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(Variational) Auto Encoders; VAEs
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Autoencoder (AE) Illustration
Restricting the number of data parameters

The parameters, (θ, φ), of the autoencoder are then learned:

L(θ, φ) = m−1
m∑
µ=1

l(xµ, fθ(gφ(xµ)))

https://lilianweng.github.io/lil-log/2018/08/12/

from-autoencoder-to-beta-vae.html
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Principal component analysis (PCA) as an AE
Learning with one layer hard thresholding

The parameters, (θ, φ), of the autoencoder are then learned:

L(θ, φ) = n−1
n∑

µ=1

l(xµ, fθ(gφ(xµ)))

Consider a simple model where the encoder and decoder are linear,
that is gφ(x) = Φx where Φ ∈ Rr×p with r < p, and the linear
decoder fθ(z) = Θz with Θ ∈ Rp×r .
Moreover, consider an entrywise `2

2 error for l(xµ, fθ(gφ(xµ))), then

L(θ, φ) = n−1‖X −ΘΦX‖2
F

where ΘΦ is a learned rank r matrix, whose optimal solution is the
projector of X to its leading r singular space.
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Autoencoder extend PCA
More complex maps to low parameter space

The autoencoder framework allows gφ(·) and fθ(·) to be more
general than linear, and in particular to benefit from the
expressively of depth and introduce variation.
https://lilianweng.github.io/lil-log/2018/08/12/

from-autoencoder-to-beta-vae.html
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PCA vs 3 layer Autoencoder: MNIST (Hinton et al. 06’)
Improved separation of data classes

http://science.sciencemag.org/content/313/5786/504
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k-sparse autoencoders (Makhzani et al. 13’)
Low dimensionality through sparsity

This framework includes nonlinearity and can be rigorously analysed
using techniques from sparse approximation, but it lacks depth.
https://arxiv.org/pdf/1312.5663.pdf
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k-sparse autoencoders (Makhzani et al. 13’)
Learned elements: MNIST

Elements learned depend on number of components, sparsity,
allowed; k small are class elements, k large are basis elements.
https://arxiv.org/pdf/1312.5663.pdf
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k-sparse autoencoders (Makhzani et al. 13’)
Performance vs other autoencoders

https://arxiv.org/pdf/1312.5663.pdf
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Variational Autoencoders (VAE) (Kingma et al. 13’)
Introduction of noise as a generative model

https://lilianweng.github.io/lil-log/2018/08/12/from-autoencoder-to-beta-vae.html

https://arxiv.org/pdf/1312.6114.pdf
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Variational Autoencoders (VAE) (Kingma et al. 13’)
Gaussian MPL as encoder-decoder

Examples of encoder or decoder structure is a multivariate
Gaussian with a diagonal covariance structure; e.g. for the decoder:

h = tanh(W3z + b3)

with µ = W4h + b4

log(σ2) = W5h + b5

log p(x |z) = logN (x ;µ, σ2I )

https://arxiv.org/pdf/1312.6114.pdf
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Variational Autoencoders (VAE) (Kingma et al. 13’)
Distribution for generative model

pθ(x |z) acts as the generators, analogous to the decoder fθ(x |z),
and is called a probabilistic decoder
qφ(z |x) acts as the encoder, analogous to gφ(z |x), and is used to
approximate pθ(z |x).
The parameters φ, θ for a model are then learned so minimize a
distance, or divergence, between qφ(z |x) and pθ(z |x); Kingma
proposed minimising the Kullback-Leibler divergence.
https://lilianweng.github.io/lil-log/2018/08/12/from-autoencoder-to-beta-vae.html
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Variational Autoencoders (VAE) (Kingma et al. 13’)
Loss function for VAE

The formulae for LELBO(φ, θ;X ), the evidence lower bound
(ELBO), follows from minimising a lower bound of∑n

µ=1 log pθ(xµ):

log pθ(x) = log

(∫
pθ(x |z)pθ(z)dz

)
= log

(∫
pθ(x |z)

pθ(z)

qφ(z)
qφ(z)dz

)
≥

∫
log

(
pθ(x |z)

pθ(z)

qφ(z)

)
qφ(z)dz

= Eqφ(z|x) log(pθ(x |z))− DKL(qφ(z |x)|pθ(z |x))

=: LELBO(φ, θ; x)

https://arxiv.org/pdf/1312.6114.pdf
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Variational Autoencoder: manifold (Kingma et al. 13’)
Learned two dimensional space: faces and MNIST

https://arxiv.org/pdf/1312.6114.pdf
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Variational Autoencoder: manifold (Kingma et al. 13’)
Dependence on manifold dimension: MNIST

https://arxiv.org/pdf/1312.6114.pdf

Autoencoders, GANs, and Diffusion 15

https://arxiv.org/pdf/1312.6114.pdf


Inference Variational Autoencoders (Zhao et al. 17’)

pθ(x |z) acts as the generators, analogous to the decoder fθ(x |z),
and is called a probabilistic decoder; qφ(z |x) acts as the encoder,
analogous to gφ(z |x), and is used to approximate pθ(z |x).
The parameters φ, θ for a model are then learned to minimize a
distance, or divergence, between qφ(z |x) and pθ(z |x); Kingma
proposed minimising the Kullback-Leibler divergence, giving the
evidence lower bound (ELBO)

