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0 Introduction

This is a first technical introduction to the theory of schemes.

The precise prerequisites are:

e Chapters I, I and III (ie pp. 1-50) of [ ] (basic definitions of commutative algebra).
e Appendix A (ie pp. 417-432) of [ ] (basic definitions of category theory).
e Section 1, 2 and 3 of Chapter I (ie pp. 1-15) of [ ] (basic definitions of homological algebra).

e The first section of Chapter 3, par. 5 (ie pp. 438—443) of | ] (the cohomological spectral sequence
of a double complex).

e The definition of a topological space.

A first course in algebraic geometry is desirable but not technically necessary.
The terminology of these notes will generally be in line with the terminology of Hartshorne’s book [ I

The theory of schemes was developed by A. Grothendieck and his school, in an attempt to give an intrinsic
description of the objects of algebraic geometry, as opposed to the classical extrinsic description in terms
of varieties, which always come with an embedding into affine or projective space.

For details and lucid explanations on the material described in these notes, the reader is strongly encour-
aged to consult the foundational treatise [GD]. The Stacks Project, which can be accessed at the web address

http://stacks.math.columbia.edu/

contains detailed presentations of all the concepts introduced in [GD] and its later ramifications.



Other valuable references are [ 11 ] and also the online notes of Ravi Vakil at Stanford university.
See

http://math.stanford.edu/ " vakil/216blog/FOAGjunlll3public.pdf

for the latter.
The books [ ]and [ ] can serve as conceptual introductions to the subject.

The structure of these notes of course reflect the author’s biases. Here are some of them:

e Homological algebra. The language and basic results of homological algebra are prerequisites to this
text and are not introduced alongside the main geometrical results presented in this text. Our feeling
is that introducing tools from homological algebra alongside geometrical constructions diverts the
student’s attention from the real difficulties.

o Cohomology. Cohomology appears at the very beginning of this text. Algebraic geometry extends
commutative algebra to a global situation and cohomology is a systematic procedure for dealing
with the interaction between local and global. It thus makes sense to use it from the very beginning.

o Category theory. We express many facts in categorical terms and we use categorical arguments (esp.
involving adjoint functors) when possible. We thus avoid many redundancies.

e Moduli. We insist on the duality between schemes and the corresponding functor of points (ie the
associated contravariant functor in the category of schemes). Many (most?) fundamental objects in
algebraic geometry represent certain important moduli problems and should be viewed as such. This
applies in particular to affine and projective space.

Caveat emptor. These notes are very terse. They are technically self-contained but are difficult to follow if
not supplemented by other sources.

Conventions. In this text, unless explicitly stated otherwise, all rings are assumed to be commutative and
unital.
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1 Sheaves on topological spaces and their cohomology

1.1 Cohomology

Let A be an abelian category. An object I of A is called injective if the contravariant functor
Hom (e, 1) : A— Ab

is exact.

Let A® be a cochain complex in A, which is bounded below. An injective resolution of A® is a cochain
complex in A

d° d*
AT LIy SN

such that:

e for all k € Z, the object I* is injective;
e [*® is bounded below;

e there is a morphism of complex A®* — I*®, which is a quasi-isomorphism.

If every object in A has an injective resolution, we say that A has enough injectives. Notice that this is
equivalent to requiring that for any object A in A there is a monomorphism of A into an injective object.
In that case every cochain complex A® in A, which is bounded below, has an injective resolution. See
[ , 1.4.6i] for the proof (see also the proof of Theorem 1.3 below).

Let (B®,d%) and (C*,d¢) be cochain complexes in A and let f*,¢* : B* — C* be two morphisms of
complexes. A homotopy k® between f* and ¢* is a collection of morphisms k' : B — C*~! (i € Z) such that
fi—g=dit okl + kit od foralli € Z.

Lemma 1.1. The relation "existence of a homotopy between two complexes’ is an equivalence relation. If f* and ¢°
as above are homotopic then H* (f*) = H*(g*) for all k € Z, ie f* and g® induce the same morphisms in homology.

Proof. This is exercise 1.3. U

Lemma 1.2. Let ¢ : A — B be a morphism of objects of A. Let I® (resp. J*) be an injective resolution of A (resp.
B). Then there is a morphism of complexes I* — J*, which is compatible with the morphisms A — I1°, B — J° and
¢. Any two such morphisms are homotopic.

Here we view an object of A as a cochain complex concentrated in the index 0.
Proof. Exercise 1.4. O

Let B be another abelian category.

Let ' : A — B be a covariant functor. We say that F' is additive if for all objects A, B of A, the map
Mor(A, B) — Mor(F(A), F(B)) is a map of abelian groups.



We say that F is left exact if for any exact sequence
054 —-5A—-A4"—=0
in A, the sequence
0— F(A") - F(A) — F(A")
is also exact.
Suppose that A has enough injectives.

If F: A — Bis a covariant (not necessarily left exact) additive functor, we may for all ¢ € Z define a
functor R'F by the following recipe. For A and object in A4, let I* be a injective resolution of A (here A is
viewed as a cochain complex concentrated in the index 0). Now define R‘F(A) := H!(F(I*)). By Lemma
1.2, the object H'(F(I)®) is well-defined up to unique isomorphism. Furthermore, the same lemma shows
that associated with any morphism A — B in A, there is a canonical morphism R'F(A) — R'F(B), and
that this association makes R*F into an additive functor. The functor R'F is the i-th right derived functor of
F. By construction, there is a natural isomorphism of functors R°F ~ F.

The range of the functor R'F can be extended to all complexes A® in A, which are bounded below. One

then similarly defines
R'(A®) :=H"(F(I*))

where I* is an injective resolution of A®. The object #!(F(I*)) is then well-defined up to unique isomor-
phism.

Theorem 1.3. Let A be an abelian category with enough injectives. Let F' : A — B be a left exact functor to another
abelian category. For any short exact sequence

0—-A A A" =0 1)
there is a canonical "long” exact sequence
0— R°F(A") — R%(A) = R°F(A") - R'F(A") — R*(A) —» R'F(A") — ... (2)

In this sequence, the subsequence R'F(A") — R'(A) — R'F(A") is the image of the sequence A’ — A — A" by
R'F. Furthermore, the sequence (2) is naturally functorial in the short exact sequence (1).

Proof. Sketch. There is a commutative diagram

0 Il It I’ 0
0 70 10 7’0 0
0 A A A 0



where the vertical sequences are injective resolutions (see [ , Lemma 9.5]) for the details). The theo-
rem follows from this and the existence of the long exact cohomology sequence associated with an exact
sequence of complexes (see [ , Th. 1L.3.1]). O

Theorem 1.3 can be generalised to general complexes as follows:

Theorem 1.4. Let A be an abelian category with enough injectives and let F' : A — B be an additive functor to
another abelian category. Let A® be a cochain complex in A, which is bounded below. Then there is a £y cohomological
spectral sequence

EP" = R1F(AP) = RPTIF(A®)

where the the morphisms RIF(AP) — RIF(APTY) are induced by the morphisms AP — AP*L forall p,q € Z.
There is also an E5 cohomological spectral sequence

ER? = RPF(H(A®)) = RPTIF(A®)
Both spectral sequences are naturally functorial in A®.

Proof. Sketch. The proof is similar to the proof Theorem 1.3, with an added twist. As before, there is a
commutative diagram

IO,l Il’l 12,1
1070 Il’O 12,0
A Al A?

where the %7 are injective objects. Now it is possible to construct this diagram in such a way that for each
k € Z, the corresponding sequence of homology objects

0 — HE(A®) — HE(IO®) — HE(IV®) — ...

is exact and the homology objects 7*(I"™") are injective for all r, k € Z. See [ , XX, par. 9, Lemma 9.5]
for this. The two spectral sequences are then nothing but the two spectral sequences of the double complex
associated with 7*:°. O

Theorem 1.4 will only be used Exercise 1.5 below. The reader who wants to postpone learning and using
spectral sequences can take Exercise 1.5 for granted and skip Theorem 1.4.

Remark 1.5. The theory of derived functors was developed in Grothendieck’s article [ ], which is still
the most valuable reference for the material of this section.



1.2 Sheaves

Let X be a topological space. Denote the category of abelian groups by Ab. We define Top(X) as the
category whose object are the open sets of X and whose arrows (=morphisms) are the inclusion maps.

Definition 1.6. A presheaf F (of abelian groups) on X is a contravariant functor F : Top(X) — Ab.

The presheaves on X naturally form a category, whose arrows are the natural transformations of functors.

If U — V areis an inclusion of open subsets of X and s € F(V'), we write

sly :=F(U = V)(s).

A sheaf on X is a presheaf F on X, with the following properties. Let (U; € Top(X)) be a family of open
subsets of X. Then

e if for all indices i we are given s; € F(U;) and furthermore s;|y,~v; = s;|v,nu, for all 4, j then there is
a unique element s € F(|J, U;) such that s|y, = s; for all 4.

Definition 1.7. Let F' be a presheaf on a topological space X. Let x € X. The stalk F, is

Fy :=limyetop(x), zev F'(U)

See [ , Appendix A.5] for the notion of direct limit. Here is a direct construction of F,. Let E =
v erop(x), zev £'(U). Here [ refers to disjoint union. Define a relation ~; on I, by the following recipe.
If U,V are open subsets of X containing « and

se F(U),te F(V),

then s ~, t iff there is an open set W C U N V containing = such that s|yy = t|i. This relation is an
equivalence relation and the set I}, is naturally isomorphic to the quotient of the set F, by the relation ~,.
This quotient has a unique structure of abelian group, such that for all U € Top(X) such that « € U, the
natural map F(U) — F, is a morphism of abelian groups. The reader is asked to provide the details in
Exercise 1.6.

If v+ € X and U € Top(X) contains z then for any s € F(U), we write s, for the image of s in Fy. If
¢ : F' = G is a morphism of presheaves on X, there is a unique map of abelian groups ¢, : F,, = G, such
that for any s € F(U) and U € Top(X) containing x, we have ¢,(s;) = (¢(5))-

Proposition-Definition 1.8. Let F' be a presheaf on a topological space X. There is sheaf F'* on X and a natural
transformation F' — F, both of which are uniquely defined up to unique isomorphism by the following property: if
G is a sheaf on X and F — G is a natural transformation, then there is a unique natural transformation F+ — G
such that the diagram

Ftr——s@

e

F
commutes. The sheaf F'* is called the sheafification of F.



Proof. Let £ := [,y Fi, where [] refers to disjoint union. For any U € Top(X), define

FT(U):={f:U — E|forallz € Uwehave f(z) € F,
and for all z € U there is U(x) € Top(U) containing =
and s € F(U(z)) such that s, = f(y) forally € U(z)}

It follows from the construction that F'* is a sheaf. The natural transformation F — F* is given for all by
the formula
s € F(U) w function f : U — E such that f(z) = s, forallz € U,

which is valid for all U € Top(X). If G is a sheaf and F — G is a natural transformation, then we may
define a natural transformation F* — G by the following recipe. Let U € Top(X). We use the symbols
appearing in the definition of F*. We wish to associate an element of G(U) with f : U — E. To this end
consider the covering of U given by the U, appearing in the definition of F'*. With each s(z) € F(U,) we
associate ¢t(z) € G(U,) via the natural transformation F' — G. The elements t(z) verify the sheaf property
because the s(z) do. Hence they glue to a unique element of G(U), because G is a sheaf. This is the image
of fin G(U). We leave it to the reader to verify that this defines a natural transformation F* — G and that
it is the only one making the diagram in Proposition-Definition 1.8 commute. O

Remark 1.9. Let X be a topological space and let C be a category. The notion of sheaf and of sheafification
makes sense if we define more generally a presheaf as a functor from Top(X) to C (not necessarily the
category of abelian groups). We shall sometimes use the notion of sheaf in this generality in this text but
we shall then speak of presheaves or sheaves with values in C.

If ¢ : F — G is a morphism of sheaves (=natural transformation of functors) on a topological space X,
then we define the kernel ker(¢) of ¢ as the presheaf

U € Top(X) — ker(¢(U))

This presheaf is a sheaf: see Exercise 1.7.

We define the cokernel coker(¢) of ¢ as the sheafification of the presheaf
U € Top(X) — coker(¢(U))

Proposition-Definition 1.10. Let X be a topological space. The category Ab(X) of sheaves on X is an abelian
category. If ¢ :+ ' — G is a morphism of sheaves, then the categorical kernel (resp. cokernel) of ¢ is canonically
isomorphic to ker(¢) (resp. coker(¢)). A cochain complex

e P P L
is exact in Ab(X) if and only for any x € X, the corresponding sequence of stalks
s PV R L

is exact.

Proof. See Exercise 1.8. O



Let f : X — Y be a continuous map of topological spaces. For F is a sheaf on X, we define the presheaf
f«(F') by the formula
Ve Top(Y) = F(f~(V)

The presheaf f.(F) is a sheaf (easy). This construction naturally gives rise to an additive functor Ab(X) —
Ab(Y), also denoted by f..

For F a sheaf on Y, we define the sheaf f~!(F) as the sheafification of the presheaf on X given by the
formula

U € Top(X) = limyerop(y),vorw)F(V)
Again, this leads to an additive functor Ab(Y) — Ab(X), denoted by f~!.

Proposition 1.11. The functor f~! is left adjoint to the functor f..

Proof. We have to show that for any sheaf F' on Y and any sheaf G on X, there is a natural isomorphism
Mor(f~Y(F),G) ~ Mor(F, f.(G))

and that this morphism is natural for morphisms of sheaves on Y’ (resp. on X). An element of Mor(f~*(F), G)
is a collection of maps of abelian groups

limy, > ) F(Vo) = G(U)

(where U € Top(X)) satisfying certain compatibility properties. An element of Mor(F, f.(G)) is a collection
of maps of abelian groups
F(V) = G(f~1(V)

(where V' € Top(Y')) again satisfying certain compatibility properties. We wish to establish a bijective cor-
respondence between Mor(f~!(F), G) and Mor(F, f.(G)). Start with Mor(f~'F, G). Setting U := f~(V),
we obtain a map

limy, 5 (-1 F (Vo) = G(FH(V)) €)

Now since V' 2 f(f~1(V)), we have natural map F(V) — @Vogf(f_l(v))F(Vo). Composing this map
with the map (3), we obtain a map
F(V) = G(f7H(V))

We leave to the reader to show that this indeed defines a natural transformation of functors Top(Y) — Ab.
Now start with Mor(F', f.(G)). Applying lim, we obtain a map
limy, > ¢y F (Vo) = limyy s 7(0) G(f (Vo)) (4)
Now for any Vy D f(U), we have f~! (V) 2 U and hence there is a natural map
liny o ) G (Vo) = GU).
Composing the map (4) with this map, we obtain a map
limy, c ¢ F(Vo) = G(U)

We again leave it to the reader to show that this defines a natural transformation of functors. One can easily
verify that the maps Mor(f~1(F),G) — Mor(f~1(F),G) and Mor(f~1(F),G) — Mor(f~1(F),G) that we
have just described are inverse to each other and are natural in the sheaves F' and G. O

10



Remark 1.12. The fact that f~! and f, are adjoint to each other formally implies that f, is left exact and
that f~ is right exact. See Exercise 1.2.

If (F;) is a family of sheaves on a topological space X, we define the presheaf [, F; by the formula

U € Top(X) — [[F(U)

where [], F;(U) is the product of the abelian groups F;(U) (ie the cartesian product of the sets F;(U),
endowed with the evident group structure). It can easily be verified that the presheaf [ ], F; is a sheaf. By
construction, if G is another sheaf on X, we have an identification

Mor(G, H F;) ~ H Mor (G, F;)
Theorem 1.13. Let X be a topological space. The category Ab(X) has enough injectives.

Proof. We shall use the fact that Ab is a category with enough injectives. See Exercise 1.10 for this. Let F' be
a sheaf on X. We shall construct an injective sheaf I and a monomorphism F' — I. For each « € X, choose
an injective abelian group I, and an injection ¢, : F,, — I,. Denote also by x the inclusion map z — X,
where z is viewed as a topological space. Define

L= ] =)
reX
Note that by construction we have for all U € Top(X) an isomorphism
I(U) ~ H I,
zeU

which is compatible with restrictions to smaller open sets. In particular, we may define a morphism F' — I
by the formula

se F(U) = [] talsa)

zelU
This morphism is a monomorphism: if the image of s € F(U) vanishes, then s, = 0 for all z € U; hence
s = 0 by the sheaf property.

Now let
0—>F - F—F'—0

be an exact sequence of sheaves on X. We wish to show that the corresponding sequence
0 — Mor(F",I) — Mor(F,I) — Mor(F',I) — 0 )]
is exact. Now we have natural isomorphisms

Mor(F, I) ~ Mor(F, [[ #.(I.)) = [] Mor(F,2.(I,)) ~ [ Mor(z™"(F), 1) ~ [] Mor(F,, I.,).
reX rzeX reX reX

For the second isomorphism, we used the remarks before the statement of this theorem. For the third
isomorphism, we used Proposition 1.11 and for the last isomorphism, we used the fact that by definition
z~Y(F) = F,. Hence the sequence (5) is isomorphic to the product over all z € X of the sequences

0 — Mor(F/, I,) — Mor(Fy, I,) = Mor(F,,I,) = 0

11



which are exact because the I, are injective abelian groups and the sequences
0—F, - F,—F/ =0

are exact by Proposition 1.10. O

1.3 Cohomology of sheaves

The functor
['(X,e): Ab(X) — Ab

described by the formula
I'(X,F) = F(X)

is left exact. We shall often write H'(X, o) for the i-th right derived functor R'T'(X, e) of I'( X, e).
More generally, let f : X — Y be a continuous map of topological spaces. The functor
f« 1 Ab(X) — Ab(Y)

is left exact. This is a consequence of Remark 1.12 but we ask to reader to give a direct proof in Exercise
1.9. We shall record an important consequence of the proof of Theorem 1.13 in the following

Proposition 1.14. Let f : X — Y be a continuous map of topological spaces and let V € Top(Y). Let U := f=1(V)
andlet w: U — X, v : V =Y be the inclusion maps. Let fy, : U — V be the natural map. Let F be a sheaf on X.
For all i > 0, we have canonical isomorphisms

vTHRU(F) = R fya(u™ (F)).

and these isomorphisms are natural in F.

Proof. First notice that the theorem holds for i = 0, by the definition of f.. To compute the various derived
functors, we choose an injective resolution /*® for F. We thus have an exact sequence

0O->F—>Iy—>1 —...

We may choose all the I* as in the proof of Theorem 1.13. These injective sheaves have the property that
for any open set ug : Uy — X of X, the sheaf u; ' (I*) is injective on Uy. Now we may compute

VTR F(F)) 2 o7 (MU (F(I0)) = H (T (1)) = H (fu (v (%)) = R fua(w™ (F))

The naturality in F follows from Lemma 1.2. O

Cech cohomology. We shall now describe how a sheaf can be related categorically to its restrictions to
open subsets. So let F' be a sheaf on a topological space X. Let I be a finite set and let (U;c;) be a covering
of X by open sets indexed by I. In the following discussion, when 4y, .. . 7, € I, we shall use the short-hand
ig ... ip for (ig,...,i,) € I10P} Forig,...i, € I, we define

Ui ::UioﬁUi1ﬂ~~ﬁUi

0---1p

12



and we let j;,.i, : U; — X be the inclusion map. Furthermore, for all p > 0, let

CP(U), F) = €D Jio.iges Uig iy (F))

i0.mip

0---ip

We now define a morphism of sheaves
d”: CP((Uy), F) — C*H((U3), F)

by the formula
p+1

o E —1)* -
@ Qig..ip, 7 ( 1) @ Yigocinipgr Uigeip 1 MV
k=0

Q0. ip G0 ipt
where V' € Top(X) and
aiou.’ip € ]ZOzP*(lel?p (F))(V) = F(UiO'“i:D N V)

The hat symbol * signifies that the term under the hat is omitted. Furthermore, we define a morphism
d:F = C(U:), F) = D jiwsi ' (F)

by taking the direct sum of the natural morphisms
F = jisj; ' (F)
arising from Proposition 1.11.

