REPRESENTATION THEORY OF SEMISIMPLE LIE ALGEBRAS

KONSTANTIN ARDAKOV

1. THE UNIVERSAL ENVELOPING ALGEBRA OF A LIE ALGEBRA
1.1. Lie algebras. Let k be a field.

Definition 1.1. A Lie algebra g over k is a k-vector space with a bilinear operation [, |: g x g — g (called
the Lie bracket) that satisfies the following identities:

(1) (alternating) [x,x] = 0 for all x € g. (When char k # 2, this is equivalent with “skew-symmetry”:

[z,y] = —[y, 2], =,y € g.)
(2) (Jacobi identity): for all z,y,z € g,

[z, [y, 2]] + [z, [z, y]] + [y, [2,2]] = 0.

A Lie algebra is a non-associative algebra, and the Jacobi identity replaces the associativity condition.
There are a few basic examples to keep in mind.

Example 1.2.

(1) Let A be an associative algebra. Then we may define a Lie algebra structure on g = A by setting the
bracket to equaled the commutator in A; [z,y] = 2y — yz. One verifies immediately that the Jacobi
identity is satisfied because of the associativity of the multiplication in A.

(a) Let V be a k-vector space and A = Endg (V). Applying the construction above to this setting,
we obtain the Lie algebra gl(V') whose elements are the endomorphisms of V' and the bracket is
the commutator.

(b) If V is finite dimensional and we fix a basis of V', we may identify V = k™ and Endg (V) with
n X n matrices with coefficients in k. Then the Lie algebra is gl(n, k), the general linear Lie
algebra of n x n matrices with the Lie bracket given by the commutator.

(2) Let V be a k-vector space, and consider sl(V) = {z: V — V | tr(x) = 0} with the Lie bracket given
by the commutator in gl(V) H If V is finite dimensional and we fix a basis as before, we obtain the
special linear Lie algebra sl(n,k) of n x n matrices of trace 0. Notice that this algebra is not an
example of (1): in order to define the bracket in sl(V'), we invoke the commutator in a larger algebra,
gl(V). In fact, one may prove that in general there is no associative algebra A such that sl(2) is
isomorphic with the Lie algebra obtained from A via the construction in (1).

(3) (Classical Lie algebras) Let V be a finite dimensional vector space over k and B : V x V — k be a
bilinear form. Define

Der(B) = {x € gl(V) | B(zu,v) + B(u,zv) =0, for all u,v € V'}. (1.1.1)
Thi is a Lie subalgebra of gl(V'), consisting of the linear maps that preserve B. Suppose that B is
nondegenerate.

(a) If B is symmetric, we obtain the orthogonal Lie algebra with respect to B, denoted by so(V, B).
When k£ = C, all nondegenerate symmetric bilinear forms are equivalent, hence there is only
one (up to isomorphism) orthogonal Lie algebra over C. On the other hand, if ¥ = R, then
the nondegenerate symmetric bilinear forms are classified by their signatures, and so are the
orthogonal Lie algebras over R.

(b) If B is skew-symmetric, we obtain the symplectic Lie algebra with respect to B, denoted by
sp(V, B). Since B is nondegenerate, dim V' must be even. Recall that, unlike the case of sym-
metric bilinear forms, the classification of skew-symmetric bilinear forms is independent of the
field. In particular, there exists only one (up to equivalence) nondegenerate skew-symmetric
bilinear form and thus, only one symplectic Lie algebra (up to isomorphism).

IThese notes are based on an earlier version of this course by Dan Ciubotaru.
Lrecall that the commutator of any two linear maps has trace 0
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(4) Let g = gl(n, k) be the general linear Lie algebra. We denote by n™, h, n~ the Lie subalgebras of
strictly upper triangular matrices, diagonal matrices, and strictly lower triangular matrices, respec-
tively. The vector space decomposition g = n™ © h ® n~ will play an important role in the theory.
We emphasize that this is not a Lie algebra decomposition.

1.2. Lie algebra representations.

Definition 1.3. A representation of the Lie algebra g over k is a k-vector space V together with a linear
map p: g — Endg (V) (the action) such that

p([z.y]) = p(@)p(y) — p(y)p(x), for allz,y € g. (1.2.1)

An equivalent way is to say that the map p : g — gl(V') is a homomorphism of Lie algebras. We also say that
V is a g-module.

If (p, V) is a representation of g, we will often write z - v in place of p(z)(v) for the action, z € g, v € V.

Example 1.4.

(1) Let g = gl(V) act on V in the usual way, i.e., the map p is the identity. In terms of matrices, if
g = gl(n, k) and V = k™, then the action is just matrix multiplication: an n X n matrix times a
column vector.

(2) If g is any Lie algebra, the adjoint representation is ad : g — gl(g), ad(z)(y) = [x,y], for all z,y € g.
The fact that this is a representation is equivalent with the Jacobi identity.

(3) If g is any Lie algebra, the trivial representation is the one dimensional representation pg : g — gl(k),
given by po(z) = 0 for all x € g. More generally, if (p, V) is any g-representation, we write

Ve={veV|plx)y=0, for all z € g}. (1.2.2)
This the sum of all trivial subrepresentations of V.
(4) If V,W are g-modules, then so is Homy (V, W), via the rule
(- f)(v) =xf(w) — f(zv) forall f & Homy(V,W),z€g,veV.
Later in the course we will specialize to certain types of representations.
1.3. Tensor products. Recall that the tensor product of two k-vector spaces U, V is a k-vector space UQ V.
A typical element in U ® V' is Y ;" | u; @ v;, where u; € U and v; € V. This satisfies the following properties:
(1) (w1 +u)@v=1u; @V +us v, up,uz €U, v € V;
(2) uR (V1 +v2) =uRu +tuuy, u €U, vy,v3 €V
B) M)@v=u® (M) =ANu®v), A€k ueclU,veV.
If {e; | i € I} isabasisof U and {f; | j € J} is a basis of V, then {e; ® f; |t € I, j € J}isabasisof UQ V.
In particular, dim(U @ V) = dim U - dim V.
More generally, if Vi,...,V,, are k-vector spaces, we may define recursively the tensor product V; ® Vo ®
-+ +® Vj. This tensor product of vector spaces is associative, so we can ignore the order in which we construct
this tensor product, e.g., (V1 @ Vo) @ V3 2 V1 @ (V2 @ V3).
In particular, we can speak about the n-fold tensor product of a vector space V:
T"V)=VeVe---V.
—_
n times
If U and V are g-representations, then we define an action of g on U ® V' by:
z-(uv)=(z-v)yRv+ux(z-v), zecg, u,veV. (1.3.1)
One verifies easily that this is indeed a Lie algebra action:
z-(y-(wov)=z ((y-uw)@v+u®(y-v))
=@ (y-uw)vt(yuwe(r-v)+ (@ vy v)+ud (@ (y v)).
Writing the similar equation for y - (z - (u ® v)) and subtracting, we see that the middle terms cancel, so:
[$7y] : (U®U) = [$7y} UKV U [xvy] - .

We can extend this definition to an action on tensor products Vi @ Vo ® - - - ® V,,, as the sum of actions on
one component at a time.
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Definition 1.5. V' be a k-vector space.
(1) Define T°(V) = k, and set
T(V)=PTV). (1.3.2)
n>0
Endow T(V') with the multiplication given by the tensor product:
T' (V) x TV (V) = TH(V), (z,y) » z®y.

This makes T(V') into an associative k-algebra with um’tyEL called the tensor algebra of V.

(2) The symmetric algebra S(V) of V is defined as the quotient of T(V') by the two-sided ideal generated
by{lr@y—yerzyeV}

(3) The exterior algebra AV of V is defined as the quotient of T(V) by the two-sided ideal generated by
{r®@z,zeV}.

The image of 11 @ X2 @ -+ ® ,, € T™(V) in S*(V) is denoted z122 - - - ,; its image in A" (V) is denoted
L1 NT2 N\ NIy
Remark 1.6. Let {z; |i € I} be a basis of V where (I,<) is an ordered set.
(1) A basis of S™(V) is given by {zi, 4, ... 4, |11 <dg <o <oy, i € I}
(2) A basis of N"V is given by {xi, Axig Ao+ ANy, | iq <o <+ <iy, ij € I}
In particular, if n > dim V, then A"V = 0.
Lemma 1.7. Let V be a g-module; then T(V), S(V) and AV are graded algebras, and each inherits a
g-action from V.

Example 1.8. Suppose the characteristic of the field %k is not 2. We can decompose V ® V as a direct sum:
2
Vev=s2W)e 'V,

where we embed S%(V) into V @ V via:
1
zyr S(z@y+y @),
and we embed A®V into V @ V via:

1
TAY— §(x®y*y®1’).
If V is a g-representation, then this decomposition of g-invariant, in other words, it is a decomposition as
g-representations.

1.4. The universal enveloping algebra: definition. Let g be a Lie algebra. The goal is to assign to g
an associative k-algebra with 1 such that the representation theory of g is equivalent with the representation
theory of this associative algebra.

Definition 1.9. Let T'(g) be the tensor algebra of g. Let J be the two-sided ideal of T(g) generated by all the
elements x @ y — y @ x — [x,y], with x,y € g. The universal enveloping algebra of g is the associative unital
k-algebra:

U(g) :=T(g)/J. (1.4.1)
There is a canonical linear map ¢ : g — U(g) obtained by composing the identity map g — T (g) with the
quotient map T'(g) — Ul(g).

For example, If g is a commutative Lie algebra (so the bracket is identically zero), then U(g) = S(g), the
symmetric algebra generated by (the vector space) g.
The adjective “universal” is motivated by the following universal property whose proof is straightforward.

Lemma 1.10. Let A be an associative unital algebra together with a linear map 7 : g — A such that
(@) - 7W)7(@) = 7([e,y)) forall yes.
There exists a unique unital algebra homomorphism 7' : U(g) — A such that
o=

2The element 1 comes from k = T9(V)
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In particular, notice that the lemma says that every Lie algebra representation of g can be lifted to a
representation of the associative algebra U(g). Indeed, if we have p : g — gl(V') a Lie algebra representation,
take A = Endg(V) and 7 = p and the claim follows from the universal property. Conversely, given any
representation of U(g), we obtain a Lie algebra representation of g by composing with the canonical map ¢.
Therefore, Lie algebra representations of g are the same thing as representations of Ul(g).

1.5. Filtration by degree and the associated graded algebra. We assume from now on that k£ has
characteristic 0 and that g is a finite dimensional Lie algebra over k.
The tensor algebra T'(g) has a natural filtration by degree via the subspaces
T.(0) =T < T(a).
i=0
Let U, (g) denote the image of T),(g) in U(g). Then {U,(g)} is a filtration by subspaces of U(g):
Uo(g) CUL(g) C -+ CUn(g) C-+, Ulg) = | Unlg). (1.5.1)
n>0
Definition 1.11. The associated graded algebra gr U(g) is defined as follows. As a vector space, it equals
grU(g) = groU(g) @ gr, U(g) @ gry Ulg) & ...
where gr, U(g) := Upn(9)/Un-1(g) for each n >0 and U_1(g) := {0}.
The multiplication in U(g) defines bilinear maps
gr, U(g) x gr,,, U(g) = rppin U(g)
and then, by bi-additive extension, a multiplication on grU(g).
This makes grU(g) into an associative unital graded algebra.
Fix an ordered basis {z;} of g. Denote the image of this basis in U(g) by {y;}. For every finite sequence
I=(i1,..., i) of indices, let yr = y;, yi, - - - yi,, € U(g).
Lemma 1.12.

(a) The vector space U,,(g) is generated by yr for all increasing sequences I of length at most m.
(b) The algebra grU(g) is commutative.

