(rm)®n=m®rn‘)

" S-mod b-a. S. (MmN =m@sn

S;Milﬂ\fla'- ya EK’BY—MO.‘ =) _F*F- — ‘F-I(F) ® 9 IS Om ‘FAG\/"‘W\OJ\
&@J\ 48y X1 but allso an Sx— mod|




fack 3! Ox-mod . peshentbomior £7(F) (U) @

Ox(U)— £7F (W) is Oy (u)-med hom
Y1)

" O (W) -mod as by RmR .

Example £ 6 =0Ox (s.'m_,a_ -F"Gy ®F"G Ox = Ox canonically)

Exerise - X £ 3y 2,2 = £, * = (3-4)" S(ase last Eack in 6.6, using sms)
o (F®9 G&) = f£*F ®OX-F"G canonically & ﬁmolornl

UESko 'F X—ﬁy morp\,. uﬂ, rnazA spaS = Mods (X -—)MOAo (‘/) anJ
T‘ACO&M FJ 'C* e M‘)ow‘- fackors - Hor, x('F‘F; G) ~ Mor; */(F’-F"G)
(exerase) heamee -F |e 4 eKa.J‘ F r\jld- exact

HwK 3 £ commules with Lmiks Lm forexavyple 1, £ Commales wih Colimity Gy for examgle®
A,uc"— N ca s copro " ok.

Examf ‘FY@GY) @'F 97 - @ex . \(pgx ~Mod 'S J‘fn J) (0‘2 Od:i\;ﬂodi

Exercise Deduc fom’ Hat £ “(Vect (7)) € Veck(X)-

6.3 f’\ on an:;:d&me.

ASSUME fven a ffn; bhorn R-[(X)
M R- MOA (ﬂlnoh\'CJ . )_ 9 \/ IS X/
) )( - ? S'per_ [X, le PeC R H\@v\ 9,2,‘" FH_=°< M
ot GIVEN
Easier: (X x) = fi«alJ spact. (point , R) (on sheaves T, 0, =T (X) «— R)
Fa:=T*M

= sheafi £y (u — M@ ) (u)} <—($inm T 'M@® Oy and ('IT"R)(\AFR
TR (o) (=M
(gh same amsver sina X 25 spec @ = (porch,R), R =T"M by conshvckon, T = o*T)

C|A\M Z;" YHX 6"0'{"" SFALU) -
M TX) - modste (@;?g = 7R

= Fy whee N=M®_ 1Y)
o X)) N s T(Y) —tnodule o
rt y —f ¥ ok,
Ty, L7 = 1:7 ¥
(point, (YY) £ (point , T(X)) VM= M TY) = M @ r(V)
using £#: we=INA) ¥7'rex) rrx)
Cor |o¢: Spec S — Spec R v

<~ ~— S 1s R-nod vial
M R —wod => < M - M®S &(*\“‘\Q_(‘\I\ae\ow\g—))
Example Dg :Specﬁg < SpecR = F’\/|

Py

o= MR = M, ﬂjkwwwmﬂ*
6.9 Clqsﬁ-ﬁcmkmoi Ox—homs Mo F

an S'a.yn

p\’(D{_) = M‘F
L.Q-MM X = SfeCR = HOW\ (M F) é HOMR (M [—(X F')) VGX-MF
(compace Sec.2.3) Y — Lp \\F(X)
.?_ L (X ex) — (pomf R) Morpl'\ 61_ rmy.o\ SpaceS ( 1(# : R f, T.0x = Gx(x)=k)
R =T*M , TIXF)=T,F

J

= Hom (M, T, F) = Hom (M,T(XF). 0

yita ‘ﬂ odioint
= Home (r'\ F) = Hovv\gx(T' M, F) = Lo X
Exercise Using 6-9: Homg (Fm, F) &L Homg (M, F(x))

9ivewn

wsing R—— r(x ¢, Ox) +o maK& F(X)



G .10 Flakness
% F i & Q,-mod f F®0x. is exact

o ¢ Ry Pk Ox yx—med V. iy pueiime
Exarple (A =5X opem subscl.. = i,0, is Hab Ox—mod (—‘S":li 'Y‘Q:K"é 0‘?’_63*
A(see@inSec.36) .'x Ora —°
Rk Morphof schemes £:x Y is flat & Ox fot £7'0y-modle (’;Cf;,?y)":“eycx
M —f-: X_—’\/ 'Fe‘d' = 'F¥= Gy‘MOA —3&,(—“00{ S exact (v\o\- \')v\s-\- r-:%\rd‘ Ql,xqc,ﬂ
(?_i“ﬁ;is exak =) Oy-Mod £, £70y-Mod exact,

F+— £7'F
4@ Oy exadk by R = £¥C —(F @ 8, s cowpas'\'k r; wo exact funclors D
-IO -F“G “k';’\
’ 8 ringed spaca ! so Kernels ace #ot Zu {:o%‘:‘t:ks,
Facts - free = £lat ) frtee analgot
- Can take @ of Hak mods F,F 2. F $or R-rmads
ol { O-F,FmF,—o0 exad : oulr Mo or last two Hak = all flat
Wbine .
(bfeakin'h . “

Y, F3 flatk = sgiema ® any OX'MOA G s exact
SES’s ShoW e F?._v FioFooF 50 exack, ol Yok = 4 O

images (Fa—iF,_) £eat) (s0 7£1at resolubon of Flat Oy -mod F)

+. (QUAS|-)CoHERENT SHEAVES
1 QGh(X)

Fact <" holds
also iF just assume

OX IS cohectnl
E\M I 60'}\211:/‘\!\"‘ : |I= QOCG.“.:J "‘\ni-\bb Pr-esen"){a‘ oW ‘\-.{o.ak-en “Hm's.
(S‘cc.@.'&) O&.Y\o( é lr\o\AS if X IOCA.“.‘7 No&n\uian Sc,Lame__ Londikon by AN((\l\a £nileness

Def T quasi-coherent &=3[F is locally presented , i-e- Vx, 3 open xeUSX
/»6:)'”°ds %ﬁ‘:‘%e’f ‘C:):\: u— @ Ou— Fl\/\H O  exack.
(o‘\Z\? tinged space (X 6x) 8,-mod. ¢ I€T < where Gu= 0yl
summpRy ¢ coherent = locally Raitely presented = quasi-checent (=10 cally presented)

2 | by sech
vedor bundle => locally genU‘ako\ by Rokely many) sechons =7 local 72"“““ 7 §echons
Lemmao. F’fX’—_Spec R ..<El QKéo\— sequemL of Ox—mods

\ GX —)‘® 9x—> F _>o>@<|:'=" M some R-wmodule \"\)
el €T

P£ C=)> Let M = g_-) R/lm (@R—-@R)  (tnking glolal s etKons)
I J
by QXG.U" #\In(,kr feom G.4 : @Gx @ GX — F —O0 exatk

L‘g unyqviness of

m I (| colarnels up 4o iso:
@'ﬁ%?ﬁlﬁﬁ_)o exach F=M

- T
@ F=M: pick T =set o} gememlors m; for R-mod M (9.7=M)
4

bk L= 4 ke 4 0 Ke (QR—M)
“ffc‘a’-"k ?R—eTR—N'\——)o,n S Rsend 4 in i-Ha

copy d R +o m;
Lsomd & in -Hieopy ol R 4o R ’



%—L\QNQ X 1:€’Q COI'\ (X)@ V)CEX 3 O-H/ine OPGY\ X E ME SP'QCK/F |u’__‘:p\’ S&Me_ R—MOJ M

A FeCoh(X) & in addikon requice M is _cobecent R — mod \(“w‘ =L
. ) / -~ =
(E%CXJ ‘i‘tﬁm‘i) { M finidely genemied gn o vt st
. 2 .4 SwoMmo
opelies - - Rer(R" 4, M) is £9., any neN o thavean‘lkercsmhi\‘ov\/

'\\.av\\g, hom of R-mods

indeed xadh seguemet
Rmi_ £ R Noeth. cohecent = f.q. (sina R"£:9,50 its submods ave £9. a5 R Nowk) e

R™M o RM" 5 \my a0

Ox is coherent ™Moe do gens.o kery
Example X Loc. NoeH.. schome g ;:@& sheal of any osed subsch. is coneremt -
R;,‘—k ¥scheme: eQ Coh (X)) 3 abfine open cover X=U W; 5.t F .= A for Rc—ModSRMf
@v.:\“mg{:) FeGh(X) & 7 amd M; coheerk . (WloG : R; =e,<u(ﬁ§,=nsf=¢;(&¢))

Rmk  pesirickon 4o opam \[SX: QCoL(X) —)QCoL\(V)J CoLx(X)—) Coh (V)

?_'F'_ X & V(\u = U D-F for ‘C eR ‘HVQIV\ F|\A |D =M | ~ M Qomh}::\tv\fnﬂ.ﬂfﬂ)
: — £ D e Veahtoont™properts
So ﬂ%mr\ QOCA“:, wodule - O ' \E"““Yo‘o- in G- 8§
Wh‘g [ QUQJ:—CO‘AWUL o 5004 r\.o-\\'Owr\7_
R{naso" — AFE ) R (pec (R), Osyecr ) eguivalena o caky ot
R-Nods — Gspec(ﬁ)—ﬂooks/ M — 'F'\J not  eguivalence ol',t caky .~ Fe0; Mods
Example X=Spec k[x) = A, = Skysuape sheaf o O : F(w)= {‘%Ex] ;ﬁs:eu

= iF Ha above Wek am equivalence 4 cats, Hats, FXM some k[x])-mod M

So \QE‘X] = F(X)":"’F\’(X)=T'\ . But k[x] = GX 'S ot I\SoMoerc'lﬂ F‘!
Solukon restrict whidh 8)( -Mofs jov\a”ovd : want then Qomﬂﬂ? fo fook ke M,
Just Lke whem we sivdiwed sheaves o idoals Yok Locally fook Like T

Will shows lader s for X= Spec R : R-Mods — QGoh (X) equivalence of Ca\,kfor‘\cs Q)Z)T)—rlﬁF
3.2 Overview of gqeneral properkes of QGh(X) omd Coh (X) for X scheme

) Coh(X) abelian catepory amd C"\"(n>|0 indy § —Mod &(&rfnl\)(pﬂpu)-;:&\
V4

enough if X rin
QGoh (X) te 7 BCoh (X) 4’60_ are exact }w\cl»ors

In parkcnac cam take Ker, Coker; Image in boHs (not in Vect (X)) Easy for Qloh sinca

‘ locally hom of mods M
2) 0 =F,— F,—F —>0 exack in O5-Hods. 5o B ot Keskrm

Two of He F; € QG h(X) =3 || Hiree are. Same holds for Co)'\(X) (not o VuHX))
Trick O— F, 3 Fo— Fj exadh, amd F,,Fyore, Hhem F is. (P F, = Ker(F,0F;),use (1) a)
3) Com dmke finite @, -®p, , Homg () in QGoh(X), Coh (X) and Veck (X)
q) Gahrle\—Rosev\\an Ham Nfor @(o\r\j Hovv\ox(FI G) need assume [oc.knikl\) presended

