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Problem Sheet 2
Section B

QUESTION 3. Leray-Schauder/Schaefer Theorem.
Let X be a Banach space.

(a) Prove the following result.
Assume that T: X — X is a compact map with the following property: there exists R > 0 such
that the statement (¢ = 7Tz with 7 € [0,1)) implies ||z||y < R. Then T has a fixed point z*
such that ||2*||x < R.

Hint: Consider the operator

_ Te if |Tz]ly <R,
T(z) := .
WTZE else

on a suitable domain and prove that it is compact.
(b) Let T : X — X be a compact map with the following property: there exists R > 0 such that
| T2 — x||?x > HTxH%( - ||a:\|§( for all ||z||y > R. Show that T admits a fixed point.

Solution. Part (a). Following the hint, consider the operator

- Tz if |Tz||y <R,
T(x):= "
WT:E else.

By construction, we have that 7 : X — Bg(0). In particular, T : Br(0) — Bg(0).

Claim: 7T : m — X is a compact operator.
We first observe that T : m — X is continuous, as T is continuous, ﬁﬂﬁ is continuous for
Tz € X \ Br(0), and the two maps agree for ||Tz||x = R.

Let (x;); C Br(0). Since by assumption T is a compact operator, the sequence (T'x;); has a converging

sub-sequence (Tzj, )i It easily seen that (Tz;, ) converges as well. The claim is proved.
Since T : Br(0) — X is a compact operator, from the 3rd formulation of Schauder’s fixed point

Theorem we infer that there exists a fixed point

x* € Br(0), Tz*=ua".
Claim: Tz* = z*.
By the explicit expression of T, if it is not true that z* = Ta* = Tz*, then z* = Ta* = 7Tz* for
some 7 € (0,1] and ||Tz*||x = R. Using the assumption on T, we infer that if the latter holds, then
lz*||x < R. We thus get the contradiction:
R=|Ta*|x = [|lz"||x <R,

proving the claim.

Part (b). In order to apply part (a) we claim that:
Claim: if x = 7Tz with 7 € [0,1), then ||z| y < R.
If & = 7T then either 7 = 0 and thus [|z]|, =0 < R, or 7 € (0,1) and thus

2 2 2 2
1Tz — 2|5 = |Ta — mTz|% = (1 - 7)? | Tzl = (1 - 27 + 72) | Tz||%
2 2 2
< (-7 |Tzl% = 1Tzl — l7Tz|%
= ||ITz )% — ll=ll% -

Using the assumption on T we infer that ||z||y < R, proving the claim.

We conclude by applying part (a). a
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QUESTION 4. Integral operators on L2(f2) vs. C(Q2) As always, Q C R" is a smooth bounded

domain.

(a) Let a:Q x QxR — R be a continuous map, and let
Aw)@) = [ alay.u(w)dy.

show that A : C(Q) — C(Q) is well defined and compact. Hint: use Arzela-Ascoli Theorem.
(b) Let k € L?(Q x Q) and define

(Ku)(z) = /Q (e, y)u(y)dy.

Show that K : L?(Q) — L*(Q) is well defined and compact. You can use for example that
Cs° (02 x ) is dense in L2(Q x ), and therefore there is a sequence k,, € C§°(2 x ) such that
km — k in L2(Q).

(¢) Give an example of continuous a such that A (defined as above) is not well defined as an operator
from L?(Q) — L%(9).

Solution of (a).

Claim. 2 +— A(u)(z) is continuous from € to R.
By assumption a : Qx QxR — R is continuous. If u : Q — R is continuous, then also (z,y) — a(z,y, u(y))
is continuous from Q x Q — R. Since 2 x Q is compact, we infer that (x,%y) + a(z,y, u(y)) is uniforrmly

continuous, impliying that for every ¢ > 0 there exists § > 0 such that

Alw)en) = A@()] < [ Jalor,p.u(s) — ofaz, v u(w)ldy
Q
(1) <|Qle, for all x1, x5 € Q with |z — 22| < 6.

This shows the first claim and thus the fact that A : C(Q) — C(Q) is well defined.
Claim. For every bounded subset M C C(2), the image A(M) is precompact.

In order to show the claim, it is enough to show that A(M) is bounded and equi-continuous, as the
pre-compactness would then follow from Arzeld-Ascoli’s Theorem.
We first show that A(M) is bounded. Let C' = sup,c ¢ [|¢]|co. We have

[A(w)]|co = sup [A(u)(2)] < sup [ a(z,y,u(y))|dy
z€Q zeQ JQ

< 9| sup la(z,y,2)| =: C < 00, Vuée M.
(z,9,2) EQxQx[-C,C]

We next show that A(M) is equi-continuous. Since (z,y, z) — a(z,y, z) is uniformly continuous on the

compact set  x Q x [~C, O], the same estimates as in (1) give that for every ¢ > 0 there exists § > 0
such that

|A(u)(x1) — A(u)(22)|] < |Q|e, for all u € M and all 21,29 € Q with |21 — 29| < 4.

Solution of (b). This can be either approached directly, working with k € L?(Q x ) and arguing
with Fubini-Tonelli’s theorem (for the good definition and continuity of K, and using Kolmogorov-Riesz
for the compactness of the map K), or arguing by approximation as suggested in the hint. We take the
second approach (the advantage is that, for proving the compactness, we will only need Arzeld-Ascoli
and not Kolmogorov-Riesz).

Let kp, € C5°(Q x Q) such that k,, — k in L*(Q). For all u € L*(Q), define

(Ktt) () = /Q o (2, 9)u(y)dy.

