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0.1 Classical Algebrmaic Geomelry = Affine voriekes

R= k[?t., ey Xn ) Po\anow\iaﬂ €0y over o‘%domi(a."j closed Reldh k.

T € R idedl

X=V(I) = {aek": fa)=o VfeI) a%a‘ne variedy.

The ivpoloacul Spoce closed sefs: V(T)

A’{:’ﬁl\e Spq.u.: AV\ — ky\ w‘\'-\'{,\ 2@{'\5)!2\ —-}q‘ao'.nm< onV\ S?,+3 . u;‘;: A“\\\/(I)

X< A .su\ospau. %fo‘om : XU, basts of optm Sd’S:: -rL-'éI .-b‘F

The fuackons on it De={ac k™ f@#o], fer
R = Hom (A, AY, fir— (o Iﬂ)‘FCM) «— The fmckons on A™ are
LX) = [feR: £X)=0) P A ity S
Remark W (T (X)) = X _Hor affine variekes X Vanishing on X
Coocdinate ing © | REXT = R/T(X) o The fmchons on X oee

Key facts: ) Hilbert's basis Haorem 1 R Noetherian , 0 RLX]) Noekherian
2) Hitbect’s weak nullskellensatz : maximal ideals o R (and of hEx]) are
ma.='_[({a?ﬁ: <Xy =Ry ,-o) Xn—An7 , S0 comespond to poiats: {a)y=Y(m,)

3) Hilberts Nulgell [l = ol of T | Hence:
) erts Nulgiellensatz: T (W(T)) = (T ( {;dgﬁ) .FNGI)) TVI-T
Lemma. Thee arc QV\OVLZ'(—\ nfw\ol\‘ons Jo se‘oa\[ak points Codical

E 0.=f-'\o (= XQ/A"\é Some cordinade Ou;:f:L; = X, ek’_’x} Seemr‘anu a,L.n
Morplisms bedieen affine Variehes

HOW\(A"‘) A‘”\) >~ R”“ & ‘Oalvv\awﬂaj Ma.fJS A (\C\coq,_../ "Fm(a.\)

Hom (X,Y) = [res-\n‘ckov\ af a eo\:jnovm\'al map N>R s.t. X%Y}

Foucks : | %\ 2 Ho X, A <«— "values of fuathons are enow
aLYs ) kC 3 M( / ) o delmine He aboshact 'f\l?)(li\ﬁor:\

2) Hom (XY) = Homk_“k%( RCY)  kEX])

\ "pu"l’aCk\\
(F:X—)Y)I—)(F*lHOM(Y,A')—) How\(x,/A))c— R
E1uiwa|em of c-&-tgartes £ — F¥ = {oF Fx?“:.) i\f

{afGine varieties } > finikly genemted reduced R—alydoras A, homs of k-algs.}

R ca”:
X — %[X] nomilootents | Ry e
(F' : Xﬁ\/ ) — F¥ (—f— nilpolent- it 'Fldzo Some l\l\ N rodical

Note: T(X) is cadical

Remark e "same " (U‘O-Fo ?SoMorp‘/\iSmB X con be ombedded in Various A"

E.3.cuspidal ahbic \,/((9’-_:&) = %g#\’;% is o V(g -3, 2—x)c A

:"3.%



0.2 Why schemes?
Some reasons :

) Why alvays have spaces embedded in A2 fextinsic)
Can yow vake semse of X withoutr refeence do /A“? ('\/\\YII\S\“(_)
2) Nh\.g viot Lt R be any rir\-a".
3) Whea you deform vaciehes, nilpoknts anse najcura“ta, and chovld not be ;gnor&{!

T f = (x-a) (x-b)
\LL, X=VE=0M A et s
* o =~ k kRC ~ b2 abe ak
Deform : a. b kb[e:i?“e—o :Ex'}/[x__a) @ x/(x—-\o) - k <_€if$\ point
T ULz (o) (xe0) = x> LVEN= Ve by Hitbert Nullstel,
\|J x=V®=ioep A s o v
<—x k[X] = k[ﬂ/_\/&:) = k0x) /1y = )

We lost information : C|0us$|'ca\\-j yow cannot del| x=o apnE from %o
ln the Yoy of schemes, the Rey de is not played by the +opologied space.
The Key nole is plaed by the ring of funckons , or cather, the sheat of fondions 6:
on €adn open sef S X az\—a ring of funchons O (U).

Exarple above = (J(X) =k Cx)/[32) « We do nok redvce +he ving of. funckons
At what C—oS‘{T'?- \/alues of fmtkors need not dekrmine Yhe abshack funckon:
&) » oL+px —— (Ltpx 2 X={o) — A') € Hom (X, A)

0 —— « do aot rewover B.
ldea: the gbstmach "(5“ remembers Hadr X arose fom Hhe wllision of
™o poins, so (b records tangemhal informaton : ?%Lc (ott3) = 3

=0

0.2 What is & poink? —(and leducle € nok) (X #X)
X '\Oen\oD?CAJ spal s \‘Qéud\o\e W X = X,uxz_ & proper closed XCEX.

Eoclidean world (MOre, 3u\em||\3_ e X Hausior-ﬁ‘)  YeX \rreohoiue_@\/: point

or \/=¢

point aeX > max ideal M, < RX]

Classical A\ Geom.
95 <d.oseol. g#Y < X irceduchle & T (V)< kDX) prme ideal

R Tir\fa. =2 "Poin+s\\ 01_ R are Spec(R)= {f‘rime ideals oj_R} nok just max ideals
Co\JCe‘anricaW} & good choice sin fuactorial : fails for mox .‘oleml_sl
¢ R—S hom ef rings = CP-‘(B“""‘Q\:“— prime €9- Z%{) &, ¢ (0)=0
¥ tdeal ™ ideol We were just Lucky Yhak

=2 Spec S— Spec R [ oms kCY]—=kOX] send
"(’—' Max kel = max deal .



Motivabon: M nxnn malrix over € ‘“c("a

.| Exawples of affine schemes So CLM] = €1%)/(m, W 2@y A
: ‘ Spec CLM)=]&- A} A: equnvalues o A}
S\PCC(R) some (‘\f\g R (a|vdq\as: OMm. ﬁl\a Nl‘”ﬂ) : S

+ As « &J‘H Spec (R) = iehme. ideals = R} & (pcime\ Spectrum

V(R)=

.« Zariski ‘foeooaa . o V(0)= Sfec@.
closed sek: [V(T) = ! Prime ideads COf\'\'uQm‘(\%, I) < Spec R

¢ sheaf esme which we wonstrock later,

Emk The g,&loal fnckons are - Spe KC eecR) =R . ste ;p:zc_sifnjo ’c?;Ql

(InT)(TNI)ET-TEINT

<— spaces of fund=ons

Keqexecase | \J(I) oV (N =V (T -7)=V(TaT)F— s
"ﬁ"ﬁ;’;”;’{, N V(Ic) = V(S 1;) but T-T amd TaT May Lc:/=
Key V(I)= 06 & T =R © e L, Siae any peopesideadl S some max ideal
Topological , ©pen setz : U, = Spec R\Y(T) = 4:U D [Rmk Dw=D;

Consequimnces . €l for NI,
basis of opom seks ; b,p={Fé§(’¢¢R= 1“4?]1 i & fer
7
fer ={|> € SpecR: F(PIEOY | bimim
"valve of €eR ak P L/"{'K“"\’ Rwic:
1?—3 R/P <_—— K(F) FTM(R/F A4 F/P R Pgl""“‘
| > £ N, Ry is
nor N s aek feeld AP
Remark |F(p)=0& fep WEEn 1 [

Exarples 1) R = k. [X] V<—a&(~'«xe voriehy, XS /A"
Spec R Tyeckon Einfo\vwcLle, subvariehes Y X };

Ul I Ul
Specm R o 15K Yapoloon
— {MX : deq\s) X &— omd ZrisKD Japologres agree
Value of feR ak m, = My — R/fm% =k | inHhis case the
= - - | 3 + Keld does not
(W\“ (Xl X))oy Xn 0\«\7) "F ‘F(OL) ma\ov\%{po'mf

?_) SPQC' Z = { 0 } V) [ (‘P) : Pé N Pﬁ'N\Q’} Jalue O(' feZ a\% (o) -
<@ . . %ﬁ?mc('l/o\ @

(O) () (3) (.S-) T So lost no m‘(‘ormd—\on

V((OSB Z rime 1deals wntaining (o\} Spec Z so Hhe oot (O) is dense!
W((p)) = {(P)}j are “closed points". Valve O\C £eZ: £(p) = (—FGZ/P) (—F mod P)

I aeneml Prime doals P with WP )= SpecR are called geaeric points
Prime idals p Wit /( P) = {P} are called closed poinks

Execise | closed pointt } = Jmax ideals of R}




Exercises - o prime ideal = o wdical (a=Va)

e [recall Cads ca.ld:a.
or a,b i, 6. b & V)2V <3, [B={feR e
Cor VIT)EV(T) ST 2 VT RSN
Fov(I) =V(\rﬂ, so: © VIT)eVT) @ V1217 by exerese. g [V 2 i Crad; el (R)
Gor [Viy=V(b) & Va=1e {Eiﬁ‘::e*ii;"«; q
— . R . o('der:-
= iCLOSQoL SQ'\’S 01, SPCC K} <L)imd\CA.Q 10\20«150}2} g;}roexssp\;:‘aalenu i PGQZR
Progosibon e R vanishes ot ofd peSpecR & £ milpotent < immediak frons

Cchrtc\aT(:cK Spec kR = UD& O Lelal &> & <al fi>=R
P‘F SPECR\ UD-F = n\/(-{:) = (<o\u ‘f')) now Wse previous Key. O

Theorem Spec R is quasy - Compact e(‘[t/as\-cowpacl- = conpact =ofen covers have
-Am-k SubCaVUS

Pf Spec R= \)u\. As U: = U_DﬂJ , WLoG W=Dy .
Trick J ‘

= 1= 4:;2.;.;@ M, <« so f:n'\\c.|3 ooy £ ganeale R 5o those :b'Fc Cover, O

Basic Exercises
l) (p: RS ring bom = of = Spec S — SpecR, p +— @7(p) is continvous

indeed [A™'(Dg) = Dep| «(Hint: f¢pcR=9 st ¢ '9zf Ph«s ¥ig9)
z) Shou that Spec (R/T) “is™ Hhe subspace \/ (I) S Spec R amd the 6[uo+\e/u/r

Sceg.? W’f 7= R R/I induees Via (1) Hro tl\d@\mon Mmap on SPQC.S &’je’;&
Nory | Example | Spo (ra/(m = Tprme 1dtols d R contuining £ means:
;G:I’?““ e points of SpecR where 4 vamishes | | 2ol
SR = V(§) Ao

3) Show ok Spec (S'R) "is* o subspace ol Spec R ,uhere SR is localisabon
(I, 2 ok a m\l{‘}\F‘\CAA'\VQ set SC R) amnd R — S"Rjr\—-a$ vadwe s via (l)-I*Lg_incl.usion

means:
Les Example S = {15658, so ST'R= Ry, Hhen:
S-S5
(we do SPQC R‘F = EPfiMC EMS.:{. R not mn\'w'u\'n\g, 'F}
Q‘;ﬁ\m = He points o} Spec R wheee £ does no¥ vanish
OE£S) puy D‘F’
4) D

13 (\'D3 = 'F} , So S(ec R_‘; N Spec R3 = Sfec R’Fﬁ'

i €7 25 = £)

5) b-f- Cbg%\, (‘F)DV(%) @\R:C\@, @-F é(%) some N & geR invertible

é) p<R prime deal = RP-*S 'R for S= R\\’) +hem 3! closed point mP—P-RPGSPe.cR
so local Cing: 3,’ max ideal m (@ 2lts ovlside Y\ are invtrk\a\n.\

Also: mpe U< Spec Rp opon = U=SpecRo.




.2 Delnikon o a sdheme /QED: WoRDS TO BE DEFINED LATER

Def A rinpd space is IDEA
c @ -lo(?oeoan'ca& space. X — He points
« wWi¥h o sheaf of rings GX on X <« He foackions
Loca”:a: T:I\%QA Space £ also :
. : <« +the germs of
all  skalks le.x ave Local rings '\eunc?w'ans near
So 3 unique maximal ideal M, S Oy Point
. . ’ / 1] \
<and 3 esidve 'F\Q(O\ af >x : K(x)= (9‘)(’/7; <~ hﬂ:’:ﬁ:‘ea\;ﬁ(
My % lives here

Def An offRne scheme is a ﬂpcaﬂ»a, rIr\a,ul spoud
isomorphic do  (Spec R, GQPQCR) fr some ring R

M A’ s«J\eme, § a ﬁoca.”‘} V‘\"Aald Sporcr len'd\ i$
locally. isomorphic +o an affine scheme.

means:

UYxe X 3 some open nelghbourhood xe WS Xt sit. (u, Gx| yg (Spec E}&Sm R\
3 some ring R Aepev\a\h\a onX “u
¥ use

|3 Pre-sheaves category C
beli A - e

Ab = coL-\eaor? of abelian POUPS  amd  aroup broms ::;.CZR;S\;C

X = 0Ny +Of)o|oa\'ch sface get Prfshet\{-oFrinzs

Top X = Car\eaorg wWith objects : opem sets UeX Mor (W VY=36 1§ Wy
morfhs ©  inclusion mafs <_( ’ {{rnd} WUy

M A freshemc (o('abch‘ow\ famups) on X s o oniavariomt Amder
F : TOP X —5 AL

So: .Yy oper U E X have o abelian grovp FU) « elements called sechons (over W)

‘Y induston UoV have o “esicichon Yroup £own F.(s'\”—"i(ll:)

o Flid:U-W) : Fu) My Flw) so sla =5 fr seF(U).
- Uevew = FIW) = FV)32F M) So: (5|V)|\4 =s|y for seF(wW).

EXamele X '|'°P°|03\‘CGQ« spoe F(U) = {c.ov\‘)"muous fonchons U— R} with obvious resiichions
nOr{’L\ism of pre-sheaves = natural Nansformation of such funddors: ¢:F-a

Wi icoms'
V incuson -5V have F('FA) % Glu) reskickions

L}

i-e; Wi

1~ &«—restrichon homs an will,
£ Y 6o c:ara':du;;m

Su.‘o Pre—s\r\emc FE€EG means F(w < G(n) Su\‘owl compo\ku.a with resiricihons




|. ¢ Sheaves
b_emc Pe-sheaf Fis o sheaf on X if ¥ saksRes Yhe goml—'\'o—zfoLaQ wndilon

£ W ogen s € F(W;) agceeing on ovelaps: Ua@
ucau: = S).|umw e FlUiawy) 7 ",

Y ) uou; Y
Thew 2 unique se F (UW) with S|u :
v — AN Ua,
Consequimces deos o | 7
+ TWo sechons s, t € F(W) etiuo\Q <> they equad LC““‘}- = 'th , U=vue
You Cam buld seckons by olz(f.nm(s focaf sechons conaHn"a on °"”e“f$
. e_g?c.-l—umtivb?&’- 0— F(W) — ﬂ F(u\') — ﬂ F(uc{\uj)
S VERVRVE - )
$ 6D 6 — (5l nw = 8 luenue
F(P)=0 (M @nsides emety covering of @) ( e dlu‘nu')
Exawyles

) Sheal of conBnuous real Fmckons = F (W) = { conkavous maps U— RY
2) Skyscager sheaf ot peX ‘["’ﬁ‘w(’ A: Flu= {g \fp ?i k(}Lk
3) ?(‘eSL\eocF OF COY\S{"Q\/\"‘ 'R/f\(.\\'av\s -R)r %NJ{) A: TP
. o FeF(U) s & conghant
F(M) = {A f M¢¢ ‘_(‘funckoﬂ £: M-—)P\ =a €A
(@) f \A'-: Q’ <—(on\3 want one {'vn(,«l\or\ on %)

4)  Sheat of |oCa||3 tonskant Rmckons o Gvovy A. So fe F(W) means
£: U= A such Haat VxeW, 3 opaom xeVEWU with £, v— A CO'\S\'N\’C

. consy dec

Wacaing : it imphies £ constant on connechktd components buk converse can £aid @ with asual

Euclidean topologry.
l:_xeruse_ (3) s not & sheaf \f X = 2 points witlh discrele '*"’F"og'a— R+o0.

Write Ab (X) = Cq"’C%or\g sheaves on X amd morp\n.r-f}- shaeaves

\l

SB\(X\ W€ Work Wil coltgory o Sets m;JfoAAof_A\, |(morphs ol presheaves)

|.5 Stalks
Dir' S%QQK ﬂk x U'J. f’l‘fs"\@\{ F is Yhe abelcan Yroup
: &— direct kmik
Fv- = HAM F (U.) ovér ('QS-L':(‘.\\'OV\ Moo
EXP||c\’c|~3 xeU induced by indusions.

An element of T, is determined b*a, SeF(M\ some U x open ,
o\en-\\F\a S~t Jor teF(V) & s|lw=1tlw some unV 2W > x gpen
Rmk + natvrak Map FIW—F, s+—s _.e7uivq|enu. classof 5. (for xeW)
or wrike: S|

. mO(-Pk W F — G ‘H'\.?JV'\ S-Q{- Le F — G ((e* (sx) = (-p (S)|

or WFLEQ (-elx ‘G € ‘F(u\



Exetse @ wiF =G morphs of sheaves Hia®

<«

/ ( ) = \ll (S)

it R g, =Y R oG then =y %: b * b
‘fw(slw) ‘l’wfslw)

Facls For sheaves F,G Thew use Local-to ~4fobol

recall Gom cal¥pory Hhe
S o Gy in')euk\re V= Mono : meatferyten

Composiies equa| equal

. QP\: 1

_ 'se ¥ E G H = aaM

\"'an-mg mono & F(W) - G(W) in). YW, but fails for epi : Flu) 2G(U) need not be Sur;.

Exerase FE5¢, sur; &y Vieaw, ase\}:(V) : @ ()= tl, €G(V) (but V can depend ont!) ﬁfﬁfq

. =  AxeVEW

1.6 Sheafificalion fo YxeU AxeVe W, teFIv)

F pre-sheaf = F* sheaf (iBcation) \/ s()=tyeF, VyeV
Frauy = [s: U LR : fowlly s is o sechion of F}
Nin fact by definshon S(X)EF, So s: | /— li_élu.F"' <y l_eJxF*
wmes with natveal mocph F — Ft «(se F(u) — (xr>sx)e F*(u\)

Exerese : F+ 1S a Skeauf‘/ F;=FX_ and it safyfes -

Universad proferty W sheaf G on X
7 ‘ /
(o\ekrm'mes F* umique,l

v [
to unique isomorph ¢ P) /

Hink . 0 our conshviion * F

Fi = Fx — G, So we lkmols ZDCJLa_ Aow sechons map

L In category AbLO

F— G monomorphism

F o G isomocphism E Fx o Gx

Tk - ce but we need {o oo Q..
y .
‘ | _, L firlly G 5 sheat so G=GT
— Gt (r\a“\"‘o\Q Ue, wsing Gy = G: omd Fach‘)

Ex aw Ele (f"‘e"she“" of Conshant f\MVKW‘S)-*_ = (S\r\QoC(: oj;. b CuQ.%,. Constomt fw\u\\'ans)

Exercise ) FC G sub pre-sheal , G sheaf = 3 smallest subsheat HCG sb.FcH
Moreover, H, =F,.

(#sheat of discontivuous selsons™) \%‘t‘t:::
3 (DA (W) = QAF“ with obvious reshdchon mags is o sheaf of F*
3) (1 F—DF obviows motgh, Gk F* = preshen] imapt so F(U)= (W)

Hen F2 S DF is a sub pre-shea) ond  nsiuchon (4) aNes H= F+.
1.3 Kernels, Colamels, images

¢:F =6 wmorph 4 sh /(L"“: Pl — ()
e (Ker @) (W) = Rer Qo i3 sheat
« Gkerg = (Pre-Coker @) where (pre-Goker)(U) = Goker o,
.odmoyp = (pre-Im @)t where  (pre =Im) (W)= Im @,




‘ . Rmk In addikive cat; codeaorical Ker
M Ab(x) is am obeliam cotegory | monogy HIF=26 Hhen HF gco%,,ea below

idea it "behaves Like" c_a,kaor» pj_ abelian ¢S epi & Foa—H hew G2H
o

Def abelan c,akgor‘g_: addikve Co\l'(’,ao(!a. sudh H«a)r] Morp\'\is,ms have Ker Coler
amd "') 9: F —oa vnonovvwrp\m is the Ker of s Cokus

W) % epimorph 4 CoXer 4 Kes
E a.Aﬂll'l'\VQ. CAA—%ON& means Mor (A’, B) 4\oe|iowx %nf (So ofden Wr{)‘e Hom(AI'B» s.k.
Cowpesikon of mophisms distibules over addibion
3 prodwcts AxB (¥ obj. X, (3! morph 0-2X) (3! morgh %= O)
S Y
. 3 2e0 objeck O (an object thakis koth inkad & Hrminad)

Fander ¥ ol addibve/abelioan cate ;s addib® if Hom (A8)o Hom(FA,FB) is Fp- from.

For ¢:A—B: ¢ Objeds Coker ¢ Clls B Gkery € Ob |ﬂ(€: ke (Coker )
Ki“{' is A& morPL\ \(e(“-(’ — A st ‘Y'f? N wh(ck S A& w\orp\a
vC 5 3TN Jng — B

s-t. 3l ! \\) CoKery & B« ¢
$ 9 S———73 Facts Blﬁchr(%o:\'iono;c(
KQF(( —)A—)B @C"_w'{ifo""‘e\"‘m°"l’h~ A—lmy—5B
—s |€ ¢ mono, dekne Abtlion cat = A imy epi
Fact Kecy is oo wmonomorph. He juo'h'elﬂ'b B/p:= COWU"P W\d:Cﬂ(K_@f@

¢ e ;"c:(:- B~ »BH//'\ as expecled |
e =y gec L T coker Feeyd-Mitchell Thm
T wil now stop underlining ker, Gker, Im. is CaKercp _ 1
RW\_‘( These COH'QaMt‘Cﬂ»Q o\e#«'ni%'om n be tumbersome +o Work Wb . 1€ durnas out:
V_cmall abelian ca (g A3 a possin non—~ommutahve ving R with 4
()%V\?ok FN Faidahd exadt fundor ﬂ—>[£ef& R-modvles} (l'n Par#wla/‘ar{:tenﬂs“*
0bj (A) and H.°MS:/ . = can ”Fre'l:wﬂ(-"y»ou. work with modules. Ker, coker, and is addi ve
ore Sets not justclass )@m ¢ gou va*/‘w"a e Hrsorem 4o Y, small alelion sa\aﬂfa involved

Example 5~ abelian gps , () sags:

-8 EXacf,ggSS in Your diagroam /sequrcr o} mops —donlt heed Jo use Ha m)«r./\a)
A (cochain) conplex £° = (.. _, F A_",‘FcLFH'_,,__) in an abelian cat

meawns (,OWVo.s'vK 01_ two (onse cuhve morp\ru is 2&0: dmodc =0 VE

* * ‘ y ono Imd! Kerd ™
(Co) bomologry | H (F7) = Ker d™/ jm d 2R e e )

F* exact means [m d'= Ker &Y' (& complex with 2e0 \now.o\ow H'=0)

Proposition wwplex F° in AL(X) exact & Fx' is exact se7MQ4aLc,|'qn?fs
K(""""\ed.t‘o.k bg Facts on previowns pag,e\ V)LEX
RmK For SES (sherk exact sequenes) ©O— F e hnso o] sheaves
You usum"», UhecK exacness o (el o) s-Ea.kal but can equivalomtly chock:
"‘-) O - FMW—DoG(UW) — H(w) exact V open U
W) H s snallest subsheaf cow\'ninil\a— pre-m B, meaning ever

seckon o H can be obtwnd by %‘"""9 Locall seckons t#ﬁfe_ {5(%2%-,,\)
of G




= 0—- FA-FBoFC exoct BF botl
rabt oxack £ FA2FBFC —O exack 1‘;*';;{{{'5“

Example Homg(l"\,-) is Ceft exack ‘@M s right exact, as fondhors onRR -mods
1.9 Pus\\—-forwar* (cﬁﬂd’ Mﬂ.\ omd _iaverse {mese (omp Brmod 1)
t: X>Y continnous Picvee IN MIND
= addibve fndor £ ALX— ALY £ LE
DeE FeAb(X) gives ‘E{F € A“’(\/)’ >|< _,l/
EF) (V) = F (V) u o
Exercise (3o€),F=9,(£ F) for X52Y 22 .
=  Addibve fnchor £ AbY — Ab X
PicIVRE IN MIND

De€ FeAb(Y) gives §7'F e Ab(X) is (pre-fFYt whee |

| |
el = Ly F) S | x
V24w v ut gt

- ~ \
Exercise ({: F\ ;m) and (9"” m,...m‘c "9 S~__ also fallows by

by vaigueness vp

A fmdor of abelian cats is Rokt eyact £ O—A-B 5c—0 exact <Fexaul- 3

Ex“-!‘_‘)‘_’les l) LT S X incusion 01. om opervy sUbset : i"ajﬁfﬂf:d:ﬁs
FEAB(S) \-,,(_F . V‘_) F(V(\S) see next pase .

F e Ab(X) F: L{H F (W « dencled F|
pe Called &sk.chon4 F

'2-) /tx‘i 'Poil\t HX , C,‘(poinﬂl’ X
Fe Mo(X) i, F = FK

more Pr@NCl‘a— .
(( )= B e
will not make S\Ad;\ erwKS 0gean.
3) e XH Poinb
Fenv(x) mm.F = Y—(X,F) = F(X) <« 2&]90«\ sechons Lnddor
7
Poofosi‘)\'on 1) f, is Qeft exact e— in parhwlar T(X, ) is [eft exact
2) £7 is exact
For fu : exercse

prook fur §7 o—>6¢ A —EB).— §'0),—0

1 h
(o o A - B, — C, —O0 Which L~7 ﬂSSW*)o)\\'J\'\ is exactD

£, pe
RmK £ 2;;;:—:;;& } would fo)low \0‘3- Ca','e&ol'\a %d.oﬁa. frow next f’mfan)'w’\



PooposiNon  £7' s W Left adjoint fmdor of £, mearing T natval i
Mo¢ (-F"'FJ G) = Mor (F £,G)  which is natvial in Foanmd G

o =V wen cmE
Sketeh £ Tl L Fow) 25 6wy ot
In — diredion /w: U Il «— pick U= £V " di"f“".{”/
you just nee
F(v) G(E'Y) = £,G(V) zhﬂ';rcienhxf
. o : 9;\’2“ _ mMenT 1a 0
In < diceds F(V) — G G l\/\ « hssUMme vafi o e s
l L ke Lw oues suchV R";K :" 9:;3_“{
) . -1 UT OT . Q)
M F (V) zﬂ) 6@: v) \l‘\t!k;c*‘ioﬂ <_‘F'\l°\+/\(,0. M' ?‘::-‘i;\iiz W\ﬂfs
> - 2 \J m AhL
Vaku vafu G (W) R Ay

Now thack thase two are nabrd dansformakons , iaverse to gach oM\—V, and natvral wFa.n

Rmk Another example of adjoint fmctors, for R-modules, ove Hom(m,") and -@M:
Hom (F®M, G) = Hom (F, Hom (M,G)) fer R-mods F,4.