Proof. (a) The claim is clear without the adjective “increasing”. It follows by induction on m that indeed
we may take only increasing sequences.
(b) From part (a), we see that gr U(g) is generated as a graded k-algebra by gr Uy (g). But if X = z+Upy(g)
and Y =y + Up(g) are two elements in gr U;(g) with =,y € g then
XY =YX =ay—yz+Ui(g) = [2,y] + Ui(g) =0
because [z,y] € g maps to Uy (g) in U(g). O

We wish to show that the canonical map ¢ : g — U(g) is injective and to understand the structure of the
commutative algebra gr U(g). The main technical result that we need is next.

Let P = k[z;] be the algebra of polynomials in the indeterminates z;. Let P,, denote the subspace of
polynomials of total degree less than or equal to m. If I = (i1,...,4,,) is a sequence of integers, denote z; as
before. It will be convenient to use the notation i < I to mean ¢ < i forall k=1,... m.

Lemma 1.13 (Dixmier). For every m > 0, there exists a unique linear map fp, : ¢ ® P, — P such that:
(An) fo(xi ® z1) = 2521 for i < I, z1 € Py;
(Bm) fm(%i ® 21) — 2i21 € Py, for z1 € P, k <m;
(Cm) fm(xz & fm(xj @ ZJ)) = fm(xj o2y fm(xi 2y Z])) + fm([x’mxj] & ZJ): fOT zJ € Pm—l-

Moreover, the restriction of fm to § @ Pp—1 18 fm—1-

(Dizmier, page 68). E|To simplify notation, we will write
2z:= fp(x®z) for x€g,2€ Py,

when these have been defined; in this notation, the three conditions we need to establish become

3This proof is non-examinable.
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(An) ®izr = z;zr whenever @ < I and |I| < m,

(Bm) wizr — zizr € Py for any i and any I such that [I| < m,

(Cm) zi(xjzy) = xj(2i25) + |25, 2527, for any ¢, and any J such that |J| < m — 1.
In effect, the proof first constructs an action of the tensor algebra T'(g) on P, and then verifies that this
action descends to an action of U(g) on P by verifying condition (Cl,).
Step 1. The proof is by induction on m. For m = 0, we define for any index 1,

x; 1= 2z

then (Ap), (Bo) and (Cp) are all satisfied.
Step 2. Assume from now on that m > 1. Fix the index i and let I be an increasing sequence of indices
with |I| = m; we will define z;z;. Write I = (j,J) with j < J and |J| =m — 1.
(a) If i < j, then we define
XTiZ[ = 22 (1.5.2)
(b) If i > j then x;2; — 2z;25 € Pp—1 by (B;—1) and we define inductively
wizr = zizr +xj(xizg — zizg) + (@i, @)z (1.5.3)
Step 3. With these definitions, we see that (A,,) is satisfied, and it follows from (1.5.2)) that (B,,) is satisfied
if ¢ < I. Suppose that I = (j,J) where j < J but ¢ > j. Now (B,,—1) implies that gP,,—1 C P,,. Since
w2y — 225 € Py = Ppm_1 by (By—1), it follows that ;(2x;2; — z:25) € Py,. Similarly, because z; € P, 1
as |J| =m — 1, we have [z;,2;]z; € Pn,. Applying (1.5.3]) we see that in this case,
xizr — 221 = x(xizg — zi2g) + (@4, %525 € P,
as required for (B,,).
Step 4. It remains to check that (C,,) is also satisfied. So, let the indices 4, j be given and let J be an
increasing sequence of indices with |J| =m — 1. We split the problem into 4 cases.
(a). Suppose that j < J and i > j. Then by (1.5.2)), x;2; = z;z; = 21 where I := (j,J). Then by (L.5.3),
zi(xjzy) = xizr = zizr + x(xizg — zi2) + [T, 25)2.
But x;(%25) = 2225 by (1.5.2) because we're assuming j < ¢ and j < J, and this equals z;z;z; = z;21
because P is commutative. So the first term cancels with the third term and we obtain (C,,), namely
mi(szJ) :.Tj(l‘iZJ)—i- [xi,xj]ZJ. (154)
(b). Suppose now that ¢ < J and j > 4; then by swapping ¢ and j in ((1.5.4) we obtain
mj(xin) = $i<$jZJ) + [xj, .'L'i]ZJ.

Rearranging this equation and using [z, z;] = —[z;, z;] shows that (C,,) is also satisfied in this case.
(c). Because (Cy,) is trivially satisfied when ¢ = j, it follows from (a, b) that (C,,) holds if i < J or j < J.
(d). Suppose finally that J = (k, K) with ¥ < K and k < i and k < j. Then |K| =m — 2 so by (Cy,—1),

zjzy =xj(Tpzr) = p(Ti2K) + [, Tk 2K - (1.5.5)
Now by (Bm-1), ;2K = zjzK + w for some w € P,,_,. Note that by cases (a,b) above, we can apply (C,)
to z;(xk(2j2K)) because k < K and k < j; we can also apply (Cp,—1) to z;(x,w). Therefore (C,) applies to
x;(zk(zj2K)) and gives
zi(zk(zj2K)) = xp(i(zj2K)) + [20, 2R (2 2K)- (1.5.6)
On the other hand, it follows from (C,,_1) that

vi([zg, 2r)2r) = [2), o) (Tizi) + [0, [25, 2] ]2k - (1.5.7)
Applying x; to equation (1.5.5) and using (1.5.6)) and (1.5.7)), we obtain
vi(wjzy) = wp(wi(izr)) + [T ael(ziex)  + (o, k) (Tizi) + (24, (25, 2] ]2k

Swap ¢ and j in this equation and subtract: the two middle terms cancel and we obtain
vi(zjzg) —wj(@izg) = ap(@i(rjer) —j(@izk))  + ([, [z, 2]] = 25, [26, 2e]]) 2k
Apply (Cy—1) to the first term and the Jacobi identity to the second term to obtain

zi(xj27) — xj(wizg) = xp (26, 25]2K) + [0, 75], 2Rl 2k
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Applying (Cy,—1) again finally shows that the right hand side equals [x;, z;](zx2x); since k < K this equals
[zi, 2;](2k2K) = [xi, 25|25 by (1.5.2). This establishes (C),) in the final case, and completes the proof. O

Proposition 1.14. The set {y; | I increasing sequence} is a basis of U(g).

Proof. By Lemma there is a representation p : g — End(P) such that p(x;)z; = z;2; for all ¢ < I. By
Lemma this extends to a unique algebra homomorphism ¢ : U(g) — End(P) such that

&(yi)zr = zizg, forall i < 1.

From this, we deduce recursively that, if I is an increasing sequence, then ¢(y;)1 = z;. Since {z;} are linearly
independent in P, it follows that {yr} is a linearly independent set in U(g). But we already know that it is
also a generating set, hence a basis. O

Corollary 1.15. The canonical map ¢ : g — U(g) is injective.

Proof. Clear from Proposition [I.14] O

In light of this result, from now on identify g with its image in U(g) and drop ¢ (and the y’s) from notation.
Corollary 1.16. Let (x1,...,2,) be an ordered basis of g. Then {a¥ zk? ... 2k« k; € NV is a basis of U(g).

Proof. This is just a rephrasing of Proposition [I.14] in the case when dimg < oc. O

Since ¢ : g — grU(g) is an injection, we can uniquely extend it to a canonical homomorphism ¢ : S(g) —
grU(g). (Both algebras are commutative!) Clearly, ¢ maps S™(g) to gr,,, U(g) for each m > 0.

Theorem 1.17 (Poincaré-Birkhoff-Witt Theorem). The canonical homomorphism ¢ : S(g) — grU(g) is an
isomorphism of graded algebras.

Proof. Tt follows from Proposition that {ys : I is increasing and |I| = m} maps to a basis of gr,, U(g) =
Un(9)/Unm-1(g). Now if I = (i1,142,...,%m) then

Uyr + Um-1(g)) = H L(yi; + Uo(g)) = H Zi; = 21
Jj=1 j=1

so ¢ maps this basis of gr,, U(g) to the basis {z; : |I| = m} of S™(g). Hence ¢ is an isomorphism. O
The PBW theorem allows us to identify canonically gr U(g) with S(g).

Definition 1.18. Suppose that k has characteristic zero. Let q~5: S(g) = T(g) be the symmetrizing map:

1
T1T2 ... Ty > poor Z To(1) @+ ® To(m)- (1.5.8)

T 0ESm
Denote ¢ : S(g) — U(g) the composition of the map 5 with the projection onto U(g).
Notice that z,(1) - Zo(m) = 1+ Ty, mod Uy,—1(g) for any o € Sy, whence
d(x1 ) =21 2y mod Up—1(g)

for any 1, ...,z € g. This means that ¢ preserves the filtrations on S(g) and U(g) and induces the identity
map on the associated graded vector spaces. Therefore ¢ is an isomorphism of linear spaces. We emphasize
that it is not an isomorphism of algebras! This is obvious, since S(g) is commutative, but U(g) is not.

Remark 1.19. One can show that ¢ is in fact an isomorphism of g-modules (exercise). By taking the g-
invariants (the copies of the trivial representation), we obtain a linear isomorphism ¢ : S(g)? — Z(g), where
Z(g) = U(g)? is the centre of U(g). But again, ¢ is just an isomorphism of linear spaces and not of algebras
in general, even though now both algebras are commutative.
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1.6. The principal anti-automorphism of U(g). Consider the opposite ring U(g)°P which is U(g) as a
k-vector space, with multiplication a - b := ba. Consider the linear map 7 : g — U(g)°P which sends x € g to
—z € U(g)°P. We observe that for any =,y € g we have

oyt =yt 2t = (—y) (=) — (—2)(—y) =yz —ay = [y,2] = —[z,y] = [z,y]".

Therefore by Lemma [1.10} 7 extends to a k-algebra homomorphism T : U(g) — U(g)°P satisfying
(1229 - - xn)T =(-1)"zprp_1---x1 forall z,...,z, €g.

T as an anti-automorphism, by which mean a k-linear map 7 : U(g) — U(g) such that

We can also view
T(zy) = T(y)T(x) forall z,y € Ul(g).
Definition 1.20. 7 : U(g) — U(g) is called the principal anti-automorphism of U(g).

If p: g — Endg V is a Lie algebra representation, we have the contragredient representation p* : g —
Endg (V*) corresponding to the dual g-module V*. Then by Lemma p* extends uniquely to a k-algebra
homomorphism p* : U(g) — Endi(V*). We can understand this extension explicitly using the principal
anti-automorphism as follows:

pH(u) ()W) = fp(u")(v)) forall uweU(glveV feV"
2. REPRESENTATIONS OF sl(2)

From now on, the ground field &k is assumed to have characteristic zero. In this section, we study finite
dimensional representations of g = s((2).

2.1. Weights and weight vectors. The Lie algebra s[(2) consists of matrices (Ccl b) such that a4+d =0

d
(trace zero). The standard basis of sl(2) is

(00 (L) (0 ) a1

The relations between the basis elements are
[h,e] =2e, [h, f]==2f, le,fl=h.

Lemma 2.1. The following identities hold in U(sl(2)):

[h, "] = 2ke®, [h, f*] = =2k f%, [e, f¥] = kf* (= (k = 1)),
for all integers k > 1.
Proof. By induction on k, using the identity [a, bc] = [a, b]c + b[a, ¢] valid in any associative ring. O

An important role in the representation theory of s1(2) is played by the Casimir element.

Definition 2.2. The Casimir element of U(sl(2)) is C := h? + 2h + 4 fe € U(sl(2)).

Note that C' it is unique only up to a scalar multiple, as we will see when we discuss the general theory
for a semisimple Lie algebra.

Lemma 2.3. The Casimir element C' belongs to the centre of U(sl(2)).