X quasi-compact & Sopavaked (e-9.varieky) =D XK is delrmined up 4o iso by QLoh X |

5) - X foc. Noeh.. scheme, 255X closed subse. = 0 — Ja /0 — Ox — 05 — O exackin GhX

, *fadle L) sabsheat FC6, & €GL(X) = Fe Gh(X) }c_wm\,-mek_,p,?u

§{ € F— G, GeGhX, F &nile fyre = Ker g Fnite impe Kernels exist in c::;x

T W F—>oqG, GeGhX, F fRaile tyoe @.: B, — G, injechve = |, Flu— Glw fn‘i. s?mu
Hwk & : Picacd 9roup Pic (X) = {isomorphism classes of inverhlde sheaves) Wt Proved it in case

F=0 ia Pf claim
Youp oprakon is o @ex- (abelian Yrovp as Foe s = 6®g, ) in Sec. 6.3




+. Nback i~
3 Pu prestves quasi-colscence without His canfail €3.£29, = Ox

f: X—> Y morpl\ r:/\yﬂo\ Spaces So 1€ Oy oh, G,( not coh, Hrewn fails
Caim  £*: QGh(Y) — QGh(X). £ X Joc. NoeH.. sheme =5 £%ChY—GhY .
vl ul
PL ? 67|vt_) ?GYL__) qu —0 exack (fxeUSY open) Su.c.;-lwc \/?Vecl—x
a.pp% fa’ﬂ uJLQrc %— L|F"M- .C"u —_ lA MS"AB g‘ rc'yH {Xa.d' 2 commuks N\'v'\@l
?Oxh_lu—; o 9"'@"u_’ £ G|—3 @) Qxad- omd xe€£ U opem. [m;,\a X \oc. Noel,
FEGhY) = F locally finidel presented = PF Loc. fimdely presenied =D £*F eGhiX)a
5 Raikely presen
3.4 Push-fornords far X Noedwian obove prock br T, 3 fiaide) weed ni\-“:&ﬁé:t)

Claim F: XY morph of schemes, X Noelherian = £,: QGLX— QGhY 3;::;3::\\;;:?6"?

P'L O— F—oMFly, — N F|M LCKad' by sheaf property, Where X=UU: affne optm coves
\JQ( 6.3 reske &Juke diffecthets of Sechons on overlaps (Sec.|-4) UL A =VUWile # 2 #
Reall 'F left-exadt X commutes Wil Limk eg-with [1= O - { F—){_H: (Flu \—) ne (Fl \Qxad:

WLo6 Y opem affne =SpecR  (replace X de '(specR)), WLoG Fly. = F(w), 5o F {F|u)_ F{u)
S\m‘\o\rlg for Uijle. \& show 1€, (Fl, ) 4, (F|uuk)eQC9h(Y) Hem £,F €QGWY) e Tr.%lz(?-) Sec.6.S

L Sec3)\

X Noeth =5 U quasi- ompact =)ﬁn\-kco\IU‘S—) [1 ¢s @ butk ~ commules Wit @ so Roally done! O

Rmk_ X quasi~ompadt, Separated = £ QGhX— QCo\n‘/<—|f"\"°i o o [e3 A ek
Wijke = J G

Non— @xaminable frck £ proper, X, Y Loc. Noeth. = ’F Coh X — Gh Y <_‘r’e '.__.E,E:e:‘;:::d\

Otherwise in jﬂ'\mﬂ fie can TUin Quasi)-cohecene by 3¢
LJAi»/A obviows moreh, F = FREt] £, F = [TkIt) if assume c@Coh

9
7.5 Gluing woddles ( but "mptice ()€ F(UD) =(6.F)(D,) bt & (FTRTD(DY) =Mkl
Similas 4o Sec. 4. R cing> 4, S SE Le<all > @ # Mlkeltl,)-

data: - M R-F —moo\ «(so kadeM on ‘{_Qypuﬂ} C!Jz (H )F FK _7(M‘Q\4F &ASO_ k= 9ot

(M, )-F — (M >'F iSo Oj_E —mods Condition o \{l = +:;|.
. \l_, c = % ) ik Take ~~
) td '\(So M; ~r1 onD.;J: < Spec R) (M )'F cmdi’.;}sz;-l
Define M:= Kor [@ M e @(M ‘); <_‘\Aea: local dadn which
agrees on overlaps
(m) — rvlu — ¥ (_))
Coll Tr. M= M; Y projeckons, e (M), e (M),
i — Vi
Glum} Lmma T indwas ises Me.— M and ‘P--ow =T Y meM
—See Sec.d.0 o

P—‘: Ev\ouy‘-\')‘> show TTZ iso afle Locn,l\.rmz ad—e;\lena, prime 9 & Spec R‘F
=1 —FR with £,dpespecR By exachess 4 Locatisalion

— Re—v"\oAS

— (Pr
(Mﬁe)q =My = Kee @ (M), =5 ©(M) }4 ’t’ytga“mjws b
-er? is unit so WLOG replace: RAaR ;) MM M~ (M0 .[.‘eh.)\ ’ ‘:;atf(%\f
ls O unvt In f

ALLN\I.@RN MQ So: _ﬂ-e M = ka‘?pC' (N® @ MYyY—N
N{ = (M), = M,



\P it now d
WLoGé M. = N_,; (idenhfy vion ‘Pec) so Cocyr cond. bewmes - e

natveal N-FF — (Mk)F
(N—) N@@ N.F m—w\@@ \ ('th—)(_ _ ﬁ) (V\.j)(:p~ id
| |

Sub- clmm Thu: is CXoLc-\' (ﬁ N = Kar ®p =M, T, iso, \}s_hzm undar [denhfcakons via T8 mafs)
E E-'r\oua\'\ Yo prove afie Lo(a.(l'.ﬁna. ak eadn max [deal ™M &«—See 3.0
B‘a ® not all fre m oHwwise le€<allf > < M 2
Sag £, d M, 5o WLOG elace N~ Num R~ Rm R <—1ﬂ<¢m So wnit in

locel cing. Ry,
= 0= N— N @@N — @ Neg
A "‘(N ke N
f

C(equ ke n ne : c ‘H\ _ .
h\SQOHV‘t @i?k Ker tntm _V'_\_ - nTL € N‘F\‘ Fk = N,A V¢ d
—

henmee = h%';\_ So \‘Mcsg&ci N Via previou.rw
7.6 QCM(X), Con(X), Vect (X) for X= SpecR

eo Spec R vivalence of Aes MEARS :
Tl\ tm &r’ X e 4 2q Ua\ n Co He ~wo Fven facdors
R Motb‘ —_—D QG)L\(X) Conppse o oncors
M which, are r\q-lvmllur, iso
FOO= COUF) = @ Mtk fomdeis

P Easy direcKon: Mi— F=Pe— FIX)=RMX)=M. Converse: givem F want F2 FIX)
—

= |OC.0\.H-3_ VFGX BPG'D.F s.k. F|‘D —> N Sowat R "MDA N By Gor in 3|

using Huak Dg ark
cover X by faikely mang s moh 5~3 “NionDy, ,i1,n, so Lecall £ | bosi 4ty

L amd. Spec R quasi - conpack

‘(’.ﬁ
>0n ovslogs : Wy + (N, £ Fly, "2 (53, suisty coogut w“*‘w?&
=) b\g_ 9“'"\3 hm I M wirh M-f =N' Cowpn"l\bl‘a with e Flw.:ﬁ._
But thew B, F have isomorphic Gocal ghing daba for cover X = S S P
a
E)(fltcr"(n M€n|—) me=M T GY\_’;\ N‘_ \e‘ S GF(‘D,[:) W\M‘A S¢ |])4‘_ )lD;Y_ )
3

7 o

so fa‘paliw o unige seF(X). Reall M= FIX) defumines M F by Sec.6.9

,JF(X\ iF R Noei. 9ot

Cor X= Spec Ri FeGhX & F=M for coheent module M <‘| &7}:0(3‘::3 R%.&m,\

P F= F{X) by Theoem. |a o\e_Rm}\ar\ of cohesent Take global sedions = F(X) tohertnt R-mod,
and conversely. it M cheomt 9ok M cohe,-eM- sinat 77 is exadk & flly Sl . 0

Fad- X=7Spec R: FeVect X & ( =M dor Liniely eresenM) (& £.9.projechve. R-mod)
M R_MOA M means in R-mads
Gee Hwk 4) Hor (M, -) exack

(@ Mis adirtet Sumtv\avvl)
of some free R-nod



8. Cech Cohomologry <8t ation o cohoreioan: asmgn 0t o eny| [ notaion
C e.9. if H*(X)%E H*(Y) thew X3 Y are not ise.spats Uj =Uraly;
8-' LCL\ waleX X _‘cf Sfa.tﬂ-/ X —_— ch OP?/V\ Cover ‘11?:1,_:' u‘-f\ujnuk
uI = U a - n WU for IT=Cumis) mulh-index  abbreviate |T| =n
&N e
an En _ r_.' I—l (uI F‘S—s F € Al': (X) ordad)allou I'Q-PeHﬂol'\S S%. I'ls
{M{} IZl=n ! €— so seC” i5 o llekon SIGF(U:Q actaly nl
dzd" C"N — C""" Ncalled cochain
n+| ) «— whee T. =(i. .- /: - \'.ﬂ.,.,)
sy = ~\) s g A
@), = S en' s, -
J=o MI omi

lade.c olso use novrakon Id-k iF omit

| uj’tkl.h

EF(UL) So sum makes semse .
o d
Exowgle  C° = l:] P(U;) —>[___lr((,{.-j) =c! 0WIC, U=
‘)

(Su) — ‘S-| - S-‘ I= (l:o,l‘..)
| d
= r(,M\" — r M\" = C*%
C l:l ; ,)\ ik ( JIJ C ' you _rok .
Sc' | e— . —_ . .. Cc3.\1A vie lop.
J) (‘ SJhlu : Stee| ¥ S"-)l \ no¥ice ?:m‘\\or-i'op

] Uitk Usse. 'molretal diffetni
C|aim dz:O  So (C*,d) s OLLowplex .\lu |=J.| Simplietal diffetnial
PE M nt2 e v klug Uy
Rt j—
@dds)=Z ' @ | = Z (T sy | 3 en™ s
J  k=o jbuj k=o| j<k W olug jok ——— ki Us

. ® .
=o.ad ("ez- - ,..)\\L,---,.)r\-\-l)
,\\. +. ‘Lr . . . . .
anti—Symmeny i€ sWwep j k (nohw Pl sum is over all j¥ER)

n von _ n n— <—(Hn(XIF d d on choice OF \A;
Det  |H(XF)=H, (X, F)=ker YATY S d“.)a"%‘?:; o \mdie kerd,)“