Theorem 1.15. The sequence of sheaves
0 F 4 o), F) S (), F) S ... ©)

is an exact cochain complex.

Proof. We leave it to the reader to verify that (6) is a complex. Since (6) is a complex of sheaves, it is
sufficient to prove that its restriction to any U is exact for any open set U contained in some U;. If we write
j : U —= X for the inclusion map, the restriction of (6) to U is naturally isomorphic to the Cech complex for
j~1(F) associated with the open covering (U;c;NU) of U. Note that this open covering contains U;NU = U.
So it is sufficient to prove the theorem under the supplementary hypothesis that for one of the open sets
U;wehave U; = X.

So we suppose that U, = X until the end of the proof.

We shall need the following notation. If the image of the sequence iy .. ., is contained in the image of the
sequence lg . . . l,, there is a inclusion map Uj,...;, — Uj,...;, that we shall denote by ji,. 1, i,...i,- The maps
Jlo...ly—io...i, Satisfy obvious transitivity properties and the maps

Jig ik p i1 ipr3io...... ip

(—1] ,, for the inverse

are isomorphisms for any k € {0, ..., p}. In this proof, we shall write j; 5., .\ i vsigoi

of Jig. ik ih e i E0 e nenip -

We shall show that the sequence of abelian groups

0= F(X) % CO(Uy), F)(X) & cH(Uy), F)(X) & .. 7)

13



induced by (6) is exact. This is sufficient to prove the theorem because it implies that a sequence analogous
to (7) is exact when X is replaced by any of its open subsets. From this, we can deduce that the sequence

0= F 4o, F) S o), F) % ..

is exact (use Exercise 1.11).

To prove that the sequence (7) is exact, define for all p > 1 a map
WP 2 CP((Uy), F)(X) — CP~H((Us), F)(X)

by the formula

p .
h (@ alomlp . @ Jpz[) zp 1H200. . lp— 1(aplo ip— 1)

iQ.--lp 90 lp—1

We compute

1 . 1 [— 1]—1
dp hp @ alo Zp dp @ jplo dp_1+00.dp— 1(aP7«0 Ap— 1))

20.. zp iQ.. Zp 1
3 [~1].-1
k -—1 |—=1f,— N
Z(_l) @ jio...ipHio...i;c...ip (‘]p io..Ai;c...ipr—)io...ihk“.ip(aP mmlp))) ®)
k=0 10...1p
and
p+1
+1 _ ppt+1 k -—1 N
h? dp(@ aio“‘ip))_hp (Z(_l) @ Jio...ip+1b—>io...fk...ip+1<aio~~ik~~~ip+1))
i0...ip k=0 10nmipi1
p+1
_ k p+1
- Z( 1) h @ ]20 1p+1>—)lo...lk...lp+1( Q.- llc 1P+1))
k=0 10...ipt1
p+1 -
_ 1],—1 .—1 -
- Z @ ]PZO “prrio.. %(jpio...ipo—>pig...ik/v,\l...ip(apiU"-ik—l-“ip))
k=0 i0...0p
3 1.1
_ k+1 A=1],— —1 —~
- Z(fl) @ ]piO"'iPHiO"'iP(]pio...ipHpio,,.i;...ip(apio---ikn-ip))
’L() ’LP
1
+ @ Jp 20 zp»—no zp(jp i0..-Ip>10.- zp(alo lp)) (9)
lo lp

In the third and fourth line, in the situation where & = 0, the symbol z;_\l means that p is omitted. Now
using the transitivity relations, we see that

][ 1],-1 0! — 1 ][ 1],—1
P 10w iprHio..ip P i0..ipr>p 1. .. lp 80 AprriQ.. k.. lp pzo...zk...zpl—mo ik

and of course we have
-1],—1 1
j;[) 1Q...0p+>10...1p -]p 10...ipHr10...0p =1d
Now if we use these identities while summing the expressions (8) and (9), we get
(dP~1hP + hPTLaP)( @ Qig..iy) = @ Qi i,

i0...ip i0.mip

This identity immediately implies that the H?(C*((U;), F)(X)) = 0. On the other hand, the kernel of d° in
(7) is precisely the image of F'(X) by the sheaf property. We have thus shown that the sequence (7) is exact,
which completes the proof of the theorem. O
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Complement 1.16. A variant of the Cech complex that will be useful is the following. Choose a total
ordering on the index set I. Define the complex C*((U;), F') as before but restrict the sequences of indices
io . . . ip to strictly increasing sequences. We shall call this new complex the Cech complex with ordering. The
Cech complex with ordering is naturally a subcomplex of the original Cech complex and Theorem 1.15 is
still valid for this complex. To see this, modify the definition of the map hP? in the proof of Theorem 1.15 as
follows. Define as before

P R [-1],-1 L
R ( @ azo.nzp) = @ Jo io...ip,laio.“ip,l(ap zo-uzpq)
i0..ip 0eeip_1

with the following conventions. If the sequence p iy ...i,_1 is not strictly increasing but is injective (ie
there are no repetitions of indices) then let o is the unique permutation of {p, 7o,...,i,—1} such that
a(p) o(ig)...o(ip—1) is increasing. We then define
. ) — _1)Sign((7) . ) )
Ap ig...ip-r = ( Ao(p) a(io)...c(ip-1)

and

[—1],—1 — ;=11

Jp ig.ip_1r3ig..ip_1 (Qp iguip_1) 1= Jo(p) o(i0)...0(ip—1)>i0..ip_1 (Ao (p) o(i0)...o(ip-1))
Here sign(o) is the sign of o. If the sequence p iy . . . i,—1 is not injective, then we set

— '[71}771 ) . —
aP 20--tp—1 ~ ]p 10+ lp—1F210..lp—1 (aP 7‘O~'~lpfl) =0

The proof of Theorem 1.15 then goes through verbatim for the Cech complex with ordering in place of the
Cech complex.

Note that the Cech complex with ordering only has a finite number of non-vanishing terms.

We now explain how to glue sheaves defined on open subsets.

Suppose given (U;) an open covering of topological space X. If j : U — X is an open subset of X and F is
a sheaf on X, we shall often write F|;; instead of j~!(F).

Suppose given on U; a sheaf F;. Suppose given isomorphisms ¢;; : F;

vinu; = Fjlu.nu, for all indices i, j,
satisfying the properties (1), (2), (3) below.

(1) ¢i; is the identity;
() ¢4 = Z-_jl,'
(3) Qsik‘U,;ﬁanUk = (bjk’ 0 ¢ij‘UimUjﬂUk'

for all indices i, j, k.

If F' is a sheaf on X, the sheaves F; := F|y, come with the isomorphisms

¢ij - F;

U;NU; — F]

UiﬁU]-

coming from the natural isomorphism of functors ((e)
to verify that the ¢;; verify (1), (2), (3) above.

U)Uinw, = ((9)|U;)vinu, - We leave it to the reader
The following proposition establishes a converse.
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Proposition 1.17. Given sheaves F; on U; and isomorphisms ¢;; : Filu,nu, 5 Filu,nu, satisfying (1), (2),
(3) above, there up to unique isomorphism a sheaf F' on X with the following properties. There are isomorphisms

W o Fly, = F; such that the natural isomorphism

(!

Uz‘ﬁU_;’) © ¢ij © (1;[}1

UiﬂUj )

is the isomorphism
(F

~

Ui)UiﬂUj - (F|Uj)UiﬁUj-

Proof. Let E :=[], E;, where E; := ]_[meUi
We define a relation ~ on FE in the following way. Lete, f,g € E. If e € E; and f € E; lie above the same

F; . Notice that there is an obvious projection map 7 : £ — X.

point x € U; NUj, then we declare that e ~ f if f = ¢; ; . (e). Property (1) above shows that e ~ e. Property
(2) shows that f ~ eif e ~ f. Property (3) shows thatif e ~ f and f ~ g then e ~ g. We have thus shown
that ~ is an equivalence relation.

We shall write ¢ : E — E/ ~ for the mapping of E to the quotient space of E by ~ (=the family of
equivalence classes of ~). The quotient space E/ ~ comes with a natural map p : (E/ ~) — X such that
p o q = m. This is because ~ only identifies points of E, which lie over the same point in X. Furthermore
the maps q|g, : E; — E/ ~ are by construction injective. We now define a sheaf F' on X by the recipe

F{U):={s:U—= E/~ |pos=1Idy and for all € U there is
an index 4, an open set V' (z) € Top(U;) containing = and an element ¢ € F;(V (z))

such that s(v) = ¢;|g, (t,) forallv € V(x)}

for U € Top(X).

By construction, F’

v, is canonically isomorphic to F; for any index 4. It can easily be verified that these
canonical isomorphisms verify the requirements of the proposition. O

Complement 1.18. Let X be a topological space and (U;) a covering of X by open subsets. Suppose given
sheaves I (resp. G;) on U; and isomorphisms ¢;; : Fi|v,nu, = Filu,nu; (resp. v¥i; = Gilu,nu, = Gjlv.nu;)
satisfying the properties (1), (2), (3) above. Let F' (resp. G) be the sheaf associate with these data by
Proposition 1.17. Then to give a morphism of sheaves A : F' — G is equivalent to giving for each ¢ a
morphism of sheaves \; : F; — G; such that ¢;; o A;

v.nU; = Ajluinu; © ¢ij. The proof is straightforward.

Flasque sheaves. Let X be a topological space and let F' be a sheaf on X.

Definition 1.19. The sheaf F is flasque if for all U,V € Top(X) such that U C V, the natural map F(V) — F(U)
is surjective.

Lemma 1.20. Let
0=>F - F—=F"=>0

be an exact sequence of sheaves on X. Then
(a) If F' is flasque then the sequence
d d

0— F'(X)=> F(X)=F'(X)—=0

is exact.
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(b) If F' and F are flasque then F" is flasque.

Proof. (a): Let (U;) € Top(X) be a family of open sets in X. We suppose that (U;) is totally ordered by the
inclusion relation (ie for two indices ¢, j, we have either U; C U; or U; C U;). Let Uy, := UZ U;.

Notice that the various sequences

0 — F'(U;) = F(U;) — Image(d(U;)) — 0 (10)
are exact. The abelian groups F'(U;) naturally form an inverse system (see [ , Appendix A.5] or more
concretely [ , p- 103]). Furthermore, by the sheaf property, the natural map

F(Utot) — MF(U,L)

is an isomorphism. A similar statement is true for F”. Using these isomorphisms and applying lim, to the
sequences (10), we obtain a sequence

0= F'(Utot) = F(Utot) — lim(Image(d(U;))) — 0. (11)
We assert that the sequence (11) is exact. This implies in particular that we have a natural isomorphism
Image(d(Utot)) =~ @i(lmage(d(Ui))). Now it is a consequence of [ , Prop. 10.2, p. 104], (whose proof
the reader is encouraged to read) that the inverse limit of the sequence (10) will be exact if the various
arrows in the inverse system of the F’(U;) are surjective. This is true here by the assumption that F’ is
flasque and we have thus proven the assertion.

Fix now an element o € F"/(X). Consider the collection AC of open sets U in X such that in the sequence
0—F'(U)— FU)— F"(U)

we have o|y € Image(d(U)). Consider the partial order on AC given by inclusion. By the assertion proven
above, every totally ordered subset of AC has an upper bound. It thus follows from Zorn’s lemma ([ ,
bottom of p. 3]) that there is a maximal element Upax in AC. If Upax = X, we are done. Otherwise, let
2 € X\Umax- Let V be an open neighbourhood of z. We choose V sufficiently small so that in the sequence

0= F'(V) = F(V) "% Fr v

we have o]y € Image(d(V')). Now consider the sequence

d(UmaxUV)
_)

0= F'(Unax UV) = F(Upayx U V) F (Unax U V).

Let lU
Let Iy be a lifting of o|y. The element (Iy,,,
e € F'(X) such that

be a lifting of o

Unaw € F"(Unax) t0 F(Unax) (ie an element such that d(Unax) Iy,

max)

=0

Unnax)-
— ly)U,.nv lies by construction in ker(d(Upax N V). Let

max

d' (Umax N V) (€U0xnv) = (Winae = W) UnnaxnV

This exists because the mapping F'(X) — F(Umax N V) is surjective, since F’ is assumed flasque. Now

€ F(Umax) and Iy € F(V) lifting
0|Umax @and oy respectively and such that (Iy,,,. — lv)v,...nv = 0. By the sheaf property of F, there is thus
an element ! € F(Upax|JV) such that |y

= ly,., and l|y = ly and thus d(Upax N V)(1) = olu,,..uv-

replace Iy, .. by ly,... — d' (Umax)(e|u,... ). We now have elements Iy

max

max
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This contradicts the maximality of Upax and thus we must have X = Up,ax, which concludes the proof of
(a).
(b): Let U,V € Top(X) with U C V. Consider the commutative diagram

0 F'(V) F(V) F'(V)—0
i(l) \L@) i(ii)
0 F'(U) F(U) F'"(U)——=0
Both rows in this diagram are exact by (a). Furthermore the vertical restriction arrows (1) and (2) are
surjective by assumption. By the five Lemma ([ , 1.3.3, p. 13]), we conclude that (3) is also surjective,
which is what we want to prove. O

Lemma 1.21. If I is an injective sheaf on X, then I is flasque.

Proof. Let Z be the sheaf on X defined by
Z(U) = {locally constant maps U — Z}

for U € Top(X). Note that Z(U) is naturally isomorphic to Z€°"*(V), where Conn(U) is the set of connected
components of U.

Let Uy, V € Top(X) with Uy C Vi. We define Oy, as the sheaf generated by the presheaf described by the
rule
UeTop(X) — 0ifU € Uy

U € Top(X) — Z(U) if U C U

We have an evident exact sequence
0 — Oy, = Oy,

(for exactness look at the stalks). Thus, if I is an injective sheaf, we have a surjective map
Mor(Oy,, I) — Mor(Oy,, I)

But there are natural identifications Mor(Oy,, I) ~ I(V,) and Mor(Oy,, I) = I(Up) (to see this, first suppose
that Uy and 1} are connected and generalise from there). We thus have a surjection

1(Vo) = I(Uo)
which is what we wanted to prove. O

Proposition 1.22. If F is flasque then H*(X, F) = 0 forall k > 0.

Proof. Suppose that F is flasque. Let I — I be an injection of F’ into an injective sheaf. Such an injection
exists by Theorem 1.13. Consider the sequence

0—F—>I—I/F—=0 (12)

where I /F is the quotient of I by F'. Recall that by Lemma 1.21, the sheaf I is flasque. Now consider the
long exact cohomology sequence (see Theorem 1.3) of (12). We get

0— F(X)—I(X) = (I/F)(X)— H (X,F) - HY(X,I) — ... (13)
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Now by construction H'(X,I) = 0. On the other hand by Lemma 1.20 (a), the map I(X) — (I/F)(X) is
surjective. We deduce that H' (X, F) = 0. Now I/F is also flasque by Lemma 1.20 (b) and Lemma 1.21.
Hence H!(X,I/F) = 0 as well and looking at the sequence 13 again, we see that H?(X, F') = 0. Continuing
in this way, we deduce that for all £ > 0, we have H (X, F)=0. O

Complement 1.23. (keeping the notation and assumptions of Proposition 1.22) A similar reasoning show
thatif f : X — Y is a continuous map of topological spaces, then R* f,(F) = 0 for all k > 0.

Corollary 1.24 (Leray spectral sequence). Let f : X = Y, g:Y — Z be continuous map between topological
spaces. Let F'® be a finite cochain complex of sheaves on X. Then there is an Es cohomological spectral sequence

B} = RPg.(R1f.(F*®)) = R"(go f).(F°)

which is functorial in F*°.

Proof. Let I*® be an injective resolution of F**. Since the I* are flasque by Lemma 1.21, the sheaves f.(I")
are also flasque. Hence by Exercise 1.5, we have

RPF g, (£.(I°)) = HP (g 0 )« (I*)) = R*(g 0 ). (F*)
and Theorem 1.4 gives us a spectral sequence

qu = Rpg*(Hp(f*(I.))) = Rpg*(qu*(F.)) - Rerqg*(f*(I.)) = Rerq(g ° f)*(F.)
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1.4 Exercises

Exercise 1.1 (Yoneda’s lemma). Let C be a category. Let SetsC be the category of set-valued contravariant
functors from C to Sets. Prove that Morc (e, C') defines a contravariant functor he : C — Sets for each object C' of
C. Prove that h, defines a fully faithful functor C — SetsC”

Exercise 1.2. Let A and B be two abelian categories. Let L : B — A (resp. R : A — B) be additive functors.
Suppose that L is left adjoint to R (see [ , Appendix A.6]). Then L is right-exact and R is left-exact.

Exercise 1.3. Prove Lemma 1.1.
Exercise 1.4. Prove Lemma 1.2.

Exercise 1.5. Show that Theorem 1.4 implies Theorem 1.3. Let A be an abelian category with enough injectives and
let F' : A — B be a left-exact functor to another abelian category. We say that an object A of A is F-acyclic if
RFF(A) = 0 forall k > 0. Show that if A is an object of A and C* is a resolution of A, such that C* is F-acyclic
for all k € 7Z, then there is a natural isomorphism RFF(A) ~ H*(C*®) for all k € Z.

Exercise 1.6. Prove the assertions after Definition 1.7.

Exercise 1.7. Let ¢ : ' — G be a morphism of sheaves on a topological space X. In the text, we defined the kernel
ker(¢) of ¢ as the presheaf
U € Top(X) — ker(op(U))

Prove that ker(¢) is a sheaf.
Exercise 1.8. Prove Proposition 1.10.

Exercise 1.9. Let f : X — Y be a topological space. Prove from the definition that f. : Ab(X) — Ab(Y') is a left
exact functor. Prove that =1 is an exact functor.

Exercise 1.10. Show that an abelian group G is injective in the category Ab if G is divisible (ie for all n € Z\{0},
the ‘multiplication by n” map G — G is surjective). Show that the category Ab has enough injectives.

Exercise 1.11. Let C* be a cochain complex of sheaves on a topological space X. Suppose that for all U € Top(X),
the complex C*(U) is exact. Prove that C* is exact.
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2 Schemes. Quasi-coherent sheaves.

A ringed space is a topological space X together with a sheaf of rings Ox on X. The ringed space (X, Ox)
is said to be locally ringed if the stalks Ox , are local rings for all # € X. In that case we will often write
m, C Ox , for the maximal ideal and x(z) := Ox ,/m, for the residue field of Ox .

A morphism of ringed spaces (f, f#) : (X,0x) — (Y,Oy) is a continuous map f : X — Y together with a
morphism of sheaves of rings f# : Oy — f.Ox. If (X,O0x) and (Y, Oy) are locally ringed, we say that
(f, f#) is local or that it is a morphism of locally ringed spaces if for all z € X, the induced map of stalks
Of(z) — Oy is alocal morphism of rings.

Recall that a morphism of local rings ¢ : R — T is said to be local if ¢(mg) C (mr). Here my (resp. mg) is
maximal ideal of T" (resp. R).

If (f,f#) : (X,0x) — (Y,0y) and (g,9%) : (Y,Oy) — (Z,0z) are morphisms of ringed spaces, the
composition (h,h#) = (g,9%) o (f,f#) : (X,0x) — (Z,0z) is defined in the following way. We let
h := g o f (in the sense of composition of maps). The morphism of sheaves h# : Oz — h,(Ox) is defined
as the unique morphism h# making the following diagram commutative:

6.(Oy) 2UD L (1.(Ox))

: :

0, " (g0 £)e(Ox) = ha(Ox)

2.1 Affine schemes

Let R be a ring. We define Spec(R) as the set of prime ideals of R. If a C R is an ideal, we define
V(a) := {p € Spec(R) |p 2 a}
Lemma 2.1. The symbol V (e) has the following properties:
e V(a)UV(b)=V(a-b);
* Nies Via) = V(3 i)
e V(R)=0;V((0)) = Spec(R).
Proof. This is Exercise 2.2. O

An immediate consequence of Lemma 2.1 is that the sets V'(a) (a an ideal of R) form the closed sets of a
topology on Spec(R). This topology is called the Zariski topology. The closed points in Spec(R) are precisely
the maximal ideals of R.