Proof. 1t follows from Definition that U(sl(2)) is generated by e, h, f. So it is sufficient to check that C
commutes with e and f, because then it also commutes with h = ef — fe. This is a direct calculation:

[C,e] = [h?, €] + 2[h, e] + 4[fe, €],
and [h?,¢e] = h[h,e] + [h,e[h = h(2e) + (2¢)h = 4he — de. Moreover, [h,e] = 2e and [fe,e] = [f,ele = —he.
This shows that the sum above is zero indeed, and [C, f] = 0 is similar. O
Definition 2.4. Let V' be an sl(2)-module.
(1) A vector v € V is called a weight vector if it is an eigenvector for the action of h:
h-v=MXv for some X\Ek.

(2) If v # 0 is a weight vector, we call the corresponding eigenvalue A a weight.
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(3) For each A € k, define
VE={veV|(h-Nv=0} C Vy={veV|3IN >0 such that (h — \)Nv =0},

and call them the A-weight space and the generalized A-weight space, respectively.
(4) If V& =Vy for all A\, we say that h acts semisimply on V.

Lemma 2.5. Let V be an sl(2)-module. Then:
(1) e VA C Vayz and e~ V™ C V33,
(2) f -V C Vo and f . V/\SS C V/\Sj-Q'

Proof. Suppose v € V) is given. Then there exists N > 0 such that (b — \)Nv = 0. Notice that in U(sl(2)),
(h — 2)e = eh which means that (h — 2)7e = eh? for all j. Then (h — A —2)Ne-v =[(h—2) - A\Ne-v =
e(h — \)Nv = 0, which means that e - v € V2.

The case of V§*® is when N = 1. The statement about f is completely similar. O

Definition 2.6. A vector v # 0 in V is called a highest weight vector if v € V® for some A and e-v = 0.
If V is a finite dimensional s[(2)-module, then Lemma implies that highest weight vectors do exist.

Lemma 2.7. Let V be an sl(2)-module which admits a highest weight vector v € V' of weight X. Consider
the sequence of vectors vg = v, vy = f¥ - v, for k > 0. Then:
(a) h-vg=(A—=2k)vg, e-v9 =0, e-vpr1 = (k+1)(A—k)vg, [ v = Vpg1, for k> 0.
(b) The subspace L C V spanned by the vectors {vy | k > 0} is an sl(2)-submodule and all nonzero
vectors vy are linearly independent.
(c) Suppose that vy, = 0 for some k. Then there exists £ € Z>q such that X =4, v, #0 for 0 < k </
and v, =0 for all k > £.

Proof. (a) Use Lemma (b) This follows from (a) because the eigenvectors vy have distinct eigenvalues.
(c) Let £ be the first index such that vg41 = 0. Then 0 =€ - vpy; = (€4 1)(A — £)ve. Since our ground field &
has characteristic zero, £ + 1 # 0 so (A — £)ve = 0. Since vy # 0 we conclude that A = £. O

2.2. Irreducible finite dimensional sl(2)-modules. For every ¢ > 0, we construct an irreducible repre-
sentation V(¢) of dimension £ + 1 generated by a highest weight vector of weight .
Algebraic construction. The relations in Lemma tell us how to define the module V' (¢). Let V(¢) be
the span of {vg,v1,...,vs} and define the s[(2)-action by:
h-vg=(—2k)vg, e-vg=0, e-vpp1 = (k+ 1)l — k)vg, [-vg =vkt1, k>0. (2.2.1)

(By convention, vy = 0 in the above equations.) We can compute directly that these formulas define an
action of s[(2).

Lemma 2.8. The module V (£) just defined is irreducible.

Proof. Suppose that M # 0 is a submodule of s[(2). Let 0 # Zf:o a;v; be a vector in M. Apply f to it:
I Zf:o a;v; = Zle a;_1v;, which has to be an element of M too. Applying f repeatedly, we get that aguy

belongs to M and so vy € M. Then also Zf;é a;v; is in M and repeat the process to show that all v; are in
M. So M =V (¥). O

Geometric constructionﬁ Consider the “natural” g = sl(2)-action on V(1). Fix a basis {z,y} for V(1)
with = as the highest weight vector and y = f - x. Now extend this action to the polynomial algebra
Elz,y] = S(V(1)); the definition of the g-action on S(V (1)) from Lemma shows that this action is
by derivations. On the other hand, every derivation D of k[z,y] is determined by D(z) and D(y) since
D = D(z)0, + D(y)0,. Thus we see that the action can be written as follows:

e— a0y, hw— 20, —ydy, [+ yo,. (2.2.2)

One may also verify directly that these assignments respect the s[(2) relations.
4The reason we refer to this construction as geometric is the following. Consider the group G = SL(2,C) of 2 x 2 matrices
of determinant one acting via matrix multiplication on the space C2 = {(x,y)}. There is an induced action on polynomials in

z and y and the action of the Lie algebra g defined ad-hoc in this paragraph is in fact the differential (in the Lie groups sense)
of the natural action of G on polynomials.
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It is clear that these three operators preserve the total degree of any monomial. Therefore, the subspace
V(¢) of homogeneous polynomials of degree ¢ is invariant under this action. Notice that V' (¢) is the span of

{x 2t 1y, 27242, ... y’}, so it is £ + 1 dimensional. We have

e-at =0, h-@ ) = - 202y, f- @) = (0 )zt it
so that the correspondence
2Ty e (0= i)y
defines an isomorphism between this realization of the module of V'(¢) and the algebraic one defined before.

Theorem 2.9.
(1) Ewvery sl(2)-module V with 0 < dim'V < oo contains a submodule isomorphic to one of the V(£)’s.
(2) The Casimir element C acts on V(£) by £(£ + 2).
(3) The modules V (£) are irreducible, distinct, and exhaust all (isomorphism classes of ) finite dimensional
irreducible sl(2)-modules.

Proof. (1) Consider all eigenvalues of V' with respect to the action of h. Since V is finite dimensional, there
exists an eigenvalue A\ such that A + 2 is not an eigenvalue. Let vy # 0 be an eigenvector for this A. By
Lemma 2.7, A = ¢ for some ¢ and L =V (¢) C V.

(2) We compute directly that C'-vg = £(£42)vg. If v is some other vector in V' (¢), there exists x € U(sl(2))
such that v =2 -vg. Then C-v=Cx-vg =2C - vy =Ll + 2)x - vog = L({ + 2)v.

(3) We know that V(¢) is irreducible by Lemma Since the scalar by which C acts on each V(¢)
determines ¢ uniquely, it follows that these modules are non-isomorphic. And if V' is an irreducible s[(2)-
module then V' contains a copy of some V(¢) by (1) and therefore must be equal to it by irreducibility. O

Remark 2.10. From the construction of the modules V'(£), we see that on every V({), the element h acts
semisimply and the weights are {¢,£ — 2,0 —4,...,—¢ + 2,—{} and each weight space is one dimensional.

2.3. Complete reducibility. In this subsection, we prove directly that every finite dimensional s[(2)-module
is completely reducible. This completes the classification of finite dimensional s[(2)-modules.

Proposition 2.11. Every finite dimensional sI(2)-module V is isomorphic to a direct sum of modules V ({),
£>0. In particular, V is completely reducible.

Proof. (Bernstein) We’ll use a general criterion whose proof is an exercise: if every module of length 2 is
completely reducible, then every module of finite length is completely reducible. This reduces the proof to
the case when V' has length 2 with simple submodule S = V(¢) and simple quotient @ = V/S = V (k).

If k£ # ¢, then the Casimir element acts with different eigenvalues on S and ). Therefore, V' splits into a
direct sum of two generalized eigenspaces for C, one with eigenvalue £(¢ + 1) and the other with eigenvalue
k(k 4+ 1). Since C is central in U(sl(2)), both of these eigenspaces are s[(2)-submodules and we are done.

Assume k = ¢. Decompose V into generalized h-eigenspaces V = @V;. By assumption, i € {—¢, ¢ +
2,...,4 =2/} and dimV; = 2. We claim that f’:V, — V_, is a linear isomorphism. Let 0 # v € V; be
given. If v € S, then v is a highest weight vector with weight ¢ and so f‘v # 0. Otherwise, v + S # S in
Q=V/S,but v+ S € Qy,s0 fé(v+S)#S, implying that ffv ¢ S.

Now consider the identity from Lemma [2.1

ef@-‘rl _ f@—i-le — efé(h_g)

acting on V;. Since the left hand side is 0, the right hand side must be 0 too. But f* is invertible on V; as
we argued before, which means that h = ¢- Id on V. In other words, V; = V;**. But this gives two linearly
independent highest weight vectors with weight ¢ in V', and V' decomposes as the sum of the s[(2)-submodules
that these two vectors generate. 0

Corollary 2.12. Let V be a finite dimensional sI(2)-module.
(1) h acts semisimply on V' with integer weights.
(2) For every weight i >0, f':V; — Vi and €' : V_; — V; are linear isomorphisms.

Proof. Both claims follow from the complete reducibility of V' and the corresponding statements (which we
know are true) for the modules V' (¢). O
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3. SOME BASIC FACTS ABOUT SEMISIMPLE LIE ALGEBRAS

In this section, we recall a few basic definitions and results about the structure of semisimple Lie algebras.
These results will be used in the sequel. We do not give proofs of these facts, but many missing proofs can
be found in the lecture notes for C2.1 Lie Algebras, which are available here:

https://courses.maths.ox.ac.uk/node/view_material/42444

g will be a finite dimensional Lie algebra over an algebraically closed field k of characteristic zero.

3.1. Nilpotent and solvable Lie algebras. The lower central series of g is the decreasing chain of ideals
C%gDClgD(C?gD---DCgD... defined inductively by C’g = g and C'g = [g, C*~g] for i > 1. We say
that g is nilpotent if there exists N > 0 such that CVg = 0.

The derived series of g is the decreasing chain of ideals D°g O D'g D D?g D --- D D’g D ... defined
inductively by D°g = g and Dg = [D*~1g, Di~'g] for i > 1. We say that g is solvable if there exists N > 0
such that DVg = 0. The ideal Dg := D'g = [g, g] is called the derived subalgebra of g.

Since for every i, D'g C C'g, it is clear that every nilpotent Lie algebra is solvable. The converse is false.

Definition 3.1. Let V be a finite dimensional vector space.
(1) A flag F in V is a collection of vector subspaces F = (Vo C Vi C -+ C V).
(2) F is a complete flag if dimV; =i for all i.
(3) The stabiliser of F is by :={z € gl(V) | (V;) C V;, Vi}.
(4) We also define ng :={z € gl(V) | z(V;) C V;_1,Vi > 1}.

Suppose F is complete. If we choose a basis {e1,...,e,} of V and set V; = span{es,...,e;}, then br is
identified with the algebra of upper triangular matrices with respect to this basis, while nx is the algebra of
strictly upper triangular matrices.

Example 3.2. Suppose that F is a flag.
(1) ng C bx are Lie subalgebras of gl(V).
(2) ng is a nilpotent Lie algebra.
(3) If F is a complete flag, then bz is a solvable Lie algebra (but not nilpotent unless dim V' = 1).
(4) If F is a complete flag, then nx is the derived subalgebra of bx.

It is easy to see that if I and J are two solvable ideals of g, then I + J is also a solvable ideal. This implies
that there exists a unique maximal solvable ideal in g, called the radical of g, rad(g).

Definition 3.3.

(1) g is called semisimple if rad(g) = 0.
(2) g is called simple if g is non-abelian and g doesn’t have any proper ideals.

3.2. The Killing form.
Definition 3.4. The Killing form of g is the pairing
k:gxg—k, k(z,y) =tr(ad(z) cad(y)), x,y € g. (3.2.1)
It is a symmetric, bilinear form on g and it is g-invariant, meaning that
k([z,y],2) + k(y, [z,2]) =0, =z,y,z € g. (3.2.2)
The following result is important:

Theorem 3.5 (Cartan’s criteria).

(1) g is semisimple if and only k is nondegenerate.
(2) g is solvable if and only if K|pgxpg = 0.