Lewima HO(Y,F) = ("(X/F) ‘ callfd canlev(

Cobovndaries coc;des
P silug = sifuy says s glues 4o glbol seckon. T ] ~

Sinca Jk m:ssh\a in Tk

e

“Co" somekmes

. omited . 3
T42_€‘M‘A°\° 2 Dhom a‘IL comploxes $:CN—=C" s chain map 1€ fod =dot Zm:;g”}
?-)f\: C"—cn s chain kovv\o"opz_;_ behweer, chain Mops :F'g_ i - 9 = dog\ +e\od

Consequencs : ) £: Y 5 1™ yia £lc)=[fec]  well-defined CcY=Lc+dl]
but
2)f = 9 :H"— H" <—(dc =0 =)[-Fc —3:]: [dfc) =0) Fa L] =[d£b)=0

ken ek To show H¥=0 can £ind chaia \norvm\c(»?_ betseen Ad,O .
Rie C 'S QKOLC*‘, also Cnllzd aqu.‘c

Rmk H— o LoMoMore\m'sm o‘n'- C“—>C“_‘ decreases the degree l:) \, and cln fd‘,\'—'O

fhen Hnan = Kecdn /Im dnyy is called +he homology of (Cs,d.y . In this cose o
chain homolepy is degree incasing : i Ca—2 Cnsy Witk £a—=9n = dps® An—Anodn-




8.2 Jecw complex with ondering e9.if [X quoss-compact
Repehhons oF indicws act anaoying since CN#0 al ny0 evonif Rk # U
Trick piek +otal orokring on indies Se i Faije cover
n . n — . . . . . N NI“\ N S€+S,
Ciias C but on(\a. allow T = (Lo,_-_l )i L (< L Ln, d as befoce s Ch=ofor nyN

= T <" sub lex Hi=0 «
Cla * Hn ,XMH:\OWP I'm doirg o hands—0n prooF based on
M + - Serre “FAc™ | r{;ecgo} f-zlt;;“ ‘o
- Z A ) "Thions b & ¢
Non-exam-r\aue_ PmoF( Seccels Tr.ch) é‘-/g:'z::'.;-g skenzd“'/é{,ﬁ:;«m? Ab'T‘T"“ /9{2/ VI.C
Let S'_\‘:'Frec aLe(Can 3«;0‘0 gg_r\erbd'eak Io\} adf \ndex sets I , So: Sa=<I: ITI=n>
Diffetnkal: 9T = pIEHY Ij So ?: S, —>Sn_,- T is really a Amcehon {O'Il...'ﬂ}—)zl'ﬂd.‘as}
+ X . o s :
S¥ = SUL:?-me 3,%2/14-&& b\a. s'h(ucH.-a,.ord.?rQo( index sets T {—(fxﬁﬂit‘;z"k;:\xx;
S"‘_(-t i S-v.,s_,, are acyc.h‘c /-ff=M-mM0~} tadix fotml oke on set
BE o Stoask,,, Am) =BT L2 o if gae: 2T =24 T)=T+760" (1 T)
= T =0QAhA+823) T . Exerwse : check same holds if€=1s, T=h2OYVL =165/ 1)
= Ad-0=2h+ 843 VvV Tor Se it s aver easiom: A(I)=(4,I) works. O
Step 2 F(]’.)=:ZO £ 3 cepeaked indiasinT oS i<
Sen(a) « 6 (L) oHerwise, where = unlque prrmubnkon s.t. ¢ T ordetd
=  chain map, £=id on So, F(Sy) € S§ fef =F (ie. £ 55 d on SE, £ i5 a projecton 4o 53)
PE T(T) € S} amd W I ocdsed thew o=id. On So: €)= (o). "
2FL = T =) sigmic) a(T), fr k=c"(}) get same set, sin(d) = sign(T)-E) " ging
1 =T (- :;n(—c) 'c‘(,I:)7 0 does an exim k- #nnSpo.s:Hms*o'“""{ o to posikon k O
Sep 3 General Hrick: C., Free ac-,d.‘c tonplex, a chain moy £ C,—C, has -F°= id:CCy
e £,ih e dharn bromolepic : Ak €, —C, ., wih, f-1d=0k+k?
‘QE Bu‘;@A k Induc%‘\lel') by ¢7UA+"0'| One® \Q,\Z'Fn—dv(—kh_lo on
062 C «—C, [Warni =o: ok =4£-d —k_ 79, ‘ ; =0.
S ] e el ol R e e,

. =0 =0
d\agmm“"“"\“k Assume true for n-1: D,k = "'n_‘—id—hn—?.?r\—t ®

Cr\-?.;E Cn_|€a—n Ch fan ('F-"\ - ia\ - kh-—l ° ah) = -Fy\_,l ?n—?h—('a,fk“_‘) 3,\

‘F"’z\lf Rn-2 bl \k‘MlF" Ce 2Xact ®ﬁj (;F n;\ﬂin’_azr\_—(‘i:\\;\l ;K-*s :f:\-:_\f n_‘)’an
C, .S C'\—l?Cn V ’ =0 o f
n-2 a“'l n # cneCf\, (‘ph_l‘d_kh_lal\)chzen-\qcv\f‘ Some C'\+‘€Cn+l . As Cn ¥ 'ﬁ'ee
we Con pick basis elis ¢, of C,, and I-ﬁLKSuck Cat,then define. R, (C):=Cny
. and extend Ry linearly fo 96 Ra:Cn—Chy ) get requiced equaron for n v’
Sdeple chain mogs/ homolapies on Si,SE indwee cocesponding chain meps/hpies on C%C%
PEIE ¢gm==x nro T N, €Z Hen deene_ (c\é(s))I=ZnII, : SI"IAI
@ fom on Sk or s3) (@ hom on C*or C% rRSpeckivelds)
Exarvle d = %, amd foc £ of Slep2 :(£()); =00 £ 3 tpeated indices inT
s oy . . §ign (o) SC‘C‘-\'-)'U\I else H:_
Conclusion: L: c* 4 chain \r\pfc Jo id and sucjetts onto CY = [#]:idf H*<’:al'<—\'g“i"&‘_n
¥
Cor . He s indegendent of choica o} lotall ocdering on set d. indids  (since HE=HY) y
v R . %
‘ H{&\}(X,F) =0 Hor Mz N if X=UU; if fmte wver with N sets (S-‘nULUf¢ inCy

Exorple X =) with cover by N=n+| affine sets U =AL (Hwk2) W T3




(_(ww\oav’ﬁ H¥C")=0 for xz\)

8.3 AbRiaes have no cohomolog., exapt H° (Sebrae. Topols
tN\ a onC Po ?‘b’

Theorem X = Spec R
T FcQGh(X) — F(X,F) =0 for n3
>< —_ U u; ‘F\.ﬂ{"{— QF'G‘I\Q OPQﬂ coveS nse O(AWd

P£ X S'e,(.mraﬁ-cd (Siner affine) =D MI all afRne (Se.c.f_'sl ) Cech "C_o\qomoploa"a—
s Easy case : minimad indey R sahsfes U, =X ;__GC( hs e C;’
. seC™', n3| = lo)ery T
Y[ chain homekpy: (AS). =Jo i i =0 ST <L Ling

‘_}‘? ? * { i+ £°=I=Q (so 0<:0) <—uﬂr‘uzf\u

<9 foc T wida \‘O:f;Q LT o ° =% AUg
R ( _ = Uz
g A‘B\((g\S)}I \) (9\5) = Z( D 1 I } = id= de‘+e|d C—Exereise check.
& ds = 3+l = rek L=(2,%,-
< ( )= @sy, - S +2 (-9 5,1 i Tzs:c. g‘ﬁ rgioiackie

Genesal case X = Spec R = UU_;/ (A;'—'—Spec R
Blg easy se, know result for spacs UQ with (.oVerma U(UQ(\U\ for minimad €.

O(‘alQrma of indices does not affect H so know resWlt for b) ony /4 L» Gor of 8.2
€ C* exack w\\w\ restict -|~o U V\ Me Cexact

= Reduce +o clainn :

F e QGh(X), Up afRne say Spec Ry 5 FlU\x = s some Ry-module M,

C =T Flug,F)= T _@ [ pwbiedor o R-mod)
IT]=n L/ ) = Ti=n M1 (‘&':\'j:— Eﬁt_’ng_u )G') (S\AUL R—Ry from Up—X

= ce At Bt .l s a conmplex o} R-mods —

And by assurplon of exachness on U have : (_I‘U ng FIU,II —MJ;IW_QMIQR‘. L'a ¢
C ® Rb ] C @ R —_— re- CXQC“' Vl- &nd @N —eﬂ‘: lé: Foe\/&l‘sxomc‘

=) Ioca.b\.rmg fuc - L‘j -®, (‘R) get exachness o} Localrakon o Cak cach peSpec.
= by Sec.3.0 duduuw zxache_SS of c*. OO
.credM;le

Schewe

R Chain \nomo-lcp-o ik above con be wsed Yo .s\novJ H (X A)’O L x7| i X
ij R indtx io ‘)

AP ois o heaf witl valv \ '—o :gwen cocycle
o is Constont sheak witl valves in abelian govp A (Aza&ne. heloby A 9 esr(Ut .) =A=C(U,

8.4 \ndepemdamcs of cover Geyle=g; =9, +a,so(o\&) -8, =94
Theorem X Se‘oo\ra\{o{ qua.si~compact — H ()( F) tndepemdent o(-dwtu. oF
PL Will use ochered Eech cohomoloty - Feloh(x))  Fnite afine opem cover

X S'e,(JoJ‘ml-Cd = (\ abfines s offine (Sec.$3 (@) .)

i mk'_oovers\‘ Raile
X= Uu_ VUV +ake Mmixed inYesseckons: C M _ |’] r(MI A VT y F)
c ElI,—Iler{V nU }(F| 1) +Lm \
L& _ finte affne cover o} S com “
™M= M ¢ | affine U 5° by 8.3 H==O E—a’ﬂﬁ(
= ! {uf\V ‘B \/ T T T
\Tl=m . T Msm(«r Co,'L_ac":?.__)(:'l-.'h_)_~
= rows R columns are Qxad— n_xc,qﬂ— for dngrce o T, T T
o " e /) N 2\
Hoe™) = Ll (e, B =& () A
He (™) = F1F (Vg F) = C{v}(F) Co0 o ¥

171=m



General fact from homologica| algebra P A"