Lemma 2.2. Let f € R. The set
Dy(R) = Dy = {p € Spec(R) | f & p}

is open in Spec(R). The open sets of Spec(R) of the form Dy form a basis for the Zariski topology of Spec(R).
Furthermore, the topology of Spec(R) is quasi-compact.

21



The open sets of the form Dy are often called basic open sets (in Spec(R)). Recall that a set B of open sets
of a topological space X is said to be a basis for the topology of X if every open set of X can be written as
a union of open sets in B. A topological space X is called quasi-compact if: for every family (U;cr) of open
sets in X such that | J;; U; = X there exists a finite subset /o C I such that J;; U; = X.

Proof. We shall prove that D is open. To see this, just notice that the complement of Dy in Spec(R) is
precisely V((f)), where (f) is the ideal generated by f.

We now prove that the open sets of Spec(R) of the form D form a basis for the Zariski topology of Spec(R).
Let a be an ideal. We have to show that the set

Spec(R)\V (a) := {p € Spec(R)|p 2 a}

is equal to | J;.; D, () for some index set I and some function r : I — R. Letr : I — a be an enumeration

i€l
of a set of generators of a. In view of Lemma 2.1, we have the required equality.

Finally, we show that Spec(R) is quasi-compact. In view of the fact that the open sets of Spec(R) of the
form D form a basis for the Zariski topology of Spec(R), we only need to show that if

Spec(R) = | J D, (14)
iel
where r : I — R is a some function, then there is a finite subset /o C I such that Spec(R) = Uj;c;, Dr(i)-

Now notice that by Lemma 2.1 and the proof of the first statement of the present lemma, the equality (14)
is equivalent to the equality
V(@) =V((r(1) =0 (15)
iel
where we have used the short-hand (r(I)) for the ideal generated by all the r(i). Now the equality
V((r(I))) = 0 says that no prime ideal contains (r(I)). This is only possible if (r(I)) = R, for other-

wise (r(I)) would be contained in at least one maximal ideal and maximal ideals are prime (see [ 1,
Cor. 1.4]). Now choose a finite subset Iy C I and amap c: Iy — Rsuchthat1 =}, , c(i) - r(i). We then
have }7,.; (r(i)) = Rand thus (,c; V((r(i))) = 0, which is what we want. O

Lemma 2.3. Let a, b be ideals in R. Then V (a) = V (b) if and only if \/a = /b.
Here +/a is the nilradical of a (see [ , p- 5]).
Proof. Exercise 2.3. O

In particular, there is a one to one correspondence between radical ideals in R and closed subsets of
Spec(R). If a,b are radical ideals then a C b if and only if V(a) C V(b). Recall that an ideal a is called
radical if /a = a.

Remark 2.4. Let R be a commutative ring and let a, b be two ideals in R. Then we have
(anb)-(anb)Ca-bCanb
and thus Va - b = v/a N b. In particular, we have
Via-b)=V(anb).

Note that if a and b are radical ideals then a N b is also a radical ideal, whereas a - b might not be.
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We wish to make Spec(R) into a locally ringed space. We define a sheaf of rings on Spec(R) as follows. For
U € Top(Spec(R)), let

Ogspec(r)(U) :={s5:U — H R, |forall p € U we have s(p) € R,
pESpec(R)
and for allp € U thereis a,r € Rand V € Top(U)

such that D,.(R) 2 V and s(q) = g forallq e V} (16)

This formula clearly defines a sheaf on rings on Spec(R).
Proposition 2.5. (a) Forall r € R, we have a canonical isomorphism Ogpec(ry(Dr(R)) ~ R,.
(b) Ift € Rand t € (r) then there is a commutative diagram
OSpec(R) (D'f) - OSpeC(R) (Dt)
R, ——m———R;

where the vertical isomorphisms come from (a).

(c) There is a natural isomorphism Ogpec(r),p =~ Ry for all p € Spec(R). This isomorphism fits in a commutative
diagram

~

Ospec(r),p —— R,

| |

Ospec(r) (Spec(R)) —=>R

Here the vertical morphisms are the natural ones and the lower horizontal one comes from (a).
Proof. (a): thereisamap Q : R, — Ogpec(r) (Dr(R)) given by the formula
Q(E) =maps:D, — H R, such that s(p) is the image of ¥ in R, forall p € D,.
" pESpec(R)
This is the sought canonical map. We wish to show that this map is an isomorphism.
The map Q is injective. The kernel of @ consists of elements v/r € R, such that the image of v/r in R,
vanishes for all p € Spec(R) such that r & p. Now suppose that v/r € ker(Q) and that v/r # 0. Let
Am(v/r):={z € R, |z- ; =0}

This is an ideal of R, called the annihilator of v/r. Since v/r # 0, the ideal Ann(v/r) is not equal to R,. Let
m be a maximal ideal containing Ann(v/r) (see [ , Cor. 1.4, p . 4] for this). Then the image of v/r in
Ry, does not vanish by construction. Thus v/r must vanish.

The map Q is surjective. Suppose given s € Ogpec(r) (D). We now that in the neighbourhood of every point
of D,, the map s is represented by a fraction (in the sense of (16)). Since the sets of the form D; form a basis
for the topology of Spec(R) and since D, is quasi-compact (see Remark 2.6 below)), there are r1,...7, € R
such that D,, C D, for all r;, such that |J, D,, = D, there are ay,...a, € R such that s is represented
on D, by a;/r;. Now D,, N D,, = D, and thus using the fact that @ is injective, we see that we have
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a;/r; = aj/r; in R,,.,. By the definition of localisation, this means that there is I > 0, which may be taken
to be independent of 4, j, such that

(rirj)lrjai = (TZ"I”J')Z’I’Z'CL]'

Now using the assumption and Lemma 2.3, we see that there are by, ...,b, € Rand e > 1 such that
= Y bt
i
Letv := Y, birla;. We compute
vré‘|r1 = Z b,'réré-ﬂai = Z bﬁ“é“ré@ = reréaj
i i

so that

in R,,. In other words, v/r° is an element of D, whose image in Ogyec(r) (D) is s.
(b): unwind the definitions.

(c): in view of Lemma 2.2, we have a natural isomorphism

liLHTER;WZ}:'(I)Spec(l’%) (Dr)
By (a) and (b), this ring is naturally isomorphic to lim,er;rgp /2, which can be identified with R,. See
Exercise 2.4. ]

Suppose now given a morphism of rings ¢ : R — T. We obtain a continuous map Spec(¢) : Spec(T) —
Spec(R) by the formula

Spec(9)(p) := 67" (p)
Remark 2.6. Notice for r € R, we have D,.(R) = Spec(R — R,)(Spec(R,)). This shows that D,.(R) is also

quasi-compact.

Furthermore, we define a morphism of sheaves of rings

¢# : OSpBC(R) - Spec(¢)*(08pec(T))

as follows. By the sheaf property, it is sufficient to provide for all » € R maps of rings

OSpeC(R) (DT<R)) - Spec(qb)* (OSpec(T)>(D7‘(R>)

which are compatible with the inclusion maps D; — D, whent € (r). Now we have Ogpcc(r) (Dr(R)) ~ R,
and
Spec(@)+(Ospec() ) (Dr(R)) = Ty ()

by Proposition 2.5(a) and the definition of the direct image sheaf. Furthermore, there is a natural map of
rings R, — Ty, which is induced by ¢. This map is obviously compatible with inclusion maps D; — D,
when ¢ € (r). Using Proposition 2.5(b), we conclude that we have indeed obtained for all » € R maps of
rings

Ospec(r) (Dr(R)) = Spec(d)+(Ospec(r)) (Dr(R))
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which are compatible with the inclusion maps D; — D, whent € (7).

All in all we have associated with any ring R a locally ringed space (Spec(R), Ogpec(r)) and we have
associated with any morphism ¢ : R — T of rings a morphism of ringed spaces (Spec(¢), ¢*), which can
easily be shown to be local using Proposition 2.5(c). We have in fact defined a contravariant functor from
the category of rings to the category of locally rings spaces. We skip the details (which are not difficult to
verify) that the process that we have described is indeed functorial.

Lemma 2.7. The above functor is fully faithful.

Proof. We start with a morphism of locally ringed spaces
(f, f7) : (Spec(T), Ospec()) — (SPec(R), Ospec(r))-
We are thus given a morphism of sheaves of rings
Ospec(r) = f+(Ospec())
and thus a morphism of rings
¢+ R~ Ospec(r)(Spec(R)) = fi(Ospec(r))(Spec(R)) =T

we shall be done if we can show that (f, f#) = (Spec(¢), 7). We shall first show that f = Spec(¢). We
need to show that ¢~1(p) = f(p) for all p € Spec(T). Now we know that the morphism of rings

# .
Jo" # Ospec(r), £(p) = Ospec(T),p

is local (because (f, f) is a morphism of locally ringed spaces). In view of Proposition 2.5(c), this morphism
fits in a commutative diagram

R ¢ T

J/lm) llp
Vi

Ospec(r),f(5) — Ospec(1),p

where the vertical maps are the localisation maps. We compute

(b_l(p) = ¢_1(lp_1(mosl>ec(m,p)) = l;(lp( j&’il(mOSpec(T),p)) = l;(:;j)(mOSpec(R),f(p)) = f(p)

Here we have used the fact that ff is local in the third equality. The diagram also shows that ff = ¢p.
Hence, we see that the morphisms of sheaves ¢# and f# coincide on the stalks. This shows that there are
equal. O

A locally ringed space isomorphic to a space (Spec(R), Ospec(r)) is called affine.

We shall write Aff for the category of affine schemes and CRings for the category of unital commutative
rings.

2.2 Schemes
Definition 2.8. A scheme is a locally ringed space X such that every point x in X has an open neighbourhood U,

which is isomorphic to an affine scheme as a locally ringed space. A morphism of schemes is a morphism of locally
ringed spaces.
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We shall write Schemes for the category of schemes.

Definition 2.9. A scheme X is locally noetherian it is has an open covering (U;c; € Top(X)) such that each U; is
isomorphic to an affine scheme (Spec(R;), Ospec(r,)), Where R; is a noetherian ring.

Recall that a ring is noetherian, if every ideal of R is finitely generated as an R-module. This is equivalent
to the following properties:

e if M is a finitely generated R-module and N is a submodule of M, then N is also finitely generated;

o if [ CI; C I, C ... is an ascending family of ideals of R, then there is an index i such that
L=y =1I12=...

These equivalences are the object of Exercise 2.5. It is also shown there that the localisation of a noetherian
ring is noetherian.

Proposition 2.10. A scheme X is locally noetherian if and only if for any open subset U of X, which is isomorphic
to an affine scheme (Spec(R), Ospec(r)) s a locally ringed space, the ring R is noetherian.

Proof. By simple logical reductions using Exercise 2.5 and Lemma 2.2, the statement of the theorem can
be shown to be equivalent to the following statement of commutative algebra. Let R be a ring. Let
fi,...,fn € R be such that the ideal (fi,... f,) generated by the f; is R. If Ry, is noetherian for all i,
then R is noetherian. This is what we shall prove.

Solet J C Rbe anideal. Let ¢; : R — Ry, be the natural maps. We shall first prove the equality
J= 1 & alDRs) (17)
i€{l,...,n}
Here ¢;(J)Ry, is the ideal in Ry, generated by ¢;(J). We clearly have
TS (1 67 (0)Ry):
ie{l,...,n}

For the reverse inclusion, let b € ¢y .y ¢; ' (¢:(J)Ry,). For each index i, let a; € R and m; > 0 be such
that ¢;(b) = a;/ ", where a; € J. My may assume wrog that all m; are equal to one m € N. There is then
one k € N such that

FEmb—ai) =0
for all indices i. Hence fik+""b € J for all i. Now from the assumption that (fi,... f,) = R and Lemma 2.3,
we see that there are elements ¢; € R such that

Zcifiker =1

Thus b € J, establishing the equality (17). Now consider an ascending sequence of ideals
JoCJC...

of ideals of R. For each index i, we have

¢i(Jo)Ry, € ¢i(J1)Ry, € ... (18)
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and since the Ry, are assumed noetherian, the sequence (18) becomes stationary at an index ko, which may
be chosen independently of i. Using (17), we conclude that the sequence (2.2) also becomes stationary at
the index k. O

A scheme X is noetherian if it is quasi-compact as a topological space and locally noetherian.

A topological space T' is called noetherian if for any descending sequence
Co2C12C2...
of closed subsets of T, there is an index i such that
Ci=Cit1=Cipa=...

Lemma 2.11. A noetherian topological space is quasi-compact.
Proof. Exercise 2.17. O

We record the following lemma, which is a consequence of the definitions:

Lemma 2.12. A noetherian scheme is noetherian as a topological space.

A scheme X is reduced if for all U € Top(X), the ring Ox (U) has no nilpotent elements. A scheme X is
integral, if for all U € Top(X), the ring Ox (U) is a domain (also called an integral ring).

Properties of morphisms of schemes.

Let X be a scheme. An open affine covering (U;cr) of X is a family of open subsets U; of X such that

e if U; is endowed with the structure of locally ringed space coming from X, then U is an affine scheme.

Let (f, f#): X — Y be a morphism of schemes.

e (f, f7)is quasi-compact if there is an open affine covering (V;) of Y such that f~!(V;) is quasi-compact
for all 5.

e (f, f#) is locally of finite type if f there is a an open affine covering (V;) of Y and for each i an open
affine covering (U;;) of f~1(V;) such that Ox (U;;) is a finitely generated Oy (V;)-algebra via the mor-
phism (f, 7).

e (f, f7)is of finite type of it is quasi-compact and locally of finite type.

e (f, f%) is a closed immersion if the following conditions are satisfied: the image of f is closed, f is a
homeomorphism of X onto f(X) and the morphism of sheaves f# : Oy — f.Ox is surjective. We
then say that X is a closed subscheme of Y via (f, f#) or simply that f(X) is a closed subscheme of Y.

o (f, ") isan open immersion if f(X) is open, f is a homeomorphism onto its image and the mapping
of stalks f# : O, — (f.Ox)y is an isomorphism for all y € f(X). We then say that X is an open
subscheme of Y via (f, f#) or simply that f(X) is an open subscheme of X.
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e (f, f*)is affine if there is an open affine covering (V;) of Y such that f~1(V;) is affine for all i.

The notion of affine morphism, morphism locally of finite type and quasi-compact morphism are indepen-
dent of the affine covering appearing in their definitions: see Exercise 2.6.

We shall often use the short-hand

f : X = Y is a morphism of schemes’

for

(f, f#) : X — Y is a morphism of schemes’.

The next Proposition explains how to glue schemes.

Suppose given (U;) a family of schemes and for each pair of indices ij an open subscheme U;; — U;

Suppose given isomorphisms ¢;; : U;; = Uj; for all indices i, j, satisfying the properties (1), (2), (3) below.
1) Ui =U;
(2) ¢i;(Ui; NUsr) € Uji;

3) dik

UinUse = @ik © $ijlu,;nu,, as morphisms Uy N U — U,

for all indices i, j, k.

If the (U;) are open subschemes of a given scheme X, then we may define
Uij = Ul n Uj

and define the morphisms ¢;; in the obvious way. These ¢;; satisty (1), (2), (3) by construction. The
following proposition is a converse.

Proposition 2.13. There is up to unique isomorphism a scheme X with the following properties. There are open
immersions v; : Uy — X such that | J; v¥;(U;) = X and such that ¢ o ¢;; = ;

Uij-
Proof. See Exercise 2.7. O

The following lemma records how to glue morphisms.

Lemma 2.14. Let X and Y be schemes. Let (U;) be a covering of X by open subschemes. For all indices i, j, let
(wij, uf;) : Uiy := U;NU; — U, be the natural open immersion. To give a morphism (f, f#) : X — Y is equivalent
to giving morphisms ( f;, fl#) : Uy = Y for all i with the property that (f;, fi#) o (uij, uff) = (f;, fj#) o (uys, uﬁ)
foralli,j.

Proof. If a morphism f is given, then the morphisms (f;, f#) obtained by restricting (f, f#) to U; will
have the advertised property. On the other hand, suppose given a family of (f;, /) : U; — Y with the
advertised property. We define in the obvious manner a map f : X — Y restricting to the various f;. It
remains to define a morphism of sheaves of rings

Oy — f.O0x
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Notice that it is equivalent to give a morphism of sheaves of rings f~(Oy) — Ox (see Proposition 1.11).
Now we have morphisms of sheaves of rings

FHOY)|u, = £ 1 (0y) = Ox

coming from the morphisms (f;, 7). The fact that for all i, j we have
(Fi £7) 0 (g ufy) = (£, 1) o (uir uy)

implies that the morphisms f~'(Oy )|y, — Ox glue to give a global morphism of sheaves f~1(Oy) —
Ox in the sense of Complement 1.18 (we encourage the reader to write out the relevant commutative
diagrams). O

Lemma 2.15. Let X,Y be schemes. The functor Top(X) — Sets such
U € Top(X) — Mor(U,Y)
is a sheaf.

Proof. This is Exercise 2.18. 0

Fibre products of schemes.

Let C be a category. Let (C;) (¢ = 1,...,n) be a finite family of objects in C. Recall that the product (resp.
coproduct)

Cix-xCp=]]C

(resp.

aleII-I1cen =11

of the C; (it it exists) is an object P of C together with arrows m; : P — C; (resp. m; : C; — P), characterised
by the following property. If P’ is another object together with arrows =} : P/ — C; (resp. « : C; — P’),
then there is a unique arrow u : P* — P (resp. v : P — P’) such that m; o u = =] (resp. wom = )
for all i. By its very definition, the product P is unique up to unique isomorphism. Notice also that the
coproduct of the C; is just the product of the C; viewed as objects of the category C°PP opposite to C. See
[ , Appendix A.5, p. 428] for all this.

If C is an object of C, we shall write C/C for the following category. The objects of C/C' are morphisms
D — C'in C. Amorphism from ¢ : D — Cto A : E — C'is amorphism p : D — E such that Ao u = ¢.

The morphism i, viewed as a morphism in C, is often called a C-morphism. The category C/C is called the
category of C-objects (associated with C and C).

One often writes D x ¢ E for the product of D — C'and E — C in C/C (if it exists). It is sometimes called
the fibre product of D and E over C.

Proposition 2.16. Let S be a scheme. Finite products exist in Schemes/S.

Proof. Sketch. It is sufficient to prove the result for n = 2. So suppose that we are given schemes X1, X5, S
and morphisms X; — S, Xo — S. Suppose first that X;, X, and S are all affine schemes. Let Spec(B;) =
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X1, Spec(B;) = X3, S = Spec(A).The tensor product of A-algebras B; ®4 Bs (see [ , p- 30]) is by
definition a coproduct in the category of A-algebras. In view of Lemma 2.7, we see that

X = (SpeC(Bl ®a Bl)) OSpec(Bl(X)ABl))
together with the scheme morphisms coming from the ring morphisms
B, "% By @4 B

and
By brrzi®be B ®4 Bs

is a product in the full subcategory of Schemes/S consisting of affine schemes.

We shall show that X is in fact a product in the category Schemes/S. Suppose given another S-scheme
X’ — S and S-morphisms 7} : X’ — X; and 7}, : X’ — X,. Let (U;) be an open affine covering of X’.
By restriction U; also comes with two morphisms U; — X; and U; — X» and since X is a product in the
category of S-schemes, which are affine, we get a unique morphism p; : U; — X, such that p; composed
with X — X (resp. X — X5)is U; = X (U; — X»). On U; N Uj, the morphisms p; and p; coincide by
unicity and thus the morphisms glue to a S-morphism p : X’ — X (use Lemma 2.14). This shows that X
is a product in the full category Schemes/S.

In general the fibre product X; xg X is constructed as follows. Take affine coverings (U;) of X; (resp.
(V;) of X5). The schemes U; x 5 V; come with natural glueing data satisfying the properties stated before
Proposition 2.13 and we may glue them together using Proposition 2.13. See [ , Th. 11.3.3, p. 87] for
the details. O

Suppose that X — T and S — T are scheme morphisms. The scheme X x7 S together with the natural
morphism X xp.S — S is often called the base-change of X — T to S. One also writes X g instead of X xr S.