.10 Mocphisms of Cinged spaces
Def (’F,Q)(X,s ()’ 9\/) mocph ‘4 FIABLD\ 5paCeS  wLAnS
.{:
X vo work witl, Ring (
Y conbinvows mag 7} Joplogieal Sp“y skl.ia\r} Ab (x>§)

often weite

@ = £ £ Qx <_G morph sheaves ings So €} A
(So: 0, (£7V) Oy (\) o T y)%? \i e’y “1:7;% iy
o 'y V¢ \/ co witlh reshcins. local
D l\akom VVY)Q J ) (et RS rings

For & W‘Of‘\o"\-lSM C‘q” (1 spacls wonmt in addiRon : is Local riny Gom
4 alA - / V£ Le(-w\g\g mS .

ﬁxx % Oy ‘Fx S 10&,0, ﬁf\a. B\.OM E1u\'VA|eﬂ+La_:
\N gt img)= Mg

E
(Xp|ar\ad\on (-? ( ) £ G (.Fw V) is & re‘oreseﬂ‘)'ﬁ‘{“’e- or Y, (S;x SN Hais D is prime
amd\ Contoans ™Mo

y x
s en Ha
RLK Can Conqoo.se_: (X BX) £ (\/,@y)&(z,ﬁa‘) : (Iz‘;\;}f::f,u SE‘,{\ O\A.fo
H H Moy TO JUms Vanishing o %
(% +) X= 9 f, G 9"(; / 3*9\/ <L O . Ja is a fmdder 52 9 ()
Rmk  Nokica in He defnikon we cannot just Yolk about "“‘““”0'?(’2:9 %,"b
o morf"\iSm 8><<_ Sy becowse Yhe sheaves are &_@x (,F_#@Y

not defined over Ko some dopological spaca
= el need a wmorpl £,0, «<— 8y of sheaves on Y
or o woreh O, «— Jl_'G 04- sheaves on X
By M proposikon, this is Hhu same m(ormm\\ov\ SinCe Mof('f: 'Oy, 04)= ~Mor (6, 4,6,)

(No’m.t al.\a (N8 wmap on 3—\11,'(8 8 (Gx) <—(1C—|(9y\ = oy{ i ““Q' Le'x ouLth.)

Rk @ locall = also get hom on res\c.lwe_ Relds: @, : K(Fx)= e*/f-x/m,; —? xa‘/W\ = k(x)

= field extension We: K (£ K.(x in classical algebraic glomedny : ke cdosed and X d°‘¢-d por it
x: x) 3y ) g d:R—sk, ﬁ(—'«).-»(#ﬁ)(as w here {PGRCY]



-1l A sheq.f‘ defined on a tepslopicad basis
X op- space with & basis B o open subsels «/means: basic sebs wver X, amd -
¥ Lasic B, ,8, xe8,nB, )
Def B-sheat F means 3 base B Wit xeB<B N8,
- F(w) €A’0/V bassc K wiHe bows F(w) — FIV)Jsl-—aSlV Vbasic V€U
omd a5 usval + F(U) s FlU) amd  FU)—FM—FiW) for  WEVEU
NSNS
. _!A)CQ:Q—-‘}’O_ %ﬂlﬂ'\l CDV\J.\‘f)\'on'. L .
& bane
Vlmn‘c U wilhk, U=0VU,
YV s e F(W) ”aa.reetr\od Locally on  overlaps™:
Vae Wnlly 3 basic xelU, SUcal; wil

_SJ|Mk e F(u,)

Wy,
= 3 uniue  se F (W) with 5| =,
Bk skalk F. = Lm. Ev) | Honce. also M)

Y

-
v

X&(basic V) Stalk fscj‘ vp o
canony so.

Theocem ) B=sheat ¥ exlonds uniquely (up o unigeiso) |/

fo atheaf F oon XN So Flbasic U) amd reskickons for basic seds
Oxe SAmMe uvp canoniCak iSOmorenisms.

2) B-sheaves F,6 then morph F— G on Ha eximded sheaves
ts uniqely defined by daton:

- homs FIW)y— GIW) for Las: (A, mmuhing it cesdeichons
Proof (1) © T MY Y Cer bas opens)

Unigveness Sudh om exkmsion (= 'S unique (if i+ exisk) becavse we cam
omonically) dumkfy F(W) for any opem W in Yerms o} Hha B-sheaf data :
= ‘ijC(.kOV\ . .+ S — . C ?
Fln) ) 1 5y e FIV) For basic VYU S|, = s,|, F(W) for basic WE VAV
S —— (Sy:= sly e F(V)=FIv)
Explanakion gven s, noHo Yhak his “holds: Svlw: sl lw= 5|w=(5|vl)|w=5v, W
Converse,ln , gven Sudh sy ¢ F(V) = ’IE:(V) I-H\em S"l\rnv' € E(VaV') amd SV"V:\vel F(VAV')

must equal because Heir restickons fo a vering of Vav! by basic W ageee (=5,,) .
. &-(M Hen wse sheat property of F)

Exislemce

A F { M) = /&M F‘ [ \/) e——ravecse bimit over resicichons for basics

(basie V)< U /’com,mln‘}»/e fam lies 4 local

sechons on basic optn &eb“‘/@u

_ { Gde 1 Fv) @ 5], =5, YWcveu

(LA.S\'C V) < H

Witk obviows reshichon maps  (for W'CU a svbset q P (basic V)EU are € Ul")




Nohee. : F(bm\‘c M) has not Ckﬂhg-cJ Vp o canonical 1denkRcakon -

F(U) = L~ F(v)
(Lm{cV)EV\.
S —— (s|,)  whidhincludes 5|,=s.

and for stad¥s:
. =g . heck :
L;M) FIV) = ’ﬁ? F(U) — fﬁch,.,i, g
. e on X€
xe(bQ.S\C V) xe U < ;ncluAtf LAS{C u:\/ ﬁi:ea\fffcé;;\
Pmoc (Z) g lo'g. fdv\clo/\‘qul‘a, (d_ fg\ : Some Lq;‘c V.
Limn F(Vv) — Ln  G(V) - a
«— <
(basic V)< A (basic VIEW
Rmk €

qv\'Vq|£nH3 , vt s enough do cemember grrms arpund eadh point

FlU) = /f‘_"" F(v)| = {S‘M_’l:‘xﬁ’ s(x) € Fi whfch}

b <V [ ! 1
(base V)€U 'tqle a.re' ocally, Compwk\v\c|:
- i y, VxeW,3 xe (basic V) € L
Wil obvions resteichon maps for Mhese 3 teF(V) },wi-”«
(Jost resicic Hhe wop U—s [1Fx). 3 open xeWEV ] ty=503) YyeW
Rmk Can simelify « WLOG W also basic (just ¢k e basic € W) s0*Yxe Ut BaceGms.‘cV)gl,{
- WLOG (eplace V by W, so V=W basie. Jdte F[V) with
Inverse : have cover U= U (basic xeV>) ‘t? =5(9) VBGV
* x) XEWU o S0 @ b\o\d{ So can exlend.
and t'e F(V7) st ¢ agree lGCl(-g, (since germs aa:ee) to uniqe gobal sechon.

l.12  ConstrucRon ofF es”cg Mohvakon: 7',— should be

on accephal, Lo funchon
XZSfecR, we o\e-ﬁ:\e O’x Hest on basic opem cets - / on Dg (r;\/.',uol v:\Q. don't

divide ba %QI‘O!

GX(T),F\ = R |ocalised ok mulbsplicabve sot ig : 9 does ot vanish on D}

= o 0
N Secie Vep< v o DD,
nadural S fre@egere invernble

For D—F Q'Dg_ define nalrad eshichon homs:  (whidk ace comparble Uadu composition)

8)( (D%\ —_— G){ (‘D.F) < uﬁocque ‘F\A.(“I‘L\e('“
2 iz . N
p— QX?II(A'“‘QZ -F :r% So
Pa — ?‘f‘ % s Xxr™ — xr™

3" (ra)” £



Lemmadl This s o B-sheaf on X fo- B ={ bosic open sets D_FJ'FGR}
PE Uniqueness: o, b & R =0,(Dp) amd D= UD

N W owly =l Ve odhen <=0

T D¢ Dy,
M 3'3 rcv(e%/\i/\'a— X, R L'a— D‘p, R; we can assume {':‘L/ R{_:R,'D':X-
L—( =0 € R—F: = —)C,;N'(o(—(&\:o some NN @uggvﬁdf&b?i:;:;rbgf
= <l £]> ®-p)=o0 (7"*’-'-“"rachw)/so pick. mewcimmal N k
rs’Z\lller',NaTrfck“_/" SR siaex X=Dﬁu... uD(_“ = D-F.N Vo v Dew (el Df':b{h’»

= | g-p)=0 so «=p QO
Existemce in @ :as bedore WLOG U =D R become X,R .

Uniqueness = ir\@ can assume  Seckons sanx (D-F:\ agee on overlaps b{_‘.(\b“__:b

i &G
(“PP": U"iquMfS) S;
Dg; &

55 |
g
WLoG X =Df,"'" J DF Fn\'k. wve Se= f_h Sine D&=Df9,-,wx_oe n=l, so §; = ‘%
Sc=35 on D‘FC-F,- = (‘CC'FJ)N(‘C,' 9:— % 9) = 0 €R &[N depmdson i j bukcom pick
. O R \argest N over finitely many ¢,y
rRWnie : ('F‘) )(‘F!J'aﬁ_('ﬂ H)' ('FJNQJ) =0 .soal\) worcks VC)a o
—— N~ . ~ 7}
‘—\ﬂ_/ i n " nohce Sc=%“_ , D_;.:D\,c so WLOG N=0!
by a: b: a; ¢ ‘ so £,9:=4; 9

”CO\IQIIA% Terck" @ X= DF\V"' v D'Fh Se { = Z re 16.: 9(” Park‘konciuni“/a“-)ﬁcy
c
i %J' =(LZ r: FG) 9‘5= izfc(‘cc 3.)): Z:r»‘ @:J 3:) = 'Fj (Yrc%ﬁ

. — g.i — v Qe . .
= 5= r _Z"_l% € Rﬂ' Vi 5o we z&Lafasei Hee s:)'éOX(D'FJ-Ho Zr;%LGGX(X):%

D;;ﬁ,: € Rﬁ'F-

Coro”&:& (9X exlends um‘7w&} Jo a skee/ on X=Spec R called Struchre sheal

(Or S hea# of ngJ\N' funchons \

stk ©, = fim O (D) «q Messp unpacking of defindions
XIF D_a; Xt YE midev\’n‘@a- ;_'Meﬁ&'—‘-_'.o)((b_;) ok %GRB'EOX(DQ)
f iee -%'M:S_, e RB\ som@ heER wila peED, €D t\“a
Lemma2 Oy, = R 9 "
rest. T ']‘fpc,L‘se

$
O, (x) = R

| (i¢e 2" (rg"—sf™)=0 €R some N) Dgy

‘ ‘ own inwf
pe Lm 00) = Bq R = R .o

all elements
R f¢p

[s{'roﬁgkﬂomord o\lgehm exXevse é_(eeto.u in Rf
fée



= 0, (W) = zg; U — le QP . S(p)éRP which are Lmﬂl»} compockble :
Fe
VpeUl , T opem nbhd PEDEU it sx)= t,,

3 te 0y (D
wikh Yo obviows restvichon mMmaps. N\ ‘P)'\\\ Some ¢ VXéD‘F :_// e0
ro Rg €R ;;\ x>
Rrk . old assume t= £ sine can wglace Dy with Dem =D Y
« ould jusk ask S =ty, on a smalls open peVED, . 0, (D~ 6y,
L ecall XS k™ So |ooK at scheme :

Compacison With classical GQ,M&: omebey b = olg. csed Feld | X=Spec kLx]

\ ' k[X)= kix,..., %) But c\aSSiCa“‘;.Jusk‘
° C , — olas ) Just
X affine vafieky , peU SX open nlbhd %) | X e REXTE K

L0y, X C00)
F= % on W, g,he RCX) , A(w#o Yuew '

Rm_k Jo fact can assume \N=bf}\ basic open (EF €= %, , place Dg‘ \93. 'D&N';be‘\
GX (W) = h"al*!\w‘m DJ, fvhons U= e quler ok L pe K
Gx”, = lQ-—aJ*t\on& Oj, albrmnj. fmdRons near P, Naubf ak P

So  pairs (\A,'F) with peUl & X opem, £ Uk re;fvbraﬁ' ¢

amd io\M‘\\F‘a- (UJ‘F)N(V,%\ <=9'F|W=9,|w on Some open peWe (InV

Theorem GX(X) = k[)(} RmK  Tlvs theotm 1S not obvious in C3U course.
X=Spec R[X] 5o by Lemma 1 40 ex(x)_—_k[x]

| —_ Al ~ — 2
e X /A" a.H—Ine wfu'e-l-lg. /M Dx= A 10(:\/((::_—“3—YQA
feR=%Dx, ;xn]  polynomial RLY) = k€], = ke Ca, 2]

= operny, but idenhfab le
Witk affine voviek Y= \[(=zf_-|) € A"*! (DF—NJ ar— («, ;_J)
amd RLCY) = RIX]/(25-0) = kEx]f via. 2 & %
fact 6, (v,) = RIX],
G’xlf = k[X]mP  whve wm, = T(p)={feRX): £(p)=0]

V(E) = JF =0} € X hypersarface ‘& ek,
D, = {f#0)} <X RIS A

|oca\/w U i Mmax iou.wQ LO(‘rQSpOMR/\g to ‘>
Hna, _ . .
™ = wm, - k[CX] = ms of foacRons near p vanishing oft
X’F P ;v‘f 3” O} __[for peX closgd Po;n'\-, o\t\gw(m P
doe & - o Mok Cowphcaled e.9. /P =Spec R[x]:
NSld ﬁ(’.\o\ |< (P\ &X/P /W'X,f = k/ % — M .()e'¢\|lt isw:bszd poink- %1) < t[‘x]/ K((’Q):lk.
Mocehs ° b (p) *(0)< k£x) not closed goint, K ((a)) = k (x) -

#* - -
A X—)\/ = A« :6\/(M\—)OX(K“A)IO(#(-F:U—\R):(o(#(.ﬂ:{oo(;e(‘u—nk)
(moreh of afe.vors.) (usual pullback on funchons ina classical alg.geom)



.13 Morphisms belween Specs 2 X

(@: RS hom of cings = [Spec(y) : Spec S—> Spec R
P 7P

Exag'(. (.e'- R — R{_ , T— 15 |oca[\‘Sq‘l\‘or\
Spec R «— Spec Rg iv an "“r\c|u.siov:\ with image = b{_ .
X = Spec(®) : Y — X, p > ¢ \(p)
LQ"\_M A~ (D{_) = bge(‘c) Auhmakca\“n ‘}’Ne(.
" — ~
P A faeX : 49y = [peY: & '(p) = q some 9eX, f¢ @' (p)}
= {eeY: 9 é¢p). o

Claim 3 | ¢7: 6 — 0y sudtak ¢l :0,(0=R 5 S=x,6 (X)

P£ vaow:)lr\-lw Luu“ (e on basic openg l.oM(a&x\)la with reshichons

+ -
¥ : )_’de(ﬂ—G(o"f)—@(qu\
(3 mo,em) 'l'al N Iz
on B-sheaves I natral hom ? 5 Q)
= > _‘”” = ¢
£7 W) @le)"
EOLSv) ekt compakble Wi reshrichon VoS for b,a__ . n

Cloim @xf, s local and Le is local
bE Lemma 2 Gx,p‘ R, 5o local with max ideal ™y = p- R

# Ai +Am.+ of maps 7 hence
Tor peY @, - ¥ — b s qures ~
7. X, P Y, p Nl wmae: ()
g e G i 5
tick: @t p=eda’p N Remp 772 Sp 0 Ceur se urgp

%M (r;r\g R) — me“g cinged spact ( SpecR, Gspe&pﬂ
(f\'f\‘a how Ri) S) E— ((SPQC ‘{’) (.?*):(SPQC SI &Sf‘ccs) — (SfQCR 85‘(&;1{\)

Contvavasiant functo— | Spec ¢ Ri\nas — LoCo.“la_ Riv\aeo\Spaces (eﬁa:ﬁ)

Cloﬁf’\ The fonchr is fFul\'a -Fm'-H\f\;I —ie. 3V7) 2 ins. (50 .-so) on mor‘ok.‘sm spaces
PL Gven a hom 4 Loc. r.,\yui spaces (£, %) : ()’,9 ) (X,0y)  X=SpeeR

Y= Spec S
let  y:= g% . RS oxcxs—mce (=0, (V=S cing hom .
X £+ JI \I,eP &— |ocalisation S
R PN _F (Llemma) for GX OY
GX-FP P ) eyp S 'D YY\P —F S

= 47 f) = <{’" ( L (my \\ = L (K7 (my 3\ = +p
P Amaroum m’FP sine 'F Lca& rw\a hom



= ‘F(fﬂ: k(_\lf) So 'F=S(’ed‘e) is He map on Specs indvad by @:R-S.

Upshot: have +wo morphs o cheaves F* o Oy — Speclq),Oy | .1, @un
{ \
ond -F#z ({#Sinmiﬂ)ud on sh&ks(]og e M&amm bave -FT: = C?P)D — i “’T")
S (0-\(\& Morpl'\.s 0’1. ﬂouui? r-hglA spaLs ) EQC’Z?; (fc;c_‘:)
U = 9(G2)=p(5) €D

Def AlS =Category of athine scheme
o (ﬂomﬂ'a{f':‘«?u( spaces = erc R, @fwg) one fing R)
Rinﬁ,s'o?—) NE is an equivalen o] catgories.
Noll il ess enbilly sugeche. Aonchor
eack objelt in trgel cakegory

IS 1S +o am object 'a image

=
(ce
I- Iq' Clﬂ'ed &mﬁe MS’Q‘\GMS M SaMe as spea‘l‘-;;na o Su\r‘,'.)
X = Spe_c_ R , TcCR folUk ring fom ‘PZR—)S, Henm %/:IK’;PS‘{
Y=V (I) = Spec (R/]:‘) ore a9 closed @L‘F'ﬂ'nz.\ subschemes oj X

— (as +op-space, V (T)=W(yT) but sheat
remembers T : Oy (Y)=R/I)

S_fec :
= OPpos\‘R.;c‘w}e: Y = fevesse akrows
So arKfclally wnake Spec covariank

(]’SR prime P_I) — F-R_C_ R/I

Examele T=m maxdtal = 9¢t o closed poiat {'m) = Spec Rin = X. Warsing

RV“_K Spec (R/T) is closed subschemen:[ Spec (2/13 means J 2T P{:V(T)%\/{I)
1T EE

Def Spec Rip N Spec Ry = Spec (R/ ) , Seec R v Spec By :=Spec R/In
Classical My.Geom:

Dekne sheal of ideals j=j></\/ on X :
‘—‘ () are the regulac
fonckons \/Am‘shinaonYn(A

Nole

(a_LSo:ﬂ) j(b,C): I'R;_ < R1,_ ZGX(D*) ideal

ideal sheat

otce Oy (D) (/I){— {/I‘R# ex(b&)/j (D) IRr-:ker(R%_‘R*/

A

N
Oy = Ox/73

= Ker (GX I .)xGY)

—where Y — X

inclusion.

J o) = Knr(&x (&\-,W)

T more precisely Hais is §,0 3D
atec in ourse: Sheaves of R-modules and quasi-coherence)

[.IS Closed subschemes

C e Thiak of these as Hu reglar

4

funchons wWhicl. 7vanrshYon Y.
(X,6,) scheme, sheaf o deads ] means J(U) € Gx (W) ideall compaklhy with '?Sm'c’rions.
v Ksee L4

Def A shea® of ideals on X= SpecR is quasi~oherent +f it acises as ] as above, some (Mol TR

on X=scheme « u if \faffine oper W, |, is quasi-cohwent

r( Rme I =
closed subscheme means. Y € X closed vopological space l/ ?{ii“{fst’“
*Oy = Ox /7 some quasi- cohecent sheaf of ideals J on X,

st- Yﬂ(GL'F&AC open U) C U s dosed 0#-'1\& sabscheme -@r He ideal Jn)< (9)(((4).
Rmk 3 11l contspondemca [{closed subschemes o Xy € quasi—col.. sheaves of ideals onX] °
if TepER then P'u

Can cewover YEX fom Y fom Hhe support of Ox/3J : Kl::-rzp=,=ap Sine TRpSMp

>/= S"Ff’ GX/:] = {xéx . (BX/D)X#-—O} = fxéx : jx=/= Gx,x}
mm‘)s&

Example closed point PEX (so §Py=Ip}) = pick affine pe Spec R<sX hen P (et
=) Sheaf J on SpecR = exlemd J 4 X by J(VI=04(Vv) £ p¢ v (o Oylv)=0)

later revisit these in Sec.3.6)

P




2 . GLoBAL SECTIONS AND THE TuNCTOR OF POINTS

2.0 Points of SpecR (not necessacily closed)

wokent
R h R i ka)_Re/YnP = Spe.c. K(p) s Spec Rp &— SpecR

zﬂC"(MP\=P < FRP _YYIP &« (0) {(0\11 ) — YVIP —F
So Foilﬁ? ff, Spe_cR con'ﬁSpoV\J Yo Y max dals in Hhe Lol "\'f\r.
2.| Global seckons and basic open sets for loolly cinged spacas

(X 9,() ﬂ_a(_AMa r( Gx) -be (X) ré R\(\YA M I-—L-’) GX(M)

Y't.l\gl S'oad- SZC‘I\OV\S 'ﬁlnu’or‘ indude ’\[‘/U\ n Gi{(,\js)*mt_

2?0\:01 sethons f\lv\(}of'z Lomﬂg QmJ,m( S}ma:o?ﬁ anasl (X,Sx) — r(X/Gx)z Ox (X)
3 canonical map X — Spec G(X), x — res;! (M )where res: G )= G restaich,
Trick f¢ 8y (X) Hen fe Ox,x tovechble & fo)#0 € Kix)= Ox x /My

image of £ voxG (x) — 6, . — Xx)
PE £, Ox N\ 1y = finekblesd 8} s fudmy g | <02 P

- @Fémx@f‘ 6(9
Lemma £ §,(X) = | Dy ={xeX: fx1%o Z,ch))- is opem in X. Eocs
P Teick = 3960xx:f9=1 5o 3 opom xcUSX st. f9e0,(U) £-9=1€0,(L)
= X € US Desina Vyeld, -F” 9y™ (-F g) I€(9 So +\9e{:nV¢rkLIes of & ;9\ so 1C{cg):l:o,.so YyeDdc D
L.Qm ‘F| 6(9 (D'F\ is m\&l‘-‘\uc
Pf Lemm@ £ is locally invekble. If ” Lon W thow h=g onUnV. So wn febalie.o

7\
2.2 What iy means 4o ke affine umiaveness of inveses (A=A 1=Afg=1-9=9)

o locally ringed space Iocd on stalks
(XG,() affre & Srma, R:3 X Hy Spec R laomeomor,ol\ omd- 3 @7—3 oL, &
But 6,(¥)=R s0 R £ O(X) So  SpecB,(0) =Y. .
0 X) R Do) = _) ru-\{m‘)cﬁ(x) S~ _vie 7'

‘ J
L o X canonical Spec &(X) y

ey 4(x) Ro(“)_’ ex x d(") Ro((’.)_) m X — res’ (Nx) — o((ﬂ)

So a Locally rinped space (X8,) is affine P,eo:seﬂ«a .
- He canonicl mae X — Spec r()(,@x) 's homeomorph

- OX(D[.) S(r(x,ex))f Ve r(X,OX) and esdichons o (,oCo\fimﬁonse(L\a Sec.l.12)

2.3 Fuader 4 points dy

MOTIVATION \/ set, You rewver set Y fom  Mor (point, )
?“N"f/ / P sek /s Y Mo ( Z_ Y)

(?,,_loCa.l 5 _)




op= oppos:)-c.

F\Ahc'\*ofo(- po‘wﬁ‘s &Y . S'CLO(H S-Z‘ls ) &Y(X) = Mo(' (X,\/) ] g
f = Veflfﬂ-
X<—2> on Mmorphs : ay (X<_'Z) =(HOF(X,Y) of, Mar-('Z/Y);l aermws

NY | MotivaTioy oo
Y= Spec Z[x)/(x*+). C-valved points of Y7 points of y"
Z0x] /(%41 €, x> 3 morph X= Spec T— Y so € fry (X) &{ofhen weike Y(C))
HWK L nabeal kavrj"&rmh‘ons N Vcag}nf:;rrri:nf take image o{,,wlye Mo (Y,Y) ﬂ (\/) gven £0y)
Yonedo. emma Nat (e\y,F)z F(Y) Conversely given ote F(Y), e hy(X) gfb Flp) () € F(X)
Yoneda ewbtdding | £, . Sch —Sek SR Yo &y is Fully mwuee’('é‘;;’(a»’{;g’l";i;‘m w)
= o Ob; are fomclors Sch™P—, Set
UFSHOT O Ay X by & V=W \(S'e-l-ss = tategary - { waf’em orn) odraions

@ Can now ask which fnglors Schob—3 Sebs are = =y, i-e. epeesented by a sc}\emeY
EXamelQ Will show Hhak //\ — S(ec 20, .,‘)Cv\:) Pﬁ-fﬂsen"S Q(”J-e” me who your frieads are )

and T will +ell you who you are —;Y
by Sets X = morphs G —)G which are 0 - linear }
/ { f @ /'SC‘\QY'\C or loc- e ny-& space . {;fecg'.X)

Mor (X, Spec R)= Mor; . jop

o.mple 4
Ex P Y athine =) Mor(X SpecR) —s H;m (R, (X 0,) bijechve 1)
k S”ECK/'? - SPZC R 3’ — 9y %S‘pec K geobaﬂ [{ X ¥y A.J.J‘Oil\{"{)l\d‘lx
KEY EXAMPLE
VR _LG (\/)T&h @ (X)%f(xx frellmﬂ\j)(-g Wi 2/‘.\’0' Fe S{MCR=Y
=sj£°2f*] & Y=SpecR My defines §: X— Y, geo=p
3 \ nv - - see 2.\ for basic
MOF(XA‘) g, S 407\‘,\ ous (OL\LCK 3’ (-D'F> D‘_ef_3 OP:;\’ ‘éq‘“‘"’j (\';,U\ S‘paas
n - 6,(p,) = R %0 (x o ) Ox (Des) =0, (37'D) = 9,61 (D)
OX(X) T I;I\callse @ natvrel mep indvad by repdrichon QX(X\—sa (D‘Hb
(s;nu. snuz @4{ inverkble \r\ gx(mw;) See 2.|
AZDL].—’ x1x) These cre wmpah‘ua (AmVe_rsad property OF localisakon: R,—£3 Ra and
€¥§/M\N-b\ @(S)< inveckbles of Ry =531 Ri—S$™'R,— R,.