7
C™ b corv\ele.x H (C )"O \7’\,50 ¥n H (C )Corv\plex inn g
't‘wJ7o M (c* )-—O V\.)o Vm = H® (C ""‘) B 72 N W‘R‘J(S;)Li\::;éﬂ?\’
Sketch PF T‘ T : ’r /‘NO\H oW &cols ore exacﬁ so
0= B - % — C"‘ - can daq{.raw\ chase, and 3&4— a,” %—‘zo% :
oy G doe  due Ja e HE
- ” T ro H(g) 3¢ —¢—o o HIADDHIE)
(Nojcc o, ci AT = A e — I —0 Wfl: :3
g‘ = g(gc C”) 3 8 TH'@ a

8.S Induced Long Exact Sequence on )

Recall (X.): Ab(X)— Ab is always left axact (sec.1.9)

Lemma L open affine € scheme X' = r([,k,. ): QGh X —> Ab is exact |recwll Sec. 6.4
R-mod — QCoh(speck)

~ o~ - is Q:QJ—;\E\'\MHHMI

P£ Given FiotFo By exack . Exadhness 5 ocal condibon (indeed shalis)

Claim X separated, 0 F, = F, =K 50 SES in QGh(X) |SC§§ :SL.,LTLQH’?“J' e
= PFLES 0> H°(XF)— H°(X F)— H (xc)—> H'(%F ) HI(XF)- -
{

using affne cover) e.s. Kar measures failure
0 ( X F ) \_( X Fz_) rCYIFB) (oF T(x: )b?\f\} right -2xact

P—f— O——) F (MI\ - F (MI\ 4 F (UI)—>O QXAC"' L Lgmmo\ /"I\OW\O\ODND;.\ a\jehm

(Ux abfine sinee X separated) SES of chain Conplexes
= 0 C (F) _)C (FL) — C_ (F \ —0 Q)CG.C\' C(Oum -Ia“o\,.ls a induces LES on cohomo

(25.5¢¢ My C3,| noles
8.6 Dealing wiH\ Wfnile covers ’

& Fop-space q"{“"""'
A relnement oj_ open covem X=UU; is an optn cover X=UVj sb. V),V S Ui some ¢
o VLG (shco\f- (on Vr y.}-rcsk-uhon&om F-'(U( )....4,"))

Make dhoiws =) reshicNong F(u“.‘h — F(V ) = C{M }(x F)— C‘{V S(X F) chain mop,

Fa.cf Hz-u }(X F) — H (X ) does no¥ Aw on olr\ol(zs W\au‘e_ Ccem FAC- Sec. ?.l)
DQ‘F (_(/So ead- OLU‘! iy ftfmu,.led [.,7 o éck Coc.,.,& Lor

tdan I—\—’{ (X,F) = .@\‘W\ H{u;)(X,F) fome Cov/, amek idemhy cocycles if Hiey dible, by
& a bod«AWp afHr passing o some Commen @ Ginement

Nor\ Q.Xa\m;/\a\ue RKRmk For any ~|opol.oa«CA.Q qum homohm 2701\/01(%{' +o &{C;J“;?Wr\'ii‘ u)

C
H(X A\ H (X A) = singular conomologny. an Wil efRlonts s A ] so r Smootn
(A is ‘onstant sheaf witls values in A :achvally means sheakfy, so A(u) ={locally constant U-A MM‘H“
R""K X quas:-compac’c scheme = con use Finide covers L;g aflne opems, omd

(e-9. affine) con refine any cover by sudh a Sver -—
=) can calelale @ by only using Raide affine overs (U = VA
COr TL\QOMV\ 'A 8 3 ll\o\df V ovel (\ASH\& Aecsm)-on @) = (’) Aaﬂ:"\Q
Cor~ X separated Juasi-compact sch-=> can catevtare @ wit. one cover Dick Fine sbeove

(53 Theoem . 4= Ma?s" n LM for sudn Covess
are isos So Hm\(x,F)_)ﬂ,\,h is iso



8.3 Aplicakon : lin bundles amd ﬁ'(x,o;)

lled o tavializako Ue
X Shewe | F €Veck(X) e o e 00
) = ne
= 3 opem coveS X = JUu:; wih F[q <. 69 some nceN
omd cam compoud -Ir.‘m‘ml.'%a.lxbru on OW‘eAfS
£ l 9 ®n; <y cllad hwmnsition maps
('(U ¢ :ug / Gu“.)_—wf\ool\de_ 150 dlsun');{,( by o inverd e
|| ~ °<‘J nyx 0 matox with emlnes in 0“‘,)(“9)
v (S‘QQ Sec.6.2 :
FIH,; % (9@" 0@’\,’ Hom {(9@" 0,)E F(X/SX)@")
v ¢ Wy Uy,

- n-=y\d- i WUy :f¢, so He ramkqj F l-fﬂOCa% constant .

Conversdy, gt sudk dabo. @0, skityig Hot covpele condihion el *o = ety on e

dQ_-LU‘MmQS Ln ?ﬂ\m\a a Vector Lu.r\AQQ.

R K - s is e achial dlfmil-\‘o« oi\rQ(}or Lundly in

ke "J ferms :j Compatible Lol drivaliratons .

Def M C9x sheaf of laverkble Amdsons. S 9,< (u) = JFeO(u) : FJEO, () st. .,C.g=,)
Nak fak 0g(U) is am abelian grounp Undar- mm"i\pl\mhof\

M {(Somorf]f\,fm clod'S'eS oj- .&ne_ lo\/mou-u& < H q-)
‘HxO\.\' admit OL‘}TM'AK%a.‘)\W\ over fu}

amd Pic (X) = H'(X,0%) as groups. — (PscX tepnad in 7.2)
P-f- o( Ou —_— eu quf% 5‘7 ,vw(‘l\pe‘od\on ba Qﬂ.bmﬂvd‘é@'u‘

@y
' +?4«Sorm Lae waiﬁ{s #\ad' adwmit o Winahrakion on Uer: Oy = H ®‘9 _’ (9 28, =9,
g‘ J ﬁ‘| J (9 ¥)
‘ 606(1(11_ condifon Can LQ rewriHen: O(h ¢>(‘_,c = | M 4/*‘
(Whids 1s Hao stadement Sji = Sik + 55 =0 J ik by o0 o €6
n mJeJ\p&Mue no)-n:lsan) J
v x . d( =5;=5: on Uy

In H' we nilml\(:y [(YJ)_S ['(“'J\] & °( —°(\ (”J(‘: Jome (’;G@

TS Correspondts precisely fo how the C' class ckw\au ar\der an iso of Line bundles £=Z s i claim:
&
(“ (;_ ._Composll—_e(ﬁu.<—i|u =f| —)O \GOM:
e A A A eIn e case L=T tire disgoam shows toak
L | [ lq
p)
(Y

Ye ' class cmanges by a boundary hain i
we dhange Hae cdhoten

. Yeiv o\\\%a}wn on ead Y, —P F| —) eu
w not Je‘oe/vw\ OAMJJH(U Fl é’
N OG ‘Hnl. (e; . (A|

,£1jm



RMK ‘f 041\2 LK.V\ML Wi, dcamsihon Mop € °(\-J }%4 (@i 8 ——-Mme
Ox

=) i—‘ P ¢ V4 V di) lm.na"(
FACT line bundles on A are always trivial Semes Gonjedvre 195
|I\AQQol \JQC‘iOF Lu,.,\alles on A" ore alwa.q_r klvml < (Qw"b\ SKS/.A T)\Lorem /996)

EXAMPLE  Pic(pY) IPI& = A, o A, ] n C3Y course: view II’ = k" \/~r@amﬂu\a

4 \\ Have h
S ) S'peckft'l oMogneous coonlina¥es [ X, : xll
pec kf‘b J oAd A Co(‘ees,onots Jo {[| {—,] tezﬂ} where. £= -x./xo

L Gincbundle on Py = L], ’m'v'al sae A:ep
. node
(d\ol flA‘ — Z\Ao) € k[kk‘lj {ahb :Aék‘/(_e Z} <_|ﬁohA|=SP¢ckE‘-it—‘J

{Bo ek R] = k“ pLE kit ] = k" exe,rc.'se
= A
Pic(R)= HY W,G,P;) = Z So defone OC) by using 1"i
4 oo =t"
Ow) = (°<|o=e) — °(|0\= g Ao

Rk 0(0)=0Cp1 davial line bdle .
Hwk LI HQGQ sheat of a Cl’fe"l PO\'\E in k is € 0(- l) {or Audov\-‘- union of n Closed ¢ts g(.+ NO(—V\)

for ordssr n point (‘l: ¢ RIt) (i.e. closed Sulasc\qe,m Spec R oy SALC \Pk) et O(-n),
Non- 2 xam nable Rmk (-for d fecendial g.ume-\&r.s) { delvmmes Hha Cheen clags ¢, (£): (=[¢(2)
Tﬂ" is O(2) saw Z—X(IP) X(5%) amd C,(TIP) Eulerclass aj, 'y omd T |?‘ 9(-2). e
<9(—|)—) B is bow-wp of €* «A‘ O : Ho lines +km54,\ 0 n € are e Kbees. [, ponstes fart

. t= 'xl/ So ‘\Dw\oaAneou_r olas
Theoem ) 1° (“:l 9(i)= { (<o o in Ao, A, 4»,“: &‘a
Cutlorod Remk < {fek(t) : dxa'F\<(,}_ k[%,2]); <o
S‘:,mmelvlj
i “Seae duality" 4. 2) H (IP O(t) = ‘7 -
ﬁ,';s"(’:r)t) H°(:( )*;e:-z» - {H{ "/ k”‘ k") =klex) o o<
zei2) ) (fP Ol) =0 for n32 execise

P'F 3‘_9 86 S\ rP -‘efmk)\ &QUM\——COWYQG" G\Aouf«',— caloAaie- H{A A) (“’k' 9“))-

3) no dple OFMJ{.\ W!rlos(s or hight~ f'/o(")lA
9€0, %OA 3> f where %o is defined on Ay N A,

M2 9(t") ekel(t] on A,,HHekm or Ao on ortlap: ig{t D= Y ekltt™]) [example O(1)

e

= Alg ‘Fé C ﬂMA 2 s *CI—VM"\L* Ly r— R-om qdukou\} ss‘-:_::—lo:nAA‘:
D £=0x) (Ao L) @ [ (A4 S Flhonh, L) =2 o [T T e
\_VQ_J I \_.——\,_\_/.( A| t ehctr!]
<— ( —[(A.)= o “
( sk-\(,\’g speaking. \ R[t] bl.l[ “] ()= Gp(A) k"[t,t"_] (Aer) er(A‘\ )_i—(;m
fm::) G(A) ktt] (‘F’g) ! 3 t"?(*_') — ‘F(‘f) Alék t]
\__._Y__/

H' = ke / k) + £ kit " need Ho Acansikon Fromn 31t € O, (A (o) 4o
75 all of RLLE™) if tp-(  OafAa) via X0 By =L]y =1], =8,

* does not confmin t':'l:’z,...,’c':"" € 1< —l 0



EXAMeLE : P” o X

b A

called X = rr: =A°°A| Ve v AL A = Sfec h[?/"; ﬁ‘3
h {ane v p 2

Zf:ﬁ‘:’:‘ 6= |i"e bundle Wit of; . =(X: : k L | A X Xo An Xy B case: t=Nf,

- ‘) x; ’ "I'—'l—]_)kL—/"'l—)_l‘] e
S:rre's ®@m J ™ X Xo Xy k> x xJ X %oy* h[‘ﬂ—‘k&-j
iy | O = 6" w0 ey = (L) Lo equmld o TlAn;.8) | L ibriken
* meZ HMsor m hmes ’ ! * =

Rmk G- calld tantological Line bundle becawse in C3.4 course ead (closed) point of L
ts a l-dtm vedor subspace VS R™' (R0 = k““\}h"""““’l""&)
So el obvious Line bandle: over the foind [vie P have Hhe lvne V,

HWh l+ P\'C (W:\) s 2 au\era-kd b:, He 6("‘)@‘

C (Y, 6m) ={ & IXesmtn],,, E P20

So homogeneous polys ﬂvle.;:m.
?o on A: R4 faljs % .u.a <m
on Hae vosrieables ﬁ) Ln

o € m<o X 7=,
2-8 DiV:;o rs stalk :p
. . . . ex‘a
Lel (X/GX=B) be an integral scheme (i-e. reduced & \rreokuu‘n\a.?:;tﬁ:- Sec.35 //(5%;\‘1? P‘\)

Recall from Sec.3.5 Haak Yopem gHUSX can view  B(U) "= K(X) = fonckon feld.

