Axiomatic Set Theory
Sheet 4 — TT21

Section A

1. Prove that for any infinite cardial x, cf(k) is a regular cardinal and show that every

infinite successor cardinal x* is regular.

Solution: The first bit follows from cf(cf(x)) = ¢f(k) (lecture notes).

The second one follows because a k-union of k-sized sets has size (at most ). More

formally, assume that o < k™ and f : @ — kT unbounded, meaning

k" =sup fla] = | f(8).

BE«

Then |a| < k and by assumption each |f(3)| < k so that ‘Uﬁea f(ﬁ)’ <KXK=FKa

contradiction.

2. Suppose & is an uncountable regular cardinal and let g : K — k be any function.

Show that for any a € k there is € k with a C § and such that § is closed under g,
ie. ve B —g(y) €p.

Solution: Recursively define ay = «, a1 = a, Usupgla,] and § = sup,c, an =
Unew @n- The second step makes sense since g[a,] is bounded in x by regularity of
r and hence sup gla,] € k. Since k is uncountable and regular (in particular it has

uncountable cofinality) we also have € k.

Finally, if v € 8 then v € a,, for some n € w and so g(7y) € a,+1 C B.
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Section B

3. Work in ZF+V=L.

(a)
(b)
(c)

Show that for ordinals a > w, L, = V,, if and only if a = N,,.
Show that there are ordinals o with av = N,,.

Indicate briefly why the existence of regular ordinals a with o = N, implies the

consistency of ZF.

Solution:

(a)

Suppose L, = V,,. Then |a| = |L,| = |V4] > Ny (since w < «) and thus |V,| > X,.
(Note that for a > w? we have @ = w + a and inductively |V, | = 30 > N,.)

Hence a > |a] > R,. Of course a@ < N, is a straightforward induction.
Now suppose a@ = R,. We always have L, C V,.

Now « is an infinite limit ordinal and a cardinal (as it equals X,) and is uncountable
(since w # N,,). Now let x € V,,. As « is a limit ordinal there is 8 < o with w? < 3
and € V3 and hence |TC(x)] < |V3] = 3 = Ng < X, (by GCH from V=L).
Thus x € Hy, and since ZF4+V=L implies H, = L, for every cardinal x we get
x € Ly, = L,.

We construct fixed points of a — X, as usual (this is a continuous, strictly increas-

ing function so has arbitrarily large fixed points by an earlier sheet).

First assume L = o = R, i.e. work inside L: If « is regular uncountable cardinal
then L, satisfies ZF-Powerset and V,, satisfies Powerset. If &« = X, then L, =V,
so that V,, = ZF.

Now assume that V' | a = R, and don’t assume V' = L. Being a cardinal is
downwards absolute (it says something like Vf V3 € k f is not a surjection § — k)
so R < WY (inductively). Hence we have a > RL or equivalently L | a > R,.
As before we always have L = a < N,, so L F a = X, and we can do the above

argument inside L.
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4. Suppose k, A are infinite cardinals.
(a) Show that if cf(k) < A < k then k < K.
(b) Show that if A < cf(x) and for every cardinal ;1 < k we have 2# < k then r* = k.

(c¢) If GCH is assumed, give a simple formula (with three non-trivial cases) for com-

puting x*.

Solution:

(a) Let f: A — k be unbounded. Then Vo € A, |f(«)| < & so that by Kénig’s Lemma

Uf@| <Y @) < [[n=+"

Q€A aEX aEX

k] =

(b) Note that if A < cf(k) then for every f: A — k there is a € k with f: A — « («
being an upper bound for ran(f) which is bounded in ). Thus

= {f: X = &}

U{r:r—a}

aER

< Z Alel

ackR

< Z(QA)Ia\

acEk

— Z 2)\®|a\

aER

SZRZK@I{:I{

ackr

(since 4 = A ® |a| < k and the assumption 2# < k).

Of course since 1 < \ we have k < k.

(c) We note that GCH implies the condition in part (b) (since p < k gives 2# = p <

K).
We claim:
Kk, A<cf(r)
K = kToef(k) <A<k
AT k<A

Most of the work was done before. It remains to observe that
KT =28 < gF < 2F0F = oF — kF

and if K < A\ then
)\+:2)\§/€)\§25®/\:2)\:)\+
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5. Work in ZFC.

Suppose k is an uncountable regular cardinal such that for every u < xk we have 2* < k

(this is called strongly inaccessible).

Note that w is strongly inaccessible and regular (but of course not uncountable).

a)
b)
()
(d)

(
(

(e)

Show that if & < k then |V,| < k.
Show that |V,| = k.
Indicate why (V, €) = ZFC.

Deduce that if ZFC is consistent then it can’t prove the existence of a strongly

inaccessible cardinal.

Show that if x is an uncountable regular cardinal such that for every u < k we

have ut < k (in V') then & is strongly inaccessible in L.

Solution:

(a)

(b)
(c)

Induction on a with successor step |Voi1| = 2Vl < & if [V,| < & and at limit steps

(for a € Kk so that |a| < k) regularity.
< follows from (a) and > follows from x C V.

Only Replacement needs checking since x is an infinite limit ordinal. For this

follow the usual proof to construct
z={y:yeVinTredv(ay,... an,z,y)}

which will witness Replacement provided z € V..

But since d € V,, we have d C V,, for some « € k so that |d| < x and thus writing
oy for the least a € k with y € Vi, we get that 2 C Viyp _ o, and by regularity
G = SUpye, oy < k. Thus z € Vo C V.

If ZFC is consistent then by a previous sheet it cannot prove the existence of a

transitive set satisfying ZFC and hence the existence of a strongly inaccessible k.

We note that being an uncountable regular cardinal is downwards absolute for non-
empty transitive classes satisfying ZFC (because we can write it as a II; formula).

Now assume that we have k in V' with the given properties (relative to V).

If a € On then |a|" < |a|” (since every V-cardinal is an L-cardinal) and so
(oM < (Ja|T)Y (previous fact and the same reason again) and hence (21%)F =

(Ja|™)% < (Ja/")V. Thus if a € & then |a| < k and so by assumption (2/°h% < &.

Mathematical Institute, University of Oxford Page 4 of 5

Rolf Suabedissen: rolf.suabedissen@maths.ox.ac.uk



Axiomatic Set Theory: Sheet 4 — TT21

Section C

6. Assume ZF.

For a set a, define L[a] by recursion (with parameter a) on On by

Ly =TC({a})
Va € On Lla]a+1 = Def(L[a]a)

Vv € Lim Lla|, = U Llalpeta
pey

and set

Lla] = ] Lla]a.

a€On

)

b) Show that if @ C On then L[a] = ZF.
) Show that if « C w then L[a| | GCH.
)

(very difficult) Show that if @ C wy and V=L][a] then L[a|  CH

7. Show that there are arbitrarily large o € wy such that P (w) N Loy \ La # 0.

Solution: We start by working in L (i.e. under ZFC + V=L so that H,, = L,,.

Since P (w) is uncountable and each L,,« € w; is countable (note that LL = L,) we

cannot have P (w) C L, for any a € wy. But P (w) C H,, = L, so the result follows.

Now without assuming V = L we see that P (w)” C P (w) (and LE = LY).
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