Since k,(x,-) € L2(£2), we have that (K,,u)(z) is well defined for all x € Q.
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Claim 1. K,u € L*(Q) for all u € L?(Q) and K,, : L?(2) — L?(2) is continuous. Using Cauchy-

Schwarz and Fubini-Tonelli, we get

2
| Kl 22 = /Q ( /Q kmu,y)u(y)dy) dr < /Q Vo (2, )22 ]

= ul- | ( / km<x,y>2dy) o= ulls [ (o Pdady
X

(2) = [ullZs 1kmlZ--

This shows that K,,u € L?. The operator K,, : L%(2) — L?() is clearly linear, thus the above estimate

also shows the continuity of K, as endomorphism of L?. The proof of the claim is complete.
From (2), it also follows that
| Kot — KullZe < llulZ2llkm — k22 — 0 as m,n — oo,
i.e. the sequence (K,,u),, is Cauchy in L? and thus converges. Define

Ku:= lim K,u.

m— o0
We next establish compactness of K by first proving the compactness of K, and then applying a diagonal

argument.

Claim 2. Fix m € N. For any bounded sequence (u,), C L?(£2) there exists a subsequence u,,; such
that (Kpun,); C L? converges.
Since k,, € C° (2 x Q), we get that (K, uy,), are uniformly bounded:

| Kmtun(@)] < [[kmllzee [unllze < [Emllze (912 [[unllzz,  for all z € Q
and equicontinuous, as k,, is uniformly continuous:

sup  sup | Kpptin (21) — Kt (22)] <[Q? sup [Jup|| 22 sup |k (21, Y) — ki (22, 9)|
n|ry—x2|<é n YyEQ,|z1—22|<d

—0 asd — 0, for fixed m.

Thus the sequence (K,,uy,), is pre-compact in C°(Q) by Arzeld-Ascoli Theorem, i.e. it admits a sub-

sequence which converges uniformly, hence in particular in L?, showing the claim.

By a diagonal argument, from claim 2, it follows that for any bounded sequence (uy,), C L?(£2) there
exists a subsequence u,,; such that (Kp,uy,); C L? converges for every m € N.

We now show the compactness of the map K:
Claim 3. For any bounded sequence (u,), C L?(Q) there exists a subsequence Up,; such that
(Kun,); C L? converges.

Let (un,); be the subsequence such that (K, ); C L? converges for every m € N. Then
||Kunj1 — Kuy,, Iz < ||Kunj1 — Kinn,, lzz + HKmunj1 — Kpn,, lzz + ||Kmunj2 — Kup,, 2
< 25up [[unllz2 |1k = Emllc2 (@) + [ K (un,, =iy, )l zz-
For every € > 0 let m be such that ||k — kn||z2(ox0) < €/(25up,, [|unl[z2). Let also J > 0 be such that

[ Ko (tn;, — uny, )2 < g/2 for all ji,j2 > J. Then ||Kup; — Kuy, |[12 <¢ for all j1,j2 > J, ie. it is a
Cauchy sequence. The claim follows.

Note. The argument above is very similar to an argument in the lectures, where compact operators
are approximated by “finite dimensional operators”.

Solution of (c). Let a(xz,y,2) = z*. If u € L?, it is in general not true that [, u* exists finite and
thus the corresponding Au may fail to be well defined as an L? function.
(|
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QUESTION 5. Continuous maps. Let g € C(R x R™) be such that g(z,p) < a + b|z|* + ¢|p|, where
a,b and ¢ are non negative constants, and 2« < 2*, where 2* = 2n/(n — 2) if n > 3, and 2* = oo if
n =1,2. Then the map u — g(u, Vu) is continuous from H}(Q) to L?(2) and maps bounded subsets of
H}(2) to bounded subsets of L?().

Hint: rewrite g(u, Vu) = g(u, IVVTUI”) for a suitable function g and a suitable exponent 0 < v < 1, and

apply Lemma 2.6 from the lecture notes.
Solution. From Lemma 2.6 in the lecture notes, we know that if f € C(R) satisfies
\f(x)| §M1+M2|.’13‘T, Ve e R™

then the map uw +— f(u) is well defined and continuous from LP to LP/" and maps bounded sets to
bounded sets.

If « <1andge€ C(RxR") satisfies g(z,p) < a+ b|z|* + ¢|p|, then the claim follows immediately, as
blz|* < b(|]z| + 1) and as the map u + Vu is continuous from H{ to L2

If @ > 1 then, using that by assumption 2a < 2* and Sobolev embedding theorem, we get that u — u
is continuous as a map from H} to L?*.

At the same time, consider the map

(3) v 0<v<l,

v
o
which is well defined and continuous from L?(Q,R") to L*(=*)(Q,R") and maps bounded sets to
bounded sets, by Lemma 2.6. Hence, choosing v so that % = 2q, we get that (3) is continuous from
L?(Q,R") to L?*(Q,R").

Combining the above, we obtain that

(4) h:uw— (U’WV’:V’)

is well defined and continuous from Hg(2) to L?*(2,R x R™). Following the hint, consider the function
g € C(R x R™) such that
Vu
Vi) = &
otV =3 (g ).
(ie., g(v,w) := g(v, |w|Pw), with 3 =v/(1 — v)). Then
(v, w)| < a+ blo]* + cfw] /07

=a+ bjv|* + clw|®.

We conclude that
HLQ) L5 L22(Q,R x R™) -4 L2(Q)

is well defined, continuous, and maps bounded sets to bounded sets, as composition of maps with such

properties.
|