Proof. (1) This is Theorem 13.2.
(2) This is |Theorem 11.3. O

Corollary 3.6. g is semisimple if and only if f it is a direct sum of simple ideals. The decomposition into a
sum of simple ideals is unique.

Proof. This is Proposition 14.3. d
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Example 3.7. The classical Lie algebras sl(V'), so(V') (defined with respect to a nondegenerate symmetric
bilinear form), and sp(V') (with respect to a nondegenerate skew-symmetric bilinear form) are all simple,
hence semisimple, Lie algebras.

3.3. Maximal toral subalgebras. Because we are working over a ground field £ which we assume to be
algebraically closed, a linear endomorphism 7" : V' — V of a finite dimensional k-vector space is semisimple
if and only if it is diagonalisable.

Definition 3.8. We say that a Lie subalgebra by of g is toral if ad(z) : g — g is semisimple for all x € b.
Lemma 3.9. Every toral Lie subalgebra by of g is abelian.

Proof. Suppose for a contradiction that b is not abelian. Then there exists y € h such that the endomorphism
S :=ad(y))y : b — b is non-zero. Choose a non-zero eigenvalue A of S and a corresponding eigenvector = € b
so that S(y) = [y, 2] = Az, and consider T := ad(x)jp. Then T?(y) = [z, [z, y]] = [z, —Az] = 0. But T is also
semisimple, and this forces T'(y) = [y, 2] = 0, a contradiction. O
Definition 3.10. Let b be a Lie subalgebra of g. We say that by is a Cartan subalgebra if

(1) b is nilpotent;

(2) b is self-normalizing, i.e., h = Ny(bh) where Ny(h) = {z € g | ad(x)(h) C b, for all x € g}.
Definition 3.11. Let g be a Lie algebra and let x € g be ad-nilpotent. The map

@) g 5 g

is called an elementary automorphism of g.

Since ad(z) : g — g is nilpotent and we are working over a field k of characteristic zero, the exponential
series €*4(*) makes sense. Since ad(z) is a derivation of the Lie algebra g, e?d(®) is in fact a Lie algebra
automorphism of g.

Theorem 3.12. Let g be a semisimple Lie algebra.

(1) A subalgebra by of g is a mazimal toral subalgebra if and only if it is a Cartan subalgebra.

(2) Cartan subalgebras ewist.

(3) For any two Cartan subalgebras b1 and ho of g, there exist elementary automorphisms 01,--- ,0,, of
g such that by = (0100 0---00,,) (b1).

Proof. (1) This is [Hull Corollary 15.3]; also see Lemma 17.2!
(2) This is Lemma 8.3(2).
(3) This is [Hull Corollary 16.4]. O

To construct a Cartan subalgebra, consider for each = € g the generalized 0-eigenspace of ad(x)
90 = {y €g|ad(x)Ny =0, for some N > 0}.

One can show that go , is always a Lie subalgebra. An element x is called regular if dim gg , is minimal among
all such subalgebras. One can show that every subalgebra gg ., where x is regular, is a Cartan subalgebra —
see [Lemma 8.3.

Example 3.13. If g = si(n), then the usual choice of a maximal toral subalgebra is h consisting of diagonal,
trace 0, matrices.

3.4. Cartan decomposition. From now on, g is a semisimple Lie algebra and h is a fixed maximal toral
subalgebra. The main tool for the structure of g is the Cartan decomposition. Decompose g with respect to
the adjoint action of . Since b is abelian and the restriction of the adjoint representation to b is semisimple,
basic linear algebra tells us that g decomposes into a direct sum of h-eigenspaces:

o= P o, o ={recgllha]l=x(h)z heb}

XEbh*

Proposition 3.14. gg = b.
Proof. See [Hull Proposition 8.2]. O
Definition 3.15.
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(1) @ ={aech*\ {0} | ga # {0}} is the set of roots of g (with respect to b).
(2) The Cartan decomposition or root space decomposition of g is

g:f)@@ga- (3.4.1)
acd

(3) The spaces g, are called root spaces and every nonzero vector in g, is called a root vector.

Example 3.16. Let g = sl(n) and b be the diagonal matrices of trace 0. In coordinates, we may think of
as h = {(a1,...,an) € k™| >, a; = 0}. The dual space h* is naturally identified with

h* =Fk{er,...,en)/{e1 + €24+ €n),
where ¢; : h — k is defined by ¢;(a1,as,...,a,) = a;. The roots are
¢:{€17€J|1§Z#]<H}C[’)*

The Cartan decomposition is g = h @ EBZ-# Oe;—e;» With g¢, . = k- E;;, where E;; is the elementary matrix
that has 1 on the (4, j) position and 0 everywhere else.

Here is a list of the main facts about this decomposition. The main tool for proving the nontrivial
statements is the Cartan criterion for semisimplicity, Theorem 1).

Theorem 3.17.

) [gaagﬁ] C Ja+8, O‘7ﬂ edU {0}

) K(9a,88) =0 unless f = —a.

) The restriction of k to b X b is nondegenerate.

) The restriction of k to go X §—q @S non-degenerate for all o € ®.
) ® spans bh*.

) dimg, =1 for all a € D.

) The Killing form on b can be computed by the formula

(1
(2
(3
(4
(5
(6
(7

k(h,h') =Y a(h)a(h’), h,h €b. (3.4.2)
aced
(8) For every a € ®, there exist vectors €y € ga, €—a € o, Na = [€a,e—a] € b such that {eq, ha,e—a}
satisfy the sl(2)-relations. We have a(hy) = 2.

Proof. (1) If z € g, and y € gg then [z,y] € gotp because

(1, [z, 1] = ([, =], y] + [z, [ )] = e(R) [, y] + B(R)[z, 4] = (a + B)(h)[z,y] forall heb.

(2,3) This is Proposition 17.1!

(4) From (2), go is k-orthogonal to all other gz except possibly g_. So if k(z,g_o) = 0 for some z € g,
then x(z,g) = 0 which forces = 0 because « is non-degenerate by Theorem [3.5(1)

(5,6) See Proposition 17.5(2) and Lemma 17.7.

(7) The matrix of ad(h) o ad(h’) is diagonal with entry a(h)a(h') corresponding to any basis vector of gq.
But dimg, =1 for all @ € ® by (5). Now take the trace.

(8) See Proposition 17.5(4). O

Definition 3.18. We let s, denote the copy of sI(2) spanned by the sl(2)-triple {eq, ha,e—a}-

It follows from Theorem that g is spanned by all of these copies of s[(2). In this way, we may regard
g as being “glued” out of finitely many copies of s[(2). This idea can be made more precise by considering
the Serre presentation of g — see [Hull, Theorem 18.3].

By Theorem (3), the Killing form is nondegenerate on h. Let A — ¢y be the isomorphism h* = h
induced by it, so that x(tx,h) = A(h) for all h € h and A € h*.

Lemma 3.19.
(1) For alla € @, aty) #0 and hy =

The coroots {hy : o € P} span b.

(2)
(3) Ifa B,a+ € P then [ga, 98] = Gats-
(4) B—B(ha)a € P for all a,B € P.

2
O‘(ta) o
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Proof. (1) Let x € g and y € g_, and h € . Using the symmetry and g-invariance of x, we have

K([[Ev y]’ h) = K(hv [:z:,y]) = Ii([h,il?],y) = K(Oé(h)d?,y) = oz(h)/c(x,y) = Ii(iE,y)H(ta, h)
Therefore [z, y] —k(x,y)tq is orthogonal to h and is therefore 0 by Theorem[3.17(3): this shows that [ga, g—a] €
kto. On the other hand, this space is spanned by h, by Theorem [3.17(6,8) so we can write hy = cqtq for
some non-zero ¢, € k. But then 2 = a(h,) = coa(ty).

(2) We know that {t, : « € ®} spans h by Theorem [3.17((3,5). Now apply part (1).

(3) Regard g as an sl,-module via the adjoint representation and consider V' := U(sl,) - eg. Then V is a
cyclic finite dimensional U (sl,, )-module and therefore has a highest weight. Since V is finite dimensional, it
is isomorphic to a V' (¢) by Lemma[2.7, and now {eg4ma : B+ ma € ®} form a basis for V. So implies
that e, - eg #£0if Ja+s #* {0}

(4) See Proposition 17.8. O
3.5. Root lattices, weight lattices and weights.

Definition 3.20.

(1) The element ho € b from Theorem[3.17(8) is called the coroot corresponding to o € ®.
(2) QY :=Z{hy : a € D} is called the coroot lattice.

(3) Q:=72%:={Y cptat | aq € Z} C b* is called the oot lattice.

(4) P:={x€b*| x(ha) €Z for all « € D} C b* is called the integral weight lattice.

Definition 3.21. Let V' be an g-module and let A € h*.
(1) The generalized A-weight space of V is
W={veV:i(h=Ah)"-v=0 for sufficiently large n € N}.

(2) V¥ :={veV:h-v=Ah)v for all h € bh} is the A\-weight space of V.
(3) We say that V is h-semisimple if Vi =V for all A € h* and V = @/\eh* V.
(4) The set of weights of V' is by definition ¥(V') := {\ € b* | V), # 0}.

Lemma 3.22. Let V be a finite dimensional g-module. Then every weight of V is integral: ®(V) C P.

Proof. Recall from Definition that for every o € ®T, we have a copy of s[(2) in g called sl,. Regard V
as a finite dimensional sl,-module. Then if A € ¥(V), h, acts on V) by the scalar A(h,). But this scalar
must be an integer by Corollary 1). Hence A(hy) € Z for all o € P. O

Corollary 3.23. Q C P, that is: B(ha) € Z for all a, 3 € .

Proof. Note that ® U {0} = ¥(g) when g is viewed as a g-module via the adjoint representation. Therefore
® C ¥(g) C P by Lemma[3.22 O

Example 3.24. Suppose that g = sl(n). The lattices appearing in Definition are:

Q\/ - {(a17-..7an) GZn I Zaio}’
i=1

n n
Q= {Zaie”aiez, Zai:O}/Z(61+62+-~-+en);
i=1 i=1

P=(Zer® - ®Zey) /Z(e1 + €2+ +€p).
In this case, Q@ C P and, in fact P/Q = Z/nZ — see Sheet 2 Question 3.

(3.5.1)

3.6. The Weyl group. We will now define a very important group that will play a large role in the repre-
sentation theory of g. First, define a nondegenerate bilinear form (—, —) on h* by “transport of structure”:

(A ) == k(tx ty) = A(ty) = p(ta) forall A peb™. (3.6.1)
Lemma 3.25. « is positive definite on Q¥ and (—,—) is positive definite on P.

Proof. Since r(h,h) = ce a(h)? and since ® spans g* by Theorem 3.17(7,5), & is positive definite on QV.
Therefore (—, —) is positive definite on P because (A, \) = x(tx,tx) > 0 whenever A # 0. O

Definition 3.26.
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(1) For every a € ®, the reflection in the hyperplane perpendicular to « is :

sath” = b salX)=x— ma. (3.6.2)

(2) The Weyl group of g is the subgroup of GL(h*) generated by {sq : a € }.

54 fixes the hyperplane ot C h* and sends o to —a, so it really is the reflection in the hyperplane a™.
Lemma 3.27.
(1) For all x € b* and all o € D, we have % = X(ha)-

(2) W is a finite subgroup of the orthogonal group O(h*, (=, —)).
Proof. (1) Using Lemma [3.19(1) together with (3.6.1]), we calculate

2(x, )  26(ta,ta)  2X(ta) 2t \
(@a) ~ wltate)  alta) (a(to») = x(ha)-

(2) Let o, B € ®. Then using part (1) together with Lemma 4), we have

sa(B) =8 — B(ha)a € D.