Abbreviae : K=K(X), K*= K\I0) (non-terw cabionel finckons art incerkile) —~cofional

O O subsheab of sechons of & admithny inverses in & (50 canview B%s K*

X=U WU OPQ“—FCOVU Hais Aotz is called a. Carher divisor
» " ] . o o®
‘F; e K s.k. A e O (U, (\u.)) t(iit% o O {Mg K* ‘or .
. Can also view k}K
=) 3(’.[— line bundle IQK, Vie _Z((A):: 6(“). - C |< as constant sheaves on
Everri f. = X withvaloes in K, K"
=xercise ‘\(sO‘ free. 8 (U)-mod
@ Obvions Hivialisodons (e\-:.i((/\:\—HS(U\;BJ 3--}-_._»9 with basis Vg
Yeelds deansiko s I _ £ .
n map °(U QJ ‘P; wan J (FI'OM U +o UJ)

J ¢
@\{: DF(UI,'{:)J D2_=(Vk’ %k) ot two Corker divisory on X b}e\o\in% line buadles f.,fz Huamn
D+D,= (U Vie ;%) is o Carker divisor Pelding Hhe ling bundle L, [.-A packodar —D,
% ’r

D—-D,= (U N Vie, ‘g‘) / 4 AL x is (u;,-}-;)ﬁd.l; Zz

K‘CI EXG.ME'C Recall |P“ =U u; for WU; = gf)e(_ Z [ 3.;—: 177 X;_-‘ ) xx"_':'l,---, DDCC_':] ~ AV\
Let me Z, f.= l,‘cc '—'(x?"_)me K(IP“)={—‘E-6 @(xo,--,xn):?,‘162[%,..,11:3 homogeJ\Cous of same degree.}
Z(U)=Opn(Uo)-1 < k(P R—(side cemak: K(P) =k () = R(A") = B (21, 20))

-UU;) = eiP"(ucS .(%\m e ransiRon 0(;3: (ﬂ E)”‘: (‘:C; Y‘ (GNOM W, 4o \A‘b so L= GiP“ (m)

o <; X, X;
RmK This does no¥ look very “symmebeic N in H:e_ L. One.Jc.am define am %Pn'n\od\rb. F
L% F(w)= 6‘?,\((1;) + Xt which is a lire bundle with Hhe same deansihons °("j =(‘%Y“
So F =L above,butr we cannet picK £; = xT' for the Carker divisor sins xM¢ K(P") .
®zl\c‘|~/a”3 Want do idenkfy Carker divisors relakd by R fining e cover | so

i X=UU: = UV amd V; € Wy & omee 2686 Yo tdanbdy (U\:)(\:) omd (Vj,ﬂ(j)).
Also idenkfy (W, #2) witlh (o, Fi9) i€ 2:€0™(U) <(i-e.rescaling £: oy invertible aulov £ns)



Vle-‘rl"\a— K K as constamt skzaw-es have an exadk Sequim
00— 6% — K*% K/@ —50
Becanse of @ a Carker divisor is Jus-l: o geobal seckon of K */6™ 50 € H (X K/@%

Take LES: 0 = HYX0")—Ho(X,K*) 55 Ho(X, K¥p*)— H'(%,6%)=Pic (X) - A(X K*)

/ i e.use v X and one fek* > W

A Corhe divisor in \maaa of “is called principa k(or(u £y omd £, € B(U)- £, Ve
Two Corke Aivisors -D'D ore. |\M.o~r|3 QquwonvJ' if DD peincpal . Wrike b~b’
Get abelian el Ca.CQ.(X) of Cake Awvisors hr\oclul.o lineas uivalme . re"’““"- K

constant
~ P. D D ‘leli 1s0. \ll\e_ s{\ A{-Sa.r\d
= Ca.CQ(X):PmCX) \og He LES, in Pm—\\cu\\ar( lonendlos -Z(B)"’f(b ))@ D~D
dme

X is \l‘fﬁ*“‘lu{

(end of- Sec8.3)
Clpead RmRs (Non-examinable) The is anoHa- nokonof divisor: Weil divisor /(G*MZ
This means a formal Sum ZY\ 2. a'f. ‘“'Rﬂ'ﬂ& dosed subschemes Z: of ood\m-l k'H'“"k

ne2 v pecrsurfaces

Exdm |Q_ Tat{\a r\m\ ﬁll\d\or\ 'Fé' kCX) =3 an “"orde of \mms\r\ug OFAZ(-F) of f AlO'\a S\ACJ'\ .S'V\Lfckemes Z

=5 X orda (€) i
= We\\ A,\V\SOF le(-F) Z or.k%(-e) Z m“d fr.l\(/\pﬁ\ \I\,e,\\ An},_;gr t(h%jzi)sz}b) 26:2— 6X§

EXaﬂ\e_ Corker A\V-Sor (u”.f:) Yields Weil divisor W= SZOFAZ u("‘)% :\r&;ﬁ%:"f"w]fuméle(#o‘\)

xo = along ?.Au. c.u
On ®': Carker divisor (U, '|), (U\l xl\ yields W = + point [O: |](_(;\2/r\ou.“£;° ol'l\,::.an;:ero"\i ‘=0

Carker divisor (U, 1) | (U, (Ze)") dields W= m-p whet meZ, p=fox) ¢ Crelflh,

On PM (6,1, (U, 32) gelds W=H whee H=P ' MkVWﬁkﬁ‘:‘i

Xo =0 «5so HAU; is Spec('Z[h .. :C..-\ xd.,’ 5 —3/(xo)‘> has a. pole
X

at p=(xz=0)

“The lack of ’g\,mmg)N'J menkoned in MK above is Le_cowsn. oF involves o chotce of Well divisorH,
We corld hhave picked om:) hypeelane to get LZOM). More cowplicaled choices are possible
e.3.Carker divisor Don P’ with W=2'n;-p: any poinds s, amd nieZ, yields L(DYy= 0, Tn)

(compore HwK 4

Weil divisors Div(X) modulo princpal Well divisocs defsne Mo class group CLX) (abtlian syroup).

Wil divisor D defines an G- module 04 (D) by [(U, 0, (b)=[o)o (€K diviF)+ DZ0 onl
Buwt Ox (D) need no‘i‘ be o \u\a bundle (\ 2. inve-hble S)\CWF) When 415 & line bundle -\'\ne_f We:\ divisor
is Carker since on some Cover X =UU; have tivialisations O(UNE (O, (O,U)[ means Ha “nJ above are 20

So f Dh
= Carkis disisor Qi) and ZOY=BIN) £ = (U Op), ek T 507D e T 2 omd meno
Weil divisor is Cacker i§ Iocally principal:so Ipcall looks ItKe div(rakonad 4;,) pole o{?,(.w € M2 along Zal
(also need M\uﬁ Ron: X is “normol™) ’i( 9. D= \v({:) ves W Mz <o -I‘k.u\ £ must vanish
04(D)= O via 5!—73 §) [ with ocher 2 -mz along Zall

X non-singular voriety =y Call(X)z CUX)=Pic(X) e9.9% Z for P°

~more geneully if local rings are UFD.

- X singuler iv con £=2u\ X = Spec k[x‘o%]/(,j %) C.A” has Call(X)=0 but C(X)= Z/> ybnemk&

by He hyetsurfaw Z= 6-—?: _O 1_( At O€ Z we reqlly need 2 €quakons 4o cut owr Z, one is not
C“O“%‘ So not LOCAHJ pf'.l\(,\pq\ Rmk \I\AHFD kc\a"\* | prime

idl \ re ori C\ Aol S0 QSk\I\a
Cultucal Remark . Riemann—Roch Theotem (non - examinable) Fenr local Cings arc UFD easuct

N (} 0 A“ \' I.A’\' b
C projechve non-singular algebraic cucve /aly. closed field R AL ‘:qsh?v\av‘:ivl.:: Gexer 2
F = 8. (D) for divisor D of degree o & dim (gfobal seckons) oftem weitken £UDY. | .

° p)
WKL F) = Sendim H™(C,F) = FIF) - BUF) = dog D + X(S,8,) [kl
= d +1-9 Q’\ O(*MRHk(C ) Zr\ i D=In;p: \’V_I.\Fd—ae{u:(g;nﬂ fra




*-9 éecl\ cJ\oml"n' C.Omfw\'ukons on ‘P'\ (mn ork. alio overany e R, 5o I'P“)

Recall the Key exarple 0 Sec. 8.8 / e.9’ Rk feld

= QU whee W=D =SpeeZ03 52 Lo Bl pn

Line bundle L = Opn (o‘) for deZ has: (w—r(-ﬂew (Z [Xo,-.-, Kn][i_;]yo

F (Ut,z) = (Z EXo, --.IXA-_‘[-J\L_;})A & 50 poly.in :::No‘f'dejree N+d any N20. sa;E;I:EI?SC
example 1 d=0 gives £=9|P,\ omd. r(uc,.i):{ !