Y ionage of X with restrichons O 2
VIOWS ¢
Cor (X @x) scheme. = Canonical hf\orp\'\ X— S()ec (X GX\ + Qs

7 ¢
Exarple Explictly « on seks x+—> res ‘('W\x Ye 8,(X) 0, (X) il (D)
for R r()( 9)() h reSL’ r\ow localise a,{-.(.' )
ank id:RSR O sheaves over Dec X : ex(X); Ox (De)| Wtag ook £ javerple

RmK often wot usel| if X has few globa| sechons (eg IP only hasconshnh)
RMK Cavxovu(_aﬂ Mof{;'/\ € m‘géd“/e iF gen]oﬁi se(hons SCPWV\J{ Pﬂ‘ﬂh meﬂtnmg

X¢‘;é>< = 3 f¢ F{X 0x), £(x)+ fy) (e,qUu/alev\Hrg B'F -F('.t) =0, 4[913#:0)
fe W\H £¢ My
thssm.Q Agpae gom. X €A™ abhine vorieky  (X=V(I), T <klx,.., %))
F(x ex k[X] Oy(Dg) = k(x), | Bylu) {r?yv@ar w.ons} 0, a—kmm
S‘z.pa.rod:es poinks, and W i {dose.ok fom\-s} C Spec R(X) , *

a > mox idead Ma ck[X] (¢ max ideal 4 GX ‘k)
in €adk g&l— em\,e_obhv\a { Category of Affine Vomdses} < Sch




I Vie-

E)(O-WIQ 2 X =S :
- = SpecR | ffeMor (SpecR,Y)} L Ho o, R #
f\ycs?“'&) meR=local ving. { with femy =y 3 Mf?n‘;f ( " ) Fofy

PED Speer L Y £

fxb W R= &s,m,k m < 03"3 Lol ""‘“4 riage

(or see ex .'-() N R ) /

oF HuK 1 % (‘;c me W S Spec R open Hhem U=Spec R sine

Spec R\WU closed 3o i€ s£g thew wold find ancther vaxc ideal

@ Affine case Y = Spec S

Y: gpﬁﬁﬂ S!'ZSS.}—)R =) S(u.ﬂ—-"yﬂcs:\/
‘(’"(MF%'S” wm " — f,,c,-m%ojq"m)=%
Geneal| case Vo S5y \\3.5‘,}

g€ UCY open sffine , Hhem Oupy=0yy R gives SGecR Uy
Wniqueness :  Svgpose £: Speck =Y giues same
Mr— Yy
ik ueVeyY dl = £7(V) ogem > m=[unique dosed] = £(v) =5
P \a' Y ‘%\I\e opem ZF ) (’7"\ m (?o?'\\' 51, Sfecﬁ) (zxuc\‘s'eé ;.-\Pl.eli‘:o Jeick)
so F:5pec RaNVCY so redut to affine caze. D

Cor2 xé‘X:)oB my\ov\{cal W\orp\'\ S'Fe.c lex — X,

a‘ﬂeeiﬁ’\’_':gt;) * Aha S‘OQC R_)X 'de‘off Qs SPQC K_) Spec QX')L _‘)X fome x€ X

ok MO‘-“-' n‘r\a indved by o locak (\ng bom
N N
(mn:&?t:;se;d . Avua 'f.‘ 3((::{9‘01_ S chemes %Qk/%ejc' (9)(,1 — i<{_ ’Y}I\xﬂ_l———) x]‘{:
”““’“g’;fﬂ"“ induud log -F: Spec Oy, — Y My, —%
Rk
R ocal = vesidwe fedd  k=R/m quot br \Kﬁf%(r}
A Gocal hom R IK=Feld fadors R oo 1 —lc 37

(S;"U- kery = Le_|(°§=YY\) S-‘r\uhio(al)

™M

: 'FG HOF Spec K Y)} 1 an n Spec lK—Y :
i P S S

f\y (Spec K) false wiitkn Y(IK)) Oyin/ My Spec K= Speckigy— Y
UPSHOT : Morphs fom focal dngs oc felds don’d Zive more. ‘afotmakon
‘HI\Q.Y\ o&rcno\'a kenow fom S‘oec (9X,X — )( aww\ Spec Kexx) — X

~ Non-taminble :

RmRk ‘aé\/ called K- valved pont K(‘ﬁ"—_'\K Yow id J&f&l\l-‘ a V"‘°"f’\" SPQ‘-\K_’Y
= - ) y; K

(o [K-point, o IK-Takona) point) 5% Y is & Scheme over K"

1€ Y comes with . morph V5 Spec K (hence O, (U) ave W-alytheas)“amd above Hquire Morphs Jo

commale. v T, Hhem gtk Hom  (K(9),K) omd if KI)E X them Homy (kK) ={idg}. E.9. Spec(€)

L h n C-poinds : - fo W £ Cles. € 3 A+ workK over € ot only one C-parat
a3 many C-pointy : one for eadh aviomorphism o €3 _‘C'EH%)L’W‘-.E-F worKoﬂrR%h'mg G?-Points"c.\




| Mod = module

3. PROPERT\ES OF SCHEMES

3. (o) u:c‘fv‘ ‘Fl.Ck an\ CDMM»)“'A‘B\IC d\%bm : loctl..suk./
R ('h\g_ , A R—\Moo\/ SCR mu|-\~fp\\'ca.'|\‘v€. Set- /W(;R"%“

leS, S.S¢S

Some WES
=) localisabon SN\ = M)(S/relo\.‘h'ov\ (M,S)t:V ()8 w: (tm-sn)=0

whidh is an STR-mod omd have R-mod fiom MN— S“V\ Localisaion map,

. m—
Fact STM= M ® SR canonically (via 2 ,_,M@J_ ond Y vem My, ®r: )
Exerwise - M—rN hom (ofF R-mods) = 32 nabvml S™u: S M— SN
Fact Localisahon is an exadt Ractor. 'K(

e STHMN) = STM/5-'V
Pe OLPF|‘3- S o eKadk seqvimen O—=N—o-u— MMy—o 10

- indled +n
F&Ch’ SMBMO&S D‘F' S ‘M quQ 'R)(m S"I\) -ﬁ:r‘ Sukmad: NQM (A;\=:tt.‘ Q

viee M= S'‘M

Fad:' S'M = Zuv\ M-f via. focalkisakon moys P’\;—EV\ whenever 9= f£4,

LALTN 0“"\\)
) s

m_ BN < findvad by R—HR
(Q‘J PmoF LM M@Re = M@L\M RF M®s- 'R) -F"H mgn S v.qurt’t@RB—»rfﬁ;Kg
vlkplicabve ek S= R\
Lol o..Qg).Lm, Heorem l/m phosiiese Rip - same cesults hold
F only use
@ xeM : X=0 & ')CP:OGMP V Pe SPQCK MAax i%ea(: ‘P
@ M=0 & M, V pe SpecR
@ r\ —" M —P’—)M QK&C" @ M °(P M / fsr M‘) QKQ(A" V Pe SPQCK
® f: M= N n& -FP-HP——H\’P iny. V pe SpecR
y. Sur‘)', » sur) //
7 iso, Yy iso, ” I¢Annx if 140

'P_F @@ Ann (1) = {re R: rx= O} ,dga& < mox deal m (u{\ess xX= O)
X,=0 €Ryy, D I re R\w k. rx=06€R ?we r¢ Ann()

® bv ® (exac(- Mo s, P’\;:,(SP M ”)
(%In’:q‘{n;:i’;t@cf) Sinc o, Ker [5 —‘* \"1 — Imf3—0 -exo\d-

=) o (s #)p — Me _,(,,,‘{5) —0 exad, s Ker(p p) = (Ker 3)

@ by ® é.@.a, inj means 0— ML exadt) O i (pp) = (= 3)p
(A €<all £:)

RmK  Spec R = UDy." them above resalhs hold & hold whem localise ot each

P 2. =0eMg =M @Ry, = Locakise firther af peSpecRe;: Mp=M@Rs.—M@R,= M,
(Noko, Very PE Spec R 15 in some Dy =Spac Kp)} O=x¢ } > Xp,50 0. 0




3.1  NoeHerian

Real : ring R is = ideals
N 7
Noethecian are £.9.

'F‘%. R-—Mads
are f.9.

Rmk  |oalisakon amd quokewts preserve Noetherian proparty

M An affne open (for the cing R) means oam opem subser UeX

admitting om 1somorphism
(U,I &xlu) = (S(€¢ R) 851”!(-&\ for some rng R

| -f~3~= Finitely generaled

Ry svbmods o} o ascending family

ideals in R stabilise
(”ﬁandl'na chain Conditior'
ACC o

Il S Il-c—: ‘e
= IN:INfl'"
Some N

1—|_—Note= OXME‘R

Def scheme (X,Qx) is Noelerian if quasi_compact amd ﬂocaﬂﬂ»a. Nogtherian :
CIGJM "\AQ -[o“ow;f\a aré equivalen\' deﬁ\'n”\‘o'\S Fof‘ (X,Q)()-Lo Le. [O(ﬁ% /VoeiLen'om
1) wey {’oin+ has am a//cne. open heTgkLourﬂoaol U wih GX (W) Noederian

2) X=0W: {Lar op%nq}/ﬂ'r\e; W, witk O, (W) Noefhwian

3) gq'ven any. open %ne for a r\'r\g, R, R must be Noefrerian

PL (1) G (D) amd (3) 2 (1) sinee schemes are Locally alfine .
M8D=(3) :  considm  SpecR =2 U € X

Vpe U, 2 afbae opon peV/=Spec SCX with S Nothwrian (by (1)
= 2 basic open pe Dg S WA for Spec S some 3€s

= Spec (Sg) amd Sy Noeth. fine S NoeH..)
By He WEFULTRICK, WLoG Da is basic also for Spec R, sapy. SpecR, .

Since Spec Sg = Spec Ry get S9 = Rf 5o Nothherian. Get cves for W,
so need:  Alatbra Lemma Q;__ Noota . V¢

<all £: > >4
proof T € R deak (aim: T is £3.)

= R Noeh.
~ b\j ”Co\/er(r\a Trick'

@

SpecR SpecS

UWSEFUL TRICK R,Srings
pe SpecRn Spec S=Y< X
=3 open~ peD cVY
whidh s basic for both RS
P£ 3 basic ped,cY for R
3 basic PEDED o r S35
= se S =T (spec S, Ox)
J, cesiick
S|Dr=: et ( b,.lﬁxy;-_ R,
= b= %n So (Rr\)e\: RM‘
= /D; = {xeDe: sex)%0)
={xeDe: h(X)#0)

S‘){css

=>I,c; = I.R;c QE& \‘M/-Fg. Sin ?4‘\‘ Noet. . Say

=55 = R o gonornte (s g Re) (gt
1 4 Jendor of i copy o) R I
= @ R T) L y ecj — ‘e-:J safsRes Le-F:

= Seec Rarz.bar
aer\(’.ra\:brs 8'-) = E:J_

(some a;j € I) W 'F;N

l)/(teﬂ(e.;): e'Tii SQV\QM\ E'e,c.?:.o
surjedive I so o sury.nl

y)
Exercise give an alternative proof of k@,e\om Lwmena. by proving the ACC R

Key dack = T = N, (T,)

.
3

Wl\eA‘e Le‘_' : Q——% RF\

You m&Y need He famous Trick @ SpcR = D¢ ..o Dg¥ 50 T ¢ £5=1

Lemma. (Mulcd exA(v),) X Noelh. scheme —> every subset of

3.2  Propuies Hat gare affine —bocal
Above we had o property & of afFine opens
Affne —local condihons
‘3 SpecRe— X & = SpecRoen X *
2

is lecalisalnon .

)

X is quasi-ompact.

(hr \‘na 1S Moeu‘un'av\\\) sa NS -Fa.'na_

VfeR <—|
SrecR= U Dy, SpecRp s X & =5 SpecR <o X 4 <

So ProQeHy is presened
by (eco\l.l\:?:ﬁ‘k()f\

con yo‘oausc from
basic agqnes +o affne




: 73 o\& -
Cla_‘m X =) Spec R: each fas * = eVuy open affine in X has *(—aﬂr\er, c'f‘

holds affine open
_ ) (2)
PE Spec R« X = spec R _—HHLD‘RJ ) D;\,J_ S SpecR: = D,t.-,"ﬁ? = Spec R£&0D

" N\ . W use USEFUL-
Examples of # : “ring is reduced”, “ring is Nothh., “cing is £.9. B-algtbaa™ \TRICKia 3.1
“Iscally of fai¥e +ope over B™ Nsome fixed fing B (“base’)
23 Redvad sd\ejnes so I sury.homo B*ng,B[x.,, An) o ring gfsz\sgsigﬂ.
(X Ox) redvad ¢ o0 Oy (W) redwad ring’ (=no ipoltntr=£0)

o c. finitetype /..
Huk 1 redvad & stalks Oxx are redvad <(so “stalk—Loord propecky®)
S VPGX has am open a/,[,'ne n&»‘?‘\baurgopal %ora redvd ""ng,
RmK By 3.2: Spec R reduced & R reduced
Lemma, X ceduad T,9 €0, (U) 4uke same values {Lrx)=g(x) € X(x)= Oxgx /M =>f =35
P Take £-9,WL06 g=0. On affine , K(PYE Frac (R4) so fe N p = NilradicallRi=fnilpohtnts} ={0).0
(Don't confuse Hais with axmeral fact Vscheme : £, =9 ¢ Ox Vxéu=)£=360x{u)§
Claim (hot H‘\d’s‘im\r\} atondchon e.9.£,9:0— ¢, £=)=3, §(2)=TF &ecent, but £ (0)=§ o), Spec=fo)
X rtduced, f3: X — Y,-(-‘:g as Jopologicall maps, £=9 on opem dewse set = f=g. 5"(|me)
PL 2nowgh show -F:g ﬁomlla by sheaf proparty.. wLoG Y=SpecR,X=specs (Pick specS & 57(5ec €)
Y:= -(—'#_.9# : R—5" 4o show @@ vanishes i+is enougl fo show S=@(1)€S s 2e0 wgz:{:e{_%n‘))
EPG Spec §: s(py=0¢€ K(p)} =WVY(s) closed & wontnins an opem dewse Set, hewce s=o by Lemma Qg

Csi 2 = . s
3.4 |ﬂ-ed,w,:ue_ schemes sinee §p Sp=0€ Ox P-\ contvins opon do\:\::_‘s;:;)asw»yhav\

'b_d- 'T’bpo\oa\‘cd spoact X is imeducible £ X is nok o vaion of 2 propar dosed sets
X=CvC, =2 X=C or X=C (whece C: closed)
Easyexecise & X icreducible: Any non-empty open UE X is dense amd ireducible.
. Ay\a two 4 n U, Uy have U, NU, =/=¢(o\ozn/olenselirred)
Reaall: Ni€(R) = niladical (R) = §nilpolemt elements) = (o) = M\ {peSpec R} (R cing)
Hwle 2 (X, Ox) irtdmeable & alf affing opens art iredincble  (Exarmple \/ﬁ)zSpec(R/I)‘—-SgiR
. _ . e s ircedncible & /T prime ideal.
Huled Spec R irrtducible & :LQ (32) prme idend : = Since WY(I)=VY({T) as sefs,
< R/NUR) integrad domein irred. closed sbsths o} Spec R
< 3|/ generic peint, namd,a NiQ{K)

axe : Y (P) Soc p €Speck - So:

. . - icred. nents : i ini
peX genecic point if closure P =X (P is dense) ‘Z"‘(i,,f;'_‘"{‘fmx”i.r.t.g”_)"‘ &6,\.,0}{)
c

Claim ()(/Gx) icreducble = E!g.emm‘c point ¥ . amd Y € every afAne opem #g —
PE albine open g FUEX 2 Wined. "= ! gbnricpt xeU = 2 U =X (Xin X closed and 2 W)

SUWOSQ yGXg{nm‘c = i %GX\M Yhen 9 2 X\U=X\U not alemse,} So DG(AI So 5=x_[]
. = L/(X# UWvlU, for disjoiat open M\#:ﬁ)
Hwk 2 irreducible ge—,co""e"k”‘ . Fack SpecR connecled & no idempotents £0, | )
RCllassifes connected components of Spec R in Yerms o} {denpottnts reR with ¢ =r

Exeise = R Noetherian =5 31 sequtne o prime Meals Py, Pa (updo eonteriag) {? .r‘;;\m@
(Same Pf.asin C3.4) R(in fact Hheqare the minimal prime ideals of R) M #?J
é 3 I S'QQV@MLQ Uj_ icced. C(.OSEA SMLSZ{‘:S C: =V(PJ (u( o NO(‘AU;I\a): Sf)ec R=UC\:/ CC$UCJ
R_(which as +op. subspaces are the it@dunlble conponamls) astopdlagical Spaces g
Waraing: 94 =(x¥)SRCx]= R = p=N(%)=(x), C=Spec (R/p)={o) = Spec (Rrq) & top-spaces,

notas schemes

Reaall




Non-examinable (see C3.4 Nok’;sr on Lok —Noether Haeorem) , .

To ewover the scheme Spec (R)= () Vv(93:), V(@) Sé UWV(@;) 7(@ ceredundont ' )
. . v ¢ JE J can't omik %

need pomay o\Q(.OW\'Ooh‘hOﬂ <(like Yunique factorization” but for ideals)

[o}= 9n9,0-nq 00, whee q; ae primacy ideads sk % 2()9;

q €R primary ideal i€ er0 ali:’irorsai R/q are nif,ookrﬂ' RmK P=\/_ is prime ideal
(Equivalomily: abeq=acq or beq somen (i€ a,Ldq them abeVq) (“assosiated prime ideaf"™)
Example p™ is primary i P prime ieal, e.3. (3*)c2 ?:'ﬁs;mi?:af;‘f‘e
Exarple (1) = (2:3) = (2)n(3%)<cZ is primavry dicomposidion . [So: abeq adqbep
The 9; are not unigue, but the p;=V9; are unique (up fo reordenny) N |
(Ve P ark precisely. the prime ideals arising as mdials u}anr\ihilw\m’s of elts of R) (“Ztlzs:d :{;P;))

The W (q;) are called prmar 4 components : not unique. as schemes, bk ace unlgue -|~o‘oo|oa.‘ullg,.
*WLOG P1=V2, - Pn= 4, ave a5 in previous exetise: the minimal prime ;Aealls
(So NQ(R)= pin-npn,which is Hhe primary decompasition for Bl o))
Fve He isoloded mponents \V(ﬂ:) (as top- Subspace =NY(P;) ;rreducible comp.).- These. 9,9 are unique.
*The oler Qnty -, m Ve rise to the embedded components W(9;), jyn+l (ot unique).
(Nok Py2p: some ¢, so \V(PJ) < \\/[P.) c \\/(q;) ae closed SM.bsohemes, but V(7J) g-\((Pl;)a,s' s‘ghem.!,)

BRmiK Can qppla above 4o R/ o gk VT = PO=Pr, T=9,A--09.N---N9, , eFc.
= 2 - — — — X
Exompe T=(xj)S RIx =R, X=Spee QD= —— [ opin
(I=9,, =909 for 4,=(9), Pi=(9) minpine, V(9 is isolated, ifeducibls
Think. - {th.zns vanishing.on 9o = (7{’\9,)11 P.=( 11'3) 2mbedded pr.‘ng\\/(‘iz): /(aH'CV\QQOn'yn is embedded
[x¥-axis in /A’; oand # order2at O. R_nokice P, 2P, 50 not minimal . Q-m-.iur‘zl 2=MAX |€gu\
3.< not uniqL, eq could also pick (Y5 X). of tdea\s 7~ Ox,pa
. ln o) s ) (max length of chanin of ideals
O5p2T,3 - 21, =0)

(XIOX\ in-l-eara.f A all GX(M\ ID (—(hml domain=no zero divisers £o PR i
M & G)( (W) ID V%‘,\c open A I,=(%9)20=T,

Fact L IS non&xaminable
b?;’;{_ﬁaﬁ;:; ﬂ("\ ‘)reservf I ‘PNMJ‘a" 'Fa_cl' 12 Xis lo ca"\g NOQ‘HG
sadbiy 2 key Non-€xamples e » connecied
Coc X Mkﬁfd%@x’x TD (but not &) / —I—*"'ﬁ,‘{‘;“ _I_ X ineyoul é‘){ {f‘:sﬂc@c
Hwk 2 | X integral & Rdvad and ireducible f?ﬁ?ﬁ) t\j‘:ﬂg\/{zwz kL) @ eCy]
O Whble : Wnon 4 S

Spec R in\@a-ra& < R inkegral domain « Exomple Al ireducibQe abfine Vaciehes XSA'
. Spec
Claim (X ,x ) indegead = resheickons Olt)— Oy V) are iechve flor Vatg) 7% *ET)
= +al| sechons can be ompoved in G, Y = generic point
- Kly)= OX,Q < Hac 0XM) viareshickion (anq U£P)
PL Oyl) = 6,(V)— Bx,y 50 enowph sho s, =0 = s=0.
|6 show 5=0 on every open ablne S U then s3,=0 all xeUd so s=0€Ox(U).

= wog U= Spec R, y= Nil(R)={0} (since RisTD), so Oy(U)—> (9,(,.9_ becomes

Res R(°)='Frac R, e 'E Cn,‘_ sine R isID- “Thus S'Q:O =s=o Q

Classiced Ay, Geomelry X< A° imed- fgine vor = (9'x X)— (9,:| (Dg) —,(l?x, o //k(X)
(so Spec k[X1) k‘[x) € kLX), ¢ kIX), < Fuc kIX)

&— called fackion Feld K(X)




3.6 Proparhies o{— Morphisms <all prop&ries we list are presentd whin compose such mophs
A W\Ot‘p\m of schemes 'F s X%y \s: (will Svppcess ‘F#;G'X,Gy Lo np+44<gn)

@ m“_"‘e- @wivalent condihons :  « F-1 (affine Of%) 5 [afhae |
« Jaffine open coves Voo Y, -F"fl/;) [afne]
- V affine open cover Voo Y, £(V;) |afBne

(D) quasti —compack : replace by [quesi—compact ]
(D Locally of Hnite type = + ¥ affine cpms USX, VEY with flueV,
- N

(in; A8 finile hype ) % Oy (VY— Ox(u) Haile type

means B £.9.45 A-aly. e (m{a.m'f\a : Gylv)i; Ox (£71V) Lot 04 (M))
3 S'Ulj A'['il'vx'\)_) B OJ,A"“% e 3 open Q'F‘FI'I\Q_ overs Y=UV.:/ _F-l[vb,)z U u‘:‘)
£% By (Vo)— O (L)) inite +pe
@ 'F\m e “"W’Q. : @ + @ : 1u&$'|..COMqu' 2 LoCa“»a Haile hype
@ closed immersion : (so onto a closed subscheme. ldea.: fonchions
I R_ ' on X are
Explictly : £: % homeo £y <fed y (see I-14)-15) /‘ resfickions of.
'F# : 87’ — 'F,' Oy Sdrjeuh'\’e (So s deal shea] J=Ker -F#) G._U{DMA‘I\'CA"j_

‘F\H\Oh"’ni o.f- y

Quasi~ohecent .
Y off- open U=SpecREY Tudeal TER b £2(U) = Spec (Rr) ik Omn spech
£l o an 1deal TSR by

3w cover Y=U ek beals TSR, £ eeR) = spec(rryr) [Eodm o)

Exaﬂ\eﬁ)(—_- )/ﬁe L EY closed subscheme @ X=Y as kfolofml spote and %%t\rss.t\le.r S.:-el?/z
(reduckon c‘!,)ﬂ it's rtdwao\) sLeai 4 ideals J(W) = {seDy(M): s(p)= oek(p), V[’e u} (so 6= Gy/j)
Note locally® on U = Spec R, J(W)={se R:se Np=NUR)={nilpolentsl}, so Locally T agrees with

NEC[GYL indeed T is the sheaffcaton o} Ni€(Gy)<— need not be sheaf e.g. V= L Yo, Yo = SP“(Z/Z")
2€0y(Y), 2 Nil(Dy () but 2€Nit(By (%)), 2¢I)

@ ogen immecsion =k S0 onfo ::: opemn subscheme UEPC_%\/,GM= Oy,
Exolicitly - . omeo ° ideo = fackons on X are
Xplicitly ‘.F X — ‘F(X) < y Me gq‘;\q_ onlr 4 Y |oC°\|I3)

-F# : 87’ —)'F*Gx 1So (@ iso on sfalKs "Ff : Gy,;x—TGx,x)
@ %’ ad. GZF:‘L—) ex/"‘ are 'Feoi‘ r;,\a e\OW\s

Not l'ﬂ'lv;k\’el;j c\?-ar, but ensues Hoak Llers of £ Varg in & controlled way :
Mw\a iaVavian's of ~bess ke dimeasion, do not change unless you “Lxpecied™ ct!
It is wWeaker than sanging Hae Fbus ace ocally 5o 2.9. 3t allows two eoints 4o collide as vary Rbes

Algdoca: R_wmod M is flat ¥ M@ is 2xadk fuador on R-mods
@:RAS Jak cing hom means S flak R-mod (using -S= p(rs)

Basic facts ’/a‘g'cdive. (Hom of R-mods)
) M@, afvsarys IIW CMU\‘/ so M F{d— R-mod & N, c5N, implies M%N\QM%NZ
fact Enough o check M@ T <5 M@gR V3. idel T .S, r. (‘2 sz
oF S reite ocder

2) Mfee M Hak  (PF. N=OR = Med= N o)
Examele im\ih Z is ot free 2-mod, but it is £lat. An abelian 9¢ is Hat 2-mod (=>4zgiew\



N on- example Z/,\ is not Hat Z-mod : Z <972 Henw - ®Z, get Z/n '—>Z/n not inj.
Fact (Lazard) R-mod M is flat & M= Lm M. some £.9. free R-mods M;
By 00 locad

3) R Qaca.Q , M finite R-mod Cfo M=Z R’“‘) P M flat S M Free [‘ bt Ox x '
Cacely finlke over it

) A—B pw. Boc M = A—»C Jol- < s

5) A—B pm = A, —73 = B®, A, ;w ergeec B@AAPQA:’( se\

F—F N, e N, AP—MOAS =) N‘c—) No A- moo\s (via A- A-P) = B@N.MB@NL El

6) Rm«a fom @: A8, mokplcahve sets SCA, T B wHh @(s)c T then Iocaluq:hav\

Y :Slp= S"‘A@ B— T'B, m Rb — L fackomres as S_'B—‘) (‘?(5)) B_)T B
wig) b N
Since isoS of ru\as and ﬁomkmho,\ are 2xact funchors, 3¢t ¢ flat, o. ARb— t("eﬂ(-)s) - te‘(ea;:)

Example : P prime ideal, 4=¢'pc A prime ideal, S= A\q, T=B\p = B‘I B® A,‘_)BP foot
Theocem Y: A5 B ﬂd— iny bom &= (p# Spec B—s Spec A ﬂa\j‘

#p
E @ A—og %ﬂl' = A‘]_)B ﬂﬁ" for 1//.—?1('4? by (5) ,Bq— Be Y L_y 6) (i; Aa'—)B flot.

ee ’Iq/
© Recall Ker(BON>BE, 1) #0 5 g

w.", #-o VP&SPQCB /'/ Be®aN, A Bf@ANl
kee( N — M) =0 = Ke_r(A W8N Aqe, Nz\ =0 = Kr(EQAGNT BB, &M Y=o,
ﬁ

Hakness
Mo Hvation : Deformations (see Homework 2 ¢x.6) © o Aefoed, ¢ goroishy Caltr in S.1 fornou
F lakness ﬁ |-Paramedes {'WMAI\U 3‘— Sd\GMU &\a.ve [/\.M\'\"S . Xb T k)= S(ncK“:))( X
Fack '%= Spec Ia[:_c:] <Lt = Spec (R(L) Djeryy R) -(—X-SPQCR
also BN\O =Spec AV "
k[[t]]) XS Ay closed cbtchome. [T Hat over 0 & b Xo s Lot i %,
)

k[t] ( M X fber overo of dosure X *=T"(&
v‘ork{.& v * J' ‘\Wl" define ka’/ b et So X* —X 4 seé S|
here. Ay =Spec REE, . %) (

B“x X
Fact Another nice properhes 4 ;(;J' morphs F: X—)B for B,X Locally Noef.
A,MZ-P"(ID) = dum_ X — O‘M\ B whee b=Fex)