So, every s, preserves ® C h*, and thus we get a permutation action W — Sym(®). The kernel of this action
is trivial since ® spans h* by Theorem [3.17(5). So W is isomorphic to a subgroup of the finite group Sym(®)
and is hence finite. In an inner product space of dimension n, each reflection in a hyperplane has matrix
diag(—1,1,---,1) with respect to an appropriate basis, and is hence orthogonal. So W C O(h*, (—,—)). O

If o, 8 € @, then Q(Sf)) = B(ha) := {(«a, B) is an integer by Corollary called a Cartan integer.

3.7. Positive roots.

Definition 3.28. We say that the subset II C ® is a base for @ if
(1) II is a basis for b*,
(2) ® C ZII.

Lemma 3.29. The root system ® has at least one base II.

Proof. Work with the real vector space a* := R ®7 ). Then using Lemma (—, —) extends to an inner
product on a*, and we can consider for every non-zero v € a* the half-space {w € a* : (v,w) > 0}. Then
® = dT(v) U (v) where dT(v) = {a € & : (v,a) > 0} and D~ (v) := {a € D : (v,) < 0}. Then it is
shown in Proposition 19.9| that the set II(v) C ®*(v) consisting of indecomposable roots in ®*(v) is a base
for @, and in fact, every base for ® arises in this way. O

Definition 3.30. Let II C ® be a base.

(1) Elements of II are called simple roots.
(2) T :=NIINP is the set of positive roots.
(3) @ = (—N)IIN @ is the set of negative roots.

Thus, every choice of base II for ® induces a decomposition ® = T U d~.

Definition 3.31. Fiz a choice of base 11 C ®.

(1) Let QT :=NII C Q.
(2) Define a partial order < onh* bya< B L —-—aec Q™.

We always have II C &+ C Q.
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4. THE CATEGORY O

4.1. Definitions. Let g be a semisimple Lie algebra over k, an algebraically closed field of characteristic
zero. Fix a maximal toral subalgebra h and let ® be the roots of h in g and g = h & @4 9o be the Cartan
decomposition. Fix a choice of base II C ® and let ®* be the corresponding positive roots. We retain all the
other notation from the previous section. Denote

=Y ga, nT= Y ga b=bhon" (4.1.1)
acdt acdt

It is easy to prove the following lemma by using the commutation relations between b, e,, o € ®T.

Lemma 4.1.

(1) The subalgebras n* and n~ are nilpotent.
(2) The Borel subalgebra b is solvable and its derived subalgebra is n™.

As a consequence of the PBW Theorem we have the following triangular decomposition of U(g):
Ulg) =UMm) @ U(h) @ U(n™). (4.1.2)
We will use this decomposition repeatedly in this section.

Lemma 4.2. Let A € h* and let « € ®. Then
(1) eq - Va C V)\-‘r(x; and
(2) ea-VFCVE,.

Definition 4.3. The category O of g is the full subcategory of (left) U(g)-modules whose objects M satisfy
the following conditions:

(O1) M is a finitely generated U(g)-module;
(02) M is b-semisimple;
(03) M is locally n"-finite, i.e., for every v € M, the subspace U(n™") - v is finite dimensional.

Example 4.4. Recall the modules V' (¢) constructed for s[(2) with basis {vg,v1,...,v,}. Given the explicit
construction, we can see immediately that these modules are in the category O.

Lemma 4.5. FEvery finite dimensional g-module is in O.

Proof. If V is finite dimensional, then (O1) and (O3) are automatic. For (O2), regard V as a finite dimensional
sly-module; V' is h,-semisimple by Corollary [2.12] But now a standard linear algebra fact implies that the
action the span of the h,’s is semisimple, because the h,’s commute. Therefore all of § acts semisimply on
V because it is spanned by the coroots {he | @ € @} by Lemma 2). O

We record some of the immediate properties of O in the next proposition.

Proposition 4.6.

(1) O is a Noetherian category, i.e., every M € O is a Noetherian U(g)-module.

(2) O is closed under taking submodules, quotients, and finite direct sums. Hence O is an abelian category.
(3) If M € O and L is finite dimensional, then L M € O.

(4) If M € O, then M is finitely generated as a U(n™)-module.

Proof. (1) U(g) is Noetheriarﬁ and M is a finitely generated U(g)-module. Therefore M is Noetherian.

(2) The only statement that needs explanation is the fact that (O1) holds for submodules. But this is
precisely because of the Noetherian property from (1): every submodule of a finitely generated module is
finitely generated.

(3) The tensor product L ® M satisfies (O2) and (03). To prove finite generation, let {vy,...,v,} be a
basis of L and let my,...,my generate M. Then {v; ® m;} generates L ® M. To see this, let N be the
submodule this set generates. Since every v € L can be written as v = Y a;v; with a; € k, we see that all
simple tensors of the form v ® m;, v € L, are also in N. If z € g, we calculate

r-(v@mj) =z -v@m;+v@r-m; € N.

5This is proved in the “Noncommutative rings” lectures — see Corollary 1.28(a) — so we won’t repeat the proof here.
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The first term is in N, so v ® x - m; € N. Repeating this, we see that v ® u-m; € N for all u € U(g). But
then L ® M C N, which concludes the proof.

(4) Because of the axioms, we see that M is generated as a U(g)-module by a finite dimensional U(b)-
module V. By the PBW Theorem we have U(g) = U(n™)U(b"). So, a basis of V generates M as a
U(n~)-module. O

4.2. Highest weight modules.

Definition 4.7. Let M be a U(g)-module. A nonzero vector v € M is called a highest weight vector (of
weight \) if v € M)y, for some A\ € U(M) and nt -v = 0. The last condition is equivalent with eq -v = 0 for
alla € ®F.

Definition 4.8. A U(g)-module M is called a highest weight module of weight )\ if there exists v € M)
such that nt -v =0 and M = U(g) - v. The last condition is equivalent with M = U(n™) -v by the triangular
decomposition.

We list several immediate properties of highest weight modules.

Lemma 4.9. Let M be a highest weight module with highest weight .
(a) Fach nonzero quotient of M is also a highest weight module of weight \.

(b) M is h-semisimple.
() (M) CA-Q".
(d) dim M, < oo for all p € (M) and dim My = 1.
(e) M€ (’)
Proof. (a) This is clear.
(b) Choose an ordering of the positive roots: aq, as, ..., . Then M is spanned by the vectors e_oz1 e ei_””am

v. Each such vector has ngght A—>07t djy. Hence M is h-semisimple.
(c) Note that e, ...em, v € M,\_z;n Loy
(d) 8 € Q" has only finitely many ways of expressing it as an N-linear combination of elements of ®7.
(e) Axiom (03) follows from Lemma every a € @ maps M, to M4 4. O

As a consequence, we can see that the highest weight modules are the building blocks of category O:
Proposition 4.10. Let M # 0 be a module in O. There exists a finite filtration
OcMyCcMyC---CM,=M
of modules in O such that M;/M;11 is a highest weight module.

Proof. M is generated by finitely many weight vectors vy, ,...,vy,. Set V.=U(n") - (vy,,...,vy,). Because
of (03), V is finite dimensional and, of course, M =U(g) -V =U(n") - V. Go by induction on dim V.

Take v € V' a weight vector for a maximal weight (among the weights that occur in V). Then v must be
a highest weight vector in M. Set M; = U(g) - v which is a submodule of M and a highest weight module.
Next M = M/M; is generated by V = V/V N M;. Then dimV < dim V because 0 # v € V N M; and we are
done by induction. O
Corollary 4.11. Let M be a module in O.

(1) For every A € ¥(M), the weight space My is finite dimensional

(2) There exist A,..., A\m € W(M) such that (M) C U i —Q7T).
(3) M is Z(g)-finite, i.e., for everyv € M, Z(g) - v is ﬁmte dimensional.

Proof. (1,2) Note that if 0 - N — M — M/N — 0 is an exact sequence in O then (M) = U(N)U¥(M/N).

Now apply Proposition and Lemma [4.9(c,d).
(3) If v € M we may write v as a sum of weight vectors. It is sufficient to prove the claim when v € M.

Since z € Z(g) commutes with h, we see that z - v € My as well. But M, is finite dimensional by (1), so
Z(g) - v is finite dimensional. O

Example 4.12. We can verify that when g = s[(2), the tensor product M(\) ® M (u) is not in O.
Proposition 4.13. Let M € O be a highest weight module.
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(1) M has a unique mazimal submodule and hence a unique simple quotient. In particular, M is inde-
composable.

(2) Let A € b* be given. All simple highest weight modules of weight X are isomorphic. If M is a simple
highest weight module of weight A, then dim Endy (g (M) = 1.

Proof. (1) If N is a proper submodule of M then N € O (as M € O), hence N is h-semisimple. Write
N=6& LET(N)CU(M) N,. Since M) is one-dimensional and every vector in M) generated M, it follows that
A ¢ U(N). This implies that the sum of all proper submodules of M is still proper (A is not a weight for any
of them), and therefore there is a unique maximal submodule.

(2) Suppose M; and M, are two simple highest weight modules of the same weight A. Let vy, vs be
highest weight vectors for M; and Ms, respectively. Then v = v + vs is also a highest weight vector in
M = My & M. Denote N = U(g)-v C M. Then N is a highest weight module of weight A\. The two
canonical projections give projections N — M; and N — M. Hence M; and M, are both simple quotients
of N. By (1), My = M.

For the second part, let M be a simple highest weight module of weight A and let ¢ : M — M be a
nonzero g-homomorphism. Since M is simple, ¢ must be an isomorphism. Then it maps M) to M. Fix a
highest weight vector v € M. Since M) is one-dimensional, ¢(v) = cv for some constant ¢ € k. But since v
generates M, it follows that ¢ = ¢ - Id. O

4.3. Verma modules. Recall the Borel subalgebra b = h @ n™. Since n™ is an ideal in b, we have the
natural projection b — b/nt = b, which is a Lie algebra homomorphism. For every A € h*, denote by k)
the one-dimensional b-representation pulled back via this projection. Then n™ acts by 0 on k). We can also
regard k) as a U(b)-module.

Definition 4.14. Let A € b* be given. Define the Verma module of highest weight \ to be
M) =Ulg) ® k.
U(b)

This is a left U(g)-module under the natural action (left multiplication) of U(g).

Define the vector v = 1®1 € M(A). This is a highest weight vector of weight A and M (\) = U(g) -v. This
means that M () is indeed a highest weight module of weight A. An alternative definition goes as follows.
Let I(\) :=U(g)n™ + > U(g)(h — A(h)). Then

heb

M(A) = U(g)/1(A).
Lemma 4.15 (Universal property). Suppose M is a highest weight module of weight . Then there exists a
surjective g-linear map p : M(\) — M.

Proof. Let v/ € M be a highest weight vector. The assignment v — v’ extends to a U(g)-homomorphism
M(X\) — M which is surjective since v’ generates M. Alternatively, start with the projection p: U(g) — M,
1 — v. Since the left ideal I(X) kills M, p factors through U(g)/I(\) — M. O

In other words, M (A) is the universal highest weight module with highest weight A. We can also apply

Proposition to M(N).
Definition 4.16. Let )\ € h*.

(1) Let N()\) denote the unique mazimal submodule of M(X).

(2) Let L(X) := M(N\)/N()N) denote the unique simple quotient module of M(X).
Theorem 4.17.

(1) Ewery simple module in O is isomorphic to a module L(\) for some X € b*.

(2) L(\) = L(p) if and only if A = pu.

Proof. (1) Let M be a simple module in O. It follows from Proposition that M is a highest weight
module of weight A, where X is a maximal weight in ¥(L). By Lemma is a quotient of the Verma
module of M()), hence L = L()).