LELBO := Eqφ(z|x)
log(pθ(x |z))− βDKL(qφ(x , z)||pθ(x , z))

VAEs originally use β = 1, with larger β > 1 called β-VAEs.
Zhao et al. propose including a mutual information term to avoid
mode separation and collapse.
https://arxiv.org/pdf/1706.02262.pdf
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Inference Variational Autoencoders (Zhao et al. 17’)
Impact of VAE objective (λ = β, in β−VAE

https://arxiv.org/pdf/1706.02262.pdf
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Inference Variational Autoencoders (Zhao et al. 17’)
Impact of VAE objective

https://arxiv.org/pdf/1706.02262.pdf
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β-VAEs disentangling features pt. 1 (Higgins et al. 17’)
Explainable latent space

https://arxiv.org/pdf/1706.02262.pdf
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β-VAEs disentangling features pt. 2 (Higgins et al. 17’)
Explainable latent space: chairs

https://arxiv.org/pdf/1706.02262.pdf
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β-VAEs disentangling features pt. 3 (Higgins et al. 17’)
Architectures for encoder-decoders

https://arxiv.org/pdf/1706.02262.pdf
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Autoencoders summary
NNs used as nonlinear maps to lower dimensional latent spaces

I Principal component analysis (PCA) reveals the low
dimensional latent space within a data matrix by projecting to
the space of low-rank matrices.

I Autoencoders (AE) extend this notion allowing more general
maps to and from a low dimensional parameter space.

I Variational AEs (VAEs) give a probabilistic notion that gives a
natural generative model.

I Inference VAEs and β−VAEs are further extensions to
improve VAEs and for interpretability respectively.

I (V)AEs are a flexible structure allowing general maps; an area
open for great further analysis.
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Generative Adversarial Networks (GANs)
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Generative deep nets (Goodfellow et al. 14’)
Generative model from 100 latent variables

Example of a deep convolutional generator:

https://arxiv.org/pdf/1511.06434.pdf

https://arxiv.org/pdf/1406.2661.pdf
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Generative deep nets (Goodfellow et al. 14’)
Generative model from 100 latent variables

Train the two network parameters using the objective

min
G

maxDn
−1

n∑
µ=1

log(D(xµ, yµ)) + p−1
∑
p

log (1− D(G (zp), yp))

https://arxiv.org/pdf/1406.2661.pdf
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Generative deep nets (Radford et al. 16’)
Early training examples

https://arxiv.org/pdf/1511.06434.pdf
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Generative deep nets (Radford et al. 16’)
Later training examples

https://arxiv.org/pdf/1511.06434.pdf
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Wasserstein GAN (Arjovsky et al. 17’)
Optimal transport decoder

One of the central challenges with GANs is the ability to train the
parameters. Improvements have been made through choice of
generative architecture (DC-GAN of Radford) and through
different training objective functions (W-GAN)

https://arxiv.org/pdf/1704.00028.pdf

https://arxiv.org/pdf/1701.07875.pdf
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Wasserstein GAN (Arjovsky et al. 17’)
Examples of output from GAN architectures

https://arxiv.org/pdf/1704.00028.pdf
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Wasserstein GAN (Arjovsky et al. 17’)
Training rate

https://arxiv.org/pdf/1704.00028.pdf
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Large scale WGAN (Karras et al. 18’)
Growing the encoder/decoder complexity

https://arxiv.org/abs/1710.10196
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Large scale WGAN (Karras et al. 18’)
Examples of synthetic faces

https://arxiv.org/abs/1710.10196
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Understanding individual units in a DNN (Bau et al. 20’)
Single units which reliably detect object classes

https://arxiv.org/abs/2009.05041
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Understanding individual units in a DNN (Bau et al. 20’)
Single units which reliably generate object classes

https://arxiv.org/abs/2009.05041
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Editing individual units in a DNN (Bau et al. 20’)
Removing units of classes decreases their generation

https://arxiv.org/abs/2009.05041
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Diffusion models
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Diffusion processes
Deterministic encoder for information preserving GAN sample

Given an input x0, repeatedly scale and add additive noise

xt = (1− βt)1/2xt−1 +N (0, βt)

which is repeated from initial data x0 to xt = ᾱ
1/2
t x0 + (1− ᾱt)

1/2ε
where ε ∼ N (0, (1− ᾱt)I ) with αt = 1− βt and ᾱt := Πt

s=0αs .
The deep network is trained to denoise xt to recover x0, unlike in a
normal GAN xt is not purely noise. New data generated by drawing from
N (0, (1− ᾱt)I ) as if the x0 is lost in the noise.

https://arxiv.org/abs/2209.00796
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