. e e of £i b Dot dim X = mmclev\jr‘-\ck
So dumem§ions .ff\\'(rs Ao Jump Unex‘oeclko“g.. '\ 40(“4"\ 4 \((Eduh'oec closed 2,

Greomebical makvation (Vena Q.oose%\ ix}CZoC;Z,# #__ *Zti(;(\
Minimizing over openy x€U S

-V(“:J-t)c A X5 Vixy) "
‘ % evomyle A has dim=2
\ % {f} C fnec plane
I It I

J/ -m:;.smz\es éf kal:el\k ;\-tﬁefé il
o ) r vwhich intrréchon
€ 3 A o Lne in A* Numdey is constant, S~ In Such Heeoctms
X_—\\/&g—t) < A :Spec klt,%y) inkersect C\LU’? i Moy be gasy o You will a|most alua'y;
codnloke for o see the Wh\ess
degunentt Rbe assumption

YAl = Spec leTk)



Remarks about calculakng closures of seds in X =Spec R

Recall -lopo\oab:
¥ -I»o(o(o;-xml .viau_
— C :
,) PESpec R = =V(p) Y?_:Xnt( subspac
PE pe V(P D F SV (e V) closed) Gz
— Say o anw closed ¢ 2
ConwWse : p € P L—(\/(I_) = IL< P}#Ié PST = 9€ V() o éwk?RSsCVZC, AI.Z;
qeViP)= pcq

" B*=Spec R[¢,t] \/:U--- \/v\ =?,U-~-v7n
M X =V.(f|'Fz""'Fk)SA%*ﬁ>J£ RCX),—DX.,,,‘E,{‘."J prime ideals PE \/:g Yioer U Ya
_ = Vle) v Vi) Nwvhere V() is VU calevlaked in A% | = 7S oot
= X*=Ve) v v Vipdc A

. e Conv®S SR * _ —
Sinee pc € X"¢ X" ) ATERTY ‘/,u-..u‘/n
= V(fl'??.""f’k) omd ?.'GV..(F;)SV{(’;)rFC closed _

= \/,a--\."’.\_c_v'u..u‘f...
2) For ¢: R—S ﬁl\a Lm,o(: Sra.S —’Smk J e((r):v.e"P :
Given C = V(T) C Specsj «(C) = V(‘O—'.T)

radical ™
PET={T=0p = ¢"T=0¢"p sine «(C) Sy = VI(I), T<¢™t
Fep Jep @'(p Zn. =S TSty
pe SpecS "‘(P):‘(—‘Fé V(‘@"T) V peseecS V@)= Vie™s) .0
so peC «C C V((e":)') ce":rgc("‘; Jep | vl

<C <C
Example S= RF localisaton . feR | if @:R< R injeckion tHhem @ ~'T=RAJ

e.q. X "=V(T) S A% or B=Spec R[t], B'=Spec RL,+")

So 4’-\'\B=5p?c RCI,'...IXV\,*.], '\Ba= RCX),—)%-,,)'E:{'-—‘J
= | x* = V(R[x,., %, £)nT) € AR

is the cosure

RmK Also Know inverse magss rj closed sets:
PE T =<h>, SpecRA\NV(T)= UDg

L7 (V(I)) =V (YT )

UD,, =« (UDg) = x~'(5pec RN\N(T)) = Spee S\ «™V(I)

/ = d7'V(T)=Spec S \ UD(e;; = V(kv4$:?) o
recal\
L0 D)



4. GLUING THBoReMS
4.1 Gluing sheaves

X = U (/{C open N ﬂbkrﬂ\h‘alr{ u‘,) = Vl; (\\/\J- ) MCSK= u;,\ u‘).nun
F; shea b on WU;

Q\j : F"lu\'d‘ — FJlu)-,;

CoVV\pa,Ho\'lf'\'? condiNons ) W, = id
2 Y = ‘(’%‘
3) . = W o Y.,
Eyamg\e. F sheag on X, F‘- P= F|u; (so ﬁ-(V)=F|M'(V) = F((AmV),‘dopm V.g(,Q
@; = ises indweed \0\3, double ceshachons  (iso aj-ﬁlv\dorr .|\4;‘u 'lu.,- )
Y w;
'n\w_rem 3 ,up o uniqut ise, a ske.ag. F on X with icos ) j
V. : Fl,, = R

m

Flu, | : Fclu..

- Fu 2l 0y
\A wy ’ U Flu; uje Fjlua'.;
E Let E = L_] L_J (F) /Q1m\la\%<-€- elahon (F) E (F.)')x. 'FD( JCGM;J
] @

J
N (using conditions)

F(M) - {g'.u,—)E : S s Zom“-‘j— a SLC'I\OV\ 01_ Som<e F }

s.%. \.PJ ° Le‘.‘)-o‘{/i

is the nabml (s F|u-

- 0O (F)
(el 2,3 opem x € Vs i | FteFulk) sty by Vnévj

T‘\&Orewl Gm\\lev\ Sl\lﬂ\&s F Gi COV\.S"WC‘l'Cl as ﬂLOVf— -I(‘OW\ ‘bd d‘“k"‘ F\., ‘?\, on u

oV
oL n\o,v»\ J—F_) 6; Gawn Lo_ u,v“qvelj o{eﬁn\r\l_ﬂk ((OM dqi\'& so.-) J
MorpLS‘ 'F; *Fi— Gy & Fl A
A - v , w
COW\(G"'I\MM’\’ COV\A\‘)\OV\,' \l} -FJ Lec')' “: | ‘l’&.
“‘o W YWy
Gilyy — G|
St via Wewhfeakions F, =F. G, 26, rewve [, =
.2 ina Schemes .
& lema U Wy @ u
(A;. Sc.keme.s‘ u;,- - (Ac open sub schemes (ch':ui) “?ﬁ:’; J¢
\ . [
cp. s U =5 ., 1Sos <—(*’"“"‘k "ﬁ*’ from “i"“”.i\) o [~ MJ'
,1')4\ )* _ Ui w\m U5
Z v_\g condiNons 1) @ = Muh,j(/‘f’jh
CA.SQk 2.) ‘le (U\J N \A-.k-\ C M f\(A
‘?J‘_c'=‘€-‘.)') 3) Y = Guo ¥y hen stk s maps U 51U U



Examfle_ 1€ U: €X opem Su\.brokevwcsj Can taXe M;j'—’ Mcﬂuj..(-:)( wit ‘(;J=':°\
Claim {exmise.) 3 vaique (up 4o iso) scheme X with open cover X = UX,

[ad
- isos a‘a_ schemes U; =X,

¥ U

Uj =5 XinX;
oy = L

MJ',; ? X;a XJ'

U-
J J
G(“"\a Lemma S\lffoso_ we bwilt X a5 above
= ‘F" X—Y Morp\/\ can be Um\'qvq'; defed Lom morphs £ Xe >V st
compatibility condikon * XenXy — X 4,
1 Co\l \\)/ ®
XJ‘!\)(; _ XJ 4J.
E (,on-)\'nuau.s Mop ‘F"— X——BY dekneal L‘; -F

! X; fo (eowya *""“&3
on sheaves heed £ 9\/—) Sx —(recall get By— £, 0x by adyunchen)

(’F_\&\MX: = ‘H; 6\, = 'F;-l 87 «(X; i, X indusion, fhen ‘P;‘|f-|0y:@o+‘.§-‘(9y

£ ¢ Mor (Oy,FdaOx,) = Mor (£6y, By} amd Oy =Oxly  sine opom subsc.

Rrally e can ofve Hre -FC#:'F;'(9\/—)9X|X\. by @ 4 ge& £70y — 0.. 0
Conseqvtmce 4| o : Top (X)°P 5 Sets is a shesf of cek.
(XN schomes) o7 U= 4 (W) =Mor (U)Y) [wres w.:”{w,k

rA'\ S K l_
.3 A‘F‘F’?M Space b‘u“'i"a‘ ( see Homrework for proyedhve Spau.\ / mé:.&?cjpg_\:&‘x',_‘x_l
Affine n-spack over Spee R: Ay i=Spee RLX, .., %0 (=2 AL, ) f ik ety

Spec S— Spec R

Rmk R— S ring hom = fom on po@\r So:RLX.,,.,Xn‘S—"S[’-,---,Y.\]) s;«) AI:. — /A“R
Exavple R — Re= A'&Fﬁ AT& is e basic open set of A’-\?{ dor £€ RS RO, %]

£ (AC SpecR gpon => U=UD, = A =V AR,. < Ag <—( glwed alor\g}»);.n

(some £:&R) X open subsc. Spec R.,c;,c:’.___ b‘fj
>§\ scheme y affine N\~ SPAL over X : Aﬂx:’—' U A?(.. whese X=UX: affine 0pen cover
([A]:x =U/’i‘"x:\)/’ n n AN d AI»OV\? A?(-(\X.
x = UX | (ke Ay = U A, then idenkfy These copes)” S open in affine X

Clﬂ-im An= SPG_(, ‘ZE‘J"J —th] N,PPQS'@V\‘{'S Fonclor F: Scﬂ:"; S‘Q‘h; X‘_?{ MOrpksn 8?“—) GX st. YU, }
0x11)®"5 8, (1) is homdf Bylu)-mo
1S FlToprfr is a shea) of sets (easy 4o hack : con A morphs since Ox sheat)

natral ise)
/A"lTop(X)of # by Consequemce above - Thns if Hhe 4wo :fwr\elor.r aj;w(e_( on affines then

by sheal properly Hrey agee emtrywhert. Tor affine X = SpecR just need compore global seckons

F(SPG-C R) — 'HOMR(R“, R) 4—0\6&! R-mod homs I) in, both cases st{‘ {e; =(° e 1,0,..,0)—3 s
‘RA,‘(SPQC-R) = Mor (Spec R, AN) = Hom(Zf'xn,—, X-h]/ R) a%\ﬁts%g\eﬁzwsao Xy — 7 e

a



5. PRODUCTS
5.0 Products in Cakeyory Yooy
Ca—\{_ﬁor\:) ﬂupr\az C k., (. eC

prodwdk  C,x--xC, (.'-C- exists) is am odbjedk wiMa morphs T to G st
V2
al ¢

@ T—
Cyx--xCh 25 C¢

%) <— Yonedo Jfonckarof points in lo rehation: produch

& of sets
F: €% Sebs, F(2)=MMoge,(ci/2) =Mh.(2)

Is i+ representable 7 i€ S0, call Hhe object 1€ A e =F= ”f‘c,‘
Co;mdmk C,u--C ExplicMy : (po) e Nhc.(2) gives unigee € fac.(2)=Mor (2 MNc)

a}/z % Why 3 maps T;? 3 projechons of sets C\S\%C)gﬂe\c(%)—)e,c_(z)
4 Ea P . < . J
Gu...uCa <L Ce but Morw‘ﬂc.‘;e‘cj\ = M°r(ﬂct,c‘j) 2T;.

Exawyples Sets / Top.spaces : X = produdk, Tie= prajechions, U = digsoint union, T, ant indvsions
Vecdorspaces /abeliangps/modules :

Y, U= drect sum ; T ace inclugions.

Rings - 7 , U = H¥nsor product (M= 10.07®.0\
) / " IMPORTANT EXAMPLES
Fix BeC (“base") 21 All schemes X have @nonicall X—SpecZ
CG."‘(.%O{WA of B-objedks: C/p by, glving, (anonicall maps or\%f‘nes:
(ioi . Mor.o\r\.s C—B , mocphs C_ - Spec R — SpecZ  +~om ﬁR/ {—1
Y inC \' / Schemes ove Red k. means have
UG AT oot e e grn’ ard ssbebed de hgiens

ot R —alatbars and resinchons are le-alg. homs
fbe product ¢ %, D is e produdk in C/a o 5B DI (Feuh)

@" pullback So:. V2 v : :
or (a\rks{m\/S'QuMC) ’ \3 " & | Fancoc 4 f““"h inkrpredudon:
Cx D 2 p Hom (2, Cx D)= Hom(Z,c)x  Hom(ZD)
Simlarly 9et 3 8 Hom(z,B)
imiiariy \ - 13 So we are asking whethe
CiX .- XChn P °l £ f x ﬁb is representable
B B cC —8 B ¢ hs

E)(agfll- for Sets o Top. spaces : CxgD = { €d)e cxD : 'F(C)=2(°\)é3}
{or exawple F -Fjg.

are inclusions of subsers (Subspaces) Hnen C*x%'b:C(\‘)
Pushout M™e opposite d

o (reverse ovrows)

Exanpe: for Rings Hh pushout of B, BoD is the ensor prodwit CQBB “;'q‘z
EXample.: BL’C; B-2D inclusions of open subschemes, then P“‘ha“*' C gd is ""‘9-5‘2‘""3!
Exercise s (co) produck, Sber product, pushout A Unique up = Unigue iso if thary exist,

(Hint 1 COMPOSEe UNIGue ags behteen them (S.(:. L‘ofrwv\ wmmu‘k-s) Hen coW\oqs'.-\-c_s::H bg Wniqueness of SdF.har:\

Examples of fber products in cat. o] Sets orTopSpan:Cbi= {(c,d): £ ()= 3(0‘)} SCxD

B=point = Cx,D= CxD
C £, D=38 = CxyD = €D

D E5B = CxgD 2 f ') for examde D=point=beB get fiber £7'(b)
c=D5 = Cxgh = f(x)‘a) s 'F(I):S[‘a\)ébe (”(qua\ltyer‘\)




S|\ Rbe prodwcly exist in  Schemes/B RL;X EZSQT\/Z e
Ax schene B,  consider u\‘refo(a Schenes /B :
Theocem  Rber prododks X|XR~"XBXV\ exist

If\(MCH\Ie\', soffus do do At n=2. First need some alyl,rm'c. Pt liwminaries

An A—’\KLGL(F\— R is & T?Aa R %a&)wr IMMA o (‘\‘!\a ‘e\OM ATR
(Ar?:\a—) .

<=> Ris Acmod vwa a-r = \}‘(“)Y')

R/S A—a%r.bras = (R ®On S): free K—a.ﬂg_ on RxS &(50 gghfi‘ﬂ.‘ elems,w\' is ZE@&-
relakonsS S “gtnecdors’ are r@s

re,\oc\\'anS: i.) ® s bilinear fken Anoe vy from MM‘.M)
W) o (r®s)=(Y@r)es = cR(¥@:s). "1( RIS
In pohekar A— R®S is ar—sa-(1Q))= ¢ (@@l = 1@ (@)
A.
The PNA/JC'I' on a—lr\Uo\.-lor‘S': (T‘@s‘) . (r/®sl) =rr| @S‘SI,

BEmK R S cings =2 R®S = R®ZS
Facts
YR® S = 3 (Vi 2 c@sc— Zeese)
2‘) REX,, ‘77('\1 ®R RE\Q‘U”?'Q- ml = R [-x‘/"'lx":‘au-')véml
NE/DHR, T = (SQT) /(Tal)(Se,T) whee STae Raljpbm
4)k feld, A k-aly, for A-alys R,S get: R®, S = R®S)/Lymiel-1® V@) : aeAS

Affine case : Spec R xS'pec. A Spec § = Spec [R@RS) exsh ia A‘FfF/SpocA- :

S— 1IQ®s
ll\a\re PMSLIOM.'I' : R@ S £
C'm C"A"‘a‘".‘) «X_ A-a&as) A T /Now 4\0(% S/ec.- i
O — *S Lonvina yourselt Hak pniversal
o ve| R P Ve A Progerky of pushont for A-olyn g9nves )

yow M univ. prop. for feha~ prod. for AF}
Sete

Claimn = Hals is fbe prodedt also in Sch/Spech © Lt X=Spec R
7= SpecS

akfine wver VP B = SpecA
o} scheme T \ind F = spec (R®S)
scheme, 2z Ve, Pr
~._\:Jg',~\' ¢

used Lnwversol
(?mfcﬁl? i hﬁf/g)

A

Recall Rber pradudk  are unigee vpde uniqe iso i€ sy £xist
Bv onSinvon (as U &'H-ineb 3! M; —)F Ma\-’—CI\J A/:'L}fd:w\ Co\mmu\-e_



£ can show Hrese afcee on oves|aps Uy =Uin \A)\) Hhem s fo uniqe 2F
¢ M;J were affine , Mass would havt been immediate .

UCJ' < athne U; , so Cunning Same orgument wilh 2 replaced by Uy

We can wvem U5 by basic open %r\es D;h.C_ U, amd now D nD affinel
k.

. : fo Dhte
= a{ne u.vx\b]vﬂli} 1o e Wy — F o "USEFUL TRICK™ in .
Recall drick Haok com pick open (oVU'ﬂ(AiJ' Hatove basic opens simultaneously for Mc/UJ-
= Uy >F amd Uig— F ageee .

Geneal case buitd schemes/mosphs by 2 aluing pro wduces (ledions!)

) case U; gV with B Yafhae  X=UU; aJfine optn cover | => 3 X X affne
arkhne

').) case X Xg V)' wih, B affne , Y= UV). hor o |3 X x v

3) Case X x""h\/ wita B:U\I\’k v v |= 3 X %7

Gluings work becavse aa(ezm&ﬁ' on wveqos is emsured by uaiqeeness up o iso
,4 {ber o MO{'S Skekch: Preimage o opesm set viewed as opem subscheme of U;
f ’ /(ea.w checlke bj Cﬁ)‘?«\] MCor))
O f know (U xgV exisk, Mem T, (Ug) is Rber prodwct
Ui x. Y so b uniqueness Avso T (UY— T (U\-\-B S0 e & sek X x
178 ((v\vdee& o ngtura| .‘Aen‘l\'ﬁ'mkol/\ Sim.l) PA\','-T 5 ‘vm« ;)hea.i 07"“2%0 3 BY
@ as i~ @ , swc\P(J\-/\a ml es X’\{ . é/ %MALOf% ;.4er-&»~¢: Hne fr(fmzlf zﬁ%:ns
- < R @ N
® Lot X = 'F—,(Wk), Ye = 9 \(WR) = Xy Kwhyh exisks by @’(X,,_IY,‘ jtnefal)

. _ (@xistr_as map o 8 lands inW),)
K@.:z ek o noh e )(h Kwkyk = XK YB\/ a| ’T/xkaY\~—7yk_’>/

nb(.CMse, '|r‘f\F\3)25' ar€ -Ln:\a()ed A \'Jk.,\/h 0\“‘7""“3“ <« X,‘:;(’g!\/ )(
Then use araomen-\- in (D 4o 3&& Ko Xk XB\/' 0 k “wy, Tk @l 9

RmK  Proof shows Hthak X xg Y has affine opon cover by Uu: xwk\{j) es. (x-3)
whee X= UU;,Y=0V, arr # “ “, /é'g,}uz%:z,g]
EXQ-Y"\P\CS B= U \le with U;—)Wk_c.B) \/J—) WKQB /| H}Orefoin‘h"l"\av\

' naw €| Eberpoduck of sets
Y AR X Speck AR = Spec REN, om0 9m) = Af; 1
2) SPQCZ?_ Xspec 2. SP{C-Z@ = Spec (Z/Z 81 2/3\ = Spec (0) = ¢ “lP— e #a)
EXescise Xx Y=X, XxBY’EYxBX/ ()(xa)’) Xy 2 = )(xB(\/xBZ)/ XxaBrpY = X%,V |
5.2 TFbers and preimanes

’F : X— B w\orp\f\ ijo,mes _F—l(b) RV,
‘M over- \Oom‘.— beB : F (b= SFQC K (b) Xg X «— L l
primage d closed subsheme YEB : £7'(Y)= Yx X Seeckil) —B




Exanyles k= alprbonioallly losed feld (50 classical aly.geomeley)
Jal PR B b by P RGO KTH) 204
/A\L -F;loeroVefO : (vlew ?oivﬂ' O as Specle — /A\L so k’—:kc/x])

—— - . O (x)
\I/f AA’ Rler = SPE'C ke XS?ec k(%) A)h - SPQC (K ®k[x'JtD:]) +#(t-)
0 * — Spec(k[4). ® k)= Spec(kCy)/, 2y Whee F(I=4"
R pec .
0 /(‘37') S e-g_u.sg Focks a{,ﬁ\-))@ from 5.1)

Rk Notice how a product of affine varieRes gave a scheme Hiak WAS fok am affne variety.

L|_) Mumford s pictvee of Spec Z[x]: _
c;_)‘ (3)‘ <s>, () ﬂ
V{(x*+D)) G4

(A

(7,%+6)
X=Spec ZIx}=|@,%ah) ¢ Gl (5,x+) xs9
‘((7,z"+|) l

.
(3, =‘+I)\ (5,%+3) it

3,1+3)

=, x+1)

(5,x+)
(5,%)

T @0 ]

(3; X))

Viey-=| ViEy-=| Vi)

\ 2 B
B=Spec 2= (2) (%) (5 »H_ N
T 5 indweed ba, incdusion Z —> ZE"—]
= TGN =V((P)=7 (), (p.£0) : £6) mod P is ireducle in fFe X7}
(S'o (P\ s a AMSQ)/ (i# PEL them Z[*)/T & H:.‘,[X]/I_ whea lFP:Z/F
« A . -\ —
point in T (Y. PID,se (£) prime & £ iredor 0
Rmk Curve \/(xl+|) passes -Hnmvgﬂ\ (f,1+5) E %41 vanishes od Haak
point, so 1FE CH1=0 in Wplx) /i) S/ sy 00 W =1
Classical wumbar -\‘(Aeorva_ SaMS oo square rook s{_ — exish in \FF Q(P—;\me;—q)
Bber ove” ©) = Kip) = Z(P)/?'Z(P’ - (Z/F)(P’ :E’ =2/ —irred i B0
= 17'p) = Spec (kip) &, Z[*])= Spec H:P[ﬂ = {(o\) (£t} nonconstoint
Bl over (0) * k(o) = Zp) =B

=2 T Yo) = Spec (k)R 2.[%)) = Spec Q) = { (o), fex)) )
[Ga.uss's Lemma. : For £€ 2[x) frimiﬁve(%cdcweffs)=l)] fred in QLY 50 weog irred in Z.0X),

nonconstant > Nnoncownstank

£ itred €Z[A) &P € irred. e RLX)
Consequence  Spoe Z[x]) = {(OL ¢, (£), (P,.(_!f’}—PéZEﬂ ired. mod p

Nnoncovstant

Q?EZ prir‘V\e_\'Fé /AR ierA/ nontonsant



Poractul Fackor |12 Sch— Top Space X +— = Underyin loaveal .
3! et 0p b= S/ worgh — \MxnlJur'y\‘r\a En%'%wtjfomé; space

C|a.iM F:X—0B morph schemes = |'F-‘(b)| = I‘F|-|(L) {_(RLU‘(:

hOW\QOﬂ'WrF'Iu‘C
4o Jopological
P;L Wwog B aflne = Seec S amd b is prime idead pPesS yA Wy
_)c—l(B) = U Spec Ry %,;\wv\ La @.: S— Re¢

WLOG  just consider one affine, so R=R;, so Wwoa X = spec R
= Spec K(b) x, X = spec (K(b) ®, R)

(/PX, = KR = (%) & R=5,8 5, 0R _SF§R@1\>>R Pw(%‘P).R%)

= gpec (K (L)Qii fl\ {I—Iﬁ {0] <R Peime ideall c.on'i'a,\‘m‘t\;L Q(p) but not \‘nkr‘scc-l-{rxz q(S\?)}
9. RP & q (= preimage df 9Rp vir localisalon R— RP':SP@SR) fq=p
< R\ ©(s\ g € SN\ (S\p) =
9 \NQs\p) = ¢™'q S\p=rl ¥t 29epecR: ¢7'9=p} q

WEW(F) = q—lo‘,zP a ‘ inna Xx.Y Yhew by veivesal
op |-] 4o Aiarann defin a.)( Y 57
Cor Giver f: X—8B 3:Y—oB Pw::rjb i w’-ta‘fv 4 Jorloyind seaces stb unime "‘“f’@)
— [w\.‘m 'F(‘J()=3-l‘a)=b
Abes of | X xB\/liw | X| X|B||Y| Vo (x,4) s |Spu(kcx)§(b|)<(-3\)|
E_’ fbe of Xxs\/_) X ow x : Spec K(x) X (XxB\/) = Spec Kx) XBY

£ber of  Spac kew) beq Y o9t Spec K(x) xBy xyS(u K (4) = Seec Ktx) XgSreck 1)

£her of Spec Kex) x S/ec Ku‘g) - B o~ L: Spec_ K(x) % Spec K{a) =Sfx_c. K@Ky,
5 (arz\ols in{b)< B Vs Spee Kik) K(b)

mkcﬁm &C@) at algebra. level » ik AuAv’é or ak C;-kr"g Lol i abuse of notahon:
in Sch before modvles over S= R"/PRF Hem hence 2
: . —~— 3 5 Ax
aﬁPf'f‘&n“b \ \ S® CA. ®R Az)% A\ @5 AL (Sos '2?.3' b‘é EE—
R
)

L 9
r\ame|3: B B/ |
\,I ALY

£ ®U®% 00 x T3

]
ReBEAE

_ — o siae 1 fade e}
Exaoples -|Spec B Xgpg Srec Zh|= [Seee Bl X o o WSeec Bl =g St B 0 O 7

Ay = A‘\'k @ﬂckAL= spec RC%,4) then (+Y) 3 (0) via both Prejeckons to A but (x+y) # (o)

(‘R':{d k)\-—\,—/ So |A2k| ‘_7‘T |Alk| X |AL| H\e; ‘f\bl’x"\\ over ((O)J(O» Xy ww\olfcakd.
Nnote Speck = point = (o)} 5o oflem omit ‘Spec k. Lrom notodion.