Lemma 2.17. Let (X, Ox) be a scheme and let R be a ring. Show that there is a canonical morphism of schemes

(gvg#) : (Xa OX) - (SpeC(F(Xv OX))a OSpec(F(X,OX)))

and that every morphism from (X, Ox) to an affine scheme factors uniquely through (g, g% ).

Proof. See Exercise 2.14. O

2.3 Sheaves of modules

Let X be a ringed space. An Ox-module or sheaf in Ox-modules is an abelian sheaf F, together with a
Ox (U)-module structure on F(U) for every open set U C X, subject to obvious compatibility properties
with respect to inclusions U — V' of open sets in X. A morphism of Ox-modules F — G is a morphism of
abelian sheaves compatible with the O x-module structure in an obvious sense. The O x-modules form an
additive category Modo  (X), which is abelian. The proof is similar to the proof that Ab(X) is abelian and
will be skipped. We leave it as an exercise to prove the following fact: a sequence in Modp  (X) is exact if
and only if the corresponding sequence in Ab(X) (obtained by forgetting the module structures) is exact.
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Let F' and G be Ox-modules on X. The tensor product F' ®¢, G is the sheaf generated by the presheaf on
X given by the formula
U F(U) ®@oxw) GU)

This sheaf has a unique structure of O x-module, such that the map
F(U) ®oxw) GU) = (F ®ox G)(U)

is a map of Ox (U)-modules for every U € Top(X) (details left to the reader).

Suppose f : X' — X" is a continuous map of topological spaces and that X" is ringed by the sheaf of
rings Ox. Let F be a sheaf in Ox~-modules on X”. The abelian sheaf f~!(Ox) is then endowed with a
canonical structure of sheaf of rings, as can be seen by looking at its definition. Furthermore, the abelian
sheaf f~1(F) inherits an obvious f~!(Ox~)-module structure from the O x~-module structure of F' on X"
(we invite the reader to go through the details of all this).

Let f : Z — X be a morphism of ringed spaces. Let F' be a O x-module. We define
f*(F) = f_l(F) ®f’1(ox) Oy.

Here Oy is viewed as a f~1(Ox)-module through the canonical map of sheaves of rings f~!(Ox) — Oz.
For each U € Top(Z), the group
FHE)U) ®5-1(0x) Oz(U)

has a Oz(U)-module structure, which comes from the action of Oz (U) on the second factor. There is a
unique structure of Oz-module on f*(F') such that for all U € Top(Z), the map

FTHE)NU) @p-1(0x) Oz2(U) = (fTHF) @-1(04) Oz)(U) = f*(U)

is a map of Oz (U)-modules. The proof is straightforward.

Let now F be a Oz-module. The abelian sheaf f.(F') is naturally a sheaf in f,(Oz)-modules. Via the
morphism of sheaves of rings Oz — f.(Oz), we may thus view f,(F') as a Ox-module.

Lemma 2.18. The functor f* : Modop, (X) — Modo,, (Z) is left-adjoint to the functor

. : Modo, (Z) — Modo, (X).

Proof. See exercise 2.8. O

Quasi-coherent sheaves.

Let R be a ring and let M be an R-module. We define a sheaf M on Spec(R) by the recipe

M(U) ={s:U— H M, | for all p € U we have s(p) € M,

peSpec(R)
and for all p € U thereisa € M,r € Rand V' € Top(U)
such that D,.(R) 2 V D {p} and s(q) = % forallq € V} (19)
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(notice that the definition (16) is the case M = R).

The sheaf M carries an obvious Ogpec(ry-module structure. Also, if M — N is a morphism of R-modules,
there is an obvious associated morphism of Og,ec(r)-modules M — N. We have thus defined a functor
from the category of R-modules to the category of Ogpec(r)-modules.

Proposition 2.19. (a) For all r € R, we have a canonical isomorphism M(D,(R)) @ M,. If we endow

M (Dr(R)) with its natural Ogpec(r)(Dy(R))-module structure and M, with its natural R,.-module struc-
ture, then the isomorphism (x) is compatible with these module structures via the isomorphism of 2.5(a).

(b) Ift € Rand t € (r) then there is a commutative diagram
M(Dy (R)) —= M(Dy(R))
M, M,

where the vertical isomorphisms come from (a). The horizontal morphisms are compatible with the various

module structures in an obvious way.

(c) There is a natural isomorphism Mp ~ M, for all p € Spec(R). This isomorphism fits in a commutative
diagram

Mp —= M,
M (Spec(R)) —= M
Here the vertical morphisms are the natural ones and the lower horizontal one comes from (a).
Proof. The proof of this Proposition is similar to the proof of Proposition 2.5. We skip the details. O
Corollary 2.20. The functor e from the category of R-modules to the category of Ospec(r)-modules is fully faithful
and exact.

Proof. See Exercise 2.9. O

Let now X be a scheme.

Definition 2.21. Let F' be a sheaf on O x-modules. The sheaf F is said to be quasz -coherent (resp. coherent) if there
is an open affine covering (U;) of X, such that F|y, ~ F( U;) F( U,) and F(U;) is a finitely generated

Ox (U;)-module).

The full subcategory of Mod(X), which are quasi-coherent, will be denoted Qcoh(X).

Lemma 2.22. Let ¢ : R — T bea morphzsm of rings. Let M be a T-module. Then there is a natural isomorphism
0of Ogpec(r)-modules Spec(¢). (M ) =~ MO, where My is M viewed as an R-module via ¢.

Proof. Notice that for all € R, there a natural isomorphisms of R,-modules

Spec(¢).(M)(D,(R)) = M (Spec(¢) " (Dy(R)) = M(Dy(ry(T)) =~ My =~ Mo,
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which are compatible with restrictions D,.(R) 2 D, (R) for r’ € (r). This follows from Proposition 2.19 (b)
and Exercise 2.10. Now the lemma follows from the fact that the sets D,.(R) form a basis for the topology
of Spec(R) and the fact that Spec(¢).(M) and M, are both sheaves. O

Proposition 2.23. The definition of a quasi-coherent (resp. coherent) sheaf is independent of the open affine covering
appearing in its definition.

Proof. Let X be a scheme. Let F' be a quasi-coherent sheaf on X. Let U C X. We claim first that F|¢ is also
quasi-coherent. To show this, let (U; = Spec(R;)) be an open affine covering of X such that F|y, ~ M, for
some R;-module M;. For each i, let (U;;) be a covering of U N U; by open subsets of U; of the form Dy, (R;).
Then by Proposition 2.19 (b), we have F|y,, ~ ’Vz 7, on Dy (R;) = Spec(R; f,). Since the family of all the
(Ui;) form an open affine covering of U, this proves the claim.

Let now (U;) and (V;) be two affine coverings of X. The conclusion of the Proposition is that a sheaf F’
in Ox-modules is quasi-coherent with respect to (U;) if and only if it is quasi-coherent with respect to
(V;). Using the above claim and looking for each i at the covering (U; N V;) of U;, we see that to prove the
Proposition, is it sufficient to prove the proposition in the situation where the covering (U;) consists of a
single affine scheme. In other words, it is sufficient to prove that if X = Spec(R) is affine and F' is quasi-
coherent on X with respect to an open affine covering (\; : V; = Spec(T;) — X) of X, then F' ~ M for
some R-module M (in other words, F' is in the essential image of the functor e). Each V; can be covered by
open subsets of the form Dy, . (R). Hence we may assume that V; = Spec(Ry,) for some f; € R and that the
covering (V) is finite. Notice that in this situation any finite intersection of V; is also affine. Now consider
the Cech complex associated with the covering (V;) of X. By Lemma 2.22 and the previous remark, the
terms of this complex are all Ox-modules, which are in the essential image of the functor s. Looking at the
two first terms of the Cech complex, we see that it exhibits /" as the kernel of a morphism between two
sheaves, which are in the essential image of . We conclude by appealing to Corollary 2.20. O

Lemma 2.24. Let R be a noetherian ring and let M be an R-module. Let a be an ideal of R. There is an isomorphism
M (Spec(R)\V (a)) ~ lim,, Homg(a”, M),
which is natural in M.

Proof. (partial) Let fi,..., fr € a be a set of generators of a (such a set exists because R is noetherian).
Define

an o= (f15- 5 fi)

For any n > 0, there is a natural map
Hompg(a™, M) — Hompg(a,, M)
and we leave it to the reader to show that these maps induce an isomorphism
hﬂnHomR(a”, M) ~ hﬂnHomR(an, M)

Note that by Lemma 2.1, we have

Spec(R)\V(a) = Dy,
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Now let 3,,, € Hompg(a,,, M) be a representative of an element § € lignHom r(an, M). For each i, let

Bno(f )/fno GM(DfL) Mfi'

We assert that this element only depends on 3 and that the 5,,, (f;*°)/ fi" glue to give an element M M (Spec(R)\V (a)).

We first prove the first assertion. Let nq > ny and suppose that 3,,, € Hompg(a,,, M) also represents 3. We
compute

Bro (FT) /I = Brag (F70 - f7 7O 70700 = B, (F1) /1
whence the assertion.

Now to the second assertion. By the sheaf property, in order to glue the 8,,(f/'°)/f;" into an element
M (Spec(R)\V (a)), we have to prove that the image of 3,,(f;"")/f"* in My, is equal to the image of
Bno (£7°)/ f}* in My, ;,. We compute

image of fn, (f5°)/ [} in My, g, = Bno (' - i)/ (5 - ;') = image of B, (fi")/ f;" in My,
proving the second assertion.

We have thus defined a map ¢ : lim, Homp(a™, M) — M (Spec(R)\V (a)) and it can be verified easily that
this map is a map of abelian groups and that it is natural in M. To conclude the proof of the lemma, it
suffices to show that ¢ is an isomorphism.

For any n, let 4» M be the submodule of elements in M/, whose annihilator contains a™.
Assume first that ,» M = 0 for all n.
We shall provide an map A : M (Spec(R)\V (a)) — lim, Homp(a", M) inverse to ..

Consider a family of m;/ f} € My, such that the image of m;/f] in My, is equal to the image of m;/ f} in
My, s, for all 4, j. This is a concrete description of an element s € M (Spec(R)\V (a)). This implies that for
all 7, j we have

(fif) fimi = (fif;) fimy (20)
for some [y > 0, which we may wrog assume independent of 7, j.

We define A(s) as the element of lim,, Hom r(a™, M) represented by the morphism
)\l+lo (8) : Cll+l0 — M

of R-modules, which is defined by the formula
(Ao (s Z bif o) = bimifl°.
This is well-defined, for if 3_, b; £, = 0 then for all j, we have

Al-{—lo Zb fl+lo lJrlo — Zb mzflo l+l0 _ Zb fl+l0 flom] _ 0

by the equations (20) and thus (A4, (s)) (3, b; fiH'l“) = 0 since 4, M = 0. It is straightforward to verify
that A o¢ = Id and ¢ o A = Id. For the general case where ,, M # 0 for some n, we refer to [ , Lemma
I1.3.2 and after]. O
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Let X be a scheme. A subsheaf of Ox is called a sheaf of ideals on X. Let J be a quasi-coherent sheaf of
ideals on X.

Proposition 2.25. There exists a closed immersion (z,2%) : Z — X such that J = ker(z#). This immersion is
unique up to unique isomorphism over X.

Proof. See Exercise 2.11. O

Permanence properties of quasi-coherent sheaves.

Let X be a ringed space and let (F;) be a family of Ox-modules on X. We write @, F; for the sheaf
generated by the presheaf in Ox-modules on X sending U € Top(X) to @, F;(U).

Let I be an index set. A family of O x-modules may be viewed as a functor I — Mod(X'), where I is viewed
as a category with no arrows. The category of these functors is often denoted by Mod(X). The direct sum
D, (e) and the product [, (e) can be viewed as functors Mod(X)! — Mod(X).

Lemma 2.26. For any object (F;) of Mod(X)! and any object G in Mod(X), there is a canonical isomorphism
Mor(@ F;,G) ~ H Mor(F;, G)

which is natural in (F;) and G.

Proof. See Exercise 2.12. O

In categorical terms, Lemma 2.26 says that the direct sum is a categorical coproduct in the category Mod (X).

Lemma 2.27. Let X be a scheme and let (F;) be a family of quasi-coherent sheaves on X. Then @, F; is quasi-
coherent.

Proof. Let R be a ring and ()M;) be a family of R-modules. If r € R, there is a functorial isomorphism
(D, M;), ~ P, M, (look at the definition of localisation in [ , chap. III]). The Lemma follows from
this and Proposition 2.19. O

Remark 2.28. A formal consequence of the last two lemmata is the following fact. Let R be a ring and let
(M;) be a family of R-modules. Then there is a functorial isomorphism of Ogy,ec(r)-modules

(@Mi) ﬁ@f\z

Proposition 2.29. Let ¢ : R — T be a morphism of rings and let M be an R-module. Then Spec(q&)*(ﬂ )isa
quasi-coherent sheaf.

Proof. First notice the following fact. Let (X, Ox) := (Spec(R), Ospec(r))- Let G be a Ox-module. Then G
is quasi-coherent if and only if there exist index sets I and J and exact sequence of O x-modules

Pox -Pox—G—0 (1)

iel jeJ
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To see this, suppose that a Ox-module G has a presentation (21).Then by Corollary 2.20 and Remark 2.28
above, we conclude that G is quasi-coherent. On the other hand, if G = M for some R-module then we

may choose a surjection v : @ .. ; R — M and a surjection @,_; R — ker(u). Applying the functor s, while

j€s
taking into account Remark 2.28, we obtain a presentation (21).

Let (Y, Oy) := (Spec(T), Ospec(r))- In view of the above fact and the fact that Spec(¢)* is right exact, we
see that we are reduced to prove that there is an isomorphism

f*(@ Ox) ~ @oy (22)

To show this, first notice that there is an isomorphism f*(Ox) ~ Oy. For this notice that by Lemma 2.18,
we have canonical isomorphisms for any Oy-module

MOI‘MOd(y) (f*((/))()7 G) >~ MOI‘MOd(X)(Ox, f*(G)) >~ f*(G) (X) >~ G(Y) >~ MOI‘MOd(y) (Oy, G)

and thus f*(Ox) and Oy represent the same covariant functor. We conclude by appealing to Yoneda’s
lemma. To prove that there is an isomorphism (22), we notice that there are functorial isomorphisms

MOFMod(Y)(f*(® O0x),G) =~ MorMod(X)(@Ova*(G))

R

[ Moryoacx) (Ox, £(G)) = [ [ £(G)(X) = [ G(Y)
where we have used Lemma 2.26. Thus, we have functorial isomorphisms

MorMod(Y)(@ [*(0x),G) ~ Moryioq(y) (69 Oy,G) = H G(Y)

and thus again @, Oy and f* (€D, Ox) represent the same covariant functor and must thus be isomorphic.
O

Corollary 2.30. In the situation of Proposition 2.29, there is a functorial isomorphism

Spec(¢)* (M) ~ M @r T.

Proof. If we combine Proposition 2.29 with Lemma 2.18, Lemma 2.20 and Lemma 2.22, we obtain by re-
striction a pair of adjoint functors f* : Qcoh(X) — Qcoh(Y) and f. : Qcoh(Y) — Qcoh(X) (we abused
the notation slightly). Now by Proposition 2.23, the category Qcoh(Y') is equivalent to the category of T-
modules (and similarly for X). Furthermore, by Lemma 2.22, in terms of T-modules, the functor f, send
a T-module on the same module, viewed as an R-module via ¢. Hence the conclusion of the corollary
follows from the fact that there is a functorial isomorphism

Morg(N, M) ~ Morp(N @r T, M)
for any R-module N and 7-module M. The proof of this fact is left as an exercise (see Exercise 2.13). [

Corollary 2.31. Let f : X — Y be a morphism of schemes. Let F' be quasi-coherent sheaf on Y. Then f*(F') is also
quasi-coherent.

Proposition 2.32. Let f : X — Y be a morphism of schemes. Suppose that X is noetherian. Let F' be a quasi-
coherent O x-module. Then f.(F) is also quasi-coherent.
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Proof. We may assume wrog that Y is affine. Let (U;) be a finite open affine cover of X (this exists because
X is quasi-compact) and for all 7, j let U;;;, be a finite open affine cover of U; N U; indexed by k (this exists
by Lemma 2.12). Looking at the beginning of the Cech complex and using the fact that f. is left exact as a
functor from Modp , (X) to Modo, (Y'), we see that there is an exact sequence

0= fu(F) = P £(Flu,) = P £ (Flu,,,)
i i,j,k

From this and Corollary 2.20, we see that is sufficient to prove Proposition 2.32 under the assumption that
X is also affine. In this case, it follows from Lemma 2.22. O

Relative cohomology of quasi-coherent sheaves.

Let f : X — Y be a morphism of ringed spaces. Let F' be an Ox-module. It is proven in Exercise 2.1
that Mod(X) has enough injectives and that the injective objects of Mod(X) are flasque. Thus, taking into
account Proposition 1.22 and Exercise 1.5, the abelian sheaves REf.(F) are naturally Oy-modules, which
can be obtained by computing the derived functors of the direct image functor Mod(X) — Mod(Y').

Complement 2.33. Let the terminology of Corollary 1.24 hold. Suppose that X, Y and Z are ringed spaces
and that f, g are morphisms of ringed spaces. Suppose that F'* is a bounded sequence of Ox-modules.
Then the Leray spectral sequence respects the various Oz-module structures. This follows immediately
from the previous remarks.

Proposition 2.34. Let f : X — Y be a morphism of schemes. Let F' be a quasi-coherent sheaf on X. Suppose that
X is noetherian. Then the Oy -module R f.(F) is also quasi-coherent.

Proof. Let (j; : U; — X) be a finite open affine cover of X (recall that X is quasi-compact by definition,
because it is noetherian). By the sheaf property, we have an exact sequence

0= F = Pii(F

(2

Ui)'

On the other hand the quasi-coherent Oy,-module F'

v, can be embedded in the Op,-module associated
with an injective I'(U;, Oy, )-module I;. Now the Op,-module I: is flasque by Lemma 2.24. Hence the sheaf
D, ji,«(1;) is also flasque and composing morphisms we obtain an exact sequence

0— F = @i (L)

?

Repeating this process with the sheaf @, j; .(I;)/F (which is quasi-coherent by Corollary 2.20) and contin-
uing this way we obtain a sequence

0= F—F' = F'— ...
where all the F* are quasi-coherent and flasque. By Exercise 1.5 and Complement 1.23, we see that
REf.(F) =~ HM(f.(F))

and H*(f.(F,)) is quasi-coherent by Proposition 2.32 and Corollary 2.20. O
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2.4 Cohomological characterisation of affine schemes.

Proposition 2.35. Let X be a noetherian affine scheme and let F be a quasi-coherent sheaf on X. Then H*(X, F) =
0 forall k > 0.

Proof. Suppose X = Spec(R). If I is an injective R-module, it follows from Lemma 2.24 that the sheaf I is
flasque. The proposition follows from this, Proposition 1.22, Exercise 1.13 and Corollary 2.20. O

Lemma 2.36. Let X ~ (Spec(R), Ospec(r)) be an affine scheme and let F' be a quasi-coherent sheaf on X. Let
f € Randlet sy € F(X)and s; € F(Dy¢(R)).

(a) If so|p,(r) = O then for some n > 0, we have f™ - 59 = 0.

(b) For somen > 0, we have f" - s1 € F(Dy(R) — X)(F(X)).

Proof. Let F' ~ M for some R-module M (see Proposition 2.23). Identify sy with the corresponding element
of M ~ F(X). The condition that so|p,r) = 0 corresponds to the condition that the image of s in My
vanishes (use Proposition 2.19 (b) and Corollary 2.20 or simply the definition of M) . By the definition of
localisation, the image of s¢ in M vanishes if and only if there is n > 0 such that f™ - so = 0in M. This
proves (a) under the above assumption. The proof of (b) under the same assumption is similar. O

Let X be a scheme and f € T'(X, Ox). We define
Xy :={z € X| f; ¢ maximal ideal of Ox ,}

If X = Spec(R), then X; = Dy(R), which is open in X. From this, one can see that X is open for any
scheme X.