(2) Suppose that L(\) 2 L(u). Then A € ¥(L(p)) € p— QT by Lemmal[d.9(c). Similarly, u € A — Q, so
A—petN-Qt ={0}. So, \=p. O

So, Theorem and Proposition 2) imply that dim Homg(g)(L(X), L(i)) = Iy, for any A, € b*.
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4.4. Finite dimensional modules. We have now established a one-to-one correspondence
h* — {simple modules in O}, A~ L(\).
We would like to determine which modules L(\) are finite dimensional.

Definition 4.18.

(1) The weight X € h* is said to be integral dominant if A\(hy) € N for all « € ®F.
(2) P will denote the set of integral dominant weights.

We will frequently drop the adjective “integral” in this definition.
Theorem 4.19. Let A € h*. Then the simple module L(\) € O is finite dimensional if and only if X € PT.
For the proof, we need to analyze first the structure of M(\). First, we prove the following basic

Lemma 4.20. Let A € h*. Then

(1) M(X) is a free U(n~)-module of rank 1, generated by any highest weight vector.
(2) UMW) =1-Q".

Proof. (1) Let ®* = {ay,...,a;n} and let f; := e_,, so that {f1,..., fm} is a basis for n=. The PBW
Theorem tells us that the monomials {f™ : n € N™} form a free basis for U(g) as a right U(b)-module.
Now applying — ®g(p) ka shows that the monomials {f" ® 1:n € N™} form a basis for M()) as a k-vector
space. In other words, M () is a free U(n~)-module of rank 1.

(2) We know that (M (X)) C A — Q' by Lemma [4.9(c). Since f™ ® 1 # 0 for each n € N™, we see that
M(M)x—p # 0 for any B € NOT = Q7. So, A — QT C U(M(N)). O

Next, we look for highest weight vectors in M(\) with weight p < A: we have seen this idea already in
the case of s[(2). The key calculation is in the following proposition.

Proposition 4.21. Let M()\) be a Verma module, A € h*, and let v € M()) be a highest weight vector of
weight . Let o € ®T be a positive root. If n:= A(hy) € N, then e’fgl v 18 a highest weight vector of weight
pi=A—(n+1la<A

Proof. Write f := e_, and v/ = f**!.v. Then v’ is a pu-weight vector by Lemma ), and we need to
check that nt - v/ = 0. Let 3 € &+, and suppose first that 8 € II.
If 8 # o, then f = e_, and eg commute, because 5 — « is not a root ﬂ, SO

eg-v =eg- M v=f"Tleg v =0.
If B = o, then using A(hq) = n together with Lemma [2.1] we see that

ea V' =eqe" v =leq, "M vt ey v =(n+1)e" (ha —n)-v+0=0

—
Finally if 8 € ®T is not necessarily simple, then it can be written as a sum of finitely many simple roots,

which means that eg can be written as a repeated commutator of simple root vectors by Lemma ).
Hence it also must kill v’ O

Corollary 4.22. Let o € O, suppose that n = A(hy) € N and let p = X\ — (n+ 1)a. Then there exists an
injective homomorphism M () < M (), whose image lies in the unique mazimal submodule N(X) of M()).

Proof. Tf v’ is a highest weight vector of M (u) of weight p, then the homomorphism is defined by sending
v+ " 1v, where v is a highest weight vector of weight X in M (\) and extending as a U(g)-homomorphism.
The fact that this is injective follows from the fact that the two Verma modules are free of rank one over
U(n™) by Lemma 1). Since the image of the homomorphism is a proper submodule of M (}), it must lie

in the unique maximal submodule. O
To complete the proof of Theorem we need the following technical

Lemma 4.23. Let {f1,..., fm} be a basis for n= and let ny,...,n, € N be given. Let U := U(n~). Then
the left ideal I :==Uf" +Uf3? +---+Uf}m has finite codimension in U.

6otherwise 8 would not be an indecomposable root
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Proof. Let W be the k-linear span of all monomials f* := f{* .- f&m where @ € N™ satisfies 0 < a; < n;
for all 4. It is enough to show that I + W = U. Let {U,, : n > 0} be the PBW filtration on U; we will show
by induction on n that U, C I + W for all n > 0. The base case n = 0 is trivial since 1 € W, so suppose
that n» > 1 and that U,—1 C I+ W. Let o € N™ be given with |a| := a3 + -+ + o = 0. If a; < m; for all
t=1,...,m, then f* € W. Otherwise, if a; > n; for some ¢, then using the fact that gr U is commutative
— see Lemma b) — we have
fa = 1al .. fzcilil 201? f%mfiaifm . flm mod Up_1.

Hence f* € I + U,—1 C I + W by induction. Thus we see that U, = k{f*:|a|=n}+U,_1 CI+W. O
Proof of Theorem[{.19 Let L(\) = U(g) - v for some highest weight vector v.

Suppose that L(A) is finite dimensional. Then ¥(L(A)) C P by Lemma so A € P. For any a € &7,
since g, - v € nt - vy = 0, we see that v is a highest weight vector for sl,. But then Ahe) € N by Lemma
2.7(c) and thus A € P*.

. + A(ha)+1 _

Conversely, suppose that A(h,) € N for all & € ®*. Then e’ -v = 0 by Corollary Let
I'={ue U™ ):u-v=0} this is a left ideal of U(n~) which contains ei(sa)ﬂ for all « € ®*. Therefore
I has finite codimension in U(n~) by Lemma But U(n™)/I is isomorphic to U(n™) - v = L(\), so L(\)
must be finite dimensional. O

We can now state the classification of irreducible finite dimensional g-modules.

Corollary 4.24 (Cartan-Weyl).

(1) Ewvery irreducible finite dimensional g-module V is isomorphic to L(\) for some A € PT.
(2) Every finite dimensional g-module is a direct sum of simple modules L(\), A € P*.

Proof. (1) By Lemma V lies in category O. Hence V = L()) for some A € h* by Theorem But
then A must be integral dominant by Theorem |4.19
(2) Apply (1) together with Weyl’s theorem on complete reducibilityﬂ O

We now have a classification via integral dominant highest weights of the simple finite dimensional g-
modules. Other typical information that one would still like to have in representation theory is:

e the dimension of L(\),
e the formal character of L(\),
e models (or explicit realizations) of L(\).

We will obtain satisfactory answers for the first two topics, but the third topic, except for some particular
examples, is beyond the scope of this course.

5. THE CENTRE OF U(g)

5.1. Central characters. Recall the notation Z(g) for the centre of U(g). We wish to understand the
structure of Z(g). We will first look at the action of Z(g) on modules in O, but we begin in greater generality.
If A is an associative k-algebra, every A-module M has an associated representation pys : A — Endg (M),
given by p(a)(m) = a - m. Moreover, if Z is the centre of A then py/(Z) is contained in End4(M).

Definition 5.1. The central character of M is the restriction of pyr to Z:
XM = Pz Z — Enda (M)
In this notation, the centre Z of A acts on M via the central character y;:

z-m=xm(z)(m) forall ze€ZmeM.
In situations of interest to us, our A-modules M have small A-linear endomorphism rings.
Lemma 5.2. Let A € h*. Then every z € Z(g) acts by a scalar xp(x)(2) € k on the Verma module M(\).
Proof. Proposition 2) tells us that Endyg) (M (X)) = k. So,

Xx = XMy ¢ Z(8) = Endyq)(M(A))

takes values in k, and z - m = x(2)m for all z € Z(g) and m € M (). O

7See Theorem 15.10| for a proof of Weyl’s complete reducibility theorem is using the action of the Casimir operator.
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Definition 5.3. Pick a basis {f1,..., fm} forn™, {h1,...,h.} for b and {e1,...,en} for n*. Then by the
PBW Theorem the monomials {f*hbe¢,a € N™ b€ N, c € N} forms a basis for U(g).

(1) Define pr : U(g) — U(h) to be the unique k-linear map which sends all such monomials to zero,
unless a = ¢ = 0 in which case pr sends the monomial h® to itself.
(2) The Harish Chandra homomorphism is the restriction ;) of pr to Z(g).

Note that pr does not depend on the choice of bases made: any choice of bases induces a decomposition
U(g)=n"Ulg)@U(h) & U(g)n"

of vector spaces, and pr is simply the projection onto the middle factor along the other two summands.
Clearly pr is a linear surjective map.

Definition 5.4. Let V' be a vector space. A polynomial function on V' is an element of the symmetric algebra
S(V*). We will sometimes write
o) :=5(V")
Example 5.5. Let {v1,v2} be a basis for V. Then every linear function of the form
A1U1 + AgUg = Aj1eq + Aaca

for some c1,co € k is also a polynomial function on V: in fact this function is simply c; f1 + cofo where
{f1,..., fa} is the dual basis for V*. And then a general polynomial function on V has the form

A1 + Agug ZN: cij AN
4,j=0
for some ¢;; € k; this is in fact precisely Z?szo cijfifd in S(V*).
The following fact holds because our ground field & is infinite.
Lemma 5.6. Suppose that f € O(V) is such that f(v) =0 for allv € V. Then f = 0.

We will identify U(h) = S(h) with O(h*) = S(5™). Let evy : O(h*) — k be the evaluation at A
homomorphism: this is a very convenient geometric way of thinking about the unique extension of the linear
functional A : h — k to a k-algebra homomorphism evy : S(h) — k.

Proposition 5.7. We have x\ = evy o for all X\ € h*.

Proof. Write ®* = {a,...,am} and choose 0 # e; € g,, for each i. Let v € M (M) be a highest weight
vector and let z € Z(g). Consider a monomial m := f%hbe¢ appearing in z. If ¢ # 0, then m-v = 0. If ¢ = 0,
then m - v € M(A)x_s=  4;0,- On the other hand,

z-v=xa(z)v € M(A)a
forces m - v = 0 whenever ¢ = 0 and a # 0. So, m - v = 0 unless a = ¢ = 0, so that
z-v=rpr(z) -v=rpr(z)(AN)v=-evy(pr(z))v forall ze Z(g). (5.1.1)
Thinking of S(h) as O(h*), this shows that evy o€ = x.. O
Corollary 5.8. The map & : Z(g) — S(b) is an algebra homomorphism.

Proof. By Proposition E(2)(N) = xa(z) for all A € b* and z € Z(g). Given z,w € Z(g) the element
&(zw) — &(2)¢(w) of O(h*) vanishes at all A € h* because x, is an algebra homomorphism for all A € h*. So

Lemma [5.6| implies that &(zw) = £(2)&(w). O

5.2. The Image of Harish-Chandra. To understand infinitesimal characters further, we need to know

when x = x, for A, u € h*. Recall from Sheet 2 Question 2 that p:=3 > a € P.
aedt

Definition 5.9. Define the dot-action of W on h* by
weA=wA+p)—p, weWeh™ (5.2.1)
We say that A and p are linked if p = w e X for some w € W.
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Notice that p and A are linked if and only if u + p and A + p are in the same W-orbit in h* under the
natural action of W. In particular, “linkage” is an equivalence relation on h*.

Proposition 5.10. If A\, € P are linked then xx = Xu-

Proof. Suppose first that ;1 = s, ® A for some o € II. Then A(h,) € Z as A € P. Now p(h,) = 1 by Sheet 2
Question 2(b) because « € II is a simple root, so

p=sa(A+p)—p=A+p-— Wa—p= A=A+ p)(ha)a == (Aha) + Do
by Definition 1) and Lemma 1). So, if A(ha) > 0 then M (p) < M () by Corollary [.22] But then
Z(g) acts on M () through the character x as well as x,,, so that x» = x,. If A(hy) = —1 then g = X and
there is nothing to prove. If A(h,) < —2 then A = s, @ and p(hy) = —A(he) —2 > 0 because a(hq) = 2 by
Theorem 8), so we are back in the first case with the roles of A and u reversed.
Finally, suppose that u = w e A for some w € W. Since w is by Definition 2) a product of simple
reflections s, we see that x, = x in this case as well. 0

Proposition 5.11. The image of the Harish-Chandra homomorphism & : Z(g) — S(b) lies in the subalgebra
S(H)We = O(h*)"W* of invariant polynomials for the shifted W -action.