. . says take

P(_'*) : pP€ y/4 L'x.,...,x.\] e-the classical &Q;:ee 0 part
v x|_~l 4‘9 P=NJ Nzo ‘f&)nct&'l\‘.s I&-{MA when

Use ordeced Cech cohomology wsing obvious ordering of (e [0,1,n), Y

rescale Womogenov) cooals.
|
a (u-t.o...{.h, 2) = (Z [%,., %) [m{&)‘* e(“io."cn: u;o,\,..nu;k\
Waem-up e_xam,o\e |:'-|' (IF", L)=o0 n

0€ig< - < {p &
Proot vy xo txM™ % hore otal e Sm. —2N=d
ro_o C(_j e€C P) Z—'corv\Lo of— -\grmg (‘z—x)'“‘ where A,cbrc :
* v
< Coo;de:) (O\C)on.: O = C

9. ¢, el(u, I

2 c"07_ +Coy € r(Mo\z J i) <_(93m\A ve "‘k:‘-i'*:’u)mz
\IJA(T\"\'D Sl\O\A‘ Co(,y(,le C \‘s a. boLoUnJ_arD re. 35;6_ \_(U.;J I')_/ (o“o)‘:) = LJ_L". =C
Want b; e V(u;li) So 0n|3 X;: oenominadors allowed .

|'J' .
K€7 DLSQ,(VQ»}\‘OV\ :

eg. XXa = %X
. ‘:c,‘(;_ \ I;_
Cia Cannot have oM x,%, arising o uAemmma-)or-(a\-F-}o-::«\a\:ﬁ)

be camse Cor has no Ai’s ak diunom, Coi has no x,'s ot denom.
Expand Yerms depe

r\o{ir\ on denominadors : e.g. Clz,x, = lervs of C,,_W\m'd\ have X, Adenomicators
Ci, = + Pn_/ P;j ad |9.H-0Je( er,s) 50 no denoms
'So polgs of Atzbree d
—Coy = Co2, x = Pox <\'F d Z o, ohewise 2eco
1 %o
Coy = Cor, %, + P,

musk cancel by K siwlady ¥hese pairs Canctl by &
they are vhe oa) krms with o, In Mnominedo

: = €, = b,-L +
= C“”"‘a' LZ_ C'z'xz b\ :_C'ljxu \ooz_co?-,'lo 32}\_{, - - b &

Z\(‘oLoUAO\ND so does not ck«n&; oh.class [c] = b -b_ 4
—_ . lrwre \ °
= replacing ¢ by ¢ —db remaias 4o consider Hhe CM!_) C. Fo

j = F'J (r\o ACMM‘\M'\GI'S)
Trek | Let 9,=e(, 929,20 Hen @a)y =951 = {u

= {x ‘g' (iIS) = (012-)

i€ (1,5\:(52}\
. o] 2lse
Taking o= P2 wWe can replace ¢ by c_o\o‘ and asSume Pa= 0 (@and redefine Po, due fo

Whertas for q,=q,= 0, 9o == gk (=] 1§22
. o else (@{nu de =0, E_L=O)
Taking (3= Poz N—P\Ao‘u\a c by c—o\q wWe cam assume P,, =0, so also P.,,=© So C=0.0
Lemmo H‘(|Pn,-£)=0 Vnz2 &(ﬂ
K

=1 fails becaunse don't have 4riple ovedlaps
& TRY ON Youp oWN F:RST!
Proof

We (owpuled the n=1 case in Sec. 873
The firsk part of prok of n=2 case is same: replace 01,2 by indices lo,iy,la.
So reduce do case of coeycle cel' wirh ¢

5 \r\mlir\a, no demominadorns ( s‘;’l f’:!-;;do{l)
Doiny Teick 1 now is messy | Hhink, so I'll use ancther trick first,

when & 20



Trick 2 C“jd (S (Z C:(-D x“][-'\x_o—})o = Zﬂal,--y 24\-} = alaLOJ Sed\'OV\s on u°'=-’ //\n

o R_L Noa=x: /x
2 r 0F. <) °,
This s & |-cocycle on A" omd we Know SRy OA"‘) o (C’ ﬁc-#%r;:“:u% afﬁmé

o 3 B.¢€ Z02.,-,2305] with @Ap)y = S5 fr 1gic) drop g 23
= A7)

S\ncz C ko\.s no AQN\DVVHI\'\"'OFS (5 cqm\o‘- have any s

2. Arominalor: oty wbfech
Since c\J is homog. o(- daa =4 in vice *’s, WLoG [b: is homogeneous of deg=4 inzs

= Take b = X, ().) —-L\oMog h,a 4 ‘Oa"zf in £'s with (AL) = CJ ‘fo(‘ \$i<j_
= Keplqu. c |=3 c- o“:/ can assume <y =0 for t#0.
v
Final Hick (AC) "O— O—coJ + Cop So all C . are the same say = (3,50 use
Trck 4 wirh 9 =0 dor (#0, G,=-f5 *hem (d")u {o iFido o c=dg. D
Theorem For ;E—e(o() o(eZ nNZ22 degree d "‘°M9‘f°l3" (.ro {oyiﬁd<o)

Vi, on ZCxo, ... for ¥ =0 <~ Hwky, glcbal seckons of Gpnl(d)
H(#2) = § e Jd el e
/v 'n /éc =Xg . X

of tohul d Z -} mean
(smme foc ‘?R) Z {'xoxr - Xy X2 and all ‘?7:“ forwe=n ‘_(3?&?33}:;’159

v ceplac Z
0 ‘[or ¥>5n ¢ no n+2 overdaps or higher sinw ntl sely U; cover

b:) o ring R
L

Proof O<*¥=k <n is same as for H' : exewe &- yow..
(H;n‘)-.ib‘:o ’C\---zs»-ﬁk — Rems ia Clo.. f._ A:h. W\"H'\ no X-bako\ev\oM:Mdv(

nO'\\'UL %\OS@ must wv\d,\ W\‘H\ S.lNh\Af WMS i(\ CA,, SO SR l-h
Plck sian i‘\- »\M os a -‘-C(N\ iq CAB)A.O---’A\“"' ﬁh (—.S‘H\(J. WM'\' %f’ "'0 a—ﬂle— C: VO \'s \.K

Case ¥=n : Ov\l\\g one Foss;k\‘t 0qup= Uon_...“ , any chain ce C- ¥y COC‘)dZ SN
no \nia\ner overlaps. Queskhon bewomes whak ou-ceassiUe (0"0)0, n for L'ércuo__'f___,\)i).

(db)m---n = Ln.--v\ - l94::. n ¥ L0|3---n — ke So Can 2&+ aﬂ 'x with some m: >0
\—-V__} :
K no x, q"ah.mno =, ok Aeaom ... (i-e. some X; notin Jenom)
VoA - Rmk (non-emmmo.\o\q
=S H"= 22 Tmi=dy / Z[x™: Tm =4, some ™m0} smamm*:m foc Pp:
) RECPD LY2H™ (P KeL)
=~ Z {'x_— : 2Zme=d, all m; <O.} Wbt r_o(_n_l), Cline it
_L _ So o.x;; a\ns -
Z { fW\ = 0\ A | 0«-“ m. O} a H\ts svjmnew z\:dﬂ;g)

x., T n+d
Exercise deduce He ranks A= m-\k H‘ are {."(’P"’ OP\(A» *_‘
Motivakion for chapter 9 : Now Hhat we know H“(IP" o(d), o ( ) tf c=n
one might hoge 1o wmpule H () g F) for other FGCOH(I?") fordz-
by fist finding o resolution L, L — F—0 wit Z; @8(43\ omd <xploi LA; LESY.
3.\0 ?N‘NC“‘ oN é(ok CJ\DMO"& (No/\ ex aminable S‘ed\on) J
(X G,L) any ringed space
1 (X,6) —s P
{ }(X F) x H{‘“l ) Hw: (X, F®OXG)
((51:\ HI)) > (s 1@ t1)

Rmk | 8.6 where we 4ok constamt cotflueats F=G=2_ (note: 2® Z"Z)
we rewver Hae p podude on Singular cohomology (respectiely on de ﬂe\ah—\ mkgwlp”)

else

using F=G = R for
Ox =smooth real fackons
so R @0 IR = )R




9. Sheaf Co\\omlom
9.1 Resolubons —(Reference or more details : Lang, Algebra, Chaghr XX §4-¢6)
Mohvakon: #represent™ an objeck in an abelian Ca\'k;of'a, A LD “nicar OBJ‘Q " ot Hhe st

of u.ril\g_ o chain cx (Sec.1-8)

right resolvbion of MeA weans om 2xack sequeals 0O-MaaIT’ LI ST 5~ inA
7

|eﬂt =solukon . — 2 P.—) Po—)ﬂ—)OJ or P oM abbreviated as M—T*
Def T injedhive 1€ Hom(:, 1) exack ?(Lo\& alviays left EXO«C'I:\
P projeckve i¢ Hom (P, -) @xact q
Exercise T isjeckve is equivalenk to: Y in] A<SB can “extend” @: A :—nI
¥g: A—T \, ~'3
B

Fack lnjechve resolubon M— £° means TV are injeckve

I"'—71':+I—51:*z
?no‘,edw'vc resoluhon P, —m M / Pa #  PpProjechve so: —

3 Ll prid 42
-9’9: AR addibve funclors of abelian cats (seet?) / ‘FI_,\{-;I)'_’FI
so £1°%is complax

{ left right - ded\lo_cl onclor n _qn e (see 1.8)
exact = N RED = BRI ] st ingces: _ [Laberll see why
e jm b
. . P, 9 M proy.e€s.” |does ol- b
& cioht >, left - derived funclor | L = Hn(g(P,))“] p) not matter.
Qxac{-,-_> ' nd (™) Ha(8(P.)) Ker(FI°o4T' ) Im(FM 1)

Warning £ lef} xadt only implies 0 — FMEL°— F(TISHT))—0 exact, Deduce : R"-F(N)\:-Ff'l

Sienilarly Loagaj So R°€, Lo% remember the fonchors £,9.

rin -Moi
Classical Examples A= S[ Hg&s f= Hom(M l)/‘ N— I* inj.ees.
= Ext? (MN) =(RF)(N) = H'(Hom(™ 15 (ExtS (MN) & Hom (h V)
(Similarly : { Hom (-,N) = S-Mods™’ — AL Ext](MN)= (R =H,, (Hom(P )
lefH exact P. =M P""J ots.

§ = M right exack=p TorM(M,N) = (Ln3)(NY=H (MO (Tor2 (M N)= M@ N)

(Similovly : 3= -@sN, To (MM =(La2)(M) = Hn (P B W) for PoaM proj ‘“)

Tor R-mods : T injechve &= i€ T Sanymod M Hew 3mod T: ITOTI=M e(ﬁgﬁlifﬁef\a.ag
P eojeckve & P is a dicet sSummand of o free R~mod X basis®

E f:)—} I. i/\j. rQS-/TMOrP\r\:) coan Q)(I.e,v\a[ II\ ],E%OU\& anv) 2 chotces = 'F(H)—) H (L »3!
- 3. N N — T acre d\ﬂlf\ b\OMO‘Lﬂf\C -F(M)—)H#(‘F(j.»