Lemma 2.37. Let X be a noetherian scheme and let f € T'(X, Ox ). Then there is a natural isomorphism ' (X, Ox) s =
I'(Xy,Ox,).

Proof. There is a natural restriction map I'(X, Ox) — I'(Xy, Ox, ). Now notice that f|x, is a unitin the ring
I'(Xy, Ox, ). This follows from the local description of X given above, which shows that f|, is a unit for
any open affine subscheme U C X. Hence the map I'(X,Ox) — I'(Xy, Ox,) extends uniquely to a map
px,r: T(X,0x)f — I'(Xy,Ox,). Now take a finite open affine covering (U;) of X and choose a finite open
affine covering Ui of each U; N U;. All this is possible by the noetherian hypothesis. Let t € I'( Xy, Ox, ).
By Lemma 2.36 (b), for each i, there is an n > 0 such that the element f™ - ¢
some element \; € I'(U;, Oy, ). This n can be taken independent of i, since there is only a finite number

v.nx, is the restriction of

of indices. Furthermore, for each triple of indices ¢, j, k, the restriction of A; — A; to Uj;, is annihilated by
some power of f, by Lemma 2.36 (a). Hence, for a sufficiently large k, the restriction of f* - \; — f* - \;
to U; N U; will vanish and hence by the sheaf property, the f* - \; glue to an element A € I'(X, Ox) such
that px f(A) = f**™ . t. This proves that px ; is surjective. The proof of injectivity is similar and will be
skipped. O

Complement 2.38. Suppose that a scheme X has a finite open affine covering (U;) such that that all the
intersections U; N U; have finite open affine coverings. Then the proof shows that Lemma 2.37 holds for X,
even without the noetherian hypothesis.
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Corollary 2.39. Let X be a noetherian scheme and let f1,...,f, € I'(X,Ox) be such that (f1,...,fn) =
I'(X, Ox). If the open subschemes X y, are all affine, then X is affine.

Proof. We have for all i a commutative diagram

X —%= Spec(I'(X, Ox))

where the straight vertical arrow comes from Lemma 2.37 and the horizontal one comes from Lemma
2.17. The verification of the commutativity of the diagram can be proven by reduction to the case where
X is affine and is left to the reader. Since the morphisms Xy — Spec(I'(X, Ox)) are open immersions
by Lemma 2.37, we see that the restriction of the morphism « to the image of X, in Spec(I'(X, Ox)) is
an isomorphism. Since the images of the X, cover Spec(I'(X, Ox)) by assumption, we see that « is an
isomorphism. O

Lemma 2.40. Let X be a scheme and let Cy C X be a closed subset. Then there is a quasi-coherent ideal I, in X,
such that the image of the closed immersion C — X associated by Lemma 2.25 with Ic, is Cy and such that C' is
reduced. The quasi-coherent ideal I, is uniquely determined by these requirements.

Proof. Exercise 2.16. O

One often writes C ;ea — X for the closed immersion whose existence is asserted in the lemma.

Remark 2.41. (important!) The closed immersion Xy,eq — X is surjective (prove this!) and is thus a
homeomorphism.

Theorem 2.42 (Serre). Let X be a noetherian scheme and suppose that for all coherent sheaves F' on X, we have
HY(X,F) =0forall k> 0. Then X is an affine scheme.

Proof. Let P be a closed point in X. This exists by Exercise 2.15. Let U be an open affine neighbourhood of
P and let Y be the complement of U in X. We view P, Y and P U Y as reduced closed subschemes of X,
via Lemma 2.40. Let Ip, Iy and Ipyy be the corresponding quasi-coherent sheaves of ideals. Note that we
have canonically Op(P) ~ x(P) and that this isomorphism describes the sheaf Op entirely.

By construction, we have an exact sequence
0—Iyup = Iy = k(P)—0

where «(P) denotes the direct image of Op by the closed immersion P — X. Applying Theorem 1.3 to
this sequence and to the functor I'(X, #), we obtain an exact sequence

I'(X,Iy) = T(X,x(P)) = H'(X, Iyup)

and since by assumption H'(X, Iy,p) = 0, we get a surjection I'(X, Iy) — I'(X, k(P)). Let f € I'(X, Iy)
be such that the image of f inI'(X, k(P)) ~ x(P) is 1. We view f as an element of I'(X, Ox) via the natural
inclusion I'(X, Iy) — I'(X, Ox).

By construction, we have that P € X and also that Xy C U. In particular, Xy is affine, because it corre-
sponds to a basic open set in U. If X # X, we now repeat this reasoning for a closed point P, in X\ X
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(this is possible because X\ X is quasi-compact, since X is noetherian) and obtain an affine neighbour-
hood U of P, and f> € T'(X, Ox) such that P, € Xy, and X}, is affine and we repeat it for P; € X\X;UX},
etc. The sequence of the X, must stop after a finite number of steps, and thus cover X, because X is a
noetherian topological space (by Lemma 2.12).

We can thus exhibit a finite sequence f1, ..., f,, € I'(X, Ox) such that X, is affine for all i and such that the
Xy, cover X. By Lemma 2.39, we shall be able to conclude if we can show that the f; generate I'(X, Ox).
To see this, consider the morphism of sheaves

é@x —>OX

i=1

sending local sections (s1,...,s,) to Zl fi - s;. This morphism is surjective, because the Xy, cover X
(check this surjectivity locally and use Lemma 2.1). Applying Theorem 1.3, Corollary 2.20 and using the
assumptions we obtain a surjection

Prx,ox) - I(X,0x).
=1

In other words, the f; generate I'( X, Ox). O

2.5 Exercises

Exercise 2.1. Let X be a ringed space. Prove that Mod(X) has enough injectives. Prove that injective objects in
Mod(X) are flasque as abelian sheaves.

Exercise 2.2. Prove Lemma 2.1.

Exercise 2.3. Prove Lemma 2.3.

Exercise 2.4. Let R be a ring and p a prime ideal of R. Show that there is a natural isomorphism
i pirgp Rr =~ Ry

Here the arrows in the inductive system are defined as follows. If v’ is a multiple of r then the arrow is the natural
map R, — R,.. Otherwise there is no arrow.

Exercise 2.5. (see the beginning of Subsection 2.2) Let R be a ring. Show that R is noetherian if and only if the
submodules of any finitely generated R-module M are all finitely generated as well. Show that R is noetherian if
and only if any ascending sequence of ideals of R becomes stationary after a finite number of steps. Show that a
localisation of a noetherian ring is noetherian.

Exercise 2.6. Show that if a morphism is affine (resp. locally of finite type, resp. quasi-compact) with respect to a
certain open affine covering then it is affine (vesp. locally of finite type, resp. quasi-compact) with respect to any open
affine covering.

Exercise 2.7. Prove Proposition 2.13. Hint: proceed as in the proof of Proposition 1.17.
Exercise 2.8. Prove Lemma 2.18.

Exercise 2.9. Prove Corollary 2.20.
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Exercise 2.10. Let ¢ : R — T be a morphism of rings and let M be a T-module. Let S C R be a multiplicative set.
Let My be M viewed as an R-module. Then there is a natural isomorphism of Rs-modules My s ~ Mgy and this
morphism is compatible with inclusions of S’ C S of multiplicative sets.

Exercise 2.11. Prove Proposition 2.25.
Exercise 2.12. Prove Lemma 2.26. Hint: Consider the case of X =(a point) first.

Exercise 2.13. Let ¢ : R — T be a morphism of rings. Let N be an R-module and M a T-module. Show that there
is a functorial isomorphism
Morg(N, M) ~ Morp(N ®@r T, M)

where in the expression Morg (N, M), M is viewed as an R-module via ¢.
Exercise 2.14. Prove Lemma 2.17.

Exercise 2.15. Let X be a quasi-compact scheme. Prove that X has a closed point.
Exercise 2.16. Prove Lemma 2.40.

Exercise 2.17. Prove that a noetherian topological space is quasi-compact.
Exercise 2.18. Prove Lemma 2.15.

Exercise 2.19. Let ¢ : R — T be a morphism of rings. Prove that the corresponding morphism of schemes
(Spec(¢), %) : (Spec(T), Ospec(r)) = (Spec(R), Ospec(r)) is a closed immersion if and only if ¢ is surjective.

Exercise 2.20. Show that the composition of two closed immersions is a closed immersion. Same for morphisms of
finite type (resp. morphisms locally of finite type, resp. open immersions, quasi-compact morphisms).

Exercise 2.21. Show that a scheme is integral if and only it has a covering by open affine scheme Spec R;, where R;
is a domain. Show that a scheme is reduced if and only it has a covering by open affine scheme Spec R;, where R; has
no non vanishing nilpotent elements.

3 Projective spaces

3.1 Affine spaces

Let » > 0. Consider the functor A" from Schemes to Sets, which associates with a scheme S the set of
morphisms

¢):@Os—>05
k=1

Lemma 3.1. Let X be a scheme. The restriction of the functor A" to Top(X) is a sheaf of sets.

Proof. See Exercise 3.6. O

Lemma 3.2. Let X, S be schemes. Let hg : Schemes — Sets be the functor Mor(e, S). Then the restriction of hg
to Top(X) is a sheaf of sets.

Proof. This is a formal consequence of Proposition 2.13. O
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Proposition-Definition 3.3. A" is representable by the scheme
A" :=Spec(Z[X1,...,X/])
called the affine space of relative dimension r.
Proof. In view of Lemmata 3.1 and 3.2, it is sufficient to construct an isomorphism between the restriction
of the functor hy- to Aff and the restriction of the functor A" to Aff. In the language of rings, we would like

to provide a natural isomorphism between the following two functors. The restriction har|ag of har to Aff
in the language of rings is the functor

R — MorCRings<Z[Xla C ,XT], R)
and the restriction A"|ag of the functor A" to Aff in the language of rings is the functor
R — Morgets({1,...,7}, R)

Now there is a natural transformation between h -
to Morgets({1,-..,7}, R), by sending

¢ € Morcrings(Z[ X1, ..., X,], R)
to
P(Xs).
This map is an isomorphism by the definition of polynomials (see [ , 11, par. 3, p. 97]). O

Let R be a ring and let X — Spec(R) be a scheme over R. From the definitions, we see that to say that X
is locally of finite type over R is the same as to say that there is an open covering (U;) of X by affine open
subschemes such that for each ¢, there is an (i) € N and a commutative diagram

Uy — Agi) 1= A" Xgpec(z) Spec(R)

|

Spec(R)

where the vertical morphisms are the natural ones and the horizontal morphism is a closed immersion.
These closed immersions are in general unrelated to each other and one may wonder what kind of com-
patibilities could be required. Projective spaces propose an answer to this question.

3.2 Projective spaces

Let » > 0. Consider the functor P" from Schemes to Sets, which associates with a scheme S the set of
isomorphism classes of surjective morphisms

¢o:P0os—L
k=0
where £ is locally free of rank 1 (see Exercise 3.7 for this notion). Here a surjective morphism ¢ : @)_, Os —

L is said to be isomorphic to a surjective morphism ¢ : ;. _, Os — M if there is an isomorphism ¢ : £ =~
M such that c o ¢ = 1.

A sheaf, which is locally free of rank one, is often called a line bundle.
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Theorem 3.4. The functor P" is representable by a scheme P", which is integral and of finite type over Spec(Z).
In particular P” is noetherian. The scheme PP" is called projective space of relative dimension r.

Proof. Let K be the fraction field of the ring Z[Xo, ..., X,]. Let4,j,k € {0, ..., r}. Define

X X,
R; ::Z[Z,...,Z] CK
and
Rij = Rz X g K.
? Xy
Here the notation Z[ R, ))g ] refers to the subring of K generated by the elements Q0 .., X . Notice
that there is 1somorphlsm between R; and the abstract polynomial ring Z[Yp, . . . Yi,... ] (where ® means

that the corresponding term is omitted), because X;/X; = 1.

Notice also that we have morphisms of R;-algebras

Rij g, Rir ~ Rl X; X, % K.

X, X

This morphism intertwines the natural R;;-(resp. R;;)algebra structure of the first term with the R;;-

)-

(resp. R;)algebra of the second term arising from the inclusion R;; C R X X (resp. R, C R X

3<L

X

Furthermore, it is easy to verify that we have the following set-theoretic relatlons between subsets of

R R”, Rzg - ij R - Rz]a R_]k - R

vk 3
In view of these identities and the fact that any diagram of inclusions of subrings of K commutes, we see
that the schemes U; = Spec(R;) and U;; = Spec(R;;) together with the open immersions U;; — U, and
the isomorphisms U;; ~ Uj; coming from the corresponding inclusions of rings, define glueing data for
schemes as described before Proposition 2.13. We thus obtain a scheme P", which is integral and of finite

type over Z by construction.

The scheme P" carries a canonical line bundle O(1), which can be described using the following glueing
data. Declare O(1)|y, = Oy, and let ¢;; € I'(U;;,Oy,;) = Ri; be given by X;/X;. We verify that ¢;; = 1,
hij = d)j_il and that
X XX
X X; X
in R, x; x,,so that the ¢;; satisfy the conditions given before Proposition 1.17. We thus obtain an abelian
L X xX;
sheaf on P". The ¢i; are compatible with the Op--module structure of O(1) on each U; and so we see that

O(1) is a Opr-module. Now P is by construction covered by the U;, the U; are affine and O(1)|y, is quasi-
coherent (since it is trivial). Hence O(1) is a quasi-coherent sheaf and it is by construction locally free of
rank 1.

Foreach!=0,...,n, there is a canonical element X; € T'(P", O(1)), such that

=X/ X

via the identification O(1)|y, = Oy,. Indeed, by Complement 1.18, this defines an element of I'(P", O(1)),
since

(bw((Xl

Noy) = (Xi/X5) - (X4 /X;) = Xi/ X = (Xilu) v
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Since X |y, is a trivialisation of O(1)|y,, we see that the collection of the X; defines a surjection
I
@ O[Pr — 0(1)
k=0

We shall now show that P" represents "

Let S be a scheme. If we are given a morphism ¢ : S — P", we obtain by pull-back a surjection
@ Os — ¢"(0O(1)).
k=0

This construction provides a map P"(S) — P"(5).
We wish to construct an inverse map P"(S) — P"(S).

So let S be a scheme and let

¢o:Pos—L
k=0
be a surjection of sheaves, where L is locally free of rank 1. We shall call oy, ..., o, the corresponding

elements of I'(S, £). Let
So, :={s€S|o;gms- L}

The set S,, is open by the remark before Lemma 2.37 and because L is locally free. By Nakayama’s lemma,
the section ;| s, induces an isomorphism Os,, =~ L| Sy, Identifying L| S., with Os,, via this isomorphism,

i

we obtain by restriction a morphism

,
(bS"i : @OS%‘ - Osdi
k=0
whose k-th component is given o /0;, where it is understood that o, /0; is a function on S, such that
(o/0i) - 0ils,, = ouls,,-
By Proposition 3.3, ¢s,, induces a morphism f; : S,, — U;, such that
(Xi/Xi)o fi = ox/oi

(we abuse the notation here).
Now note that by construction, we have

fi_l (U'LJ) = Sal n ng
and similarly

f7 (Uji) = S0, N S,

Let ¢;; : U;; = Uj; be the canonical isomorphism (which is the identity in the above presentation). We
compare ;; o f;] Sy NS, and f;| S+,NS,,- We compute

fils,,ns,, (Xi/Xj) = ox/o;

and

vij 0 fils, ns,, (Xe/X5) = ¥ij o fil§, ns, (Xe/Xi) - (X3/X3)70) = (on/03) - (0/00) ™" = on/0;
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so that ¢;; o fz‘|ngng = fj|50insai by Proposition-Definition 3.3. Thus by Lemma 2.14 the family (f;) of
morphisms glue to a morphism S — P". So we have produced a map P"(S) — P"(S).

We skip the easy verification of the fact that the two maps P"(S) — P"(S) and P"(S) — P"(S) are inverse
to each other and functorial in S. O

3.3 Ample line bundles

Let S be a noetherian scheme.

A coherent F' on S is said to be generated by its global sections or globally generated if there is a surjection
ro
@ OS — F
k=1
for some ry € N. The corresponding r sections of F are then called generating sections.

Let now L be a line bundle on S.

Definition 3.5. The line bundle L is ample if for any coherent sheaf F on S, there is ng € N such that F @ L®" is
generated by its global sections for all n > ny.

Here L®" := L® L ® --- ® L (n-times).

Proposition 3.6. The line bundle L is ample if and only if there isn € Nand o1, ..., 01 € I'(S, L®") such that

e the schemes S, are affine;

e the schemes S, cover S.

For the proof, we shall need the following

Lemma 3.7. Let Ty be a noetherian scheme and let M be a coherent sheaf on Ty. Let L be a line bundle on Tj. Let
f eI (To,Lo) and let s € T'(Ty, ¢, My). Then

(a) there is n(s) € N such that s @ f&(5) € T(Ty 5, My @ Ly®)) extends to T'(Ty, My @ L'™);

(b) if s € I'(Tp, My) restricts to 0 in T'(Tp s, My) then there is n(s) € N such that s@ &™) € T(Ty, M0®Lg(s))
vanishes.

Proof. See Exercise 3.5. U

Proof. (of Proposition 3.6) We first prove the implication ”<".

So suppose that there is n € Nand oy, ...,0;, € I'(S, L®™) such that (S,,) is an open affine covering of S.
Let I be a coherent sheaf on S. For each 7, let (1;; € I'(S,, F'|s,, ) be a finite family of generating sections of
F'|g,. . Such sections exist because S, is affine. By Lemma 3.7, there is n € N such that for all 7, the sections
Tij ® 07", extend to sections A;; € I'(S, F ® L®"). Now notice that the sections 7;; @ 0¢"[s, are also
generating sections of F @ L®"| s,, because L|g, is by construction trivial. Hence the sections A;j (for all

i, j) are generating sections of I'(S, FF ® L®™), since the S,, cover S.
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We now prove the implication ”=".

Let x € S. It is sufficient to show that there is n(z) € N and o, € T'(S, L®™®)) such that S,,, is affine and
x € S,,. Let U be an affine neighbourhood of z such that L|;y ~ Oy and let I be the ideal sheaf associated
with S\U by Lemma 2.40. Let ¢ : (S\U)yea — S be the canonical closed immersion. Let n(z) € N be such
that there is 5, € I'(S, I ® L®"(®)) with &, # 0.

Now consider the sequence of Og-modules
0—>1— OS — L*(O(S\U)red) —0 (23)

and the sequence
0= IT@LE"® — L9"@) 5 (Os\1),ea) ©@ LE™® =0 (24)

obtained by tensoring (23) by L&™(®) (note that this sequence is exact because exactness can be checked
locally and L is locally a trivial sheaf). If we apply the global sections functor I'(S, ¢) to (24) we obtain a
map T'(S, I ® L&) — T(S, L¥"®)). Let 0, be the image of &, by this map. The section o,, € T'(S, L®"(*)
vanishes on S\U by construction. Hence S,, C U. Furthermore, since by assumption we have Ly ~ Oy,
the set S,, C U is a basic open subset of the affine scheme U is thus also affine. O

Corollary 3.8. The line bundle O(1) on P" is ample.

Proof. Let X; be the usual canonical section of O(1). The schemes P’y are by construction the affine scheme
U; in the standard open affine covering of P". O

If R is a ring, we shall often write P} for P" xgpcc(z) Spec(R).

Proposition 3.9. Let f : S — Spec(R) be a morphism of finite type to the spectrum of a noetherian ring R. Let L
be an ample line bundle on S. There is n € N and oy, ... ,o0, € I'(S, L®™) such that the o; generate L®™ and such
that the corresponding morphism

S —Pi

is a closed immersion into an open subset of PT,.