Proof. The shifted W-action on O(h*) is defined in the usual way by
(we fYN) = f(w o)) forall weW,fecOHh*),\cbh"
Now, let z € Z(g) and w € W. Then for any A € P we have
£(2)(N) = xa(2) = Xwer(2) = £(2)(w o N)

by Proposition and Proposition so w~! e&(2) —&(2) vanishes on P for any w € W. Since P is Zariski
dense in h*, £(z) € O(h*) is invariant for the shifted W-action for any z € Z(g). O

Corollary 5.12. If A\, u € b* are linked, then xx = Xu-
Proof. Say = we \. Let z € Z(g); then w™! @ z = z by Proposition [5.11] so

XA (2) = €(2)(N) = (w0 €(2))(N) = €(2) (1) = xu(2)
by Proposition [5.7 g

Example 5.13. Let g = sl(2) and consider its Casimir element C := h? + 2h + 4fe € Z(g).
(1) Because fe € n~U(g) we have pr(C) = h? + 2h.
2) Let h* € b* be defined by h*(h) = 1 and let ®* = {a}. Then since h, = h we have a(h) = a(hs) = 2.
) Thus o = 2h* and p = o = h*.
) The Weyl group W = (s) where s = s, sends a to —« so that s is the negation map on h*.
) The shifted W-action on S(h) = k[h] is given by
(soh)(A\)=h(seX)=h(s(A+p)—p)=h(-A—2p) = —-Ah)—2=(-h—2)(\) forall Xebp*.
Soseh=—h—2.
(6) Therefore s 8 ((C) = s o (h(h+2)) = (=h — 2)(—=h) = £(C) and £(C) € S(h)".

Theorem 5.14 (Harish-Chandra). The algebra homomorphism & : Z(g) — S(h)W*® is an isomorphism.

(

(3
(4
(5

Proof. We view Z(g) as the subspace of g-invariants for the adjoint representation of g in U(g): Z(g) = U(g)®.

Let ¢ : S(g) — S(h) be the unique k-algebra homomorphism which kills n~ @n™ and which restricts to the
identity map on S(h) — this is a commutative analogue of the Harish-Chandra projection from Definition
pr: U(g) = U(h). Note that pr respects filtrations on U(g) and U(h), and that the diagram

er(U(g)%) —=5—~ gr(U(h)V*)

w
SEIOE S(b)
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is commutative; here we identify gr U(g) with S(g) using the isomorphism from Theorem Recall the
symmetrisation map ¢ : S(g) — U(g) from Definition The arrow on the left is an isomorphism because
for every homogeneous u € S™(g)?, the symmetrised element ¢(u) lies in U(g)? and satisfies ¢p(u) = u
mod F,,_1U(g). The arrow on the right is an isomorphism because the shifted W-action on U(h) induces the
usual W-action on grU(h) = S(bh).

The Killing isomorphism & : g —» g* extends to a k-algebra isomorphism & : S (9) = O(g). By Theorem

3), we also get a k-algebra isomorphism & : S(bh) = O(h). Let 6 : O(g) — O(h) be the restriction map
which sends a polynomial map on g to its restriction to h; then the diagram

S(g) ——— S(b)
O(g) ——5— O(h)

is commutative. To see this, note that the k-algebra homomorphisms 6 o x and & o ¢ both kill n™ @ n~, and
restrict to Kk : h — h* on h C g. Now we can apply the Chevalley Restriction Theorem below to deduce
that gr& is an isomorphism. Hence £ is also an isomorphism. O

Theorem 5.15 (Chevalley).  The restriction map 0 : O(g) — O(h), f+— fy, induces an isomorphism

0:0()°" = omW.

Proof. See [Bel, Theorem 9.1] or [Hull, §23.1]. O

Proposition 5.16. Let A\, u € b*. Then xx = X, if and only if W e A=W e pu.

Proof. In view of Corollary we must show that if W e\ # W e, then x» # x,. Now WeXand Wep
are finite disjoint subsets of h*, so by the Chinese Remainder Theorem we can find some f € O(h*) which is
Lon WeXand 0on Wepu. Nowlet g: =3 i, we f: then g € U(h)"* is still zero on W e i and non-zero
on W e \. Using Theorem choose z € Z(g) such that £(z) = g. Then we deduce from Proposition
that z € ker x,, but z ¢ ker xx, so xx # x, as claimed. O

Lemma 5.17. Let R be a commutative ring and let G be a finite group acting on R by automorphisms. Then
R is integral over the invariant ring RC.

Proof. Given r € R, let f(t) :=[[,cq(t —g-7). Then f(t) € RE[t] is monic and f(r) = 0. O

Theorem 5.18. The Harish Chandra isomorphism induces a natural bijection

~

£ /W  — MaxSpec(Z(g)), W e X — ker x».
Proof. Corollary tells us ker x only depends on W e A so £* is well-defined. Proposition [5.16|implies
that ¢* is injective. Now S(h) is integral over S(h)"*® by Lemma Using Theorem together with
the Going Up Theorem — Theorem 7.8(a) — for every maximal ideal M of Z(g) we can find a maximal
ideal P of S(h) such that M = £71(P). Since k is algebraically closed, P = kerev, for some A\ € h* by
the Nullstellensatz, see for example Theorem 4.3. Therefore M = ¢~ 1(kerevy) = ker(evy of) = ker x) by
Proposition so £ is surjective. O

The following is known about the relation between S(h) and its invariant subring S(h)".

Theorem 5.19 (Chevalley-Shephard-Todd).

(1) S(H)W is a polynomial algebra in dim b variables.
(2) S(b) is a finitely generated and free S(h)" -module.
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5.3. Composition series. Recall that we know that every M € O is a Noetherian module.
Proposition 5.20. Fach M € O is Artinian.

Proof. By Proposition we may assume that M = M(\) is a Verma module. Suppose for a contradiction
that we have a strictly descending chain of U(g)-submodules M(\) = N° > N' > N2 > ... of M()\). By
refining the chain, we may assume that each subquotient S* := N?/N®*! is non-zero and cyclic as a U(g)-
module, i.e. it is a highest weight module. Let u; be the highest weight of S;. Then x,, = xx, so p; € W e X
by Proposition The short exact sequence 0 — Ny — N — S} — 0 shows that N/** < N/, so

@ N; > @ N;"'l for all 7> 0.

pneW e peEWe
Let V:=3" ,cw M(N)wex; then VN Ny >V NNy > --- is a strictly descending chain of linear subspaces of
V. This is impossible because dim V' < co by Lemma d). g

Corollary 5.21. Let M € O.

(1) M admits a finite composition series.
(2) The set of Jordan-Hélder factors of M is {L(A\1),...,L(A\k)} for some A1,..., A\, € b*.

Proof. (1) M is Noetherian by Proposition 1) and Artinian by Proposition Hence the Jordan-Hélder
Theorem applies and M has a finite composition series. (2) This follows from Theorem ). O

Definition 5.22. For each p € b*, let [M : L(u)] denote the multiplicity with which L(u) appears in a
composition series of M € O. The numbers [M(X) : L(pu)] are called the Kazhdan-Lusztig multiplicities.

By the Jordan-Holder theorem, this does not depend on the choice of composition series of M.

6. CHARACTER FORMULAS

The goal is to obtain the Weyl character formula and the dimension formula for the finite dimensional
simple modules L(\), A € P*. We follow the expositions by Bernstein [Be] and Fulton-Harris [FH].

6.1. Formal characters. Recall from Corollary [4.11(1) that each weight space of every object of category
O is finite dimensional. Therefore the following definition makes sense.
Definition 6.1. The formal character of a module M € O is the function

ChM:h*—)Z, ChM(A):dlmMA<OO

We have the following basic properties of formal characters.

Lemma 6.2. Let M € O.
(1) chyps is well-defined, i.e. chpr(A) € N for all A € N.
(2) chyr =0 if and only if M = 0.
(3) If 0 = My — My — M3 — 0 is an exact sequence in O, then chp, = chpy, + chay,.
What does chy look like when V' is a finite dimensional g-module?

Definition 6.3. Let a be an algebra. An a-module M is called a-finite if it is a sum of finite dimensional
a-modules.

We have already encountered this notion in axiom (O3) for category O. The idea behind a-finite module
is that we can extend to this setting the local properties of finite dimensional modules.

Lemma 6.4. Let a € II be given and suppose that M € O is an sly-finite module. Then dim M, =
dim My, () for every weight u of M.

Proof. Decompose M = D, My with respect to the action of h,. Here My is the k-eigenspace of h,. By
Corollary 2), we know that eX induces a linear isomorphism between the k-eigenspace and the (—Fk)-

eigenspace of any finite dimensional sl,-module. But then this can also be applied to our sl,-finite module M.
Denote jj, : M}, — M_j, the resulting linear isomorphism induced by the action of e* . We can decompose

M= @ M, M= &b My= P M,

preb,pu(ha)=Fk web* p (ha)=—k pre€h* u(ha)=k
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Now, if v, € M, we have hy - €* v, = [ha,€® ] v, + €5 ha v, = (1 —ka)(ha)er v, = sa()er - vy,

since k = p1(hq). This shows that jp maps M, to M, _(,). But then it has to induce a linear isomorphism
between M, to M,_(,)- O

Theorem 6.5. Let A € P*. Then dim L(\),, = dim L(\), for all p € P and allw € W.

Proof. Suppose A € Pt. Then L(}) is finite dimensional by Theorem so it is sl,-finite for any « € II.
Then dim L(A),, = dim L()),, (u) for all 4 € W(L(A)). Since a was arbitrary and the s,s generate W, it
follows that dim L(X), = dim L(A),(,) for all u € W(L(X)). O

The Weyl group W acts on h* via the natural action w(x), w € W, x € h*. This induces an action (the
left regular action) on functions in the standard way:

(wf)(x) = fw ' (x), weW, f:b* =k
Theorem [6.5] can be restated more succinctly as follows:
Corollary 6.6. The formal character of any finite dimensional g-module V' is W -invariant:
w chy =chy  forall weW.

Proof. By Corollary and Lemma 3), we may assume that V = L()) for some A € PT. The result
follows from Theorem [6.5 O

6.2. Characters of M(\) and L(\). The formal character of Verma modules M () is easily computable.

Definition 6.7.
(1) The Kostant partition function K : h* — Z is given by K(u) = the number of ways in which u can
be written as p =, cpt N, With ng € Zxo.
(2) The negative Kostant partition function is p : h* — Z, p(p) = K(—p).

Lemma 6.8. For every A € b* we have dim M(A),, = K(X—p) for all p € b*, and in particular, p = chpr (o).
Proof. See Problem Sheet 3. O

Here is the first indication that formal characters are useful: L(\) is very mysterious, but its formal
character is easily understood provided the Kazhdan-Lusztig multiplicities are known.

Proposition 6.9. Let A € h*.

(1) We have chypny = >5 [M(X) : L(p)lchp -
pneW e
(2) There exists a set of integers {bx,, : p € W e A} such that chpyy = > b uchar)-
pneEWer

To prove this, we need the following Lemma.

Lemma 6.10. Suppose that M = M () is a Verma module and let u € h*.
(1) If [M(X) : L(p)] > 0 then p < X and p € W e A
(2) (MO : L] = 1.
Proof. (1) If L(n) appears as a subquotient of M (X), then x,, = x, so 4 € W e X\ by Proposition Also
1=dimL(p), < dimM(X),, forces p € U(M(N)) = A — Q*F by Lemma[d.20]
(2) Note that A ¢ ¥(N(A)). Hence [N(X) : L(A)] =0 and [M(XA) : L(\)] = 1. O

Proof of Proposition[6.9 (1) Apply Lemma (3) to a composition series of M (A).
(2) Write u, = chyy(,) and v, = chp,) for each p € W e A. Then by (1)

Uy = Z a,,v, forallyeWe
veEWel
where a,,, = [M(p) : L(v)]. This number is zero unless v < p1, by Lemma 1). Using Lemma 2) we
see that the matrix (ay,, ) is uni-lower-triangular with entries in Z. So its inverse (b, ) exists and has the
same properties. Therefore
vy = Z buyu, forall peW el
veWe
and the result follows by taking p = . O
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6.3. Weyl character formula.