Rk 1€ 2,9 ddosed points of schumee X Raike type over k k alpebanically closed,

Hen Rber over (xy) o} X xg,. Y & Srec (zm% K(#)) = Spec (R @ k) = spec ke=(o)
so over desed points you gek Hhe prodwdck u{, seks . <_($a cSassical aly. ceons ')
\IJWM'\} /'A\?L:A;Qx//\:‘ does not have the produck topology —e.9. consider Y(x-4)

Nown- Cxaminale. Rk Working over am aCVLrMaL(La dosed e R ) e stadlle of X ’fsmk\/
ok (1“3\ is OX,-& ®k Gy,.a_ Zo colised ak mox ideal mxleeY,'a.'f- exﬂ_®m\/,




5.5 Base change  Xyi:=Xx, A — X s base ~change of X— B 4o A
all schemes —? Y l

A — B

Exargle A% = A Xspecz X is base change o} A, +o Xvia X—%ecl
Mokvakon s g,emep\,l\'.ses Hhe idea a’s. d\ow\a—w\a He “base coefficernds™
exmnple . X = Sf)e_c. [R [1,/ s ’x"}/(ﬁ, ---,’Fn> ol affne VW\‘Q‘? < \Rn
E: SST:;C: ICE\ } amd A—B via @: R—C indusion
XXBA is Spec oj_: R{%5%A) R T o € [x,, -5} so afbre varccC"
- fD) R (e(&),--, -.((.Fn»e(iame polys
Same works if rplace R—> € by any r\‘r\a bom SR.

wt viewed over@

FACT Many poperRes of A—5B are inhenled by Hhe base chan Xa— X *

o°
(DQF-F\'AL,@‘IUA.S\'-—COWAO*',@ LOCA”‘J Raike ‘)"'1?-2-, ® Rnite vp<, @/@ c‘ostrl/opu\ imm@/'slon,@%'\‘
as Wl as propukes fom S.4: separw}du

univesaly closed , () prope”
5.4 Mo em&g}m of schemes (qll propr Res we Iist are presened whin compose such mopphs

Mokvakon 'To()e%?:(_d spact. X s Hausdorff &2 d«‘«;;n& A=§(x,x):xe)(}

S X losed
¢ Product fopology
* ‘FT X—>BR Mor‘a\a of schewes is Sg_ea!‘g;\EJ i XEN
A:A X/B: X—> XxSX IS & closed immession. < !(Xix—a 1(#
\ id
c /3 opom cover U of B, 47'(W)— U sepamied ik 3 enough 1 £ ©

Yo check imone is o closed se\—)
Rmk oftern wrike A 4o mean imagt € XxgX o} morphism O

Rk Any subscheme SCX over B is also sepaated sinc A-S/B = Axng O (SxBS)
Bmk X separalld means separated over specZ so AS XxX dosed

Exawple {or affine varieRes (similar Jor- projechive vovriekes) work over B= Spec k:

& See next claim
Soee RUXD x Spee kR EX)=Spec RIXDQ RLX)2 A has teal LF@1- 1@+ : fekD)D
M? It disallows pathologies Like “atfine Line Wik, dvo origias™ (Hwk A ex. 5)ans:
by gtuing SE2C E'Ei,’ :_;5‘;,’5}966 RLx) by X—=25 (i do 133

4}
X33 then et Pé:Hwkl}ex%
Claim  Affine opens are Segarated (So.mo. proof for Seac R— SpecS)

Ré_ﬂ‘d c s\\
TR~ KGR \

. by o M a3 R® @l I®5<S
PE A:Spec R Fpeclutpec’ comes fom ROR R AN

mulh‘fha. / A T
Swf')‘edﬁv{:m(r‘l):r (and ker=<r®) —1@r: ceRY)- O Re—2Z

< . mufkoly eskickons
Claim X SQfafo\kA @/v affine opans U,jA,_ ) WUy affae & el
A, xU,) (enow

aAifLoldr{orc.wu(,u) i) r(u'/‘sx)®r[uz,8x)%r(u:ﬂuz,ex)
PEO U nU,=(U x U A, 50 Ui U, € Uix Uy closed tnsids affine UxUy so affing
W afbne 5 C(W)@TIU) = (U xUy). Say WixU, = Spec A, Hhen:
WnUu, = An Spec A = Spec A’/I- Some IQA/ So r((ﬁixuz)ﬁ F(U,an)
@ Cover XxX=U WxW; by protvds of a#-‘nc opems - A K A“/LI
(U, < Up) 2 U ) ® (U L2

Tl so A™'(Uex W) = wady € X Cbsgd(—‘i_ts ideal
Se A dlosed immuzion (use 3™ gekinibon in() Sec-3.6)

hom (i)
HWK 3 Claim holds also in case Axsg , ofter ‘|\.J2A|<\‘r\? condikons S“?M*lo-




Claim X scpamleak SV, Y -Xif Y=Y, on demse subsek | ‘equalizess are closed”
o ¢,=q, as toplogical mops (so if Y reduced dhen 4, =1, as morphisms)
PLQ @xey: Y XeK, Ux @) (AYS Y i5 closed Ademse so =Y, 03

Wi x U; (afeine)

< -
© et Y=A N (U:xWU) “and W, 0, Y X projeckons = g =4, is precisely Yhe sek A(UixW).
——aff. cover of XxX

XEmN\¢ °
Coim X537, Y sepornted = gangh Ty X— XY csed fom Qr‘l—h’

Non ~examinable ARmK ¢

P_'C ‘FxM:Xx\/—>YxY/ I':F'E (-F xM)—‘A closed D(—ie:w\ alse view Hauis |4

A L Ase C,Lmv\?&' ks

. X _.;_’f" Y x
@ Motvokon for Hop- Spaces, X compack @(‘d\/} X.I,XTTZ i e“‘e‘é‘fﬁ'ﬁﬁﬁd sd;) AL A ‘Léd’”
Y fo dosed sets Y= 7xY

£: X— B wniversally closed: X = Xx Y — X Non—exanyle -
v Y g «— A'— Speclk
every base dwvval is closed MO{)—)\L v ],f is closed map A xkAl_’Al

Fadt f univ. closed = £ quasi —compact Y B S\ti-’it)o';l) Sl;\u

. Rnite separaled and i N
£: X—B proper < @,0, 0 (§rilche soparaied and) | tmepe dviern
Mokvation Avr\a\\.o?\,{ in SmooHa :oru is “ preim?es o'&,cow{.)adrseh are cowvac‘c“
Exargle Proedve n-spact [Py = Pz x B (buitd P by gluing in Hwk2)
fF: XY is a projechve morghism £ factocs Non-eXxaminable RmK
x closed inr\«r'-er',y\-Om> [P\;\ Proyechon v « Quasi-projekve wiorpla X-Yif

open imwa
Fact if X, Notrwion s is propes.

x 2enimmy o Proy-moh,

1 X, Y Noek Hats is &
55 VG(':C‘I\.zS l(of‘ abstact var I'€+'3: l/alaGLMECauD dosed field | (ﬁ“\k’hpe ).{ S@wa‘)
DQ‘F A’ Val“Q.ifa- i & .S'ol'\e/me, over k means we're aivev\ a,morph X—) Spec \2
s.t. o in-\eg—r‘a.l =3 Oy (W) is R—all{,e\om. akno\ rz\so-)mkons
.t are - .
3 X— SPQC R ‘Fm)-k.hloe @ 59 2.3 same &s g«\:'\ng o~ & ;:\._) r';;,ox)
(i) X— Spec k seported @ | i k~algelmn stwthre on [(X,6y)

. Somehmes don'd rquire irredvability , just
o = X iﬂ'ﬁMhLQL/ QX (U) erMCQA < &ﬂqvfre ?-e.a‘luu.d But car\as/‘}-l’ulg one

() & X =|uas.‘—CowYac;\; Ox () ace 'FJ&- h-o&%ng trredveible componemt-at a hme.
’n\e, AQ'F\'A-H\'OV\ inclvdes all quasi— projeckive VOJ‘\‘C"\'U from classical 4»%’—‘71»""'\:‘- Flom .
but 3 more: Naao.{:o«.(l?’%\':'l voriely Can't embed inte any IP: /(R_mlsé‘m'k unionofquasi-comaatts qua.si—cowmd-)
You 3&{’ Variekes by 3-&;;‘/\ -logl.u\u' #nik‘ffo\na affine varieRes alona common optn sets
(He separnted assvnmphon prevents pathologies, see )
A varieky s, complete i€ X— speck proper (@), so exira condition : [) universally Losed @

Mokvakon Over € For holomophic spaces” you ask whether o hlomorphic rmep DT X

on . (Ju.v\dwea\ A&sc/ mwmo,,lM'c af 0, can be exlindid to on Aaeow,,,m mep Do X |

2. Hiere are o "missing Potals in X" (Made rigorous by “yalvabve ilanon for properness”)
Hwk3: i inkarad closed smbrj\-o& vavieky i variehy «— exclude -9, icced. closed sm‘osck.spu(kf'*] <A,

iecedmcitle open subsch. of variely i voviehy . o)
Exameles ComelereVoriehes: Py, projectve voviehes (l<h), Negata’s 1956 example
Vacienes: Nk, aflne voriekes (MeAy), Wosi-pojehive voviches ([ S proj-variety)
Nnot complete (except point, @) —(uses Haak k& 15 aly . dosed)

Rmk A point 2e X of o voriehy is dosed & KZk - Eg. Al=Specklx], Kz«aﬁ@f}‘x\




5.6 Scheme shvcivre on subsets (]no-h'vd\‘om classically, a projeckve variety is « closed subset of lp;’

A quasi-pesj- Var. is an open € proy-var, So & locally closed subret of PR
Claim Any closed subset CEX of a scheme =3 3! closed reducad subscheme (C9.)— X
Pe 3(‘” = {s e Ox(U) : s(p)=0€K(p) ¥ FGC(\U} is sheal uf dods
Locally : U= Spec R, CaUl=WV(I) for uniqe cadica\ ideal T

Hem  sp=0e kp)=R/p) YeeW(T) & sﬁﬁ}%é]@«ﬂﬂ

pev
Same HicK shows 3(])4) = ch ; S 3 is Ha quasi—ohernt ideal sheatf coccesponding to T.
Nole : C:s‘aﬂ,(Gx/j) omd Cnu=SPec R/I , and we define Gc=3x/3 . d
Rosee \.\5 so sheafi-fy
Def call Yhis the induced reduced scheme shvchre on C . K( Can—)awa\

3Lu)
Example Whem we consides om ireeducile Cowponemt Z < X, we wse Hais scheme siwdtue

Exervise Tor €= X E€X get He educed schome Xred (see B in Sec.3.6)

DQ‘F‘ —Zg X bm.lb") dpS‘QA means V:Z'GZ 3 OP%%éu s.t. Z2n s c.Lose,d n .
— < ! G.2. 2 closed CE X with ZalU =CalN)
Lemma. 2 |oc_4.|l_\3 closed & 2 openin Z (i-e. 2 =Z MU some open UEX) Q—Lg Lernma, C= Z works

M &E: Z2=ZaU for penUeX =5 ZaU=2Z=2Z20U _
=: Z2nU closed in U so equals its closure inU which s : Ceu(ZnUl\='%f\u. .
= 26 20U=Z N UL Z 50 Z conkins an opem neghbourhood of 2 in Z o x € (4 (20U)
= — (W opem erQlA)
Rk ZE X dosed, so 3| induud edoud schame stiwehre O on Z VA2 = &
2CZ isopen so grb 4 4 4 [83=03|; |(o 8:(V)=635 () Se X € Z butalse xell

The focall desaiphon is the same asabove ™ 2o U = Z Al = Spec (R/1), 83, 26, ¢,
I

RmK I& 2 credmctble (= Z tredwble) them T= Pe SpecR whert p is a generic point for botly, 2,2
Hwk 3 2 icced. QM:&QA& Joseol < Vow‘{e:l'\a- (X, Gx) = (2,9.2) wme-\«a.

Non—exam'nable PL

Z has vaigee
. . : bilik i not so e point
Hwk (¢,84) \/age'|'~3, 2E X icreduuble swbspace 4-;,3,‘ ’I&ﬁiﬁ’p&z&ﬁ Cwi-u) ??% 's&ugcif
Define shea). on 2 for Ve @ reduct =f=
z " opm "2/ So p= 2
92(V) = {S :\/ — U k(x): ¥ xeV T openn xe LS X, te I_((A,Gx)} PQV(p)
Prove. Heat : xeV Such fhat s(x)=ti)ekx) Vxe Vnu\m
(Z,85) variehy => 2 docally closed amd 8 is Hha induced redued scheme shockure | ensure.
7 (universal Proparty for the above sheaf) Z act locally
¢ reshricivons

Lemma. With that dd\‘r\ikov\} i€ Y reduced SJ'\CMQ./ £ Y X morph o} sch.  |oe lo‘c«l
if +Y)SZ (as Fogological spaces) them £ faclorizes £V 22— X fonchons of X,

in class;cal
P4 Need check sheaves : se By (UaZ) Sor UWEX opem +thew 3T opem S,E'_‘f,if",td

CovU# UnZ2 = U: n%# arA 5;& ex(u;)J S(Dl.)'—l-— S;(ﬂé\(('?#y;i(ﬁ;n}idh RMCKO:&J”\
— . ~1(q. . - . - . . wh do:

= £7(s:) € Oy (F7 W), £465:) (9)=£705) (9)eKty), Vyef (u\nuJ)k(sg,,lfg‘gg) ot S [ iedian
= \o‘\j Sec. 3.3 sin@ Y educed -F#(s:)}=4#(s‘;).’657'.} \/jer‘(um‘{)‘) :%i.s&dol;ed
= £7(s;) 9ht +o & unigut sechon re 0y (£7U). Dekine Oy (W—s O (FU) 51— ¢ losed) L

and wnote O, (W) — G5 (UinB)— Oy (£ U, s¢+— S|u‘_m__‘—7 f‘|4_|u‘, ]
Rk Agolgirg the Lommato Hee case Y = loaally closed Z € X with induced reductd sheaf implies 0,2 8,.




GSHEA‘VE:S OF MODULES (X,0x) ringth space

6.1 Ox-modules o )|
Defl Ox—modol is + . sheaf FehblX) — CH251) F =0,
€

- e F(U) s an Oy (U)~modvie
(or sheaf otfin Oxrmods) L ekioms art )éow‘:a-kbl{ Wi modst shaihre |Free 6ol
P

Morp‘mi&m F=G6 oj, Ox—module s : « morph F¥% G sheaves
G¢ mnomorp"\,i-e-Quin:)ed:'v&,f:is GK‘SMLM u’,&) v FlW) Ly G(U) i fom 01_ Ox(\ﬁ)—vv\oo(s
RmkK S'I'A!k. F'x is Gx’x-Moo\’ omd. foc Morpl\S FoG6 g»d‘ Fz-—-)G,L ¥} Gx,x—m""‘ bomn .

E_xamle_ A sheaf of ideals is an Bx ~submod of Ox ¢—(justklike R""""“(’f"’s-k"i'e;‘h’&”
ot~ S milov
Fa;_i‘) an ~Mods = (cq-\eaor\a of l9x-—vv\oA.s on )() is an abelian cat L Ab (X) abeliaw
: X))
of ﬁo&ux | ndaeh nokeows o} suLMoo(, quoRent mod , ke Colar, | agree with what get in AL(X)
9. FmG = H exact & exXact in Ab(X) & exact on stalks

Wil weile HOMG;( Jor morphisms in Hys (alqmra ,
6-2 Modules gemeraled by seckons

Homg (8, F) by F(X)| W FEQ-Mads o andloge 4 Hom“('fc’ﬂfe{?)

(01 6x —F) & s=¢lt) sine @, (V= @ (r-N=r"5|, Yrebylu)
CCM;|GF|3 Homex(O,}@n, F) &S RPN defined by n global sechons s,-,50€ F(X)
Def F is geneated by global seckons if

3 sur‘,‘ed\'an @Iex TF of 9y-mods (@ Sily gomerate Bxx—med Fy FxeX)

as Ou—module
same as picking sechons S'CGF(X) « eé‘“—» Flﬁ

Def Fis Qocally g,u\em)rd by sethons i VxeX 3 open xeWh s.t- Flu 3"'\”“"‘-4 by ?l"m sechons
. ossibl
RmK Com produce Ox ~swomods fom gven Local seckons s:e Pl 4—{""3"““(3 u‘_’%%xlu\jmw

omyos
Def A shea€ has M if locally g—enerakd by fnikly many swls'o.r\s'_v {S;|m:uc_u{)
6.3 Vector bundles amd coherent modules (equ.‘mleni'.(eé'ni){ons) W«
D?_F OX—MOA F 'S AQDCO.Mq ‘ﬁ‘CQ ex—W\oo( 01. ‘Q‘n:k rank ("or‘\\\ledor LMV\J.Q).) - Ssooa:oﬁzngeu

' ~ Con end on (“°+ 'Fixed)
UxeX 2 open xell : Flu = G\,{@n G(T—:Ec:; e si;"ho?m:k,;‘ —_
\0-5 eu—m"d.s
i-e. (.oCa"j 9enealed \vj £finike 7 of “independemt seckons®
M X inverhble sheaf ("or“ [ine \aumo“e) i€ n=1 (hxed)
X,0x) locally ringed space —(0s Ox~mods) : el
Queston s it anough do ask Fu= 02 “Wx some neN deptmdingon % 7 (2 SN %uit)

. DN @, , ) )
(s[m—:\;\q)lz Rnite +ype, Gx’,, —=> Fe Swrj = FxeU X with sur} 9&«\ o Flu) ¢l =co, .

PE Rnletype = A su; OF™ L Fl, Leb si =(er) €Fe Eg;,i;",;“f) so Fe=28, ;5. Now s;€FlU)
some xell:. Replace U by UnU,A..ahn so WLOG §:E FlU). Let £ =l e(j-thopy ot O3V (f)| = Z1j; - s:
Some '}.‘eox’x_- So \P('Fﬁlvi_ez 9%.' s,-_lv). Some V; SA, o0fain WLOG \6—:% (ceplace U by ul\vln._an)
= \P('F)) € Im w Qf‘ W : G‘P"—) F'u. with ﬂe(e.:)=S'¢ on WU - So V4 hits Gwmool a!ﬂ(lﬁ')‘off\li(f,)u
Coanui/\g above Queston: We Rnow Wy 15 i) af X, but w& don't kmaw i€ Hu same ¢ works also

for g dosedo X, so0 We do not Ruow Whether @y inj (e @ inj & Y, inj atall shalks af \er\)'

2 |

locally §u—=— 0, s=Flu)
9enevwnded by one sechon s¢Fu)




L-CW\MO\- |n previous Lemmon, i Kery Fai o, Wy 50 = @ 0®"—> Flu iso, Some. U‘

P‘F Skr./\k«v\au asw 6@""_> \CU'Le hemea Gem ¥ 66“ ﬁFl — 0 Q)«Mk

Peely lamma o Ky : using (ko) =o dodn (Ic.w— @) =0 possibly t-sv\ck F are called

oafter sheinking U fckher. So @ is also injevhve .0 ‘°“‘“‘3'F““k|“l l"‘-“"""‘l
\7’6 -mod boms

TWis motivates Hee definition :
Def F €0y-Mods s coherent if {EQ&?{;@“—) F| ;’ol%iv%;\’
— u n

Rmk FeGh(X)y = F prqlly failely presented
PE F Gk tppe = Fsuy 0PN — Fly , Hhew omsidsr Ko 1

VCCHX) = zvec-lor\owndles on X} = OX — Mods J but “L\_ on abehan cat (mf:ﬁ”u&ee

Coh (X) = {coherent 8 -Mocls} < Fact abelvan c.a\,-\-e-a—of‘g (exelains pocHy s4s importanc)

Claim Fe Gh(X) ond F,x= 087 VxS Fe Vet (0 (%0570 '3'.\\635

Claim follows by Lemmas. Converse of- Clain? We fix He romk
Cor X Qam“\j Noeherian sheme =Veck(X)= {FGCO\-\X Vx xz"’ (9 x;‘oww_ h.}gC‘QL\(X)

P-F- Fe VCC"'(X\) =S F faike ')"1{92 in ‘}'Mm NOe‘H“" o
Ko (G@h q: Fl ) ({fﬁoﬁslﬁou\ .F,mk;—hpe.) skrmkw\a n wwoe U n%«ma. = Spec R

|n sechons beLow we will prove Haak becawse 69“ Flu are “guasicoheent’ the Problem
educes fo -|-\|Cma gebal seckons: Ke,r (RS F()) amd Hais 1s fiailely gememded Since R Noak-

(50 3¢+ exad seqent R™ — R™ F(U) 90 amdt this wil imply 9@’"‘ a@“‘e;:-—ao exatt). O
" R-nrod,
6 4 Gx-Moo'le- ﬁ on X= $f¢CR for R-mod ™M Sgpr“‘: ézubwdrmfa

shu(— M on X = Spec R by Se_c 112 metod: | Me = 'F/C\“gﬁkﬁ“ 4 Matf |  oeit
— [<] = & ‘c

M (D'F\ M-F (S M (X M(D \ M) 1/ M =5 M localisakion ¢} M ot S=R\p
. 'D%_Q 'D_F—) M(—' —)Ma, indvad by Re — Ra_ NIV\®R Rp

. stalle M = Lim M(D;) = bm iy M <_(19._m, MOR = MOy R, ZM@Re
Dop D3
‘ [’\\l/\ (W) = {S \)\—‘»:Pel__lCR Me = s(ple MP which e Locally compodble :
e FEM 3 opem nbhd PGDCu with stx)= t,, }
dte ™ (Dg) f‘\som fer  TxeD: \\

wiky ¥ha obvious restvichon mMmafs. \ M
P Srem ChRT
m . . — o

Rk .« coldd assume 'h:z sine can eplace 'D_(_ wiYh Do ( D{;) \\/s;&hN;%G(:l
« ol uik ask S =1, on a smalle open peVede. "'I_P—* M,
| P = sheaffcakon of Ur— M®, 6, (W) EXAMPLES . B =0Qx  (X=specR)

Call M Hhe sheat associaied 4o M . @F\‘."—_— ® M. so @R = ®9,

eT (€L d lex i€l

VPSHoT r’\ ) Gx-—MoJA)‘eL o~ X= S'fec.K
\PH—)N R -mod &ow@ -—5|\\ Oy ~mod morpf b UL M(b\—)N(D\
(Just need duck shlks, then use Sec.3.0) '\;;,f\ converse 4.:|<_¢_ PYAN md‘:o,\, 9 3y it wf

Mg — N
¢ Sl £ —Ng

f




o s . . _ 2€40x ()
€5 Diruh imape gmd inveve tmape —(F,F)(U)= F(FU) is Gy (£ 5 omed
0 -mod F|: £.F LF s £.6 1 Example o: spec S — Spec R, o= ol RTS
| S ~Mo ~ =N viewe
foX— Z * +Vx N S-med =5 [, N = RNk/!il\i R-rmod Vi, of
Finged s{.f +op. sp. Pf @4'\‘)(3_;\: N (.DQ-F\= NQF = (RN)-F c\,?meﬁﬂi%ﬂonsn
Ayebrz: Recall RES hom ef, rings, Hew Sis R-mod yoao s = Q(r)s .
£: X0 y W\om\,\ a} d"‘b‘d‘ spacas , thewn «—(recall Mo (8, %0x)= Mor(£7'9y,0y)
—p_IOY(M)—) Gx{u\ Makes GX am 'F-'G\,_"W‘k on cinged spack (X, £78y)

£ F e Oy ™mod _ ) FE) (W) = lim F(V
IF ) £7U(F) is £7(6y)-modk <_(7 ) VEY 2544*3
(peesheat) Vv
XY p Cr o,V
. -s) f Qr;t\ Ls. Y . 50 c.a\nfc;;b\‘}
(- 5¢- i (’r y) W= VTF’VLO\/(V)
6-6 Oprations on Ox —meds el ead G wacning :Homy (P, 6()

INn F and in would vnot work since do

no¥x ot res{ricion oS,

HomeK(F,G): U\—>Homeu(F|u lGlh) S a Sl\au-J- of O'X—MDoLS‘-

coprodvct in Ox-Mod: F; Ox -M”(S, @ F. = Shtﬁp‘"ﬁ?— ( U— @F:M)
(Need sheafify:z coold gk 00 sums when globalise, e9. X = N F; ={20 2;‘,2‘31 Sa=(l-,,9-) ak {n}, try 5\,\p~|iu)
Fact 3 anonical ise Mor (® F:,6) = T Mof'ex(Fc, 6) b in k., G.

e rioht exactin F,G

Product ia Oy—Mod: | F®p G = sheafefy (U — F (W) B (u) G(W))

Fact 31 9y -mod shwabre st Fm)@gﬂﬂam)ﬁ(f—‘%g)(u) fom of By (U)-mods

Universal properh, © K F H)= Rlin H - Y e M Rakel
Prop 4"3 OMOK( ®6,¢6’ V=Rt WOX(FXGJ ) fr{stk\ﬁﬁuaixact r\&‘a—

. R
Rmk Stalks art Homg,  (Fu,62), ®(F), | F, ®s, S - R%LR—’ ;SEk_) M=o
N A~ oy —— ~ —~ ) ~ ~
Exawples onX=SpecR: P M; = ®M:, M@RN = M®GxN’ HOMR(M'N) ':"Homoéﬂ,'\‘)

0 ®AH M
A\a&bm HOMR (M®ﬂr\l/ P) = HQM&(M)HOMR(N' P)) Man?ca”g,#r R-rods M,‘\J:p sadta“)'of:"')

F_a‘d_ HOMGX (F@a)‘G, H) = HOMBX(F, HOMQX(G' H» Ca.v\pnic.n.lha R foacteried TAF G H.

i F®0K Y, HOMGX (G’) a_dda,‘n'l' ) F®0X' T:W‘ exqj(/LJ HOMG,‘ (Gﬁl) Q’.H" QKQd'.

Fact f: X—=Y = F (F@eG)'—.‘:ﬂF_'F@\F"G Counov\ica"‘a. (T‘;G QZ-M?A)

67 pullback * o, con provg th 0y

Rmk R—S rings, M Rovod, N S-mod bzhand Hinking about®
= M N s {R-Mod sine N R-tod via RIS (- (M@ =(cm)@n = m@rn)

" S-mod b-a_ S. (MmN =m@sn

S;Milﬂfla'- ya ER“BY—MO.‘ =) _F*F- — ‘F-I(F) ® G. IS Om ‘FAG\/"‘W\OJ\
&@) 476y X1 but allse an Sx—m.,\[




fack ! Ox-mod . peshentbomior £7(F) (U) @

Ox(U)— £7F (W) is Oy (u)-med hom
Y1)

x (U\'Mod as bj EWIR .
Exuxise « X _>\/_)2 = £%9" = (g ,4;) S(ase last Eack in 6.6, using SuI.‘ﬂ)
o (F ®9 G) = f*F ®0K-F"G canonically 8 ﬁmolor ‘al

UESL\O 'F X—By Morp\,. uﬂ, rnazJ spaesS = Mods (X -—)HOAe (‘/) and <
T‘ACO&M FJ 'C* e M‘)ow‘- fackors - Hor, x('F‘F; G) ~ Mor; Y(FI-E,G)
(execcsse) hemee £, lett exadk, £7eight exact

HwK 3 £ commules with Limiks Lm forexavyple 1, £ Commales Witk Colimity Gy for example®
A,uc"— N Cca s Copr oMLY A ak.

Examf FY@GY) @'F 97 - @6)( . \(pgx ~Mod 'S J‘fn J) (0‘2 Od:—\;ﬂodi

Exercise Deduc fom’ Hat £ “(Vect (7)) € Veck(X) -

¢.3 f’\ on an:;:d&me.