/, Mmono o
Keyidea T in)= Hom(.)T) right exatk =y i€ A C5'B thenany AT can be exiendsd +o B E-g, “‘-’Io —) N\"?
then consides COknf‘ (Neo1?) e T amd conBaue moludwe,lj Tey proving Yhe re';l'k._)j 7
Coker (N0T°) — T
Cor i) R (M) = HY(FI7) indgpemdont of clsict of inj-rts- M— T
2) M— N induces RMF(MY—R"£(N) , indeed R'F: A— A s funchor.

PE£ ) Apely fack +o M=N, geb H(EI") = H(ET )= HTFT') composthe is id by uatqveness.
2) By Fact, RET(MY= H(ET)— HY#T) = REN(N) . Exercise : check functor. O



L2mmm £ lett exact, 09 MM M, >0 SES = 3 canonical & funcivrial LES

O— g° F(M)—) R"{'-(Mq_)—a R° HM;)—» R‘&(M Yo R'YF(M)— R'ac(M;)% R*M,)- ...

ﬂ,\' {HL whece these hiples
Sketch P O _)I — I = I @'_[_ _’Ig —0 «first pick iny.ce5. I} I are just R™M-
them define T; Hhat wmp agplied Jo e SES
oo by M\r M,—o0

So ot O\o\I\O\LS SES.
use obvious meyp M 2— My —71
and r’\lc——)I° exk.nds v.& M, —)M,_ Yo l"\z—vI,
Execcise : M, e Iz = Io@I is m)e(_{we

Then talke colczrneb‘ N’ —(_om(n L)) dhack Hak
0> Y\t—) Ms— r'\3—; (o) (Xac-F omd .-qaeau{— consuthon .

Fact addiive foncrors preserve @)

—  0ofL TSR, —fT; —0 < £ mayonly be lefh exack, bt here
’r T T C—lmf‘la -F-Iz Sursz-j ofﬁo 'FI. sinQ
0 _,.F M, ; .f M, . {'MS—30 have Pmoechon onto -F-I sumMaNk

F-'Mx“j Ve Ha LES assoualed o he SES of C_om‘alexes o= -FI:—)LT —»-f—Is—)O 0

Rmk |ndeed R°F saksRes universal propesty Haok "R =£ omd Lemma \M\As then it
follows Uk R € (M= H*'(F(T")) -Fcr any iny res. M T (see emd of nexh SecHon)

Hwk 4 Ay (X) has enough injeckives i-e.cam build iaj.resolokons of any objeck Fé& Ab(X).

F0): AbGO— A ekt pock =3 can defoe sheaf whomology | H" (X, F) = R (X,F)
ec. 1.9

We now ask how Hais relades do HN(X,E) for F &OGWKX) S AL amd X scheme.

9.2 AC"clm l'CSoIVIsg& in an abelian cat ) g
Rmk |¢ T inj object =5 resolubon 0— I35 1T 50505~ = Rf(I)=0 Vs
So for sheaf cohomology : H™(X, TY=0 Uny| if I injeckve sheat.
def An acyclic resolubon of F iS5 am xact st O F — 7°— 7'— ... wilk
I—I"(X Ih) O WUn=2i e(Sa wWe W%Kened He condifien

u\zam (n), resolvhon

Claim Any acyclic resolvion can be used 4o compute sheaf chomobogy , ie.
H(X,F) = Chomdogy of chain complex [(x,3°)— (X, T") > -
PL Teick “break down fade SES ard take LES™

W exacknesy
Lt ¢ = coker (F—T2) = |m (Tpo— T) so 3 nabrall monomerph. € T,
Cnyy = SoRer (Ca —>_J',\\ Z lm (-Jn n.H) & “ Crer = Tng
O — F — Jo— C, —o
0 > C, N N ract, and O—PF—a_.Yo—-!T‘—wT—\]'
» 3 — G, —0 L2 % 7
°©— C — In— G0 S ey



Technical Lemmoe O—m F — T — G —O SE5 = HY(F) = H™'(6) w22

(oi\\? uses LES in H¥) Wikh HY(I)=0 n31 H' (F) = Gker (H°T - H%)
P£ 0= HOF s H T & Y6 — WY (F) = H'(T)— H'(6)> HXF)» HiI)» -0
T i 1 1
5'05'\”)‘.50 U F =Gker® (o) So = o

Finsh prooC, ablrtviate R"(F) = RY(X,F), C(F)=T(XF):
H™ (F) = H"'(GQ) = H" Q) -0 = H'(Caa) = Gker (Ho(Ta4)- H(CW))

T left exadk ﬁ/r(r,,_.) B T (Tn) 22T (Tat) = ) Keratn /I lamy
exachiss of- W N A N S =Kecpn /lm iop,
0T (Cn) T ( :Y.\)E»F(CHD Hn{F)zcoke-Z //P(C") () : ,r;c:)n // \Lm;vfe.\.\
hne  ee fumimin H(Cn) vin i, 7 = Coker Pan
= H"(F)- Q

Non- examinable :
Rmk  For o Lft —exact fum.-lor f:A-B 4&2.'5\‘0\:“ cats , o cesdtukon 0N T is - agdic
if R"(F(Ik))zo Vnz|. S.‘mClM\,Ccf(\'WCK«d‘ ﬁ'ﬂd‘rjal-for P.an—0 says Ln(g(l’h»:o Vnz.
Fact ln)e.c-h'vﬂ resolubons owe au7rﬂ~'c resolubions for lef} exact fomclors

pojeckve  # s ” “ right 4 %

9.3 och aol\ow\oloa_g. vs sheat cohomolosey-

T’lCotCM X sepw‘n\cl,quasi—wmpmi'sckeme.- Sugpose |Hn1 @Cot\(X) — Ab are ‘r:unclors s.t-

9 H°(%,F) = F(xF). L EQGh(X) Ly Sec.?.4 Rmk
&) g:h — X = H"(X,¢F)=0 T2y, ¥FEQGh(WY.
affine opom holds for Zeck cohonlogry sines,  Wafne
(W) SES jadwaes a LES on H* AN (X@0,F)= "X, F)=H(W,F)=0, n7l
{uy [‘?"“a} {uaw)

Thew  H*= >
P_.@ X = U U; Raile aflne oper coves (use X quasi- cowpack)
U afne since X separated  (using ordered T)

NoRce Huat Ha Z?_C-Ir\ c,ow\ole,x where ‘Y1 v.lAI<—-7)( is He inclusion

= MFM) = MM (ur )= MM (x flY =T (x F
[El=n [El=n o [Tl=n (X, l“l) ’l:I:-I-n?I*( I“))
v " ° ' ——

=) (" =T(¥X,T") amd hawe Sequimt O—)FT>3'—<3' — X call fis T"

TN . /’l. e ithon o defoned on
B\a, Sec.9.2 1+ s %ov\.af"\ o hak Has” vs ‘::03?‘ open "&Z;”:)t:&dm’
an aojclic\resoludon, sint them F— @, (F|,) afremkal on V for coverVnUy

H™(X,F) "= W (1%, 370 = HY(Cgy ) = A (X,F)
By Gy : H(X ¢ Fly ) =0 ¥nr
IIrth % o fRaide fnoo‘uc‘l' So = fnide @D.
So ,H“(X,Tk) =0 ¥n3, 1 follows by induihon I"fj folloving Trick :



Trik |f G, .6, €QGh X, HY(X,6.Y=0 WYn2 | = G, 06, also, sina

o_» G—G OG,—G,—0 5e5 = tmke Les gok H (X,6@6,)=0,

ny v/
(ll.\)
O F — T exadk & exact on shalks (4;) 00— [(U,F)oT(U,T") exact V affine open U

00— MUY F)=T(U,T)— (U7 )—.

—_—

~—~ v
exadt sine T(U,) left exact (Sec.l.9) exack sinee H (U, F)=0 for ny|

R tor
/skm\azr%a-\ quasi-compact Sine W affine, M-i;"::tu;? D
Cor Xs*epamkd, Noelerian = ske«d Coksmsfsga H"(X,F) “(X,F) VFeQGL(X)
¢ Non- examinakle

PC 5\\14 w\f\ovvwfpa\a H(X F)l= Lo’howv(az-a tfl l"(X T° —».I’(x I)—> For F—)I.qn\a.
Check He condiicons of Tkeo:'?-m

injechve resolvhon.
) T(X,) \eft exact = H° (x’[.:) C(X,F) (_‘

U‘M Coviequimil see9 | or expl (,\Hy
0- I XF)—>F{X T )—) rex, 1Y
Mk) Lemma. in 9.\ proves 3 LES
AL) by Hhe Theorem belew. D

€xXat, 50 im ',1

f—

is bu‘o‘ﬁjw\mdals H

Subml RmK
erre’s Theotm -
Theorem R Noeth. , FEQGK(Spec R)= H" (Spec R,F)=0 V¥n3|

X Noeth. scheme themn:

X athne n(x F)=0

Non- examinable proof ideas The cleanest proof is 4o buld madrinery: athint & H"(X,F)
DA she

' Yn3, )
Fis flasque if all skickons F(UU)—I F(V) are suryechve. VFeQGh(X)
)V ‘KKS'{IAQ F on a top. spa X, bhhavk H*(X,F)=0 Vo | (Hacishorae IL.2.5)

3) ¥ injechve R-module T ,amd R Noe =3 T on Spec R is Hasque (Horkshorae T[.3.4)
Cor Flasque ~esoluhons are acyo&'c 4y (2), so can be used +o compuit HMX,F) by 9.2

P£Thm F = =R for r’\ T(X,F) by3.6. Pick injeckhee reselbion of e R-Modvle M :10M— T°
= 05 g '_[ 2xact, eacdk Tr Hasqr ,

= WY (XR)=

So Com use Hay -I.ocoww-l—t H"(X,F) by Cor
HM (XTI = HN(T )Qo sia I°exatk sequence exugt in degeee O .0

n | (in deg=0 32t M, and HO¢R)=RN=M)
RmR lnjechve Oy -mods are Wasque (Harkshorne 1T 2.4)

Clivral RmK  For any s%\eme X amd sheaf F of abelian Rl have H (,K F)N*H (X F) \—(X)F)
but also in degreel: 3 H'(X,F);ﬁ H‘(X;F). So for example Pic(X)z H ‘(X6 Y2 H'(x,6" )in 83,
94 Pcodnct on sheat cohomologr,

(Non-examinable seckon)

(x,e,‘) any rinao.d space
Fact 3 pradat HP(X,F) x HY(X, 6) H™ (% F®ya)
idea. OO F—TIL°

X (row.sf-ols 5
not e
- O0-H-FRG—I'®wIT’ U\n-ﬁ:rku\nkl; not a resolubhon Hal
03607