Definition 6.11.
(1) For every function [ :b* — Z, define the support of f to be
suppf = {x € b™ | f(x) # 0}.
(2) Define & to be the set of functions f : h* — Z such that there exist A1, ..., A\, € b* such that

suppf < [Ja-QT

(3) For every pn € b*, define the delta function at p to be 6, € € defined by 6,,(x) = 6,
(4) The set £ can be endowed with the convolution product, for f,g € £:

(fx9) ) = F0Igl—x) = D =900 (6.3.1)
X€Eh* X€Eh*
Example 6.12. supp chy;(n) = A — Q. In particular, p € € and supp p = —Q*.

Because of the support condition on the elements of £, there are only finitely many nonzero elements in
the sum, hence the convolution is well defined.

Lemma 6.13.

(1) (&,4,*) is an associative and commutative ring with identity dg.
(2) 0, %0\ =y, for all p, X € b*.

Lemma 6.14. chy;(n) =pxdy €E.
Proof. By Lemma 6.8 dim M ()\), = K(X\ — p) = p(u — A). Hence
(px0x) (1) = Y Pl —x)0r(x) = p(pp = A) = dim M(A), = chyn)(n) for all p € p*. m
xeh*

Corollary 6.15. chy; € € for any M € O.

Proof. If M is a submodule or a quotient module of a Verma module M (X)), then supp chys C supp chpz(x)
which has the right shape by Lemma Now apply Proposition together with Lemma 3). O

In the light of Lemma it is desirable to find the inverse (if it exists) of p in .

Definition 6.16 (Weyl denominator). Define A := [] (daj2 —0_as2) € E.
acdt

The reason for the name “denominator” comes from our next result, which informally states p = %’”.

Lemma 6.17. We have px A% 6_, = dg, or equivalently px A = 6,,.

Proof. Set aq = 60+ 0_a+0 06+ + po+--- €& forevery a« € ®F. Then p = [] aq. Next notice
acdt
that aq x (60 —0—o) = o — Ga *0_o = o. But then, as §_, = [[ 0_q/2, we have
acdt

prAxd_,=px [] (bo—0-a)= [] @a*( —0d-a)=0do. O

acdt acdt
Let det(w) denote the determinant of w € W viewed as a linear transformation of b*.
Lemma 6.18. The function A is W-skew-invariant, i.e., wA = det(w) - A, for all w € W.
Proof. Tt is sufficient to check that for every simple root «, s, A = —A. (Recall that det(s,) = —1.) We know

that s, permutes the roots ®* \ {a} and s, () = —a. Hence
Sald = H sa0p/2 = 0-p/2) = (0—ay2 = ay2) % H (0p/2 —0-p/2) = —A. O
peat ped+\{a}

Lemma 6.19. If A\ € Pt and w € W are such that w e A\ = X, then w = 1.
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Proof. Suppose 1 # w € W. Then by Sheet 4 Question 4, there exists & € ®* such that wa € ®~. Write
=) gcqngB with ng € N and not all ng = 0. Then using Lemma 1) we have

At pa) = Y s PPl ) ).

2
Bell
This expression is strictly positive because A € P implies A(hg) > 0 for all 8 € II and because some ng > 0.
If we XA =\, then also w™!(\ + p) = A + p and hence, using Lemma 2),
A+p.a)=(w (A +p),a) = (A + p,wa) <0

by the previous equation applied to wa € —®*. This contradiction shows that in fact w = 1. d

Theorem 6.20. Suppose that X\ € PT. Then Axchpy = > det(w) dyrgp)-
weW

Proof. By Lemma the stabiliser of A in W under the shifted action is trivial. By Proposition 2)
together with Lemma we have

chiy = D brwerchas(wer) = D M D * Guex
weW weW
for some integers 7, := bx wex. Multiply both sides by A. Applying Lemma[6.17, we see that A p* dyex =
0p * Owex = Ouw(r+p)- Lherefore
A *ChL()\) = Z nwéw(,\+p)
wew

and it remains to show that n,, = det(w) for each w € W. We claim that the left hand side of the identity
is W-skew-invariant. Indeed, by Lemma[6.18] and Corollary [6.6}

w(Axchrx)) = wA xwchpy) = det(w)A xwchpyy) = det(w)A chpyy.

But then ) 1 nwduw(r4p) is also W-skew-invariant, and since n; = by x = 1, we get n,, = det(w). O
Corollary 6.21 (Weyl’s denominator formula). [] (da/2 —0_a/2) = A= > det(w) - dyp)-

acdt weW
Proof. This is the case A = 0 in Theorem [6.20 g
Corollary 6.22. Let A € PT, and define Ay := Y det(w) dy(xp)-

weW

(1) (Weyl Character Formula) We have A, x chpyy = Axg,.
(2) (BGG formula) We have chpyy = > det(w) chyzipen)-
weW

(3) (Kostant’s multiplicity formula) chyyy(p) = > det(w) K(w(X+ p) — (4 p)).
weWw

Proof. (1) Apply Theorem together with Corollary
(2) Multiply the formula from Theorem by p*d_, on the left. Then Lemma tells us that

ChL(A) = Z det(w) D * Gwenr

weW
since dyy(A4p)0—p = dwer. Now use Lemma
(3) is immediate from (2) together with Lemma O

Example 6.23. Let us consider the case of g = 5[(2). We identify, as we may, P+ with N and then a = 2p
is identified with 2 € N. The Weyl group is {£1}. Let L(n), n € Z>o be the simple module of dimension
n + 1. The weights of L(n) are n,n —2,n —4,...,—n. This means that in £, the character of L(n) equals

ChL(n) =0+ 2+ + 67n+2 +d_p.
On the other hand A = §; — §_1. Therefore, Corollary 1) becomes the easy identity
(On +0n—2+ -+ nra+0-pn)* (61 —-1) = Ony1 — 6_(nt1)-

Corollary 2) in this case becomes chy,) = chas) — chp(—p—2). Notice that w e n = —n — 2 when
w = —1 € W. This formula is a consequence of the short exact sequence

0— M(—n—2) — M(n) — L(n) — 0.
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6.4. Weyl’s dimension formula. We wish to use the formula in Theorem to deduce the dimension
formula for the finite dimensional g-modules L(A). For this, we will find a much smaller ring than £ that
still allows an effective way of stating the character formula, namely the group ring of integral weights

Z[P] = @ z[A].

AEP
Here [\] € Z[P] is a formal symbol for each A € P, and [A] - [u] = [A + p].

Lemma 6.24. The subring of £ generated by {0 : A € P} is isomorphic to Z[P].

Proof. The map § : P — £* given by A — 4§, is a group homomorphism by Lemma [6.13|(1). Its image is
linearly independent. Hence the extended ring homomorphism § : Z[P] — £ is injective. O

Definition 6.25.
(1) The augmentation homomorphism € : Z[P] — Z is defined by € < > n,\[)\]> = > ny.

AEP AEP
(2) For each A € P, define Fy := > det(w)[w(N\)] € Z[P].
weWw

In this language, the Weyl character formula says that chyy) =6 (F}::p)

o0
Recall that because k is a field of characteristic zero, the formal exponential series e®* := Y %~ makes
n=0

sense in the ring of formal power series k[[t]], for any a € k.

Proposition 6.26.
(1) For each u € P there is a ring homomorphism

U, :Z[P] = k[[t]]  defined by W, ([\]) =Nt forall A€ P.

(2) We have W, (F\) = Ux(Fy) for all \,p € P.
(3) We have U,\(F,) = [] (elxNz — e=(@N3) for any A € P.

aedt

(4) UA(F,) = TI (e,A) | t*71 mod ¢ ®"H1E[[H]] for any X € P.
aedt
(5) TA(S)(0) = €(S) for all S € Z[P].
Proof. (1) The map P — E[[t]]* given by A — e(*M is a group homomorphism. Now apply the universal
property of the group ring Z[P)].
(2) Because the bilinear form (—,—) on h* is symmetric and W-invariant by Lemma 2), we have
(,wA) = (\,w~ty). Since det(w) = det(w)~! for any w € W, we have

U, (Fy) = det(w)el Nt = Y~ det(w ™1 )ePw Wt = @, (F,).
weWw weW
(3) The maps W and § extend to Z[3 P]: there is a commutative diagram of commutative rings

W

Z[P] k([]]
A
5i \ N
&< 5 Z[iP]
Now 6(F,) =A =6 [I [§]—[-%]| by Corollary[6.21) and Definition 6.16/ Since § is injective, we obtain
acdt
the formula F, = [] ([$]—[-%]) valid in Z[$P]. Now apply ¥ to this formula.
acdt

(4) For any a € k, e —e~% = at mod t2k[[t]]. Now apply part (3).
(5) Evaluation at zero is a ring homomorphism k[[t]] — &, so it’s enough to check the formula for S = [y]
with u € P. But Uy ([u]) = e#NE(0) = 1 = €([u]) for any u € P. a
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We can now deduce the dimension formula.

Theorem 6.27 (Weyl’s dimension formula). Let A € PT. Then dimL(\) = [] %.
acdt ’

Proof. Since L(\) is finite dimensional by Theorem its formal character already lies in Z[P]: if
(N) == dim L(\),[p] € Z[P]

ner
then because § : Z[P] — & is injective by Lemma the Weyl Character Formula, Corollary 1) says
Fp . f()\) = F)\+p.
Apply ¥, from Proposition 1) to both sides of this formula and use Proposition 2) to obtain
U (Fp)Wp(E(A) = Vp(Fagp) = Ungp(Fp).
Both sides are k[[t]]-multiples of t/®"| by Proposition [6.26{4). Compare the leading coefficients of both power
series, i.e. divide both sides by #1271 and then evaluate the result at zero. Proposition (4,5) then gives

( I1 A)) () = ( 11 (a,)\—H))) .

acdt acdt
Finally e(¢(X)) = ) dim L(X), = dim L(X) by Definition [6.25{ and we’re done. O
neP

6.5. The BGG resolution. Corollary 2) has a beautiful homological refinement. The first step is to
determine the maximal submodule N(A) of M(\) when A € PT.

Theorem 6.28. If A\ € P, there erists an ezact sequence
P M(sa e X) = M(N) = L(\) — 0.
acll
We will not give a proof of this Theorem; note that our proof of Theorem shows that the sum of the
images of all the Verma modules M (s, e\) where a ranges over all positive roots of g has finite codimension in
M (X) and is therefore contained in the unique maximal submodule N () of M (A). Theorem strengthens

this by showing that in fact N (A) equals the sum of these modules where we only take the sum over all simple
roots a. The BGG resolution extends the sequence above to a resolution of L(\).

Theorem 6.29 (BGG resolution). Suppose A € PT. Then there exists an exact sequence:
0= M(woed) = B Mwed) == P Mwed) = -+ — @) M(sae)) = M(X) — L(A) — 0.

L(w)=|Pt|—-1 L(w)=k a€ll
(6.5.1)
Proof. Here £ is the length function on W — see Sheet 4, Question 4 — and wy is the longest element of W.
See [Hu2, Theorem 6.2] for the proof. O
As a consequence, the Euler-Poincaré principle implies that in K(O):
|2

chrpy =D (=DF D0 charweny = D (=) ehauan, (6.5.2)

k=0 weW l(w)=k weW

which is exactly the BGG formula, Corollary [6.22(2).
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