ASSUNE fiven a fing born R—[(X)
M R MOA Cﬂlnoh\'CJ . )__ 9 \/ Iy X~
) )( - ? S'pea [X’ Xl’;) pec R H\@v\ 9,2,4" FH_=°< M
ot GIVEN
Easier: (X x) = r.'qa,d spact. (point , R) (on sheaves T,0, =T (X) «— R)
Fa:=T*M

= sheati fy (u — M@ ) (u)} <—(Sin<.z T 'M@® Oy and (‘lT"R)(\A\zR
TR (o) (=M
(gh same amsver sina X 25 Spec & = (porch,R), R ="M by conshvckon, T = o*T)

Clﬂ.\"\ :F qu @orp‘r\ sf«d!) —
M TX) - modvte (@;?'E{ = 7R

= Fy whee N=M® 1Y)
o X)) N s T(Y)—todule oo
el Y L) X S VWIIEE o
T L £ = 1:" YJ M
(point, (YY) - (point , C(X)) VM= M YY) = M @ r(V)
using £#: (=) ¥7'rex) rrx)
Cor |o¢: Spec S — Spec R vt

< S 1s R-nod vial
M R —wod => < M - M®S &(*\"\Q_(‘N\ae\ow\g—))
Example Dg :Specﬁg < SpecR = F’\/|

P e

5= MBRe = W, ﬂjkwwwmﬂ*
6.9 Clqm-ﬁcmkmoa Ox—homs W > F

an S'a.y:

T’\’(D;_) = M‘F
L.Q-MM X = SfeCR = HOW\ (M F) é HOMR (M [—(X F)) VGX-MF
(compare Sec.2.3) Y — (p \\F(X)
L L (X ex) — (pomf R) Morpl'\ 61_ r.ny.p\ SpaceS ( 1(# : R f, T.0x = Gx(x)=k)
R =T*M , TIXF)=T,F

J

= Hom (M, T, F) = Hom (M,T(XF). 0

vt ‘N odioint
= Home (r'\ F) = Hovv\gx(T' M, F) = Lo X
Exercise Using 6.3 Homg (Fm, F) i Homg (M, F(X))

9ivewn

nsing R 2iven r(x ¢, Ox) +o mnK& F(X)



G .10 Flakness
% F i & O, -mod f F®0x. is exact

siaw exacness can
so & Ky W Qx,:c ~wod  Wx . be okd(:o\ oc:s}qha
Exarple (A =5X opem subscl.. = i,0, s Hab Ox—mod (—‘S"“:ﬁ ‘YG"‘K"é O o Ox,x
X% S0y = {4
Asee @Dinsec.36) . "
Rk Morphof schemes £:X =Y is faf € Oy fast £0y-modte «|Z0 <2
. Y)e = VY, €x
Claim [ XY Mok = £*: Oy-Mod =0, ~Mod is exact (not jusk Roht exac)
PL 75 exadk = 0y-Mod 5 £70y-Mod  exac
(Sec.1.9Y Y y o

F i ¢F
-4@09x etk by Rk =5 £*C — (“F ® g, s wwpas{k r; wo exact funclors D
' 0 I\
’ 8 ringed soace ’ so Kernels ace fat It?lk'{:o%\:tu!h’
Facts - fre = {lat ) fram analgets
- Can take @ of Hak mods Fi,Fs Rl f for R rasds
oL { O->F,FmF,—o0 exad : oulr Mo or last two Hak = all flat
Wbine .
(bfeakin'h . “

y) F3 -Feai‘ = SQvemar R any OX'MOA G js exact
SES’s ShoW e Fz_v FioFooF 50 exack, ol ok = 7~ O

images (Fa—1F,_) £eat) (s0 7£1at resolubon of Flat Oy -mod F™)

+. (QUAS|-)CoHERENT SHEAVES
1 QGh(X)

Fact "&" holds
also +F )Ur)‘ assume.

OX IS cohectnt
E\M I @'}\&‘C‘J‘V\‘I‘ : |I= QOCG.“.:J "‘\ni-\bb Pr-esen"){a‘ oW ‘bJo.aKev\ “Hm's
(S‘cc.@.'&) and é holds & X IOCA.N.‘7 Noetherian Scheme tondikon b7 Amf(il\a Enileness

Def F quasi-coherent &=5[F is locally presented , i-e- Vx, 3 open xeUEX
/ﬂe:)'ﬂods %ﬁﬁ?%e/;g’ C? Gu — @ GU\_’ Fluﬁ O exact.
(g s 065 i 1= 7365 < et bum0y
sumpry : cokerenl = locally Raidly presented = quasi-checent (=locally presented)

=2 locdll by sech
vedor bundle = locally genU‘ako\ by Roely many) sechons =7 local 73""“‘“ 7 §echons
Lemmo. T")FX'—_SPQC R ._(3 QKéO\— sequemuL ol Ox—mods

\ GX —)‘® 9x—> F _>o>@<|:'=" M some R-wmodule \"\)
el €T

23 <=3> Llet M = ? R/|M (@Ro@R) (Fking alobol. ¢ eCKons)
I J
by QXQD" #\In(,kr feom G.4 @Gx e Q;) GX — F —0 exatk

Lg unyqviness of

n n I Coarnels up to iso:
@T{lé?ﬁlﬁﬁ_)o exact F=M

- T
@ F=M: pick T=set o} gtmemdors mj for R-mod M (e9.7=M)
4

bk L= e ke ¢ 7 K (BR—M)
“ﬂ’c‘a’-"k ?R—eTR—M‘\—)o,n S Rsend 4 in i-Ha

copyd R +o m;
Lsend 4 In -Hieopy ol R 4 R ’



Co ~
\V(_S:_L\QW\Q X 1:€’Q COI'\ (X) @ V)CEX 3 O-H/ine OPGY\ AE ME SP'QCK/F |u’__‘: M S‘:Lme R—MOJ M

? Fé Coh (X\ S in addibon require M isawam"\t_ R—mod \(WLOG Pé: B[xvé)u)
. ) / =N =
(‘Zém mﬁm‘:ﬁ) { M Reclely geneated oo ot 1 st
. : .9 SwoMo
opplies - - Rer(R" 25, M) is £9., any neN of M-Ivkavekn'lkgftse'\hi\'w\/

N any, howm of R-mods

indeed xadh seguemct
Rmi_ £ R Noeth. cohecent = f{.4. (sina R"£9,50 its submods ave £9. a5 R Nowk) e

RM o RM 5 \my—0

Ox is coherent ™oe do gens.o kery
Example X Loc. NoeH,. schome : ;:@& sheal of any dosed subsch. is coheremt -
R;:_k Vscheme: £eQ Coh (X)) 3 abfine open cover X=U W; 5.t F .= A for Rc—ModrRMf
(Envn:\edgl:_c) Feloh( )() E 1 amad M; coheenk . (WLoG : R; :e,(mgj«%_-f;(&i)‘)

Rk peshichon 4o open VX QGoh(X) — QG (V) Coh (X) — Coh (V)
PExe VAU =UDe for £ €R then F|M|D£"?—-‘M| S ( )

localizaleon Presecves

—~ D&T: . (cohtcent™ Property,
So ﬂ%w\r\ QOCA“:, wodule - O ‘ \Exav»‘o\o_ in 68
Whg 3 quaj:_co\,\wu_ o 5004 r\o-\x‘on'?_
\Qinasq — AFE ) R (pec (R), Osrecr ) eguivalena o caky ot
R-Nods — Oc,p (R)-Mods, M +— M not  equivalenc ¢} cadT & FeOsHods
Example X=Spec k[x) = &) skyscaper shead oF 0+ F(U)= {RE*] At

= iF Ha above Wek am equivalence 4 cats, Hats, FXM some k[x])-mod M

so kb= F(X) = FX)=M . But REKJ = Ox is nok isomorphic 1o F!
Solukon restrict whidh (9)( -Mofs jov\a”ovd : want then rooﬂ? fo fook ke M,
Just ke whem we sivdwd sheaves o doals Yok Locally fook Like T

Will show lader: [ Ty = Spec R : R-Mods — QGoh (X) equivalence of CaRpories f—f

F(X)e—F
2.2 Overview of generul properkes of QGh(X) omd Coh (X) for X scheme

) Coh(X) abelian ca v, ama Co\r\(n>|0 ind, 0,—Mod 2:5;&%!;@;&\
QCoh (X) b p 4 BCoh (X) —meg  @re exact fundlors

In parkelac com ke Ker, ke Image in boHs (not in Vect (X)) Easy for QGh since

‘ locally hom of mods M
2) 0 —F,— F,—F —>0 exack in O5-Hods. S0 ok vorkrm

Two of He F; QW (X) =3 all theee are . Same holds for Coh(X) (not for Vect (X))
Trick O Fi—o R Fj exadk, amd Fp,Fyare, them Fiis. (P F, ZKer(F,—Fy),use (1) 0)
3) Com dmke finite @, -®p, , Homg () in QGoh(X), Coh (X) and Veck (X)
q) Gahrle\—Rgsev\\oua Ham for @(o\r\j Hovv\@x(FI G) need assume [oc.knikl\) presented

X quasi-compact & Sopovaked (e-9.variehy) =D K is delrmined up 4o iso by QLoh X |

5) - X foc. Noeh.. schome, 255X closed subse. = 0 — Ja /0 — Ox — (,, 05 — O exackin GhX

o RI\\-'\{. -\—»,pe_ SULLS"\%L Fé&, G GGL(X) = Fé Gl (X) }G—C‘:mL‘,ne';:oP,:oVQ_

§{ @ F— G, GeCohX, F fKnile tyre = Ker g Fnite iype ety exist in Gk

T W F—>oqG, GeGhX, F fRaile tyoe @,.: K, — G, injechve = |, Flu— Glw fn‘i. s?mu
Hwk & : Picacd 9roup Pic (X) = {isomorphisn classes of inverhlde sheaves) W Proved it in case

F=0 in Pf claim
Your oprakon IS . ®0x' (abelian Yrovp as Foe G = G®g, ) in Sec. 6.3




F.3 Pullback preserves Me—we\lr&nu.

withoutthis canfaill e 3-£*0y=0x

f: X—> Y morpl\ r:ngﬂo\ Spaces So 1€ Oy oh, G,( not coh, Hreun fails
Caim  £*: QGh(Y) — QGh(X). £ X Joc. NoeH.. sheme =5 £ GhY—GhY .
U
P_L 8 @ (97|—) @(97| > qu — 0 exact (-FJC ey ofl,v\) Vegc‘\/—)VechX
T u J "u (m.m £*
a,p'p&a 9¥ whare 9= L|F"u- [-Th— U using g‘ right Xk 1 commukes with@®:
%Oxh_lu—; ) 9x|$_,u—> £ G|—3 O exact  amd xef U opem. s X \oc. Noek,

FEGWY) = F locally faidel presented = PF Loc- finilly presembed = £7F ¢GhiX)a
'\@Lovc peoof for T, T Rnile) issue is £ '(ofRne)
3.4 Push-forvords for X Noeleian meed not be AFFint.
Claim £: XY morph of schemes, X Noehherian = £,: QL X— QGh Y g;:{;ﬁx;ﬁ’g’?
PL O— F—MFly, — M Fly, p_““d' by sheaf property, Where X=UU: affine optm coves

‘qué 3 reske. Fake diffecencss of sechons on overlaps (Sec.|-4) UL A =VUUe ¢ 2 7
Reaall £y left-exad & commules Wikl Limds eg- with [1 = 00 f, F—)FI-F (Fly,)— N£ (F| \Qxac{-

WLoG Y opom affine =SpecR (replace X &9{ '(specR)), WLoG Fly. = Fw), 5o £ {F|u)_ F{u)
similacly for Uijle. & show T4, (F], ), T (Flugl) € QGh(Y) Hem £,F €QGWY) Tr.%li(?.)[\\Sec 6S

L Sec3)\

X Noeth 5 W5 quasi - mpact =)ﬁmkwvers—) [1 s @, but ™~ wmmules With @ so finally done! O
Rmk_ X quasi~ompact, separated = £ Qlol X— Qcoh‘lqwof cbowe but easier = ey AL ek

,h: Uuinu; a“m(

Non—@xaminable fack £ proper, X, Y Loc. Noeth. = ’F CoW X — Gh Y <_‘r’e L—-EE:Q];:::J\

Oherise in 'yu\qmﬁ £ can TUin (a[Uas)—CoL\e.rencp_ N TEYA

\ ol ( 9. nl‘_LAi,/A obvious moceh, F = ﬂk[’t £ F =[1R[) if assume e@Coh
7.5 Gluing modvles (. nonce (£.)€ F(UDL) =(F)(D) but a(ﬂk[ﬂ)(m =Mkl
Simila~ 4o Sec. 412 R cing> 4, S sE Le<all K> @ # Mkltl.)-

o{a:\u: M R-F —moo\ «(so0 szM on ‘{_Qypuﬂ} C!dz (H )F FK _’(MQ{F &ASO_ k= 9et

M )‘F—)(M >‘F i1So Oj_E -—Mods Conda *‘O'\ \l;\ q} Jt-:\l";;l.

. \l_, c = % y i Take ~~
¢ d o M = on Dy, S Spec R) " )‘F Cov\di’aj.szz-l
'De‘:\'l\ﬁ M: = Kexr @ ™. . S @ (M )-F (-‘ ldea: |ocal dotn which
agrees on overlaps
(m) — rvlu — ¥ (_))

Coll T, :M=oM; Y projeckons, e (M) €M)y,

Glum} lamma TG indwas ises Me.— M and ‘P--ow =Tm  \YmeM

See Sec.3.0 1

P-‘; Enouy‘\')o show T, iso afie Locn,‘.\.rmz ok eNery prime 9 & Spec R'F
=1 —FR with 4 ¢P€5(J¢¢R By Qxach\!LSSo‘!, Lo o lisalSon

— Re-W\OAS

- ¢
(Mﬁex"l — MP - K"‘—(@(M )\’ =5 ®(M.) 3-F ZuLﬁa“.Asm:gKn.’r
-er? is unit so WLOG replaca: RAaR , MM | Mp ~ (M p, -Fea-)\ " ‘:;:'}-fl%l\r
25 & unit in Rp

ALLI‘!\IMRN MQ So: _“-2 M= W‘Ppc (N® @ MYyY—N
N{ = (M), = M,



\P i€ now d
WLoG M. = N_,; (idewhfy vie ‘Pea) so Cocyr cond. bewmes - _k

natveal N-FF — (Mk)F
= 0— N;\—>®N @N; —\Mﬂ“’*mu
(N—)N@@ N,p m—)n@@ \ (xb),_’(__ ﬁ) ( .j)(;h ud
| |

Sub-claim Thu: is €XOLC'\' (ﬁ N = Kar ®p =M, T, iso, \]S_hzm undar [denhfcakons via T8 rmfs)
E E-'r\oua\'\ Yo prove afie Lo(n.(l'.ﬁna. ak eadn max [deal ™M &«—See 3.0
B‘a ® not all f:e m oHwwise le€<allf > < M 2
S‘G»a, ‘Fh ¢ 'Y\/\ so WLOG prlAUL N ~ M'm R~ Rm -Fhr\’) | (—1{K¢W\ so umt ip

locel ring. Ry,
= 0= N— N @@ N — @ Neg
A "‘(N ke N
f

;nsedriv?. @;?k Kor then T= "T GN&Fk— N, Ve O
—

hemee = h@@';\_ So l‘MC\a&a# Nn Via p,-eviouxw
7.6 QCM(X), Con(X), Vect (X) for X= SpecR

LA Y means :
Theoem [Ror X= Spec R A equivalence of cakepories 44,:-}':,/0 given fonchrs
R- Modr _ QCoL\(X) Conppse Jo fonclors
M M mmud\m?ﬁ,ﬂimﬁh iso
FX)=C(X,F) «— ¢ s

PE. Easy direckon: Mi—s F=Fe— F(X) RX)=M. Converse: givem F want Fe F(X),
—~

= |OC.M.H-3_ VFGX BPGD.F s.k. F|‘D —> N Sowt R ‘MDA N By Gor in 3|

using Huak Dg ark
Cove X b‘a, {\mkl\a w\mﬂ\a_ S\Ld’\ Sﬂ% N\.O‘\'D.F I“" n. <e i&éﬂﬂﬂ‘(? bﬁ\soikpom

kA amd. Spec R quasi - conpack

=00 overlaps P (N )£ F|n{ AL (M )f Saksf wa,u&wna.«ow‘ fm"i‘g}*&

= b‘g, %ma then I M wirk, M-f = N' CompaRbly with e \; IA%.]I\D;;TFL

But -H/\?AA M, F have isomorphnic Locad glﬂma daka for cover X= '1)4:,u ub,r Se M F.

E)‘flwt“n meN —s M»-","e"‘& =N, % non s;€ F(Dg) amd St |1>”‘ ,|D”: ) a
j

7 o

so fa\paliw o unige seF(X). Reall M= FIX) defumines M F by Sec.6.9

,JF(X\ iF R Noel. 9ot

Cor X= Spec R: FeGhX & F=M for coheent module M <‘| &7}:0(3‘::3 R%.&m,\

Pt F= F{X) by Theoem. |a o\d-w}\or\ of cohesent Take global sedions = F(X) tohertnt R-mod,
Awn\fme('a. if M cdherent gz‘— " coheren"‘ sindt 77 15 eXackd \(a“'; fadAul . o

Fad- X=75pec R: FelVect X & =T or Liniely e&seM) (& £.9.projechve. R-mod)
M R_MO(A M means in R-mads
Gee Hwk 4) Hor (M, -) exack

(@ Mis adirtet Sumtv\avvl)
of some free R-nad



8. Cecd Cohomologyr < RPN S VORI IL O SED| | otk
2 é e.9 if H*(X)FE H*(Y) Yhem XY are not iso-spatss Uj =Uraly;
1 Cech complex Yop- spact, X=U U; opem cover U= Usn by 0 Us
Up = Ugn - a W, for T=0mnt) mabh-indte, abbrevisle |T| =n
N ‘L
Cn—- En _ I_l (u F‘gs—s Fe Ab (x) orda{,l) allow I'Q-PeH\ol'\S S%. is
- A T
e | Tl=n ’ €— 5o 5eC” is a olleckon S_I_eF((AI\ actualty nl
d=4": ch — C""" Ncalled cochain
n+| ) — whee T.=(i .. % .. ntr)
U, = S e’ s =l 5
I - IJ' Tmik
JTo MI |°\.~|-€.r'o~\$o wse no*‘o\"io: T. e oo
Jk--- om, (,J-’\,k’-.-
EF(UL) So sum makes semse .
o d
Exawple ¢ = l:-]r'(uc) —>ﬂr((,{.-j) =c! H=C, 4=
()
(Su) _— (SJ| J— SC‘ ) I = (l:o.,‘:u) )
ug Lo= ()=

| d
= r(M\" ) r M\" = =
C l:l ; ,)\ ik ( JIQ C ' you _rok .
Sc' | e— . —_ . .. Cc3.\1A oue lop.
J) ( SJhlu : Stee| ¥ S"-)l \ = no¥ice ?:m‘\\or-i'op

Uik Wyl iveolrcial di ‘
Claim dz:O , So (c* d) s o conplex :‘| ’ Bimplicial diffuenbal
P us, | = °l,
1 =k = k1) o N R4 )=\
dds) = & @) | =2 (260 s | D S I
T keo Tlug k= ek kolus ok —— TRjlu;

. 4 .
=o.ada ("ez- - ,:)\\L,---,.)r\-\-l)
,\\. +. ‘Lr . . . . .
anti—Symmery i€ swep j,k (nobu Wil sum is over al j£k)

n von _ n n— <—(H“(X,F d d on choice OF \A;
et M0 F)= Pl D= e D iman | 55 S

Lewima HO(Y,F) = P(X/F) ‘ callfd canleo(

Cobovndaries coc;des
P sjlug = sifuy says s glues 4o glbol seckion. T ] o~

S Jk m:ssh\a in Tk

S

“Cco" somekmes

. omited . ,
T42_€‘M‘A°\° 9 Dhom o‘IL comploxes $:CN—=C" s chain map 1€ fod =dot Ec_;“m:;g”}
?-)f\: C"—cn s chain kov\'\o"'cpz_;_ behweers, chain "Mops :F'g_ i - 9 = doe\ +e\od

Consequencs : ) £: Y 5 1™ yia £Lc)=[fc]  well-defined CcY=[e+dl]
but
2)f = 9 :HN"— H" <—(dc =0 =)[-Fc —3:]: [dfc) =0) Fav}=[dfb)=0

ke:a ek To show H¥=0 can £ind chaia \AOMo\c(»?_ betseen Ad,O .
Rie C 'S QKOLC"‘, also Cnllzd a.qu.‘c

Rmk H— o LoMoMore\m'sm o‘n'- C“—>C“_‘ decreases Hhe O\QJree LD \, and A,\_fd‘ =0

n

en Hnan= Kerda /Im dney is called +he homology of (Cx,d.) . In this case o
chain homolepy is degree incasing : i Ca—2 Cnsy Witk £a—9n = das® An—Anodn-




3.2 &It.c\'\ wleex wirh onleric\a e.g.iF[X qUas’-compact
Repehkons oF indiws act anaoying since CN#0 al ny0 evonif Rk # U
Trick pick +otal orokring on indices Se te Fnije cover
n . " . . . . . u.a't\NSe‘i-s,
Ciias C but 0“(‘3- allow T = (Lo,_-_, W) i L (< L tn, d as befoce s Ch=ofor nyN

=2 (€ C" subconyle Hr=0 «
.t Hn ,XMH:\OWP % I'm doirg o hands—0a prooF based on
Cla\M 4 = Serre "FA‘C“I r{ds-e‘go} f-?_l(;‘asr ‘o
- “ A o "Thiory b & l-
Non"examlf\otkle_ P('DOF( SC‘T&’S Tr.Ch) éfl::\'z:;;g Sk‘nreodc’;’;:f\a’:;(lnfij Ab-T‘T’\‘ lsle VT.C
Let S, =Free abelian a00Jp guemk,\ by al index seds T | so: S,=<I: ITI=n>
Diftnhal: 9T = pIEHE Ij So ?:Sn—>Sn_,. T is really a Amckon {O,ll...,n}—){ind“as}
+ . R . R .
S¥ = SUL:-?NUf 3,%!/14-2& b\a- s'HtcH-a,.ord.?rQo( index sets T {—(fxﬁﬂit‘;fk;nx?;}
Step L S, S are acyclic re:=m:ﬂlﬂ’\‘~} fadtx fotl ol on set
BE s stk Am) =BT L2 o ik g 2T =24 T)=T+760" 0 L)
= T =QR+83)T . Exerwse : check same holds if €=1,, TERIOVL =160V’ T)
= id-0=2h+£d VvV TFor Se it s aver easiom: A(I)=(4,I) works. O
Step 2 F(]’.)=:ZO £ 3 epeaked indiasin T oS i<
Sen(a) « 6 (L) oHherwise, where = unlque prrmubnkon s.t. ¢ T ordetd
= [ chain map, f=:d on So, -}(S},)g Sj‘/{nc =f (i.e. £ 55 td on S'[,f'/ £ is a projedion +o $H
PE T(T) € S} amd W I ocdsed hew o=id. On So: €)= (o). v
2FL = T =) sigmie) a(T), fr k=c"(}) get same set, sln(0) = sign(T)-E) " gin
'F?I =7 (_DK ST;"(.C) T‘(,I:F @ do€s an exin k-) ’r:'M\Sposn'Hans Jo move ‘:J' 1o posikon k O
Sep 3 General Hrick: C,, Free ac7c|.‘c tonplex, a chain moy £ Cc,—C, has -F°= id:CsCy
e £,ih ae dharn bromolepic : Ak €, —C, . wirh, f-1d=0k+k?
DE BM;QA k ?nduc%‘\lel') by e7u:a+-'on One® \Q,\Z'Fn—dv(—kh_lo on
06:2Co «— C, [Worni =0: 2,0k, =£-d —k_,°9, ' : =0.
=cff& I 7[*5 rl\o‘a“n_aﬂfm“ﬂ n=0T Do ko =foti0 Tkt so jusk define k,

. =0 =0
d\agmmw"‘"‘“k Assume true for n-1: Sk, = ‘;'n_‘—id—hn—z?r\—\ ®

Conlic, &2 ¢ OnFn-id —k, 290 = o Pn=n—(3rkn-) On

Fa-a] goyde-i] \k"‘"l‘cn @ FraPn=n— (o —1d —kn_p Bn)3,
C "{_'7- C. €& C Co 2xack =0 sin 209=0 and £ is chain map
n=2 a’\—l bl 9’\ " # Vcnecf\, (‘pn_l‘d_kh_|9'\)CV\=?n+‘Cy\-‘-| Some C'\+\€Cn+| . AS Cn ;S he
we Con I’lLK b&SI'S elk Cn of Cn M\J I-’iLKSuck Cn+|,+lf\€.f\ de":\'l\l kn(cn)::Cv\-(—)
W €X+0.V\J kn ||'I\€ar‘l-3 +° %ﬂb k'\: Cf\_’cn-{.‘ % ge’. 'ql'ire* eq‘,“’\‘o'\ Gr n./
SHel  chain mags/ homolaples on Sy, SE indwer cocesponding chain megs/hpies on C%C%
PEIE ¢gm==x nr T N, €Z Hen deene_ ((\é(s))I=ZnII, : SI"IAI
@ fiom on S or SP) (@ hom on C*or C% reSpeckively)
Exarvle d = %, amd for £ of Slep2 :(£()), =§o_ £ 3 tpeated indices in L
s oy . . §i9mn (o) So"c':.)lu\I else H:_
Cone ‘“'°:\ - £:CTC hain ‘r\pfc Jo id and sucjetts onto CY = [#]:idf H~<ﬂ‘f—‘g‘?&‘-ﬂ
Cor . He s independent of choica o} lotall ocdering on set 4 indids  (since HE=HY) v
. H{a;}(X,F’) =0 for mz N if X=UU; if Rnmte wve with N sets (S.‘nuul:¢ inCy

Exarple X =) with cover by N=n+| affine sets U =AL (Hwk2) W I3




(_(ww\owﬁ H*(@™)=0 {o.—xz\)

8.3 Abhines have no cohomolog, exapt H° (Sebroc fopols
tN\ a onC Po ?‘b’

Theorem X = Spec R
F ¢ QCoh (X) = H ()(,F—') =0 Hor n3
><= U u; ‘F\.ﬂH‘C— QF'G‘I\Q OPQﬂ coveS nse O(AWd
PE X SQ{)ofaA-cd (since affine) = U1 all afRne (Sq_c.f_'sl ) Cech c_o\qomoloa"a—
n g
s Easy case : minimad indey £ sahsfes U, =X ;__GC( hse C;
. seC™', 3| = lo)ery tna
Y[ chain homekpy: (AS). =Jo i i =2 STl <L Ling
&% ? * { i okl (s 2<50) <—“ﬂr‘u“‘u
<8 for T wida \‘O:f;Q LT o ° =% AUg
R ( _ = Uz
;\2 0;((&5)}_1 » (9\5‘) = 2( l) Se /T % = id=dA+hd <—Exercse check
& ds = 3+l = rek L=(2,%,-
. ( >I (AS)E,I S +2 (-0 SI:I,' Ky TZs:c- 86 C:t:f w"\cg =)

General case X = Spec R = VW, U =se R,
Blg easy se, know result for spacs ul with (.oVerma U(UQ(\U\ for minimad €.