Proof. We may wrog replace L by L®" for some n > 1. By Proposition 3.6, we may thus assume that
there is a finite family (o; € T'(S, L)) such that S,, is affine and such that the S, cover S. For each i, let
oij € I'(Ss,,L) be a family of sections, such that the functions o;;/ Ui|s<,i generate I'(S,,, (’)sai) as an R-
algebra. For some n > 0, which can be taken independent of i, the sections 0'1@ (n=1) |s,, ®ij € T(S,,, LZ")
extend to sections 7;; of L®" over S by Lemma 3.7. Now consider the disjoint union ¥ of all the o; and all
the 7;; and choose an arbitrary identification ¢ : {0,...,r} ~ X. Since the o; already generate L, the set of
sections ¥ generates L®™ and via ¢ we obtain a Spec(R)-morphism ¢ : S — P%. This morphism is obtained
by glueing together the morphisms

XO Xr
Xo-1(o Xp-1(on)

ti + Sy; — Spec(R|

such that ¢ () = 20, H(k)ls,

$71(oy) 7ils,, 7ils,
R-algebra, and since S, is affine, we see that ¢; is a closed immersion. Thus ¢ is a closed immersion of §

. Since by construction the functions + generate I'(S,,, Og,. ) as an

into the union in P’; of all the open affine subschemes Spec(R|[+ XO( X X - )]) (for all 7). O
¢~ 1(o; ¢ 1(oy
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3.4 The cohomology of projective space

In this subsection, we shall investigate the cohomology of the tensor powers of the line bundle O(1) on
projective space. We shall start with some preliminaries.

Tensor products of complexes.

Let I be a ring and let (P*,d}%) and (Q°,d,)) be cochain complexes, which are bounded above. We may
then form a double complex (P* ® Q*)**. By definition, we have

(P*@Q%)P:= PP @ Q"
The horizontal differentials of (P* ® Q*)** are given by the formula
d'(a? @b?) = di. (aP) ® b7
and the vertical differentials by the formula
d"(a? @b7) = (-1)7 - a” @ df. (b9)

The total complex Tot((P* ® Q*®)**) is written simply P* ® Q°* = (P* ® Q°*)*® and is called the tensor
product of the complexes P* and Q°. The symbols (P* ® Q°*)** and (P* ® Q°*)* and are functorial in both
arguments (we skip the verification).

Suppose now that Q° is a complex of flat R-modules. The first page of the first spectral sequence of the
double complex (P* ® Q°*)P9 is then

ETL(P*,Q%) = HI(P* ® Q") = H(P*) @ Q" = H'™I(P*)
We shall make use of this in the proof of the following lemma.

Lemma 3.10. Let ¢ : P — Py be a quasi-isomorphism of cochain complexes of R-modules, where both complexes
are supposed bounded above. Let C* be another cochain complex of R-modules, which is bounded above. Suppose
that either

e C*isaflat R-module for all k € 7

e or P and P} are flat R-modules for all k € 7Z.

Then the morphism
pRC*:PPRC* - P oC*

is a quasi-isomorphism.

Proof. The morphism ¢ ® C* arises from a morphism of double complexes
(Pr@C*) = (P @ C*)

which induces a morphism of spectral sequences
E7S(P?,C*) — E74(P3,C%)

Now by assumption this morphism of spectral sequences is an isomorphism on the first page. The lemma
follows. O

47



The cohomology of finite intersections of basic open sets.
Let R be any ring and let I be a finite totally ordered index set. Let (f;cr € R) be a family of elements of R
indexed by I. For all p > 0, let

C*((fie1), R) :== @ Ry, ...,

i <in < <ip

and define a morphism of R-modules
" C*((fier), B) = C** X ((fier), R)

by the formula
ptl

k
@ Qig...ipy Z(*l) @ Xig.osiyipga
k=0

i<ty <-+<ip i0<t1 <+ <lpt1

where Qi iipyn

under the hat is omitted. This gives a sequence of R-modules

is viewed as an element of R Fig-fipp As usual the hat symbol * signifies that the term

C(fier), B) S CH(fier), R) % .. (25)

which is none other than the image under I'(Spec(R)\V ((ficr)), ®) of the Cech complex with ordering of
OSpec(R)\V ((fic,)) for the covering (Dy,) of Spec(R)\V ((fic1))-
We shall write C?,,,((ficr), R) for the augmented Cech complex

aug

Coug((fier) B 50 = R = CO(fier), R) S C* ((frer) R) 5 ..

aug

where R sits in degree 0.

Notice the following interesting fact. There is a canonical isomorphism of complexes
®iEIC'<;ug(fiaR) = C;ug((fiel)aR) (26)

Here by C3,,,(fi, R) we mean the augmented Cech complex associated with the family with one element
fi. This can be checked by looking at the definitions of the differentials and the objects.

Complement 3.11. Suppose for the time of this complement that R is an Z-graded ring and that the f;
are homogenous for the grading. Looking at the definitions of the maps, we see that the augmented Cech
complex is a complex of graded modules and that the isomorphism (26) respects the grading.

For notational simplicity, write from now on n = #I and identify I with {1,...,n} as ordered sets.

We now suppose that R = Z[ X1, ..., X,,] and that f; = X,.

a

Lemma 3.12. We have H"(C3,,((ficr), R)) = 0 for all k # #1.

Proof. We shall prove this by induction on #1.
The complex Cy,

aug((Xier), ) is exact at 0, since I? is a domain, so the statement holds for #/ = 1.

In particular, for any index i, the complex Cy,,(X;, R) is quasi-isomorphic to H'(Cy,,(X;, R))[—1], since

aug

Caug(Xi, R) is a two term complex. Since C3,,,((Xic1), R) is also a complex of flat R-modules, Lemma 3.10
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implies that
Hk(cgug((XZEI)v ))
= Hk(cz:ug(Xh )®C;ug(( i€l 2751)7R)) :Hk(Hl( aug(Xl?R))[ ]®Caug(( iel, Z?él)?R))
— Hk 1( ( aug(Xl? ))®C;ug(( iel, 1?51) R))
= TOY#]_k(H (Ca.ug(le R))7 H#I I(C;ug(( iel, i?'fl)a R)))
where we used the inductive hypothesis. We shall now compute

Tor#f—k(Hl(Cdug(Xla )) H#I 1(Cdug((Xi617 1751)7R)))

From the definitions, we see that

HH (O (Xier, iz1), R)) = Rx,..x, /( > Ry, ..x. )

1<i1<io< - <in—_2

and
H (C;ug(Xla R)) = R/RX1

Now consider the exact sequence of R-modules
0—R— Rx, > R/Rx, >0
We consider the long exact cohomology sequence obtained when applying the right-exact functor

(®) ®r Rx,..x, /( > Ry, ..x, ,)

1<i1<ig< -+ <ip_2
to this sequence. Since R and Rx, are flat R-modules, we obtain the sequence

0 — Tori(R/Rx,,Rx,..x,/( > Rx, x,, ) = Rxpox,/( > Rx, .x,, ,)

1<iyp <io< - <ip_2 1<ip<io< -+ <ipn_2

(%)
— Rx, ®r RXZ...X"/( Z RXil"'Xin72)

1<ip<io< - <in_2

— (R/Rx,) ®r Rx,..x,,/( > Rx, .x, _

1<ip<io< - <in_2

)—=0

and also that
TOI[(R/RX“RXQH.X"/( Z RXH"'Xinfz)) =0

1<i1 <ig< - <lp—2

for I > 1. We shall now show that the map (x) is injective. For this, it is sufficient to show that if

€€ Rx,..x,/( > Rx, x.,_,)

1<iy <in<-<ip_2
and e - XF = 0 for some k > 0 then e = 0 (see [ , Prop. 3.5]). Let
€€ Ry, x,

. k . .
be a representative of e. If e - X{* = 0in RXz---Xn/(Z1<i1<i2<...<in,2 Rx, .x: , ), we have

€ X{C € Z RXil"'Xin72 (27)

1<ip<ig<-+<ip_2
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Now every element of Rx,...x, has a unique expression, up to ordering, as a sum of monomials of the
form X{l - X! wherel; > 0Oand l; € Z for i > 1. On the other hand, an element of Ry,..x, is
in > ciyeci, , Bx, x,, _, if and only if it has an expression as a sum of monomials of the form
X{l - X!, where l; > 0,1; € Z fori > 1, and for at least one iy > 1, we have l;, > 0. This condition is sat-

isfied for ¢ if and only if it is satisfied for & X} and thus we conclude thate € >, _; _; _.._;  Rx, ..x

it Rin o/

which is what we wanted to show.
From the injectivity of (*), we deduce that

Tor1 (R/Rx,, Rx,..x, /( > Rx, .x, ,))=0

1<ig <io<-+<ip—2

and thus the expression

Torgr—k(H' (Coue(X1, R), H#' 1 (O (Xicr, i21), R)))
vanishes if k # #1, which is what the lemma asserts. O

Complement 3.13. Return to the situation of a general ring R. Suppose that R is a noetherian N-graded
ring. Suppose that the the f; are homogenous elements of R. Suppose also that f; is not a zero-divisor of
R, that the image of f> is not a zero divisor in R/( f1), that the image of f3 is not a zero divisor in R/(f1, f2)
etc. Then Lemma 3.12 holds also.

Corollary 3.14. We have H*(A™\{0}) = 0ifk #r — 1.

The cohomology of projective space.

If O(1) = Opr(1) is the canonical bundle on P” and n > 0, we shall write O(n) for O(1)®". For n < 0, we
also write
O(n) := Hom(O(-n), Opr) =: (O(—n))"

In general, if F' is a locally free sheaf on a scheme X (see Exercise 3.7 for this notion), we write
FY := Hom(F,Ox)

Suppose that L is a locally free sheaf of rank 1 on an integral scheme X. If 0 € L(X) and o # 0, then ¢
induces a morphism of sheaves
oV LV - Ox

whose image is a quasi-coherent sheaf of ideals Z by Corollary 2.20. Now by Exercise 3.10, the morphism
0" is a monomorphism and hence identifies Z with LV. If we let . : Z(0) — X be the closed subscheme
associated with Z by Lemma 2.25, we thus have an exact sequence

0— LY = Ox = 1.(Oz) =0

We leave it to the reader to verify the following simple fact. If f : Xy — X is a morphism of schemes, then
there is a morphism ¢ : Xy — Z(o) such that f = v o g iff f*(¢¥) = 0. Furthermore, the morphism g, if it
exists, is then unique. From this we deduce Z (o) represents the functor Schemes — Sets

S {feX(9)]f(c”)=0}

The closed subscheme Z (o) is called the zero-scheme associated with o.
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Lemma 3.15. Let f : X — Y be an affine morphism of schemes. Suppose that X is noetherian. Then for all
quasi-coherent sheaves F on X, we have R¥ f.(F) = 0 for all k > 0.

Proof. By Proposition 1.14, we may suppose that Y (and thus X) is affine. Now the lemma follows from
the fact that f, : Qcoh(X) — Qcoh(Y) is an exact functor (by Lemma (2.22)), from the fact that injective
Ox (X)-modules are flasque (follows from Lemma 2.24) and from Complement 1.23. O

Lemma 3.16. Suppose that X is noetherian and let v : X — Y be a closed immersion. Then v is an affine morphism.

Proof. Notice first that ¢, : Ab(X) — Ab(Y) is an exact functor, because if © € X, we have natural functo-
rial identifications of stalks ¢ (F),(z) = Fy.

To show that . is affine, we may suppose that Y is affine. Let F' be a quasi-coherent sheaf on X and let
I* be a flasque quasi-coherent resolution of F'. Then ¢, (I*) is a cochain complex of flasque quasi-coherent
sheaves (use Proposition 2.32 and Lemma 2.24) and it is a resolution of ¢..(F'), since ¢, is exact by the above
remark. On the other hand, since Y is affine, we have

HAT(Y, 0 (1°))) = HED(X, 1%) = HY (X, F) = 0
for all k£ # 0 by Proposition 2.35. We conclude by appealing to Theorem 2.42. O

Complement 3.17. Let X be a noetherian scheme and suppose that X a finite open covering (U;) such that
any finite intersection of the Uj is affine. Let F' be a quasi-coherent sheaf on X. Then we have canonically

HMD(X, C*((Ui), F))) = H¥ (X, F)

This follows from the existence of the Leray spectral sequence (see Corollary 1.24 and Complement 2.33)
and from Lemma 3.15.

Proposition 3.18. Let A be a noetherian ring. Then for alln, k € Z, H*(P",, O(n)) is a finitely generated A-module.
Furthermore, we have
HO(P,0) ~ A

and
Hk( TA? O(”)) =0

forallk > 1andalln > 0.

Proof. Firstnote that for any of the canonical sections X; = X;®41 € I'(P", O(1)), the zero scheme Z(X,¢/)
is canonically isomorphic to P, *. Indeed, for any scheme over Spec(A) we have

P, (S) = {isomorphism classes of surjective morphisms ¢ : @ Os — L}
k=0

and the Z(X;er) thus represents the functor Schemes/Spec(A) — Sets

S — {isomorphism classes of surjective morphisms ¢ = ® ey, : @ Og — L such that ¢; = 0}
k=0

which is isomorphic to the functor P’, ' (e).
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Thus we have an exact sequence
0— O(-1) = Opr = 14(Opr-1) = 0
and tensoring this sequence with O(k) (k € Z), we obtain a sequence
0= 0(k—-1) = Ok) = ts(Opr—1(k)) — 0 (28)

Note that ¢, (Opr-1(k)) =~ 1.(Opr-1) @ O(k). This follows from Exercise 3.1 (which is easy to prove in the
special case of a closed immersion). Now consider the long exact sequence associated with the sequence
(28):
0 — HP,,0(k—1)) » H(P}, O(k)) = H° (P, 1. (O(k)))
- H'(PY,0(k — 1)) = H' (P}, 0(k)) = H' (P ", 1. (O(k))) = ...
Now remember that closed immersions are affine by Lemma 3.16 and thus by Lemma 3.15 and Corollary
1.24 (or by a direct reasoning), we have canonically

H{(P, 1.(O(k))) =~ H (P, O(k)))

Thus by a double induction on r and k, we see that it is sufficient to prove that H°(P%,,0) = A and
H%(P",,0) = 0 for all k > 0. This is what we shall now do.

We apply Complement 3.11 to the ring R = A[Xy, ... X,] with its natural grading and to the family of the
fi = X;. We obtain a graded complex

0—>R—>@in0 — @ RXiOXi1 — ...
io 10<t1
and by Lemma 3.12 this complex is exact in degrees # r + 1. If we take the part of homogenous degree 0
of this resolution, we get a sequence

X, X, X, X,
0—>A—>@A[X—_O,...,X_]—>@A[X—_(J7...,X_]?_.1—>... (29)
K2 0 0 K2 i

10<t1 *0

)
The sequence (29) is by construction the image under I'(P";, ®) of the Cech complex for Opr, associated with
the standard covering of P”, (see the proof of Theorem 3.4). Now the objects of the Cech complex are all
I'(IP",, e)-acyclic sheaves, because all the intersections of the open sets in the standard open covering are
affine (use Lemma 3.16, Corollary 1.24 and Proposition 2.35). We have thus shown that I'(P"y, Opr,) ~ A
and that H*(P7,, Op- ) = 0 for all k # d.

We shall now compute H%(P"}, Opr, ). Examining the complex (29), we see that

r 0 - e 0
HYPY, Opr) = AlXo, ... X090 /(3 AlXo, ... X, . 'Xr]g(]o...)?k.“xr)
k=0

The ring A[Xj,... Xr][)g]o... x, is generated as an A-module by expressions of the form [],_, X ¥ where
lp € Zand Y, _,l; = 0. Now we have

U = 0
ITxie ZA[XO,...,Xk,...XT}[X]OmﬁmXT (30)
k=0 k=0
if and only if there is kg € {0,...,7} such that I, > 0. But there must be such a k¢ for otherwise we
couldn’t have >_; _ I, = 0. Thus (30) always holds and we have H%(P",, Opr,) = 0. O
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Corollary 3.19. The scheme P" is not affine.

Proof. If P" were affine, then we would have P" ~ Spec(Z), according to the theorem. O

3.5 Cohomological properties of strongly projective morphisms

A morphism of schemes f : X — S is called strongly projective (this is called projective by Hartshorne) if
there is a factorisation f = p o, where ¢ : X — P% is a closed immersion and p : Py — S is the natural
projection morphism.

Theorem 3.20. Let f : X — S be a strongly projective morphism. Suppose that S is a noetherian scheme. Let F' be
a coherent sheaf on X. Then for all k > 0, the sheaf R* f.(F) is coherent.

Proof. We may assume that S = Spec(R), where R is a noetherian ring.

We first show the statement in the case where f is a closed immersion. In that case, since f is then affine (by
Lemma 3.16), we may also assume that X = Spec(7) is affine. We then have R* f.(F) = 0 for all k > 0 by
Lemma 3.15 and thus we only have to show that f,(F') is coherent. We know that f.(F') is quasi-coherent
by Proposition 2.32 and thus we only have to show that f,(F')(S) is a finitely generated R-module. This is
a consequence of Lemma 2.22.

By Complement 2.33, we may thus suppose that X = P% and that f is the natural projection. Abusing
language, we denote by O(1) the pull-back of the universal line bundle on P" by the projection Py — P".
Notice that O(1) is also an ample line bundle. This follows from Proposition 3.6 and Exercises 3.2, 3.3 and
3.4.

Let ng be such that F' ® O(ng) := F(ny) is globally generated. Noticing that
O(no) ® O(*?’Lo) ~ O]pg,

we obtain a surjection @izo O(—ng) — F for some f. Denoting by K the kernel of this morphism, we get
an exact sequence
f
O—>K—>@O(—n0)—>F—>O (31)
k=0

Note that K is also a coherent sheaf, because P is a noetherian scheme. Notice also that we may compute
to cohomology of F' using the Cech complex with ordering associated with the standard open covering
of Py. See Complement 3.17. The terms of this complex vanish in degrees > r. Thus we know that

R*f.(F) = 0 for all k > r. Now looking at the long exact cohomology for f. of (31) we obtain a surjection

R f.(ED O(-no)) = R" f.(F)

f
k=0

Thus we see that R" f,.(F') is coherent, since R" f*(@izo(Q(—no)) is coherent by Proposition 3.18. Since F
was arbitrary, we deduce that R" f,(K) is also coherent. The long exact cohomology sequence again now
shows that we have an exact sequence

f
R (D O(—no)) = R fu(F) = R fu(K)
k=0
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and thus R"~! f,(F) is also coherent. Thus R"~! f.(K) is also coherent and we may continue this way to
show that R* f.(F) is coherent for all k. O

Theorem 3.21 (Serre). Let f : X — Spec(A) be a strongly projective morphism, where A is a noetherian ring. Let
L be an ample line bundle. Let F be a coherent sheaf on X. Then there is ng > 0 such that R¥ f,.(F @ L®™) = 0 for
alln > ngand all k > 0.

Proof. We may wrog replace L by one of its tensor powers. Hence, by Proposition 3.9, we may assume that
there is a closed immersion ¢ : X — P over Spec(A) of X into some P, such that :*(Opr, (1)) = L. Asin
the proof of Theorem 3.20, we may thus suppose that X = P7, for some r > 0. Remember also that P”, has
a finite covering (U;) (the standard covering) by open affine schemes, such that every intersection of the U;
is affine. Thus by Complement 7, there exists kg such that we have H k (P, Q) = Oforall k > k. In fact, we
may take ky, = r. Let ng be sufficiently large so that F @ L®™ is generated by its global sections. In other
words, we have an exact sequence

0K — PO — F(ng) =0 (32)

i=1

Looking at the long exact cohomology sequence of (32), we get a surjection
H (P, P 0) — H* (P, F(no))-
i=1

and thus H* (P, F(ng)) = 0 by Proposition 3.18. Now take n; so that K (n;) is also globally generated.
Then we also have H* (P";, K (n1)) = 0. Looking at the long exact cohomology sequence of the sequence

0— K(ny) Héoa@(nl) — F(ng+mn1) =0 (33)

i=1

we get a surjection
)

H 7 (P, €D O(m)) = HY ™ (P, Fng +m1))

i=1
and again by Proposition 3.18 we see that H*~1(P",, F(ng + n1)) = 0, unless ko — 1 = 0. Continuing this
way, we conclude that F'(n) has no cohomology in positive degrees for n sufficiently large. O

3.6 Cohomological characterisation of ample line bundles

The following theorem is the converse of Theorem 3.21.