S~ bi-comelex (compare 8.4)will, maps d@id., (4@ d
then talce fotald complex : lotal dgrer i Sum of dejeees
need III L be * pure aCl/cI;t. resolvhons® 4o Lmiuce 'H'\\S (e ‘j)k e 2 part is
is ceselubon. Then Fven any iny. 5. FAG K", (17'@30)0(1 '®39d1‘b51>
e idembihy FRG 4 FeG exitads o IT°'®7° ﬁ\('.
TAK(I\J_ T(Y,-) ‘gids Hhe cesutt. \(See k¢l7 Idea vader Hre Fact in 9‘)




0. QGh(P"), GRADED MoDULES, ProJ(R)
lo.] Gended modules and QLh(1P”)
M @-rauded riz\g means a r.‘Ag R s.k.

R=R,OR, ®R,® . as abelian Geovfs (S‘o o Mo{ aLel{ar\a{a %md.cd bD N)
Re" R S Reyy  {BmR RoC R subring sie R.- R, € Ry
The elemonts df R are called homogeneous glemends of degeee n
GF&AQJ MOdMQQ means R"mod M S".'-
= QM ,OM_OMOH O N, @ as abtliam groups (50 geaded by Z)
RC . MJ < M H‘J' &(O‘F'LCA write M, +eo o..m(ka.site Eaaulifg -)

A morphism 0:\' arm\e.o\ R -mods is R-mod boin Hi)N with @W(M,) < Nn
om nov on ¢

(Non-2xam;nable Chagher)

\F
R h[-xp/ ))[“J RM—hOMoaemw folD: 9.)[ de% m (So Ro l()
X = n’h——Ao\JA,u v A, for

- e Fmeans thke O-Ha Fraded pack
A= Spec k x; 1-1:7 > | = Spec ((’Q [‘Jt.o,_-l)cf\‘)xJo)( S0 P(x"lx"'"’x")‘\po\a
) omi’c’;—"‘; leea(?)
A (%o otm e | _ Recald in €3.4 Hlo O-Graded pwt
A\.I\AJ - Sfet k Z:/"");_;I% = Sfec((hEXo, > In)x; 130) ¢

{E°l‘3‘ homoaeneoud n %,.., xn}
Po \9 same degree

%\ 3 €>(ac+ ,U\Il 2 ‘Fﬁl'“f\{/\‘( ﬁw\(}or ':mf”+ whivh ?N.“. W{”—D(C‘AI\J

) fmtRonS (iavatiant Ander k™ cahn
graded R-modsh) —— QGh(p") o open e e ?)
N — M demominator 0
—— O0—th graded pv
E Le«'- M"_(Mxi)oz rak prece M\A M‘J (m;x_ -%> U\s:na-
Defne M , A: = /ﬁ: Hese 3’«( sac 1 | = .J x 7 | ‘/‘((M“‘)o);} E(M*"‘x)o
Exactness is o Locad tondition, so it holds since .Jl: ol ds ‘n adfine "

Pl dfuthid < Hom (R, Rl ) = Hom (7 NT) = Hompp o (M), (8,),)
Mis weduces Hha  problem Ln am expese in Goadtd R-vaod.s. (oml;l:ea( here) N

liKe case from 7.6:
\/\‘M‘Ml\g Not an Q_CfvwaJ%cQ of ca:l-laoﬂ?-f LQCaM.Se <_unR‘M:ﬁSs N'sz'(pln(SPeC R)
KY if Ma=Na for noN then = ]

Mt+—
F(M) &« F

fact |1 work wilk ﬁrm\b\ R-mods "modulo idemkfying Hiose whih would give rise o “Same
M, W gth equivalime o} cakeqories. So work with {R-mods M)/ [R-mods M : ’P\':O}_@

For X=P", M=0 & M s [oally nilpotent, i-e. Ymen, 34 st xt-m=0 v:.
I+ Mis £.3., fhen W =0 & M is Raile dim vs. /k)

In reverse direchon : 270\&4 R-mods) «—— &G;L\(IP'\)
it o) ()= @T(R, F) e F whee F)=F& O)< 55




Fact | F = F(F)

Whenm We mod out by the M witk A="0 as in @, Wis funclor Yogethas Wit Hhe
funckor of cloam defne om equivaline of cats.

Colr (P") corcesponds Jo the £.3. gvaded modnles uady~ the equivalonca. _
Rk The prelecced representaive of M in H quekent @ ic Hhe satvcabion (M) of M.
Call M a satvcated module i€ M’E(:('ﬁ) «—(Hink ofF His e o .s\\eqkkca.—)im)

Beb  MLAY rew grmded Romod with ML), = Mye e e ot 2220 ™
Exargle £:=R[4] onP" 6(& RCx,2304)) MR]: | he rr\;: :l ':L
zm:): (R[d'.\,a)o ifff.-,,“':% iy = 2 Rey : ,\.Ae(gw?d,e, fnceon cad A
line bdle Wik, oty =(x/x)2. Hemee L=, ave (Rx:), = 20c), 1%
G I NN DR W e bl ~ TS
N ’ * ’ S Oprlpr = Lin:

. P ~ — o~ ~ o~
Exercise M4 = M(4) (— M ®ew“6(d)\ \(Q? R[d]=k(d)= 6@800):0(&\\
RmR [, ..., xn] = d%or(lP", I))  (but Hus does nol gememlise due o abowe issve about mb)
The Constrckon of M is so simby o Hae Spec R cooe .:}ﬁ, becavse 3 anologee of SpecR: ProiR
10.2 Poj (R) and QG (P R)

'ij (R) ={ 3—’}&&0\ prime ideals TS R not tontaining Hoo irrelevant (deald }

(or # homogeneous™ )

2
R any means T = @(Ing,\) R :=@R, X
gcaded "0 T in 1P
. In wR rewove
nAg (ﬁm@&id ) Hre mansc vdeat (x"r'vx"')

(irredundant deal )

because. don't g llow
V(I) = {pePo R:p2T Y debne closed seks of 2arisk: +opolog losed goint [:\,,_:;3*
gcaded idedd

t L"“"?”"e‘o“ ‘j degeee >0 = D= PNJ' K\V(‘F)=2€€P~jk : 'F¢|>} qu(sajopov\xk
Warning Poj R = UDe. & RS \/lall 1. example :

Arning J £ +Sy<all £.> IPO'L‘=D,L°U U Dx,\ and (I%--»x'\)=kc"°r~)"'\3+
fact :D_F. = Spec ((R-[-‘)o) 2 J-ﬂps(oa.cd space s

deg ()
f — I)R,F N (R‘F)a (in\IZrSQ Mmag: Po ._)k?o {qke Rk: ah: c Po}
Sheaf O :=8Pnoj(k) d ’ U
— on D, =D D
GlD‘: 65{“(('2&)0) Yoom 3&'&— /( 9 f N\ Py g;d" 05?“‘(@43)0\3
Wasning ﬂ,.o)- is wot Rndoral Like Spec /more amem/{jlsca%ces,’(?(h)-g =3;

1€ ¢: RS graded &;»«4 ringe W(Rt) 25, thew get morph ((#.- ProyS— P R
bu¥ not afl Moqoh.f oarise in this Way. I‘_“P_'(I)



Exa-!'j[‘U AN 6ing
) S = R%o,. ’JCn} with ujuad yab\ma = PrOJ R = W (of- S"PGCRX
) R(d) -= @ R Hhin ‘H'*Q.mcLJS\Or\ RM)_;R indwS Gm 50 PN Rz P R(d)

"0 (—(reca\\ Ro—m KR Su\\,rmg)

3) S Y aded Cing gzm.ero\rkd o an So-alpbra by n+l elements 50, Sn € S,
= S, 0%,.. %] 29SS = s S"[@ = PoyS=wvir)< R

X —3F5

Ker ¢p Losed .S'u\L:cAemgo
— .
Ekaw\fle ke Cx ‘3]( ’_ k [x2 ,%Y,9 ] rocall Hhis T

IQ[_X,YI?:] — k["l-"b.'.') ] . Xv— a2 \/.-—4:3/2 — Yt
= “>|= Pro; k(z )= ij k[zl.ﬂﬂ) 2 Proj k(X7 23/()(2 _)/7-) closed sw bgcheme 7 rFZ
‘ ' #-descee 4
IS l"\@_ VQ(OV\QSQ Mkddl/\a \)L'. R‘;—) Wz' S\'m\\_o{b axA— '\JA . |P'\;’,|PN’\‘M0;\(::\|:|:SI;\“

) every Losed subccheme A Poj R acises as Proj (R/T) Some Anked idead T | 50 N=( 1)

Fact R=@ R, daded ring = gek Ling. bundles O(d)= RA on ProjR =~ amd

nz2o

T exach, full £ faitefal Funchor  ANRHSHS us REAC) Yoo srih,

/ ~
M built by gluing an in 10.1 namels,
Z?—(aaﬂa R"'MOAS\J — QCOL) (Pr‘Oj R) M(D_ﬂ = l"\ (€) is komoﬁtn&otu lo calian ok f

~ | Go localize at £ andl +ake O-# graded (art)
M M “ stodk MI M( )- komo neous (oc?;hl%a‘)\of\
r (F) . | = oJr-H.\e_ komoa pome idead T

= 9-H\ omded pat of M
where ) (F):= I~ ( PoyR, F(d)) <—(F"(M F®(9(0‘) and Ox =R on X= P“’J R)

agoin ,wot an equivalince a}ca’rs but C(F) =F au\ak the dwo fackers defne

om Catmva\lb—\u- «1, s it we work with Safucated 8(@10012 mods (M. = [7(R))

| Example:

FQC{‘ |F RO NOQM»@(;M) R ZU\UK‘LCA as Ro_ﬁlalkm b‘\) gnikly man (,\{Sé & ka’o, ,XV\]/I

Hhen ® {-(:g R_mols}/frf,ta_’—'{or.ﬁor\: R—rvwo\j} — Co\n(_Pm" R) |is equiv. of (ats.

M— r’\ and. quasi-jnvefse I_(I:) «—F
Here 4orsion” means Vme™ INeN: (R-(-) m=0. For M Fa A-mod. ; Yhis holds & Mp=0 for lacge. k
So @ same as \,Jorkmale\ (:3 R-mods Modulo idenkifying Yhose Hat ¥ ageee™ in \orgn. Aegrees.

Exercse M -hrs-m—)l"l;_ =0 Vlnomo“)eneous FeR+DM(D)=Mypy =0 = Mm=o0.

(ko moseneow |oglisatipn at {')
Now assvene on|:9 R Noel Wow\ﬂ.o{ d"&_.

Exervise Show R, Meu\l amd R 3}0\0/‘4.\4-& as Ro—da' ba ‘F-'Aikl_) Many -('—U ---,FA.E'R-
Lt d:= f.cw\(_t)«ﬁa F\.) . Call komoge.v\epu.s meM icrelevant (£ (1_2+' MSN_‘* =0 focall Lorge N.
M called icrelevamt ;¢ o) “ore Tctlevamt. Fact P holds i€ fe_f(a_u. “Yocsion by “Irrelevant™