Orolerma of indices does not affect H so knou reslt for D any /4 L? Cor of 8.2
=) Redu(.c +o C[a\M: € C exact W\\?Jv\ restvict -|~0 U V\ Hemm c* exackt
F € QGh(X), Up affne say Spec Ry 5 FlU\x =iz some Ry-modwle Mg

_ F F - ﬂ _ n po.ﬂhcu.lﬁf_m R -mod

= Cc A ct —)CL .- 1§ & wwf&* 91, R_MMS ~ ——
and by assumphon ok €xachess on U Aave - (_Ius ng Flugly —MJ;IMCQMIQR" by 68
C°®R; — C'@ R — - exack Vi O =Bv: & be: some
=) |OCAL\J'H\9 {\Jr'HAU‘ L\g ® (R) gd' Qxa(}nes d,_ bCAf.raA\am J-C A)"Qac.lv\ PGSP?CQ
- \°19 Sec. 3.0 Aduw zxac.-’-we_s: of c*. O
|rredwoiu—0-

he_me_

R Chain homolepy deick above can be wsed Yo show HIX,A)=0 &e x71 i€ X
oA P(' is Cor\s"ow\-\— S\\LK@ Ul‘H\ \mlve_; in abg\\qv\ %m\l{; A. ( I—O suver\ COC c|€ 9{) £ix Indx ¢ to ‘)

'9; H

defin
8.4 \ndepemdames of cover Gocydl e;lse: L?"J, sf(g%(‘ ) ﬁ—rg::
Theorem X Se‘oo\ra‘&o( quasi-compact — H (X F) tndepemdent o-(-dmtu_ o@
P-C Will use ocdeed Cech cohomologry - FeCoh(x)f fnite af&ne open coves

X S'e,(J«NJ-CJ. = (\ abfines s offine (Sec.$3 (@) .)

i mk'_oovers\‘ Reile
X= Uu_ UV +ake Mmixed intesrseckons: C 'M_ll—_\] r((AI(\ VT y F)
l o~ X I—
¢ - lI,—Iln C{V nMI}M fiote affne over °1-‘H“\T| ) lose™
CT™ = M ¢ | affine Up 50 by €.3 H==0 M
\Tl=m {uc(\v'r\]<\v,.sm(e~r go,z_eg',z__)g’-.l_,_.
=> rows R columns are Qxa.ci— n_xc,qﬂ— for dngrce o: T, T T
o " e /] ), 2\
Hoe™) = [1 T (e, F) =& (F) Al
He (™) = 1T (Vy, F) = C{V}(F) Coo — o ¥

1J71=m



General fact from homologica| algebra - A

7
C™ b corv\ele.x H (C )"O V\,5o ¥n H (C )Corv\plex in n g
't‘wJ7o Mt (c* )-—O V\.)o Vm = H® (C ""‘) B 72 N W‘JLJ(S;)LQ\;?;&:?\’
Sketch PF T‘ T : ’r /NOW oW &cah‘ ore exacﬁ so
0= B - % — C"‘ - can Aaqf.raw\ chase, and 3,9_.{— a.” g—‘zo% .
ory g oo due Jam e JHE
- ~ T ro H(B) 3¢ —¢—o o HIA)DHIE)
(Nojcc o, cin A = A e — I —o0 Wfl: :3
g‘ = g(gc C"’) 3 8 TH'E a

8.S Induced Long Exact Sequence on )

Recall (X.): Ab(X)— Ab is always left exact (sec.1.9)

Lemma L open affine € scheme X' = F(M,. ): QGh X —> Ab is exact |pecwll Sec. 6.4
R-mod — QCoh(speck)

P£ Given FiotFo By exack . Exadhess 5 ocal condibon (indeed shalis)

Claim X separated, 0 F, = F, =K 50 SES in QGh(X) ﬁfé :SL.,LTLQH’?“J’ e
= PFLES 0> H°(XF)— H°(x F)— H (xc)—> HY(%E )5 HI(XF)- -
{

using affne cover) e.s. Kar measures failure
) ( X, F ) r( X LF2) \'CY,F.S) (oF T(X:) being, right -exack

P—f— O——) F (MI\ - F (MI\ 4 F (bl-ﬂ—)O QXAC"' L Lgmmo\ /"I\OW\O\ODND\.\ a\jehm

(Ux abfine sinee X separated) SES of chain Conplexes
= 0 - C*(F) 2 YR — C7(F) — 0 exact claim dollows 0¥ | induces LES on cohomo

(e5.5¢2 My C3 | noles
8.6 Dmlu\a wvii IhRnile overs '

& op-spac q‘{“"‘"'l
A relnement OJ' open covem X=UU; is an optn cover X=UVj st V), VS Ui some ¢
« L ¢ ) (Shtmf‘ on V;r yFrCsk-uhof\-me F(U[ )__“h.))

Make dhoiws =) resticRong F{u“.‘)) — F(V ) = C{M }(x F)— C‘{V }(X F) chain mop,

Fa.cf Hz-u }(X F) — H (X ) does not o(w on OL\O.&_‘- W\M‘C CS'erre. FAC- Sec. ?.l)
Def (_(/So ead class is represenied by a Zeckk c;oc.,.,& for

=<t I—\—’{ (X,F) = .@\‘m H{u;)(X,F) fome Cov/”, amck idemhy cocycles if Hiey ibhe, by
& K Bod«AWy afHr passing o some Commen r@LGinement

Non - examinable Rmk For any %pol.oa«c& spoce homohp) ea,uu/ale,«f' Yo h{C;J“;wr\lii £l

C
H(X A) H (X A) = Smgnlarcokpmo‘om va will. wefRionts sa A < so for Swooth
(A is “Lonstant sheaf wil. valves in A :acivally means skeaLF-LSa Alw) —(locqll-g constant U A MM‘““
Rmk X quasi— compact scheme =3 con use finite covers by affine opens, amd

(e-9. affine) con refine any cover by sudh a Sver -—
= can calevlale @ by only wsing faike offine CoVers U, = U/,\{u
COr TL\QOMV\ 'A 8 3 ll\o\df V ovel (\ASH\& Aef'sm)-on @) = (’) Aaﬂ:"\Q
Cor X separated Juasi-compact sch-=> can catedtate @ wit. one cover Dick Fine sbeove

(5‘3 Theoem ¢. 4= Ma?s" n LM ~for sudn Covess
are isos So Hm\(x,F)_)G,\,h is iso



8.3 Aplicakon : lim bundles amd ﬁ'(x,o;)

called oo dvializafon over U
X Sdewe , F e Veck(X) / RLLEL S iEh

: = ®ne
= 3 opem coveS X = JUu:; wih F[L{c T 6(“ some nceN
omd cam compoune -Ir.‘w‘ml.‘%a.lxbru on Ow‘eafS

®n. <y called Nwnsition maps
F/ : —= 5,0
uu- ¢, :Uu / Gu“.’."Moolule_ 150 d[_;a,‘),ao( b? b, ,‘,,V,_,-.);L.(,_
|| = °<‘J nix 0y matax with ewlnes in 0“‘.)(“9)
v (see Sec.6.2 :
Flﬂ,; %q (9@" 0{?’5 Hom ((9@" 0,) (x,8,)%")
5 Wi ’

_ n-=y\‘)- £ (,L\J :f¢, so He ramkqj F l-fﬂOCaa? constant .

C"“""r“ﬁ“a Tt sy data @ ) i Sq,LsF]\\J Hwe coycle condsbion O(Jk"o( =y, on Wi

dQ_-LU‘MmQS Ln ?ﬂ\m\a a Vector Lu.muﬂ.

R K .y \ﬂﬂ:f is Ha Mﬁu\ﬂ O{Af..v\{l\'o.\ oi\rQ(}or Lumuﬂ_ in

R oy = oy ferms a; Compatibli Lol drivakiznions.

Def oF \ € Ox sheat of laverkble fmdions. S Gx(u) {Fedylu): Fg€0, (u)yst. F-9=)]
Nak fak O (U\) 55 o abelian growe Unda~ mv’%pl\cm‘won

M {(Somorfl'\,fr\ clod'S'eS oj- .&ne_ lownouu& < H q-)
‘HxO\.\' admit og‘}f:\l\'nl\'%a.‘)w‘m over fu}

amd Pic (X) = H'(X,0%) as groups. — (PscX tepiak in 7.2)
P-f- o( Ob(. —_— eu qu,w b,’ ,vw(‘l\pe‘ad\on ba Qf.bmﬂvd‘é@'u‘

;%
. +?A«Jorm3 Liae waiﬁ{s #\ad' admit o #inaki whon o ul:)ﬂ 6“« = u ®6 _’ GJ‘?Q =9,
J 8. v
‘ &01(11_ COV\AJ-’I'\OV\ Can LQ rewn#!-n O(h °(|.k = | M 4/*.
(W"\, d. 1s He Shalement S 3% Sip + s‘J =0 J M hpl e kiom b9 °( '°( éG ‘)
N mJeJ\p&cAAve no)-a:'s.on)
= (e € i3 (A o)

In H' we nib»\l\(:y [(VJ)_S [(“'J\] & °( —°(\ (’,J(l, Jome (’;G@

Twis Lorrefpov\As pr@o&ﬂ% ‘L’J L\o\.\) e C C‘AS{ Ct\ar\au Mr\del‘ an S0 of' Lq\a bw\dle_; £,.. f; &S in C(aw\
be é/_\(i ._Comeos-l—_e(ﬁu. <—i|u =f| _, O \ € ou;
~ 9 e U Wy Y Ein Yhe cose »C =1 fe disfram shows Hod
Ly “ |«
9
6

He ' class cmanges by a boundary hain i
we dhdnge Hae choten

. '\"ul wale %a}\o.\ on eadn U —» F| —) eu
u not Je\pe/vw\ OAMJJH(R.S Fl é’
N OG ‘HA-L (e; . (A|

:Glll I



RMK “f 041\2 Lu.v\oLQL Wik, dcamsihon Mop € °(\-J }%4 (@i 8 ——-Mme
Ox

=2 Y ¢ v 2 e e
FACT line bundles on A are always +rivial Seme’s Gnjedre 1955
indeed vechr bundles on A™ are alwasys kiviad — «— (lele,. Sq.t/m Theorem 1996)

EXAMPLE  Pic(pY) IPh = A, o A, edn C3Y4 course: view II’ = k" \/*Mm‘g’“\a

Sec k) }\peck[t"_} Have homagencous coootinades Lo :x]3
vec md A Cofresponds Jo {L1tt]) tem') whee =Y,

L Gincbundle on Py = £, ’rn'v'al sae A:ep
C % nodet
(d\o: flA‘ B Z\Ao) € k[kt‘lj {ahb :Aeklce Z} <_|ﬁohA|=SP¢ck&ir]

{Bo ek R] = k“ pLE kit ] = k" ej(e,rc.'se .
? !
o 'C(\?u) = H (|PI Gﬂ) = Z So all/.‘u_ ‘9[;:) by wirg 6 1{_5

. d o = -
0w) <= (% €) e> ¢ °(|0\= £ Ao

Rk 0(0)=0Cp1 davial line bdle .
Hwk HWk Y HQGQ sheaf of a cloged poink in \! is € 0(- l) {or Aisjornt union of n closed s aet NO(—V\)

for ocdar n point (1)< REE) (i.e. closed subscheme Spec REE) ey € A C Pl ) 38+ O(-n) .
Non-examinable Rmik (for diffrenkal geometrs): ¢ delvmmes Hha Chern class ¢ (£): (=[q()
TR is 8(2) saw Z—X(IP) X(5?*) amd C,(TIP) Evlerclass 4 P e s ond T |?‘ o).
(9(“)—) ﬂ" is blow-up of €* M‘ O : Hy lines -H\rw\g{,\ 0 n € ace e Kbees. . qonslesd fart

{ ‘1/ So ‘\Dw\a Nneovs poiras
Theocem ) A (R 0i) (<o o s homeginces p b
He )=
Culorod Remk < { fek(t) : ob.a'f\<¢.}_ R[x,2); <30
S‘t’mmelvlj
i5 “Sent dualip - 2 H (I ) = {2 —
ﬁ"?e'f:;dw(:( e O (e Vet k) = kD) i<
¢ s
=9 (~-t-2) ) ([P v )) =0 Yor hny2 noise

P'F B‘_Q 86 S\ rP fefmkp‘\ &QUM\——COM(QG" G\Aouf«',- caloAaie- H{ﬁoh} (“’k' 9“))-

2) no Myle orAufo\o\w- S or hight~ r’/D(")lA
) e or o 9€0, %OA 3> f whee %o is defined on AN A,

M2 9(t") eke(t] on A,,HHekm or Ao on ortlap: ig{t D= 1Y) ekltt™) [example O(1)

) H°=
= on Ao
= J«’-g 'Fé C N'\A 2 5 *CLVM"\L* Ly r— F.-om Zpldod\'o-f\} s;-__::—l Dv\A|
D £=00) C(po,f) @ M (AL 4 s r(honn, 2) 25 0 e 3&?612?5
SN SR taee, ) Ttk =6, -
(S*Ir\d’g S(N’Ak"\a' \ R[t] l:[ |J ) ) h"[-t't-l-] { \) er( \\ l{. ;?1‘;
Z(Ao) =6, (A)= RTH] 5,9) , £ gl — ) A1e ¢
—

I.\:“ = k [t,{'—l_]/ kit) + -!;': k[t" R need to deansikion Fom glt™) € Op (AQ) +o
05 all of RCEA™ if ty-(  Oafe) vie =i0i By =fly =1, =8,

* does not confrin t_:f’z‘,...,’c':"" € 1<l D



EXAmeLE : P" o X

e
called X = rr: =A°"A| Ve v AL A = Sfec h[?/"; 33
hyperplane v x:
Z:mﬁ‘:’- 6= |in£ bundle Wit of; . =(X: : k L | A X Xo An X B case: t=Nf,
- ‘) x; ’ "I'—'l—]_)k[_—/"'l—)_l‘] e
S:rre's ®@m J ™ X Xo Xy k> % xJ X ¥oy* ll[f]—‘k[t-j
iy | O = 6" w0 ay = (L) o equmd o TlAn;.8) | Libriken
* meZ HMmsoc m Kmes ’ ) % =

Rmk G{-l) called tantologicall Line bundle becawse in C3.4 course ead. (closed) point of B!
ts a l-dtm vedor subspace VS R™' (RS = k““\}h"""“‘d""&)
So el obvious Line bandle: over the foind [vie P have Hhe ivne V,

Hwk & Pic (W:\) s 2 achef‘a-kd L’J He 6(“\)@‘

C (1Y, 6m) ={ & IXe, i tn],,, iE P20

So homogeneous polys ﬂv(:.;:m.
?o on A: 4 fal)_; % .u.a <m
on Hae vosieahles ﬁ) L

o € m<o X U,
-8 'Divigor's Sgdk :p
. . . . X‘a
et (X/GX=3) be an integral scheme (e reduced & \f‘reo\uu‘a\a.?n;ﬁ:. Sec.35 //(5‘&1‘:& P*)

Recall from Sec.3.5 Mok ¥ opem G+UESX con view O(U) = K(X) = fonckon feld,

Abbreviae : K=K(X), K*= K\I0) (non-tero cabionel finckons art incerkile) —~cofional

O O subsheab of sechons of & admithny inverses in O (50 canview B%s K*

X=UWU; OPQH—FCOVU Hais Aotz is called a Carher divisor
» " ] . o o
‘FC e K s.kt. =l waw, e O (U, (\u.)) t(iit% o O {Mg K* or .
. Can also view k}K
=) a—ﬂl' line bundle IQK. Vieo .Z((A)'-'—‘ 0(“). - c K as Constant sheaves on
£ . 'f; = X withvales in K, K"
=Xxercise ‘\(sO‘ free. 8 (U)-mod
@ Obviouns Hivialisodons (e‘-:.i((/\:\—HS(U\;BJ 3--}-_._»9 Wit basis Vg
Y\‘Q\AS ‘Lrﬂwl&")\'a S — ow ! — ‘—F- )
n maf °(U QJ ‘(’; wan J (FI'OM U; +o UJ)

J {
@\{: -Dl=(u;;'{;)l D?_=(Vk, %k) are two Corker Aivisors on X ‘3-\!.\0“1\3. line bundles leil Han
DtD,= (U. (\Vk,'y.‘%h) is oo Corker divisor 7:¢,Ioliz\} Ha ling bundle 1‘%17‘ [-"\ packedlor —D,
4 %

D—-D,= (U N Vi, ‘g‘) V 4 AL x is (u;,-}-;)ﬁd.l; Z

Ke9 Example Recall BP" =D U, for W = Seec Z C ?;—:;---, x;_-‘ ) xx‘_:",---, 3;_':] ~ A
Let me Z, f.=1 ,‘cc '—'(x?"_)me K(IP“)={—‘E-6 @(xo,--,xn):?,‘162[1‘:,..,1.’:_\ homogex\mus of same degree.}
Z(U)=Opn(Uo)-1 < k(P R—(side remak: K(P) =k (U:) = R(A") = B (21, 20))

-UU;) = eiP"(ucS .(%\m e ransiRon 0(;3: (ﬂ E)mz (‘:C; Y‘ (GNOM WU; 4o \A‘b so L= GiP“ (m)

o X, | Ao xJ
RmK This does no¥ look very “symmelicVin the A;. One can define am G,P“—Modre;. F
L\g Flu)= 6“,“((1\‘) + X which is a e bundle with Hhe same fansihons °("j =(‘%Y“
Se F=L1 above ,but we cannet pick £; = X7 Lor Yhe Carker divisor sina xM"¢ |J<(ﬁ’n).
@EAH\M”” Want do idenkfy Coarker divisors relakd by fining P, Coves , so

i X=UU: = UV amd V; € Wy & omee 2686 Yo tdanbdy (U\:)(\:) omd (Vj,ﬂcp).
Also idenkfy (W, #2) witlh (o, Fi9) i€ 2:€0™(U) <(i-e.rescaling £: oy invertible faulov £ns)



Vle-‘r’"\a— K K as constomt skzmvﬁs have an exadt Sequimer
O_>G'¥—> K*% K/@ —5 0
Becanse of @ a Carker divisor is Jus-l: o gobal seckon of K */a* 5°éH (X K/@*ﬁ

Take LES: 0 —H (xa“—’H (x,K*) 5 H°(X, K%)= 7' (X,6%) =Pic (X) = H(X K*)

/ i e.use v~ X and one fek* ) W

A Carker divisor in \maaa of “is called principa k(or(()l £y omd £, € B(U)- £, Ve
Two Corke Aivisocs -D D ore |\{\€.M‘|D -Qﬁuwnlb\n+ if DD peincpal . Wrike Dﬂb'
Get abelian yOUp Ca.Cf.(X) of Cake Awvisors Moiul.o lineas uivalme . re""“‘“— K

constant
~ P. D D ‘leli 1s0. \ll\e_ s{\ A{-Sa.r\d
) Ca.CQ(X):PmCX) \og He LES, in Pm—\\cu\\ar( Y [(B)”f(b Q@ D~D
dme

X is \l‘fﬁ*“‘lu{

(end of- Sec8.3)
Clpead BmRs (Non-examinable) The is anob,- nokonof divisor: Weil divisor /(JMZ
This means a formal Sum 2 N, 2 A‘I, \n-\-Qa-f‘aﬂ dosed subschemes Z; of ood\m-l h%‘"‘k

ne2 v pecrsurfaces

Exam |e_ rakonal Ladkon £ K(X) =3 an “order of mms\r\lg ord g (f) of f nlo'\a such subschemes Z.
=5 (X) ¥ ord “: \

= Wedl divisor divlf)=2 ochy(£) Z called ecincea Weil divisor t(h%jf/a){ Lomgthn®1) A Ox.e

Exanple Carker divisor (Wi B grelds Wedl divisor W=3 3ordg, (F)Z nefice comtate s

o = along, ?.Au. c.u
On ®': Carke divisor (U, '|), (U\l x,\ yields W = + point [O: |]¢_(;Zr\ou.“‘£; ol'l\o::-.an;:e.ro(\i im0

Carker divisor (U, 1) (U, j(Ze)") dields W= m-p  whet meZ, p=fox) ¢ Crelflh

On P™: (We,1), (Ue, B2) wields W= H whet H=P™' s Mkvw:‘:k?.\<‘:c

Xo =0 ¢« 5so HAU; is Spec('Z[h - i.—\ 1,,“’ 5 "“/(Xo)‘> has a. pole
X

at P=(Xx;0)
“The lack of ’g\,mmg)ﬂj menkoned in MK above is Le_cowsn. oF involves o chotce of Well divisor H.
We corld hhave picked om:) hypeelane to get LZOM1). More cowplicaled choices are possible

e.3.Carker divisor Don P’ with W=2n;-p: any poinds s, amd n €2, yields L(DYy= 6, Tn)

(compore HwK 4

Weil divisers Div(X) modulo princeal Weal divisors define Hhe class geove CU(X) (abtlian Aoup).

Wil o\\VlSo( D o\e-Fme,s an e" MOA.UQD. OX(-D) bj r(u GX{D\) [°) {‘FGK O\‘V(’F)+.D>O °7\u
%V\.‘" ex(D) Y\QCA Y\o'i' be o \\l\.& bw\alle. (\ L. H\W')'-L'C S)\CQ'F) \I\“\e.r\ \+ \$ ‘|l\€_ l:\lV\JIC -H\e_/ we‘\ dl\’\SOf'

is Cacker since on some Cover X=UWU; have Hivialisations S{ui\'— (e, mo)u;) smcag\sbn}:.o, ‘ny Abwe.:m{>o
— o1
=2 Carker divisor (Us,£:) and Z(U:)=0(u:)- 4 .L [ (Us, Ox(D)). f ek Yoa £ jlsow':i i?:v( r:%zo
Weil divisor is Carkec i locally principal:so loaally, locks ke div(rwkona £ | £91¢ of ocdir €2 along 2L
(also nead M\uﬁ Bon: X is “normol™) ’i( 9. D= \v({:) ves W mz <o than £ must vanish
0,(DY= O via ﬁl—)a § ) | wity ocher 2 -my au(.ona Zal

X non-singular voriety = Call(X)z CUX)=Pic(X) e9.9% Z for P°

~more geneully if local rings are UFD.

- X singulor i can €21\ 1 X = Spec k[x")?.]/(j:, %) C.A"“ has Call (X)=0 but C¢(X)= Z/2 Jeneraied

by He hyptrurfaw Z= 6——?: _O (_( At O€ Z we reqlly need 2 €quations 4o cut owr Z, one is not
C“O“#‘ So not LOCAHJ pr.l\(,\pq\ Rmk \r\aLUFD kc\a"\* | prime

ideals are pri c\ oL, so asking
Cultucal Remark : Riemann—Roch Theotem (non - examinable) Fonr lotal Cings are UED easuct

. Weil divisocs ace localy cur outr b
C projechve non-singuer algebraic curve /ady. closed field R one‘.\c.q‘:qizov\ henws (aeRer, 2

= 8 (D) for divisor D of dea,('ee_ A &— i (globall seckions) oftem weithen elb)us.mlgmus
NAC, F):= S dim H "(¢,F) = £°(F) - &'(F) —abzg D + X(¢,8,) [itk=x s

= d +1-9 Ql\ dime FIR(C, ) Som: i€ D=Tn: s '—|—%€nu§'(g§mwﬁm




¥
3-9 Cech cohomology computations on 1P o e sl oo 59 n,n)
Recall the Key exarple in Sec. 8.8 vl c2lR 2k feld
"= Qouc where W =D, = Spec {[ R x;_: ) X %"—‘ A"
Line bundle [£ = Opn ()] for deZ has: Ruiben: (Z [x0, )L 5]),
[ (U, 2) = (Z [, ...,x,\’j[-,‘g:])d 5o Poly.in :is:uejm N+ 4y N3O “EETT:“
M= d=0 gVes £=9|Pn omd. r(u;ﬂf_) :{P(—aﬂ :LPeZL'x.,...,x.\]}é%kechsS?ca\ says fakKe

Fonckions on desree 0 part
v X, g p=N, Nz0 u?fu%n-o\ck-\u when
Use ordeced Cech cohomology wsing obviows ordurt

ny of ie [0,y rescale homogtneov) cooals.
MU, ., 2) = (206.x) [ 1),

X X ... X~ e(u;o_"cn: u;,,\...nu:k\
n
N

Z;o-'.\c\-l..- 'x:_k
Wacrm-up example 5’ (IF", L)=o0

0€ig< - < {p &
Proof vy oo xo txM™ 2 hore datal e Sm. —2n=d
ro_o C(_j e€C P) Z—'con\Lo of— -\grmg (‘x—x)'*‘ where A,cbre :
* v
< Coo1c|e=> (O\C)on.: O = C

9.6, el(u, I

2z — %02 *+ %01 € r(Mo\z J i) <_(93“M ve "'““:‘-i'*:’u)mz
\IJA(T\"\'D Sl\O\A‘ Co(,y(,le C \‘s a. boLoUnJ.afD - e. 35;6_ \_(U.;J I')J (O‘b)‘:) = LJ_L". =C
\A’an‘l' Lh‘& r(u;Ji) So Or\b xX; o{enomln'dof.( a”owe&-

Ket; o\ose.(vw}s‘an :

09, XiXa = %iXs
. ‘:c,‘(;_ \ I;_
Cio cannot have oM x,%, arising o aLAenommor)-or'(a\-ﬂfr:{q\o\Iﬁ)

LCCW\UC Cor has no "CL'S‘ ak ds-‘-Y\OMJ Col has no )C.'.r oAt denonmn .
Expand derms dependi

0_°™ denominadors : e.g. Cr,x, = lerms of C,,_W\n\'d\ havt o denomicaters
Ci. = + Pn_/ ﬁ'j [V 3 & |0.H-0Je( er,s) 50 no denoms
'So polgs of Atzaree d
—Coy = Co2, x = Pox <"$ d Z o, othewise 2eco
1 %o
Cor = C'O\lio + Pol

mus} cancel by K simlarly Yhese paics Canctl by &
they are vhe oal) krms with o, In Mnominedo

: = €, = b,-L +
= C“”"‘a' LZ_ C'z'xz b\ :_C'ljxu \ooz_co?-,'lo 32}\_{. - - b .

h(a,l-,oum\n:, so does not ck«n&; toh.class [c] = b -b_ 4
—_ . e \ °
= replacing ¢ by ¢ —db remains 4o consider He CM!_) C. Fo

j = F'J (no denominaters)
TricK | Lek 9,=%, 9,=9,=0 Hen (dth =% = {a

={x i‘ﬁ. (ilj) = (012-)

L= L) \
. O =lse
Taking ol= P2 wWe can replace ¢ by c—dq and assume P2=O (wnd redefine Py dwe to

Whertas for q, =q,= 0,90 == gk (=] 1§22
. o else (@‘nu de =0, E_Lzo)
Tﬁk\l\a- (5= Poz N—P‘Ao«\a c \93 C—Aq we com assvme P°7_=O/ so also Fm:o’ So C=0.0
Lemmo H‘(|Pn,-£)=0 Vnz2 &(ﬂ
K

=1 fails becaunse don't have 4riple ovedaps
& TRY ON Youp owWnN F:RST!
Proof

We cowputed ¥he n=l case in Sec. 83
The firsk part of prook of n=2 case is same: replace 01,2 by indices o, iy, la.
So reduce do case of coeycle cel' wirh ¢

5 \rm\lir\a_ no demominadors (ﬁt«-‘;:!?hop)
'Do\r\a— TeieX 1 now is messy | H‘i"k/ so I'll use ancther trick first,

when & 20



Trick 2 C.-,-d e (z L, - x.\][-gc—o])o = Z[:z.,..., 24) = global seckons on U= A"

Lo R_fo Na=xc /x
ﬁ r OF. <) °,
This s & |-cocycle on A" omd we Know ROy OA"‘) o (C’ gcﬁ’g’-;;:u% “fgmé

o 3 B.¢€ Z02.,-2I0[5] with @Ap)y = S5 for 1giey drop dog 23
= A7)

S\ncz C kn.s no AWMiI\’\"‘OFS (5 CQm\o" have any Hrwms

2. demominalor: onl wbfech
Since c\J is homog. o(- daa =4 in vice *’s, WLoG [b: is homogeneous of deg=d4 inzs

= Take b; =9C B _-If\omog A.,agl‘oalvb, in £'s with (0\5) —CJ for \<i<),
= Rﬁplqu C |=3 c- o“:/ can assume <y =0 for t#0.
v
Tinal Hick (AC) "O— O—coJ + Cop So all C . are the same say = (3,50 use
Trick 4 wirh 9; =8 o t#0, 9o=-p them (‘“‘)0 {o g o C=dq. D
Theorem For ;E—e(o() o(eZ nNZ22 degree d "‘°M9‘f°l3" (.ro {Oyi-‘:J<O)

Vo, on ZCxo, ... for ¥ =0 <~ Huwk, glcbal seckons of Gpnl(d)
H(#2) = § e dd el e
e ) L

Z 1) mean
(Smme for ‘PR) Z {‘xoxr - Xa ‘x— o:.nl‘a‘-.lull ka‘“ d 'G?F *=n ‘_(ff‘eie Z}-m:o(v\ch

v ceplacs Z ™m0 With Hhak boasss
L:J o ring R L 0 '[°f ¥>n &—npno n+2 overlqps or kiahu‘ sine ntl sely U; cover

Proot 0<¥=k <n is same as for H' : exewe &- yow..
(H‘."')"ibio Czb/‘h. = Rms in C,( f._ A:h. W\"H'\ no x-bakclev\ow\:m}of

nokhca \ Hhose must conal with simlar Jerms in Cio e hms By i
Prek 3ign ik has as a derm i @B),;o_._i‘,_,._ A €SI wowak .m”.o FVE Cion iy

CO-SQ. ¥=nN Onl\\_g one Foss;k\‘t o\rﬁrlmp= Uon_...“ , Anj chain c e C is COC‘)dZ SR
no hisher overlaps. Queshon beomes what ace possible (db)o,..n for L-ercuo__g,__,\,i).