Theorem 3.22. Let X be a noetherian scheme. Let L be a line bundle on X. Suppose that for all coherent sheaves F
on X, there is ng > 0 such that H*(X, F @ L®") = 0 for all n > ng and all k > 0. Then L is ample.

Proof. The proof is similar to the proof of Theorem 2.42.

So let P be a closed point in X. This exists by Exercise 2.15. Let U be an open affine neighbourhood of P
such that L|y ~ Oy and let Y be the complement of U in X. We view P, Y and P UY as reduced closed
subschemes of X, via Lemma 2.40. Let Ip, Iy and Ipyy be the corresponding quasi-coherent sheaves of
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ideals. Note that we have canonically Op(P) ~ x(P) and that this isomorphism describes the sheaf Op
entirely.

By construction, we have an exact sequence
0—Iyup = Iy = k(P)—0 (34)

where k(P) denotes the direct image of Op by the closed immersion P — X. Now choose ng sufficiently
large so that H' (X, Iyyp ® L®™) = 0. Applying Theorem 1.3 to the sequence (34) tensored by L®™ and
to the functor I'(X, e), we obtain an exact sequence

(X, Iy ® L®™) - I'(X,k(P)) — H' (X, Iy_p ® L®™)

where we have identified non-canonically x(P) with x(P) @ L®". Since by assumption H' (X, Iy p ®
L&) = (, we get a surjection I'(X, Iy ® L") — T'(X, k(P)). Let f € T'(X, Iy ® L®™) be such that the
image of f in I'(X, k(P)) ~ k(P) is 1. We view [ as an element of I'( X, L®"0) via the natural inclusion

T'(X, Iy ® L&) = T(X, L®™).

By construction, we have that P € X and also that Xy C U. In particular, X is affine, because it corre-
sponds to a basic open set in U, since L|y is trivial. If X # X, we now repeat this reasoning for a closed
point P, in X\ X (this is possible because X\ X is quasi-compact, since X is noetherian) and obtain an
affine neighbourhood Us of P, and f> € I'(X, Ox ) such that P, € X, and X, is affine and we repeat it for
P3 € X\ X5 U Xy, etc. The sequence of the X, must stop after a finite number of steps, and thus cover X,
because X is a noetherian topological space (by Lemma 2.12).

We can thus exhibit a finite sequence f = fo € I'(X, L®™), ..., fi € ['(X, L®™) such that Xy, is affine for
all 7 and such that the Xy, cover X. Replacing some of the f; by tensor powers f; ® f; ® --- ® f; we may
assume that all the n; are equal. We can then conclude by Proposition 3.6. O

3.7 Exercises

Exercise 3.1 (Projection formula). Let f : X — Y be morphism of schemes, where X is noetherian. Let F be a
quasi-coherent sheaf on X and let M be a locally free sheaf (see Exercise 3.7 below) on Y. Prove that there is for all
k > 0 a canonical isomorphism

REf(F @ f*(M)) =~ RFf.(F)© M

which is natural in F and M.
Exercise 3.2. Let f : X — S be a morphism of schemes with the property (P), where (P) is one the following:
o affine;

e an open immersion;

a closed immersion;

locally of finite type;

quasi-compact.
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Let g : S — S be a morphism of schemes and let f' : Xg = X xg S" — S’ be the morphism obtained from f by
base-change. Show that f’ also has property (P). We say that property (P) is invariant under base-change.

Exercise 3.3. Let f : X — S be a morphism of schemes. Let g : S — S be a morphism of schemes and let
f': Xg = X xg 8" — S’ be the morphism obtained from f by base-change. Suppose that f is a closed immersion
or that f is an open immersion. Prove that Image(f') = ¢~ ' (Image(f)).

Exercise 3.4. Let M be line bundle on a scheme S and let o € T'(S,M). Let g : S" — S be a morphism of schemes.
Show that g~ (S5) = Sy -

Exercise 3.5. Prove Lemma 3.7. [Hint: proceed as in the proof of Lemma 2.37.]

Exercise 3.6. Let (T, Or) be a ringed space. Let F', G be Op-modules. Show that the presheaf on T', which associates
with U € Top(T) the abelian group Moro,, (F|u, G|v) is a sheaf and that it has a natural structure of Op-module.
This sheaf is denoted by Hom(F, G).

Exercise 3.7. Let S be a scheme. Let I be a coherent sheaf on S. The sheaf F is called locally free if for every s € S,
there an open neighbourhood U of S, a natural number r and an isomorphism F|y ~ @Y, Oy. Show that for a
given s and U as above, the natural number r with the above property is unique, if it exists. Show that if F' is locally
free, then the number r depends on s only and that it is a locally constant function on S.

Exercise 3.8. Let r > 2. Prove that A7\{0} is not affine.
Exercise 3.9. Show that there is a canonical isomorphism
L(P", O(k)) ~ Z| Xy, ..., X, ¥
where Z[ X, . . ., X, ][F is the set of elements of Z[ X, . .., X,], which are homogenous of degree k.

Exercise 3.10. Let X be an integral scheme and let ¢ : F' — G be a morphism of coherent locally free sheaves on
X. LetU be an open affine subscheme of X. Suppose that ¢(U) : F(U) — G(U) is injective. Prove that ¢ is a
monomorphism.

Exercise 3.11. Let X be a noetherian scheme and let X,cq be the reduced closed subscheme of X associated with the
closed subset X of X. Show that X,eq is affine if and only if X is affine.

4 Flat morphisms

Let f : X — Y be a morphism of schemes.

Definition 4.1. Let F" be a Ox-module. We say that F' is flat over Y at x € X if the stalk F, is flat as a Oy, p(y)-
module via the natural morphism of rings Oy, () — Ox . We say that F is flat over Y if F is flat at every x € X.

Recall that a module M over a ring R is flat if the functor e ® M from R-modules to R-modules sending an
R-module N to N ® M is an exact functor. See [ , Prop. 2.19].

Let Spec(B) — Spec(A) be a morphism schemes and F' a quasi-coherent sheaf on Spec(B). Let M be the
B-module associated with F. Then F is flat over Spec(A) if and only if M is flat as an A-module: see
Exercise 4.1.
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Any base-change of a flat morphism is flat: Exercise 4.3.

We also recall without proof the following basic result:

Theorem 4.2. Let A be a local ring and let M be a finite A-module. Then the following conditions on M are
equivalent.

o M is flat over A;

e M is free over A.
Proof. See Theorem 7.10 in Commutative Ring Theory by H. Matsumura (Cambridge University Press). [

A consequence of this theorem is that a coherent sheaf F' on a noetherian scheme X is flat over X if and
only if it is locally free (show this!).

4.1 Cohomology and flat base change

Theorem 4.3. Let f : X — Y be a morphism of schemes. Suppose that Y is noetherian and affine and suppose that
X has a finite open covering (U;) of X such that any finite intersection of the U is affine. Let F be a quasi-coherent
sheaf on X. Then for any cartesian diagram

X 15X

J/f' lf
vt vy
where Y is a noetherian and affine and b is flat, there is a canonical isomorphism of quasi-coherent sheaves

b*(R'f.(F)) = R fL(r* (F)).

Proof. Consider the complex L® := f,.(C*((U;), F)). By construction we have
H!(b"(L*)) = R fL(r*(F)).
Now since bis flat, we see that H'(b*(L®)) ~ b*(H'(L*)), in other words we have b*(R! f,(F)) ~ R' f.(r*(F)).
O
4.2 The semicontinuity theorem

Theorem 4.4. Let f : X — Y be a morphism of schemes. Suppose that Y is noetherian and affine and suppose that
X has a finite open covering (U;) of X such that any finite intersection of the Uj is affine.

Let F be a quasi-coherent sheaf on X and suppose that

o the sheaf F is flat over Y;

e foralll > 0, the quasi-coherent sheaf R! f«(F) is coherent.
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Then there is a finite cochain complex of coherent locally free modules (K*®) on Y with the following property. For
any cartesian diagram

X =X

N

y bt oy

where Y is a noetherian and affine, there is a canonical isomorphism of quasi-coherent sheaves
H(b"(K®)) = R'fL(r"F)

Note that the assumptions of the theorem will be verified if f is a strongly projective morphism, F' is flat
over Y and Y is noetherian and affine.

Before, we begin with the proof, we shall prove some preliminary results in commutative algebra.

Lemma 4.5. Let R be a noetherian ring. Let
00" =Ct— ... >C" =0

be a finite cochain complex of R-modules. Suppose that H'(C*®) is finitely generated for all i > 0. Then there is a
finite cochain complex of R-modules
0L —=L'— - 5 L" =0

such that
e L* is quasi-isomorphic to C*;
o L'is free forall i > 0;
e L' is finitely generated for all i > 0.

Furthermore, C* is flat for all i > 0 then we may find a cochain complex L*® with the above properties such that L° is

flat.

Proof. Suppose given a commutative diagram (x)

m—+1 m—+2

gt 2 g2l L® 0
l¢m+1 i¢m+2 \L(ﬁn
0 dOC m+1 dg+1 m—+2 dTC'n+2 n
0 C C —C . C 0
such that

o L™+ — ... — L"isa cochain complex;
e ¢; induces an isomorphism H'(L®*) ~ H(C*®) foralli > m + 1;
e ¢my1 induces a surjection ker(d}' 1) — H™HL(C®);

e foralli >m+1, L? is free.
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We shall show that we can extend this diagram to a diagram with the same properties with m in place of
m + 1. Let
B™ = ker(ker(d7'™!) — H™TH(C®))

and let 9/, : L'™ — B™*! be a surjection, where L™ is a finitely generated free R-module. Note that B!
is finitely generated by the noetherian hypothesis. Similarly let L"™ be a finitely generated free R-module
and let

L' — ker(dy)

be a map of R-modules, inducing a surjection L™ — H™(C*). Let
¢II . L/l’rn - Cm
be the induced map. Consider the diagram

o/

L'm Om m+1
J/¢7n+1
am
cm C; Cm+1

and let ¢/, : L'"™ — C™ be any map making this diagram commutative. This makes sense, because by
construction we have ¢,,+1 0 9}, C Image(dy).

Finally define
Lm = L/m P L//m

and

G i= bhy B Gy, A} =), B O.
With these definitions, we have completed the extension of our diagram () from m + 1 to m. Since a
diagram (x) clearly exists for m > n (just set L' = 0 for all i), we see that by induction, the diagram (x)
exists for m = —1. Now replace L° by L°/(ker(¢o) Nker(d?)). The complex L* now has all the requested
properties.

We suppose now that all the C* are flat. We wish to show that L? is also flat.

To see this, notice that for any R-module M, we have the two spectral sequences
E?1 = Tor_,(HY(L*), M) = Tor_,_,(L*, M)

and
E?? = Tor_4(LP, M) = Tor_,_,(L*, M)

and similarly for C* (see Theorem 1.4). From this and the fact that these spectral sequences are functorial
in L*®, we conclude that

e Tor_,.(L* M)~ Tor_,.(C*, M) forallr € Z;
e Tor_,(C*, M) =H"(C*® M) forallr € Z;

e Tor_,.(L*, M) ~ Tor_,(L° M) for all r < 0.

and thus that Tor, (L%, M) = 0 for all 7 > 0. Since M was arbitrary, we conclude that L is flat. O
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In the next lemmata, Nakayama’s lemma will play a big role. We recall one of its formulations:

Lemma 4.6 (Nakayama’s lemma). Let R be a local ring with maximal ideal m. Let M be a finite R-module. Let
bi,...,br € M be pairwise distinct elements. Then the set {bi,...,by} is a set of generators of M of minimal
cardinality if and only if the image of {b1, ..., by} in M /mM is a basis of M /mM as a R/m-vector space.

See [ , p- 21] for the proof.

If Ris aring and L* is a cochain complex of R-modules. Let p € Spec(R). We denote by L; the complex
on R, obtained by localisation and we write L®(p) for the complex Ly ®g, Ry /pRy, which is a complex of
k(p) := R, /pRy-vector spaces.

Lemma 4.7. Let R be a noetherian ring. Let M be a finitely generated R-module. Then the function dim,, (M (p))
is upper semicontinuous on Spec(R), ie for all n € Z, the set

{p € Spec(R) | dim () (M(p)) = n}

is closed. If R is reduced and dim,, (M (p)) is constant then M is locally free.

Proof. Let
RS R S M—=0

be an exact sequence. Such a sequence exists because M is finitely generated and because of the noetherian
hypothesis. Let p € Spec(R). Let (¢i;)1<i<s;i<i<t be a s X ¢ matrix representing the map R* — R® in
the standard bases. For each [ > 1, let fi;, ... fi,: be the set of all the minors of order ! of (¢;;) (these are
polynomials in the ¢;;). We then have

{p € Spec(R) | dimyq(p)(M(p)) > n} = {p € Spec(R) | s — k(3 () > n}
= {p € Spec(R) | 1k((94;(p))) < s —n} = {p & Spec(R) VI > s —n. v > 1: fir € p)
= Niss—n mflzl V((fl""))

proving the first assertion in the lemma.

For the second assertion, let p € Spec(R) and let 71, ...,~, be a basis of M (p). We have to show that M
is locally free in a neighborhood of p. Lift this basis to a set a1 /b1, ..., a,/b. € M,, where by,...b, € R\p.
We may and do replace R by Ry,...4,., since Ry, ..., corresponds to a basic open set of R. Consider now the
exact sequence of R-modules

0K SR 3M-0=0 (35)

where ¢((21,...,2,)) = >, z;-3*. Now by construction C(p) = 0 and by Nakayama’s lemma, we conclude
that C,, = 0. Since C'is a finitely generated R-module, this means that there exists b € R\p such thatb-C' =0
and thus replacing again R by R;, we obtain a sequence of R-modules

O—>K—>R’"3>M—>O

Now K is a finitely generated R-module as well, since R is noetherian and we choose a surjection R* — K.
This yields another exact sequence of R-modules

RAR A M0
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Now by the assumption that dim,4)(M(q)) = r for all g € Spec(R), we see that for all g € Spec(R), the
map ¢(q) is an isomorphism and thus A(q) = 0 for all q € Spec(R). Now the map A can be described by a
matrix (¢; € R) and we have just shown that for all ¢, j and all q € Spec(R), we have ¢;;(q) = 0. In other
words, for any pair of indices i, j, the elements ¢);; is in the nilradical of R. But the nilradical of R is 0 by
assumption and thus A = 0. We conclude that ¢ is an isomorphism and thus M is free. O

Lemma 4.8. Let R be a reduced noetherian ring. Let
020 S v d L o

be a finite cochain complex of finitely generated free R-modules. Suppose that the function on Spec(R)

P dimy ) (' (L°(p)))
is constant. Then H*(L®) is free and there is a natural isomorphism

H'(L*)(p) ~ H'(L*(p))
forall p € Spec(R).
Proof. Consider the following portion of the L*:

J N A R
By assumption, the function of p € Spec(R) given by
nullity(d’(p)) — rk(d'~" (p))
is constant. By the rank nullity formula, we now that
nullity (d(p)) = dim (L) — rk(d'(p))

and thus the quantity rk(d’(p)) + rk(d"~!(p)) is constant on Spec(R). Remember that by Lemma 4.7, the
quantity —rk(d’(p)) is upper semicontinuous. On the other hand, since rk(d’(p)) + rk(d*~*(p)) is constant,
the quantity rk(d‘(p)) is also upper semicontinuous. Hence rk(d(p)) is continuous, or in other words
locally constant. Similarly rk(d‘~!(p)) is locally constant.

Now consider the sequence
DS L Lyt 5o
where L/Li~! ;= L' /Tmage(d’~!). Reducing mod p, we obtain a sequence
i~y 4N i rie1
L™ p) =7 Lp) = (LY/L77)(p) = 0

and since rk(d*~!(p)) is locally constant, we see that rk((L?/L*~1)(p)) is also locally constant and we con-
clude from Lemma 4.7 that L /L*~" is locally free. Similarly, L+ /L is locally free.

Lastly, consider the sequence

0—=H(L*) = L'/L" - L' - L' /LT =0
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where the differentials are the obvious ones. This sequence is by construction exact. Since L?/L*~!, Li*!
and L' /L" are locally free, we see that H'(L®) is also locally free (show this!) and that the sequence

0 — H(L®)(p) — (L'/L'=)(p) = L™ (p) = (L™ /L7)(p) = 0
is also exact. Now the analogous sequence
0= H'(L*(p)) — L'(p)/ L'~ (p) = L™ (p) — L™ (p) /L' (p) — 0

is also exact and we have

L'(p)/L" (p) = (L'/L71)(p)
and

L' (p)/L*(p) = (L' /L")(p).

This gives a canonical isomorphism H*(L*®)(p) ~ H*(L*(p)). O
Lemma 4.9. Let R be a noetherian ring. Let
0L L' .- = L"=0

be a finite cochain complex of finitely generated free R-modules. Then the function on Spec(R)

P Y (—1)  dimy ) (H'(L*(p)))

120

is locally constant on R.
Proof. Notice that

> (1) dimy ) (HY (L% (p)) = D (—1) dimypy (L7 (p)) = Y (=1)"tk(L?)

i>0 i>0 i>0

We leave it to the reader as an exercise to check this (hint: lift bases). The lemma follows from this. O
We can now turn to the proof of the semicontinuity theorem.

Proof. (of Theorem 4.4) Consider the complex L® := f.(C*((U;), F)). Then L’ are flat and quasi-coherent,
L* is a finite complex and by construction for any cartesian diagram as in the statement of Theorem 4.4,
we have

H (b*(L®)) ~ R fL(r" F).
Hence we only have to show that there exists a complex of coherent locally free modules K*®, which is
quasi-isomorphic to L®. This complex will have all the required properties by Lemma 3.10. To conclude,
apply Lemma 4.5. O

Corollary 4.10. Let f : X — Y be a strongly projective morphism. Suppose that Y is noetherian. Let F' be a
coherent sheaf on X and suppose that F is flat over Y. Then the function

yHZ dlmff(y) Hl(XyaFy))

120

is locally constant on Y.
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Proof. Apply Lemma 4.9 to the complex K*® provided by the semicontinuity theorem. O

Corollary 4.11. Let f : X — Y be a strongly projective morphism. Suppose that Y is noetherian and reduced. Let
F be a coherent sheaf on X and suppose that F' is flat over Y. Suppose that the function

is locally constant on Y. Then R’ f..(F) is locally free.

Proof. Apply Lemma 4.8 to the complex K*® provided by the semicontinuity theorem. O

4.3 Hilbert polynomials
Let r > 0 and let K be a field. Let F' be a coherent sheaf on P},.. For all n € Z, we write

xr(n) =Y (~1)"dimg H' (X, F ® O(n))

i>0

Proposition 4.12. The function x r(e) is a polynomial with rational coefficients.
The polynomial x r(e) is called the Hilbert polynomial of F.

Proof. If G is a quasi-coherent sheaf on a locally noetherian scheme, we shall write SS(G) for the closed
subscheme associated with the annihilator Ann(G) (see Exercise 4.5).

Notice first that the statement clearly holds if F' is the zero sheaf.
By noetherian induction (see 4.8), we may thus suppose that the Proposition holds if SS(F') # X.

Now consider the sequence
0—-0(-1) -0 — Z(Xy) —0

associated with the section X, of O(1). Tensoring this sequence with F, we obtain a sequence
L*: 05 K-> F(-1)>F—>F®Z(Xy) —0 (36)
where K sits in degree 0. If we consider the spectral sequence
EY" = HY(P}, LP) = HPT (P}, L*)

we see that

> (1Pt dimg (HY(Phe, LP)) = Y (—1)* dimg (H" (P, L*))
p,q k

Now notice that

Y (1P dimg (HI(Py, LP)) = Y (=1)"x+(0)

p.q k

and that H*(P%,, L*) = 0 for all k, since the sequence (36) is exact. Making the same computation for the
sequence (36) tensored with O(n), we conclude that

D (=1)fxpr(e) =0

k
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The same reasoning clearly applies for any bounded sequence of coherent sheaves on P in lieu of L*®.