(db)ol---h = LI'Z-—V\ - L02.--!'\ -+ L0|3---n = e So Can 2&" aﬂ x W"H\ some m; >0
—— ~—— ;
o oo ok dirn (e e %t devn)
VoA - Rmk (non-emmmo.\o\q
- H = Z{'xm : ZM‘zd}/Z[x— . ZM:-_-'AISOMQ m‘-'?/o.} SQ('I"CJ\JA|+7 H:M foc Pr:
= HECPD L)=R" ey kel
= Z{'x——' 2m=d, all m<o) Where }“o(-n-u),t_l.muh
Z { 'L :Twmi=—=d —n —) n.“ m. O}_ O s;k:.:;;:q\::\ew z\::n;g)

xo Iv\ ﬂ'l'd
Execcise deduce the ranks 4= rank M are {."(IP"’O u))
e e ( d-‘) ‘F c=Nn
Motivation for cl‘o‘f{"@r 9: Now Hat we Know H (IP 6(9\» means O
one might hope 1o ompule H* (P, F) for obher F eCoh(IP") fordy- else
D Rt Fnding o cesslution 2L, —L 5 F—0 with £, =@0(dy) and w‘oLA; LES?:.
8\0 ?N‘NC“‘ oN é«# CJ\DMO"& (NOI\ Q\(@M./\aua S'e(.-\\ov\) !
(x Gx) any ringed space
K4 (X,6) — ¥iga
A }(x F) xR (e Hip % F &, &)
((s2), (7)) | > (sp0t))

Rk I 8.6 where we ook constamt cotbliients F=G =2 (nok:2Q 2=2)
We reewver Hae cup podudk om .wxavlnr cohommology (vespectively on hﬁ&ah a:kowla”)

using F=G = R for
Ox =3mooth real ackons
so R @0 IR = )R




9. Sheaf Co\\omlom
2.1 Re.sclukons «—(Reference fo- more details : Lany, Algtlbra., Chapler X X §q_é)
Mohvakon: 7repesent™ an objeck in an abelian CA'k;of'a. A LD “nicar obje " at the st

of u.ril\g_ o chaincx (Sec.1-8)

right resolvhon of MeA weans om 2xack sequeact O-MaIT’ LI ST 5~ inA
_

left wsolvkon . — P, — P 5 Poo M0, 0 P, oM abbreviated as M—T*
Def T injechve 1€ Hom(:,T) exact < (koM. aluiays left exec)
P projeckve i€ Hom (P, -) @xact q
Exercise T isjeckve is equivalenk to: Y in] A<SB  can “extend” @: A ‘__!I
¥V ¢: A—T i\AB"'E

Fact lnjechve resolulion M— £° means TV ace injedhve

I;%Ic."l—sl‘.*z
?no‘\ed{vc resoluhon P, 4 M / Pa # Pprojechve so: —

3 Ll pris 42
";19: AR addibve funclors of abelian cats (seet?) / ‘FI_,\{LL)'_’FI
so £1°%is complax

{ lef+ right - der;ml onclor n o qn . (see 1.8)
exack = RO = HIECN) o]y igces.  Latorllsee why
- &5 i
: . P, 9 M proj.c€ does °|. ke
F cight >, |eft - derived funcho — Hun(a(P.))< ) not makter.
Qxac(-,-_> v r Lns (M) H (3-( n Ker(FI T )E’Im(fﬂ—)@l)

Warning £ lef} 2xadt only implies 0 — FMEL°— £(TISHTIY))—0 exact, Deduce : R°—F(N)\=‘Ff'l

Sienilarly Loagaj So R°F, Lo% remembes the fonchors £,9.

rin -Moi
Classical Examples A= S[ Hg&s f= Hom(M l)/‘ N— I* inj.ees.
= Ext? (MN) =(RE)(N) = H'(Homg(™ 15 (ExtS (M) & Hom (h )
(Similarly : ; Hom (-,N) * S-Mods o AL Ext ] (M) =(R')(M = H, (HOM(P )
lefH exact P. =M P’”J ots.

3 =M@ right exact=) 'ror"(n N) =(Ln3)(NY=H (MO (Tor (M N)= M@ N)

(Similovly : 3= - @;N, Tor(M,N) =(La2) (M) = Hn (P BN for PoM pro; ms)

for R-nods : T injechve & i€ T Sangmod M Hew 3mod T: TOI=M *(ﬁyﬁlimd.ag
P eojeckve & P is a dicet sSummand of o free R~mod X basis®

E f:)—} I. i/\j. rQS-/TMOrPL=) can Qxle,v\a[ II\ ‘LB%‘U\& anv) 2 chotces = 'F(m_) H (L »3!
- 3. N N — T acre d\ﬂlf\ L\OMO*G{\C ‘F(M)_)H#(Hj.»

/, Mono o
Keyidea T in) = Hom(.)T) right exack =y i€ A 5B thenany AT can be exiendsd +o B E.g, M"’Io —) N\{'?
then consides C°k9f (No1) e T' amd conRaue molud\\/e,lj Tey proving Yhe re';l'k._)j =7
Coker (N2T°) — T
Cor i) R (M) = HY(FI7) indgpemdont of clsict of inj-rts- M= T
2) M— N induces RMF(MY— R"£(N) , indeed R "F: A— A s funchor.

PE£ ) Apely fack +o M=N, gtk H(ETI") = H(ET )= HTFT') composthe is id by uatqveness.
2) By Fact, RET(MY= H(FT)—> H#T) = REM(N) . Exercise : check functor. O



LEMMA. £ lett exack, 09 MM M, o0 SES = 3 canonical & funcivrial LES

O— R° F(M)—) R"{'-(Mq_)—) R° {—(Mg)—w R‘&(M Yo R'YF(M)— R'HM3)—> R*F(M)- ...

'.Ff'\| ‘F HL whece these frples
Sketch P+ O _)I — I = I @'_[_ _;Ig —0 «first pick iny.ce5. I} I, are just RN
them define T; Mot wmp agplied Jo Hhe SES
oot M\r M=o

So 9t O\o\I\O\LS SESs.
use o\ovlov\.s M —>M —)I
and r’\lc_-)p zxknds v.& M, —)M,_ ‘o l"\z—vI,
EXCR«SQ, . P’\ L ) IZ = IoeIo is \,\‘)e(‘«hve

Then talke coKzrneLs N’ —(_om(n :—T))  dhack Hak
0> Y\t—) Mi— r'\3—’ (o) QXac-F oamd .-qa-eaul— consuthon .

Fact additive foncrors preserve @)

= 0 —)\('I: —){'I;=7CI:®}I;—3'FI; —0 <« { may only be lef+ exack, but here
T T T C,LEAPIJ -F'Iz SurJQd'S on-\o 'FI. sinQg
0 _,.F M, i -f M, . {'MS—30 have ProjetiNon onto -F-I sumMaNk

F-'Mu\'j Ve Ha LES assoualed o he SES of Cpm‘alexes o= -FI\-—\LT —»-f—Is—)O 0

Rk |ndeed R°F saksRes universal propesty ok "R =£ omd Lemma \M\As then it
follows Uk R € (M= H*'(F(T")) -Fcr any injres. N T (see emd o) nexh SecHon)

Hwk 4 Ay (X) has enough injeckives i-e.cam build iaj.resolubons of any objeck Fe Ab(X).

C(X-): Ab(X)— AL ('Seﬂ U3c+ =) can define. sheaf whomobogy | H" (X, F) = R™[(X,F)
ec. 1.9

We now ask how Hais relades do H (X,F) o FeOh(X)cAb(X) amd X scheme.

9.2 AC"clm l'CSoIVIsg& in an abelian cat ) 4
Rmk |¢ T inj object =5 resolubon 0— I35 1T 50505~ = Rf(I)=0 Vs
So for sheaf cohomology : H™(X, TY=0 Uny| if I injeckve sheat.
def An  acyclic resoluboa of F 15 am xact sehtnee O F — 7°— 7'— ... wikk
I—I"(X J-h) O \YUn=zi e(So wWe W%Kened He condifion

u\zam (n), resolvhon

Claim Any acyclic resolvhon can be used 4o computet sheaf chomobogy , ie.
H" (X,F—) = Col\,orvw(ﬂg‘a 0}1 chain complex [(x,T° )= M(X3) > ...
PL Teick “break down ifade SES ard Yuke LES™

exacknesy
2ot C, = Coker (F—%) =Im(T,— T) so 3 nabrad mMmonomaorph. Clc_-,TI
Cnyy = Soker (Ca —>_J',\\ Z lm (-Jn n.H) & “ Crer = Tng
O — F — Jo— C, >0
0 » C, N N eact, and O—F—0Jo—7J 7, 7J,~»
> 3 — ¢, —o0 N AN St
°©— C — In— G0 S e,



Tedhnical Lemme 0= F — T —G—0 Se5 — H'(F) TH™(G) w22

(oi\\? uses LES in H¥) Wikh HY(I)=0 n3 H' (F) = Gker (H°T - H%)
P£ 0= HOF s H T & U6 — WU (F) = H'(T)— H'(6)> HXF)» HiI)» -0
T ] 1 I
So S‘ur)'.So U F =Gker® (o) So = o

Finsh prooC, ablrtviate R"(F) = R(X,F), C(F)=T(XF):
H™ (F) = H"'(Q) = H"2(0) = - = H'(Can) = Gker(Ho(Tn0)» H(Gh))

T left exadk ﬁ/r(r.,_.) B T (Tn) 22T (Tad) = - Kerdln /Im lamy
exachss of- W N A N S =Keopn /lm Lop,
0-M(ENPT(TN DT [lyney=coke? T (C) () - 'rr"zc:)n // \Lm;:oem
h%":;"e- Kerr,\=\m l‘:,\ Ho(Cn) wia f.“-/; CoKer Pnat "
= Hr(F)- Q

Non- examinable :
Rmle Tor oo Uf+ —exact fur\ulor F-A-3 af,a«L@L\M cafs o restulon 0= T° is - acydic
if R"(F(Ik))zo Vnz|. S.‘mClM\,Ccf(\'WCK«d‘ 'Fmd‘r.i;,{or P.an—0 says Ln(g(l’h»:o Vnz.
¥act lnjechve resolubons owe awckic resolubons for lef) exact fomclors

J “

Pojethve  # v o “  right 4 2

93 Coch aol\oMoloa_g. vs sheaf cohomologny-

T1\Co¢€ﬂ\ X sepw‘n\cl/quasi—wmpad'sokeme.- Sugpose |Hh1 QCOL\(X) — Ab are ‘r:unc'lorS s.t-

0 H°(X,F) = T(XF). L EQGh(X) Ly Sec.?.4 Rmk
‘:‘.') ¢: U — X = H—I"‘(X,q:*F)=o VV\Z\/VF’GQCJ\(M\.
akfine optm holds for Zeck cohonlogry sines,  Wafhne
(&) SES jadwaes a LES on IH* AN (%@0,F)= "¢, F)= H(W,F)=0, nyl
{uy [‘?"“a} {uaw)

Then  H*= F*
PE X= U U: Raile afRne open coves”  (use X quasi-compack)
U afbne since X separated  (using ordered T)

Nokce Huat Haa E@_Cl\ Lor-'\olzx where ‘Y1 v.ul<-—7)( is He inclusion

= MFM) = MM (ur )= MM (x Y =T (x F
[El=n [El=n K [El=n (X, l“l) ’l:I:-I-n?I*( I“))
v " ° ' ——

=) (" =T(¥X,T") amd hawe Sequimct O—)FT>3'—<3' — X call his T"

TN . /’l. e ithon o defoned on
B\a, Sec.9.2 1t s %ov\.af"\ o hak Has” s \:i\,:;k open "&Z;”:)eﬁ:&dm7
an aojclic\resoludon, sine them F— @, (F|,\ afremkal on V for coverVnUy

H™(X,F) "= W1, 370) = H(Cgyy %) = A (X,F)
By ) : H(X ¢ Fly ) =0 ¥ny
IIrth % o faide fnoo‘vwl' So = fnide @D.
So IH“(X}TK) =0 ¥n3,1 follows by induihon Lf? folloving Trick :



Trik |f G, .6, €QGh X, HY(X,6:Y=0 WYn2 | = G, @6, also, sing

o_» G—G OG,—G,—0 5e5 = tmke Les gok H (X,6®6,)=0,

n v/
(ll.\)
O F — T exadk & exact on shalks (4;) 00— [(U,F)oT(U,T") exact ¥ affine open U

0— MU, F)—=T(U,T)— T(U7)— .-

—

~—~ v
exadt sine T(U,) left exact (Sec.l.9) exack sinee H (U, F)=0 for n|

't#or cover U W;
/Skona”'#\m\ quasi-compact Sine W afine, using sec. 8.3 3
Cor X sepacated, Nothacian = shea) cohomalags | H"(X, F) H (X F)| VFeQGhX)
i Non- examinakle

PL 5\\14 w\r\ovthPZ\a H(X Fl= Lo’howv(az-a tfj l"(X T° —».I’(x I)—> For F—)I.qn\a.
Check He condiicons of Tkeo:'?-m

injechve resolvhon.
) F’(X,) \left exact = H° (X/F) F(X,F) (_‘

generak Corsequmis seea |, or exeliccHy:
0- I XF)—>F{X T )—) rx, 1Y
ALY Lemma. in 9.\ proves =3 LES
AL) by Hhe Theorem below. D

€xXat, 50 im 4

—

is k.ero‘ﬁ’w\mdals H

Su,ﬂvml RmK
ere’s Theoctm -
Theorem R Noeth. , FEQGL(Spec R)=> H" (Spec R,F)=0 V¥n3z|

X Noeth. scheme themn:

X athne n(x F)=0

Non- examinable proof ideas The cleanest proof is 4o buld madiinery: athint & H"(X,F)
DA she

' Yn3,)
Fis flasque if all wtskickons Flu)— F(V) are sayechve. VFeQGh(X)
)V Ko\s«(ue F on a top. spa X, bhhavk H*(X,F)=0 Vno| (Hactshorae IL.2.5)

3) ¥ injechve R-module T ,amd R Noel. =3 T on Spec R is Hasque (Horkshorae TT.3.4)
Cor Flasque ~esoluhons are acyo&'c by (2), s0 can be used +o compuit H™X,F) by 9.2

P£Thm F = =P for r’\ (X,F) by3.6. Pick injeckhve reselbion of e R-Modvle M :10M— T°
= 05 g '_[ 2xact, eacdk Tn Hasqr ,

= WY (XR)=

So com use Hax o compuie H'(XF) by Cor
HM(T(X, T M= H (T’ )Qo Sia L' exack sequence exugt in de

tgeee 0 .10
hzl (in deg=0 gt M, and HOx P)=RN=M)
RmR lnjeckve 8, -mods are Qasque (Harkshocne TIT-2.4)

Cdivcal Remk For any SO\‘;\Q-N X amd sheat F of a\Le\'lam anups have H (,K F)N*H (X F) \_(XJF)
bt also in degreed: 3 HIXF)ZS H(KF) . G for example Pic(X)z H'(X8M)Z HIX6™) in 82,
94 Pcodnct on sheat cohomologr,

(Non-examinable Seckon)

(x,e,‘) any rinao.rl space
Fack 3 prodit H'(X,F) x HI(X, 6) —s H (X F@y0)
idea. OO F—TIL°

X /mw.sf-ols 5
hot €
- O0-H-FRG—I'®wIT’ undorlunakly not a resolukon Xl
0607

S~ bi-comelex (compare 8.4)will, maps d®id., (4@ d
then talce fotald complex : lotal dgree i Sum of dejeees
f\QQA I/I -La Le pure aCl/(,I‘(_ reso/ukons Jo Lmivce ‘H'\\S (e 5)k e 2 P‘\H' s
is ceseluNon. Thea Fven any iny. 5. FAG K", (17'@]0)@(1 |®I,)d1¢bsz>
e idombihy FRG 4 FRG exitads o I°'®T° — \<'.
TAKiA&_ T(Y,-) \9;1@; Hhe cesutt. \(Se.e. k¢l7 Idea vader Hae Fact in 9‘)




0. QGh(P"), GRADED MoDULES, ProJ(R)
lo.| Ganded modules and QLh(1P”)
M @(a-ded ri(\3 meansS a r.‘Ag R s.k.

R=R,OR, ®R,® . as abelian Geovfs (S'o o Mo{ aLeIiar\%{a %md.cd bD N)
Re" R S Reyy  {BnR RoC R subring sie Ro- R, € Ry
The elemonts df R are called homogeneous glemends o degeee n
GFGLAQJ MOdMQQ means R"mod M S".'-
= QM ,OM_OMOM O N, @ as abtliam groups (50 geaded by Z)
RC . MJ < M H‘J' &(O‘F'LCA write M, +eo c_m(ka.site Eaaulifg -)

A morphism 0:\' qrau\eo\ R -mods is R-mod boin Hi)N with @W(M,) < Na
om nov on ¢

(Non-2xaminable chagher)

\Fn
R h[-ia, ))[“J RM—hOMoaemw folD: 9.)[ de% m (So Ro l()
X = n’k——Ao\JA,u v A, for

- _ Fmeans tnke O-Ha Fraded pack
A= Spec k 7‘_&1-1:7 ~ | = = Spec ((IQ [‘Jt.o,_-l)cf\‘)xJo%/ S0 P(xo,xu-"/x'\)&po\a
) omi{";—"‘; x:\ea(p)
A [ %o ~ e ] L Recald in €3.4 Hlo O-Graded pwt
Aendy=Spec k| 250 % | = Srec((fro- mdean)e) [

{E°l‘3‘ homoaeneotu n %,.., xn}
Po \9 same degree

%\ 3 e’(ac"’ ,U\Il 2 ‘FAI‘I‘L\{/\‘( ﬁw\(}or l:H\Lfﬂ/" whivh ?“,“. W{I,—‘C‘Aﬂd

) fnthons (iavatiant ander k™ cahn
z?(‘a\h& k MOASB - BCOL\C") ) on open svd:sd' oi I?“e:u\nu:S ;)
N —— M demominator 0
— O—th graded pv
PE Lot M‘_(Mx;)o'( Rl Pt pad My = (Mg, ’S) WSing
~v /\} —~J ~
vete My =T Mo e sia =], =T = Hf, ‘/‘((“*c)o);s =(Mc),
EXA(,"I\QS'S 'S oo Q.OC«.Q (Dv\ou“'\on/ So l:k CmU: Siner ;){7 L\_OCA: VA Yy J

Cr»€ .

Falldfuthid < Hom (R, Rl ) = Hom (] NT) = Hompp (M), (8,),)
Mis weduces Hha  problem La am expese in Goadtd £-vaod.s. (oml;l:ea( here) N

- liKe case from 3.6:
Wa m'\g Not an equivalence of C&.'l'ﬁaom'f Leca.use <—M“R—M3ss <3 S&M(SP% R)
KY if May=Na for noN then = ]

M t+—
F(M)e— F

Fact |1 work wilk ﬁrm\b\ R-mods "modulo idemkfying Hiose whih would give rise o “Same
R, thin gth equivalmee of cakespories. So work wikh {R-mods M}/ [R-mods M: M =0} &

For X=P", M=0 & M s [oally nilpotent, €. Ymen, 34 st xt-m=0 v:.
I+ Mis £.3., fhen =0 & M s fnile dim vs /k)

In reverse direchon : 270\&& R-mods) «—— &G;L\CIP'\)
s B — N(F):= @T(R, F) e F whee FE)=FQ O(d)« %)




Fact | F = F(F)

Whem We mod out by the M withk R=0 a5 in @, Wis funclor dogels Wit Hhe
funckor of cloam defne om equivaline of cats.

Colr (P") corcesponds Jo the £.3. gvaded modrles vady~ the egquivatomca. _
Rk The prelecred represetnive of M in Hu quokent @ ic Hhe sodvcakion T2(M) of M.
Call M a satvrated module i€ M’El:(ﬁ) <—(Hink ofF Hais e o .s\\eq%‘kca.—)im)

50 Shift Ht modwle down by m -
Bef  MIAY new gowded Romod with MLd), = Moy o a4
o~ n — M = | [No| M M|~ |-~
Exarple  £:=R[4] onP" (50 R[x_%304)) MLI]= | Mol Mul | |
-f(AC = = d L __%tn = d
) (R[dlx;)o '\Q:r:"’ek[ ; Yy | % -— 'xg (Rx;_)o [ So ‘\.l\e bvﬂ'\d‘e, fl‘nCQ. on Qall A\‘
line bdle wil, ot =(xi/x )t M - have (Rx.), =» 2eac), 11—
-~ i =@/t Hemee L=00d). Vole Op“(Ao;)=(R \ /(5“_ box at)
P A.‘j 3 Aj:_’ p” Ajc 2 ) X; ‘f‘l—') )(J X; ‘F) - GP:\';='£(A".'£)', GPA/A:z ép\n(A’C)
A= LlA:

. P ~ — o~ ~ o~
Seere MUY = M) (=P 8,06 (o0 fEi=Rid)= 60,00 =01
RmR_ k [xo,..., xn] = d%or(lP", I))  (but Hus does no} gememlise dueto abowe issve about mb)
The constrckon of M is so simby o Hae Spec R cooe .:}F\‘, becavse 3 anologee of SpecR: ProiR
10.2 Poj (R) and QG (P R)

Proj (R) =] 3?&0\ prime idsalls TE R not contmining Hea irrelevant idsal |

(or # homogeneous™ )

Va
R any means I=@(Ing,\) R :=@R, X
4caded "0 tonee in 1P we re
. In w YN\ove.
nAg (ﬁmg;;::::ﬁ;d ) Hrt masc vdeat (x"r'vx")

(Freedundant tdeal)

because. don't q\Mow
V(1) = { pé f’Nb' R : p2T } defng closed sely o(- Zarisk: 4o polos, dorza\:o.'a+ [‘:-. ,,_::]k
L gcaded idedd

i Lom?'me'o“ o] kpeee >0 = Dp= P R\V(‘C)zz?ep“ik : £¢p) basis o optan sbs
Warning Proy R = U De. R.<\/lall £ example :

acning Proy R £: © Ricycal £:> IPO'L‘=D,L°U L -‘)x,, and (1‘5--»"'\)=kc"°m"'\3+
fact :D_F. = Spec ((R-[-‘)o) Gn Jﬂps(.oa.ul spaces

deg ()
Pr— pRe (Re), (inverse mop: p, .—)g)o Ja,€R,: “lz: . P,}
Sheaf O ::‘BPnoj(R) d ’ U
= on D, =D, nD
GlD‘: 68’“(('24’-)() Yoo 3&'&— /( 9 F N 9 g;d" OSPQC.((Q‘S)O\S
Wasning f‘mj is wot Rndoral Like Spec /more. amem/{jlsu,“‘cej,’@(h)-g =3;

€ ¢:R—>S g—mho( e\m«\o’l ringe @(Ry) 25, e get morph ((#.- pn.:)'S—) Pro: R
bu¥ not afl Moqoh.f oaise in this Way. I‘_“P_'(I)



EMKS A £ing

) S = RDro,..,Xn] with uival gaading =5 Py R =T (or B2, N

d
2) R( )!:’ @ Rd-n ‘H'\l’/m ‘H"Q.?I\CLJS\‘OI\ R(d)—)k NS Gan S0 PNJR = PN-) R(d)
ny, 0 l(_(.rec.an\\ Ro < R subring)

3) S grmk,ad r.'/\a, gzm.qro\,-)ed os an S'o—dylora L‘& n+| depents 50, Sn € SI
ﬁ SO r'xo' .._,xn] i)’ S = S g SO [10’..7x|—:) = PNS S = V(I) g \PS:

X b—35

Ker ¢ Losed subscheme
—
Exawmple k[:t,xa](z) = k[x%,xy,9"] R_call Hhis T

k(XY 2] = klazxy y2] | X222 Yoy, & o9

= |F|= ij k[z,;ﬂ’z" Pm)‘ k[’l'ﬁ]rz) & Proy k[X,‘/,Z}/(Xz -)’z) closed sw bscheme q fPZ

. N =#degcee 4
15 Jf‘\e. Veconese eV"\Lﬂ-dd.l'l\a \)L'. ﬁ)‘;_) Wz' S{m\\o{b ?QA— '\)A | |F'\;‘,|PN’\‘MDI\OM:AIS in

o, oo, Xp

) evary Losed subschewe A Poj R acises as Proj (R/1) some 9aed idead T | 50 N=(01d)

Fact R=@ R, daded ring = gek Line. bundles 8@)=,R\AJ on ProjR =~ amd

n2o
2 exack, full  faithfl Funchor AN 3 QEAC) Vo vtich |
/ ~ 1 . :
M built by glving an in 10.1 namely,
Z?—(ﬂ-aﬂ& R"'MOAS\J — QCOL) (ij R) F\,(D_ﬂ = l"\(‘;) is komoﬁtn&otu lo calian ok f

~ L Go localize at £ and +ake O-# geaded purt)
M M < S‘\'O‘QK ’FfI = M(I)'-: komog,eneo-u (oC?;:%A‘)\'o'\
r (‘F) — = ax #e komoa,rn’me idead 1

= 9-H\ omded pat of M
whore T3 (F) 1= (PR F(d)) «—(F(4)=F ® O) and Ox =R on X=Proj R)
— b 4
agoin wol an equivaltmee o} caks, but (L(F) = F  and the dwo functers defne
om €q vivaLe~ce «1 k3 i€ we worK with Satvcated Graded R ~mods (M. = I(R)

Example :

4
Fact If R, Nodi.eriw\) R ZMLCA as R;Ma.ekm by Railely, many elts € & Eskcumxn]/I

Hhen @ {-(-',fa. R_mols}/frf.g.':’mr.ﬁor\: R—rv\oo\s} — COL\(_PA{‘ R) is equiv. °1' tals.

. M— M and quasi-inve(se I_:(F) «—F
Hm"M' means \fme™ F NGN‘(R-{-) m=0. For M Fa A-mod : Yhis holds & Mh=0 for lacge k
So @ same as \,Jorkil\a VAN f—a,ﬁ—mds Modulo idenkfying Yhose Hat “ agree™ in \arse Aegrees.

Exercse M “tomsion =M =0 Vlnomo“)eneous fFeRADPM(Ds)=Mp =0 = m=o.
'\(ho mogeneouws loglisafipn at {')

Now assvene on|:9 R Noel 3{0@‘0.0{ d"&_.
Exervse Show Ro Noet. amd R 3&\«%&&& as Ro—aﬂa- "’3 fFinidely mang £ £, eR.

(ef d:= f_cw\(_dea F..) . call homogereous meM™ icrelevant £ (1_2+' "")N.o\=° for ol Lorge N.
M called [celevamt ;¢ ol “are ielevamt. Fact @ holds i€ replace 7 Yocsion 57 “irrelevant™