Now notice that
Klgy, . =F © Z2(Xo)lg, , =0

K,Xq
and so SS(K) # X and SS(F ® Z(Xy)) # X. By noetherian induction, we see that the function xg(n) —
xr(n — 1) is a polynomial in n. Let P(n) := xr(n) — xr(n — 1). We have

xr(n) =xr(0)+ ZPU‘?)
k=1
Now notice that for all ¢ > 0, the function ), _, k" is a polynomial in n with rational coefficients (we have

S kO =mn,>7_ k=n(n+1)/2etc). Thus xr(n) is a polynomial in n with rational coefficients. O

Complement 4.13. We record the following fact, which was established in the proof of Proposition 4.12. If
0—-F - F—F'"=0

is an exact sequence of coherent sheaves on [P}, then we have
xr(n) = xr(n) + xrr(n)
foralln € Z.
Example 4.1. We have
_(n+r
XOP;( (TL) = n
We leave the verification of this formula as an exercise for the reader (hint: use Exercise 3.9).

Proposition 4.14. Let S be a connected locally noetherian scheme, let r > 0 and let « : X — PY be a closed
subscheme of P'y. Suppose that X is flat over Spec(A). Then the Hilbert polynomial of v,.(s) = Xy(s) — P,

n(s) does
not depend on p € S.

Here the immersion ¢,,(5) : X, 5) — IP’Z(S) is obtained by base-change from ¢ : X — P% via the natural
morphism Spec(k(s)) — S.

Proof. Follows from Corollary 4.10. O

4.4 exercises

Exercise 4.1. Let Spec(B) — Spec(A) be a morphism schemes and F' a quasi-coherent sheaf on Spec(B). Let M
be the B-module associated with F. Show that F is flat over Spec(A) if and only if M is flat as an A-module.

Exercise 4.2. A map of sets S — T is quasi-finite if for all t € T, the set f~1(t) is finite. Let f : X — Y be an
affine and strongly projective morphism of schemes. Assume that Y is noetherian. Show that f is quasi-finite.

Exercise 4.3. Let f : X — Y be a morphism of schemes and let F' be a quasi-coherent sheaf on X. Suppose that F
is flat over Y. Let
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X L X
b
vy sy
be a cartesian diagram. Show that r*(F) is flat over Y.

Exercise 4.4. Let X be a locally noetherian scheme. Let F, G be quasi-coherent sheaves on X. Suppose that F is
coherent. Show that the O x-module Hom(F, Q) is quasi-coherent. Show that Hom(F, G) is coherent if F and G
are coherent.

Exercise 4.5 (Annihilators). Let R be a ring and let M be an R-module. Define
Ann(M) :={re R|r-M =0}
Show that Ann(M) is an ideal in R.
Let now F' be a O x-module on a ringed space X. Show that multiplication by scalars induces an arrow
m: Ox — Hom(F, F)

Suppose now that X is a locally noetherian scheme and that F is quasi-coherent. Show that ker(m) is a coherent
sheaf of ideals. Let U be an open affine subscheme of X. Show that the ideal of T'(U, Ox) corresponding to ker(m)|y
is the annihilator of T'(U, F'|¢7). We write Ann(F') := ker(m).

Exercise 4.6. Let X be a locally noetherian scheme and let F' be a quasi-coherent sheaf. Let « : Z — X be the closed
subscheme of X associated with Ann(F). Show that the natural morphism F — 1, (¢*(F')) is an isomorphism.

Exercise 4.7 (noetherian induction for topological spaces). Let T be a noetherian topological space. Let P(e)
be a property of closed subsets of T. Suppose that P(empty set) holds and that for all closed subsets C of T, the

statement
if P(C") holds for all closed subsets C' 75 C then P(C) holds

is verified. Then P(T) holds.

Exercise 4.8 (noetherian induction for schemes). Let T' be a noetherian scheme. Let P(e) be a property of closed
subschemes of T. Suppose that P(empty scheme) holds and that for all closed subschemes C of T, the statement

if P(C") holds for all closed subschemes C’ &5 C then P(C) holds

is verified. Then P(T') holds.

5 Further results on the Zariski topology

5.1 Irreducible components

Definition 5.1. Let T be a topological space. We say that T is irreducible if every non empty open subset of T is
dense in T.

Equivalently, T is irreducible iff no proper closed subset of T" contains an open subset of T" or if there is no
pair of disjoint non empty open subsets in 7. Notice that every open subset of an irreducible topological
space is irreducible.
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Lemma 5.2. If A is a ring then Spec(A) is irreducible if and only if A/+/(0) is an integral ring.

Proof. Since irreducibility concerns Spec(A) only as a topological space, we may wrog replace Aby A/,/(0),
since the corresponding morphism Spec(A/+/(0)) — Spec(A) is a homeomorphism (because it is a surjec-
tive closed immersion). Thus we may assume that 1/(0) = (0) or in other words that A has no non-
vanishing nilpotent elements.

Suppose first that Spec(A) is irreducible and suppose that A were not integral. Then there is f, g € A, with
f.g # 0and f - g = 0. The open subsets D;(A) and D,(A) are then disjoint and non-empty. To see this,
suppose that for some p € Spec(A) we have f ¢ p,iep € Ds(A). Since f - g = 0 € p, we thus have g € p,
since p is prime. Hence p ¢ D,(A). Thus we have D;(A) N Dy(A) = 0. and thus Spec(A) is not irreducible,
contradicting the assumption.

Now suppose that A is integral. If A is not irreducible, there are two non empty disjoint open subsets in
Spec(A). Reducing their sizes, we may assume that they are basic open set D;(A) and D,(A) for some
f,g € Awith f, g # 0. From the disjointness, we conclude that for every p € Spec(A4), we have either f € p
or g € p. In particular for every p € Spec(A), we have f - g € p. This implies that f - ¢ is in the nilradical of
A, which is zero by assumption so f - g = 0, a contradiction. So A must be irreducible. O

Corollary 5.3. Let A be aring. Let I C A be an ideal. Then V (I) is irreducible if and only if \/T is a prime ideal.

Lemma 5.4. Let T be a noetherian topological space. There is a finite sequence C1, . . . Cy, of closed irreducible subsets
of T such that

L4 Uz C; =1;
e for all indices i, we have C; € U;4,;C;.
This sequence is unique up to permutation of the indices.

Proof. See Exercise 5.1. O

Complement 5.5. If we apply Lemma 5.4 and Corollary 5.3 to Spec(A), where A is a noetherian ring, we
obtain the following statement. There is a finite sequence py, . .. pj of prime ideals in A such that

e for all indices i, we have p; 2 Njxip;.

This sequence is unique up to permutation of the indices. These ideals are called the minimal prime ideals
of A.

In particular, if I is an ideal in a noetherian ring A, there is a finite sequence p;, ... pj of prime ideals in A
such that

L4 ﬂlpz :\/T;

e for all indices i, we have p; 2 Nj4;p;.

This sequence is unique up to permutation of the indices.
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The following lemma points out a specific property of irreducible closed subsets of schemes.

Lemma 5.6 (generic points). Let S be a scheme. Let C' C S be an irreducible closed subset. There is a unique point
n € C such that the Zariski closure 7 is C.

The point 7 is called the generic point of C.

Proof. We may wrog replace S by the reduced closed subscheme of S obtained from C' (see Remark 2.41).
We thus have to show that if S is an irreducible scheme then it has a unique generic point 7. Since this
question concerns only the topology of S, we way also suppose that S is reduced.

Now suppose to begin with that S = Spec(A) is affine. Then Lemma 5.2 shows that A is a domain. Now
p € Spec(A) be a prime ideal. The Zariski closure of p is a closed set V' (a) for some ideal a C A such that

e aisaradical ideal;
e peV(a);

e if p € V(¢) for some radical ideal ¢ then V' (c) D V(a).
Translated into the language of ideals, this gives:

e aisaradical ideal;
e aCp;

e if ¢ C p, where ¢ is a radical ideal, then ¢ C a.

From this we deduce that a = p or in other words that the Zariski closure of p € Spec(A) is V(p). Now
notice that (0) € Spec(R) has the property that V' ((0)) = Spec(R) so Spec(R) has at least one generic point.
On the other hand, if V(p) = Spec(R) for some prime ideal p € Spec(R), then \/p = p = +/(0) = (0) (since
R is a domain) so that the generic point is unique. This proves the lemma when S is affine.

In general, let (U;) be an open affine covering of S. Each U; is reduced and irreducible and thus by the
above there is a unique 7; € U; such that 7; N U; = U;. Let 4, j be any pair of indices and let V;, C U; N U; be
a non-empty open affine subset (note that U; NU; # () because S is irreducible). Notice that by construction
1,1 € Vi and ; N Vi, = 3 N Vi, = Vi On the other hand V), also has a unique generic point by the above
so n; = 1;. Hence all the 7); are equal to one € S. We conclude that

Uanw) =ﬁﬂUUi=S

l

and thus 7 is a generic point of S. To see that it is unique let ' be another generic point of S. Let U C S be
an open affine subscheme. Then 7,7’ € U and n and ' are also generic points of U. Hence n = 7’ by the
above. O

5.2 Constructibility

Definition 5.7. Let T' be a noetherian topological space. A subset E C T is called constructible if E is a finite union
of locally closed subsets.
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The class of constructible sets is the smallest subclass of the power set of T, which contains the open subsets
of T and is closed under finite unions and complementation (prove this!).

5.3 Chevalley’s theorem

Theorem 5.8 (Chevalley-Tarski). Let f: X — Y be a morphism of finite type. Suppose that Y is noetherian. Let
E C X be a constructible subset of X. Then f(E) is a constructible subset of Y.

To prove Theorem 5.8, we shall need some preliminary results in commutative algebra.

Theorem 5.9 (Noether’s normalisation lemma). Let K be a field and let A be a finitely generated K-algebra.
Then there is a natural number n € N and a map of K-algebras

(,ZSK[Tl,Tn}—)A

such that ¢ is injective and finite.

Note that the map ¢ endows A with a K[T1,...T,]-algebra structure. By definition, ¢ is finite if A is a
finitely generated K[11, ...T;,]-module.

Proof. See [ , p- 69]. O

Theorem 5.10 (Going up theorem; [ , Th. 511]). Let ¢ : A — B be a morphism of rings and suppose that
¢ is injective and finite. Then Spec(¢) : Spec(B) — Spec(A) is surjective.

To prove Theorem 5.10, we shall need the following lemmata.

Lemma 5.11. Let k be a domain let M be a finite k-module. Let ¢ : M — M be a map of k-modules. Thenisn € N
and P(t) =t" + a,_1 - t" "1 + -+ + ag with a; € k such that P(¢) = 0.

Proof. (of lemma 5.11) Let h € Nand let s : k" — M be a surjective map of k-modules. Let ¢ : k" — k" be
any map of k-modules such that s o ¢ = ¢ o 5. Then thereisn € Nand P(t) =" + ap—1 - t" ' + -+ ag

with a; € k such that P(¢) = 0 (by Cayley-Hamilton). Thus

P(¢)os=s0P()=0
and since s is surjective, we see that P(¢) = 0. O

Complement 5.12. Lemma 5.11 is also true without the assumption that & is a domain. This follows from
the generalised Cayley-Hamilton theorem. See Theorem 2.1 in Commutative Algebra by H. Matsumura for
this.

Lemma 5.13. Suppose that A : k — By is an injective and finite map of domains. Then By is a field if and only if k
is a field.

Proof. (of Lemma 5.13). Suppose that k is a field. By induction on the number of generators of By as a
k-module, we may suppose that By is generated by one element by € By over k. Let k[t] — By be the
k-algebra map sending ¢ on by. The kernel of this map is a prime ideal, since By is integral. Since prime
ideals in k[t] are maximal, we conclude that B is a field.

68



No suppose that By is a field. We want to show that k is a field. Let € k*. We only have to show that the
inverse x7! € By liesin k. Let e, : By — By be the map such that e, (z) = z/x for all z € By. By Lemma
5.11, there is a polynomial P(t) = t" 4+ a,_1 - "' + -+ 4+ ag € k[t] such that P(e,) = 0. In particular, we
have P(e,)(1) = P(1/z) = 0. Thus we have 2"~ - P(1/z) = 0, ie

t fapx+--+ag-az" =0

which implies that 1 ek O

Proof. (of Theorem 5.10) Let p € Spec(A). The localised map ¢, : A, — B, is also finite and injective. Here
B, is the localisation of B viewed as an A-module. It is easily checked that B, is naturally isomorphic to
the localisation By(4\p) of the ring B at the multiplicative set ¢(A\p) and that via this isomorphism the
map ¢, is a map of rings. Furthermore, there is a commutative diagram

Spec(By,) — Spec(B)
\LSPEC(%) J/SPEC(@
Spec(A,) — Spec(A4)
Since p is the image of the maximal ideal m of A, under the map Spec(A,) — Spec(A), it is sufficient to
show that there is a prime ideal q in B, so that ¢, ' (q) = m. Let q be any maximal ideal of B,. We have

an injective and finite map A, /¢, '(q) — B,/q. By assumption, the ring B,/q is a field and by Lemma
5.13, the ring A, /¢, '(q) is also field, ie ¢, '(q) is a maximal ideal in A,. Since 4, is a local ring, we have

p=dp (a): O
Lemma 5.14. Let ¢ : A — B be an injective map of rings. Suppose that ¢ makes B into a finitely generated
A-algebra. Suppose that A is a domain. Then the following two conditions are equivalent:

(a) B isa finite A-module;

(b) ifby,...by is a set of generators of B as an A-algebra, there is for each i a monic polynomial Py, (t) € A[t] such
that Py, (b;) = 0.

Proof. (a)=(b). Apply Lemma 5.11 to the multiplication by b map () -b: B — B.

(b)=(a). Any element of B can be expressed as a polynomial in the b; with coefficients in A. On the other
hand, by assumption, for each b; some power b’ is a A-linear combination of powers b} with I < I;. Hence
every element of B can be expressed as a linear combination of the elements

11—1 Io—1 Ip—1
by, B by, T gy BT
O

Lemma 5.15. Let ¢ : Ay — By be an injective morphism of rings. Suppose that Ay and By are integral rings
and suppose that By is finitely generated as an Ag-algebra. Then thereis n € N, s € Ag and a finite and injective
homomorphism of Ag-algebras

Ao sltr, ... tn] = Bos

Here Ay s is (as usual) the localisation of A at the multiplicative set generated by s and By ¢ is the localisation of By
at the multiplicative set generated by ¢(s).
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Proof. Let K be the fraction field of Aq. Consider the map
oK : K — By R Ao K~ BO,qb(A(j)

given by the formula ¢k (a/b) = 1 ® a/b. The map ¢k is also injective and By ® 4, K is a domain and a
finitely generated K-algebra. A similar reasoning was already made in the proof of Theorem 5.10 and we
leave the details of the verification of these facts to the reader. By Noether’s normalisation lemma 5.9, there
is an injective and finite map of K-algebras

A K[ty ..o ta] = Bogas)
Fori € {1,...,n} letby/ay := A(t), where b € By and a; € Aj. Let so be a multiple of s a2 - ay. Let
Aot Ao,soltas - tn] = Bog(se)

be the morphism of Ay ,,-algebras sending ¢; to b;/a;. The map )\ is injective because Ay is a domain and
A is injective. Let now ci/d1,...cp/dr € By 4(s,) be a set of generators of By 4(5,) as a Ao s,-algebra. By
Lemma 5.14, for each of the ¢;/d; there is a monic polynomial P;(t) with coefficients in K|t1,...,t,], such
that P(c;/d;) = 0in By 4(ax)- We may suppose wrog that the product of all the denominators appearing
in the coefficients of all the P; divides so. We conclude from Lemma 5.14 that By 4(s,) is a finite Ag .-
algebra. O

Proof. (of the theorem of Chevalley-Tarski).

Step I. We shall first prove the following statement. If f(E) is Zariski dense in' Y then f(FE) contains a non
empty open subset of Y.

We shall prove this statement. First, by noetherian induction, we may assume that £ = X and assume that
the statement holds if £ # X.

Suppose that f(E) is Zariski dense in Y. We may assume wrog that X is irreducible. To see this, suppose
that X has several irreducible components X;, ... X,. We then have

fXinE)U---Uf(X,NE)2 f(E)

and thus for one of the sets f(X; N £) we must have f(X; N E) = Y. We may thus replace X by X; and F
by £ N X;. We may also assume that Y is irreducible (the argument is similar).

We may also suppose that X and Y are reduced, since the statement to be proven is topological.

My may wrog replace Y by one of its open affine subschemes V and X by X xy V, so we may assume that
Y is affine.

Let now U C X be a non empty open affine subscheme. Either f(U N E) is Zariski dense in Y or
FfU(X\U)NE) is Zariski dense in Y. In the latter case, the assertion follows from the noetherian induc-
tive hypothesis so we may assume that f(U N E) is Zariski dense in Y and thus replace X by U. Now
by definition, E is a finite union of locally closed subsets and one of these closed subsets, say Ey, must be
dense in X. In particular, £, contain an affine open subset Uj of X and as before, we may replace X by Uy
so that we now have £ = X. By Lemma 5.2, we may thus assume that X = Spec(B) and Y = Spec(A4),
where A and B are integral rings. Let ¢ : A — B be the corresponding maps of rings. We deduce from the
fact that f(X) is dense in Y that ¢ is injective (we ask the reader to prove this in Exercise 5.2).

70



So we are now reduced to show that thatif ¢ : A — B is an injective map of rings, which makes B a finitely
generated A-algebra, then Spec(¢)(Spec(B)) C Spec(A) contains an open subset of Spec(A).

Now recall that by Lemma 5.15, there is n € N, s € A and a finite and injective homomorphism of A,-
algebras
As[th e 7tn] — Bs

Here A, is (as usual) the localisation of A at the multiplicative set generated by s and B; is the localisation
of B at the multiplicative set generated by ¢(s). We may wrog replace Aby A, and B by B, since Spec(A;)
is a basic open subset of Spec(A). In this situation, Theorem 5.10 implies that Spec(¢) is surjective and we
have proven the statement and completed Step L.

Step II. By noetherian induction, we may assume that the Zariski closure of f(E) is Y (use Exercise 3.3 and
4.7) and that the intersection of f(E) with any proper closed subset of Y is constructible. Let U C f(FE)
be the non empty open subset of Y whose existence is predicted by Step I. We know that f(E) N (Y'\U)
is constructible by the noetherian inductive hypothesis and thus f(£) is the union of two constructible
subsets of Y and is thus constructible. O

5.4 exercises

Exercise 5.1. Prove Lemma 5.4.

Exercise 5.2. Let ¢ : A — B be a morphism of integral rings. Suppose that Spec(¢) : Spec(B) — Spec(A) has
dense image. Show that ¢ is injective.

Exercise 5.3. Let (X, Ox) be a noetherian scheme. Let (Xyed, Ox,.,) — (X, Ox) be the closed reduced subscheme
of (X, Ox) associated with the closed subset X. Show that (X, Ox) is affine if and only if (Xyea, Ox,..) s affine.

Exercise 5.4. Let f : X — Y be a strongly projective morphism. Suppose that Y is noetherian. Let F' be a coherent
sheaf over X and suppose that F is flat over Y. Suppose also that for some k > 0 and some y € Y we have

H*(X,(y), Flx,., ) = 0. Prove that the coherent sheaf R* f.(F) vanishes in a neighbourhood of y.

y)» w(y)

Here are some explanations on the notations. Let X, := X Xgpec(n(y)) ¥ and let ¢ : X, — X be the first
projection. We let F|x,_ . == v*(F).

Exercise 5.5. Let X be a noetherian scheme and let L, M be line bundles on X.

e Suppose that L is ample. Show that for sufficiently large n > 0, the line bundle L®™ @ M is ample.
o Suppose that L and M are ample. Show that the line bundle L ® M is ample.
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