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1D Heat Equation

First we consider the simplest parabolic PDE in the form of the
heat equation:

ou d%u

ot ox2’
for t > 0 and x € [a, b] with an initial condition
u(x,0) = wo(x),

for x € [a, b]. We begin by considering Dirichlet boundary
conditions

u(a,t) = u,(t),
u(b7t) = ub(t)a

for t > 0.



The Mesh

We define a sequence of uniform timesteps by
tm = mAt
for m=20,1,2,... where At > 0 is the constant timestep size.
We also define a set of uniform mesh points by
xj = a+jAx,
for j=0,1,..., N and with the meshsize Ax = (b — a)/N.

We write u(x;j, tm) = u" and seek to approximate u/" by U" for
j=0,1,....Nand m=0,1,2,....



Finite Difference Schemes

We may write a central difference

&u _ u(XjJrlvt)*21'I(XJ'at)7L U(Xjflvt)

52Xt = Nz +0(8x%) .
Similarly, (as was the case for ODEs) we may write a forward
difference

du u(x, tms1) — u(x, tm)
—(x,tm) = O(At) ,
0, t) - ro(a)
or a backward difference
tm _ » tm
Oy tpyy) = Aotmi) 2 Ul ) o ppy

ot At



Finite Difference Schemes

Alternatively we may combine these to get a #-method of the form

(1 B Q)ZI:(X’ tm) i athl(X’ tm+1) _ U(Xa tm+1)A; U(X7 tm) + O(At)

for 6 # 1/2 or, when 6 = 1/2,

10u 10u (X, tmgr) — u(x, tm)
2ot at(X tmi1) = At

+ O(At?) .



Finite Difference Schemes
Such equalities lead to finite difference schemes of the form
» Forward Euler (or Explicit Euler)
+1
urt U U - 2ur
At Ax?

» Backward Euler (or Implicit Euler)

m—+1 m m-+1 m—+1 m-+1
urtt—up U - 2umt 4 U

At Ax?

» H-Method (Crank Nicolson when 6 = 1/2)

m+1 m m+1 m+1 m+1
vyt -y _ 9Uj+1 e !
At Ax?
H1-g 2 O

Ax?



Finite Difference Schemes

All these finite difference schemes hold for j =1,..., N — 1 and
m=20,1,....

We must also discretise the initial and boundary conditions as

UJO = UO(Xj ’ j:0717"'7N
Uo'" = uytm), m=1,2,...
U/rvn = ub(tm), m=12...

~—



Finite Differences — Implementation

We saw for ODEs that the forward Euler scheme was very simple
to implement, whereas the #-method for # > 0 required a nonlinear
solve. Similar ideas hold for the heat equation but the nonlinear
solve is replaced by the solution of a linear system.



Forward Euler Scheme

Recall the forward Euler scheme is

+1
UJ{71 il _ Ui, —2U7+ U,

At Ax?

forj=1,...,N—1and m=0,1,.... Writing . = At/Ax?, we
may re-arrange the scheme to get

UM = UP (U - 207 + U (1)
forj=1,...,N—1land m=0,1,....

Thus, once we have used the initial and boundary conditions to
assign values to UJQ for j=0,1,..., N and Uy" and Uy for
m=1,2, ..., it is simple to set m =0 in Equation (1) and
compute all the Uj1 etc.



Forward Euler Scheme — Example

Consider the heat equation

ou d%u

ot ox2’
for 0 < t < 0.1 and x € [0, 1] with an initial condition

sin(mx) + 27 cos(27x) ,

u(x,0) =
for x € [0,1] and Dirichlet boundary conditions
u(0,t) = 2mexp(—4r’t) = u(l,t),

for t > 0. The exact solution is

u(x,t) = exp(—mt)sin(mx) + 2 exp(—47n°t) cos(27x) .



Forward Euler Scheme — Example

Exact solution and numerical solution at t = 0.1 with Ax =1/20
and At = Ax?/4.

0.24 + B

0.22 - b

u(x,0.1)

Exact solution
0.14 Numerical solution
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6-Method
The O-method is

1 1 1 1
urtt - um _ Ut —2umtt + U
At Ax?
m m m
Ax?

(Recall this includes the backward Euler scheme if we take 6 = 1.)
Again we may write ;1 = At/Ax? and re-arrange the scheme to get
+1 +1 +1 +1
Ut - uo(Ut - 207+ umy)
= UP (1 - O)(UL — 207 + UML) (2)
forj=1,...,.N—1land m=0,1,....

This time, once we have used the initial condition to assign values
to UJQ for j=0,1,...,N, if we set m = 0 in Equation (2) then we
have a linear system to solve in order to compute all the UJ-l.



6-Method — Linear System |

Let A € RIWHDX(N+1) he the tridiagonal matrix given by

0 0 0
1 -2 1
1 -2 1
A = .
1 -2 1
0 00

Then we may write
(I — pfAU™L = (' + p(1 - 0)A)U™ + g™t

Here, U™ = (U, U, ..., UMT, I 'is the (N + 1) x (N +1)
identity matrix, /" is the (N + 1) x (N + 1) identity matrix but
with the (1,1) and (N + 1, N + 1) entries being zero, and
gm+1 = (Ua(thrl), 0,...,0, ub(tm+1))T'



6-Method — Linear System ||
Alternatively note that when j = 1 Equation (2) becomes

Ut — pf(Us™ =207 = U+ p(1 = 6) (U3 —207")
+uOUTT + (1 - 0 U

Let Ay € RIN-1Dx(N-1) he the tridiagonal matrix given by

-2 1
1 -2 1
Ay =

Then we may write
(I — pBAIU™L = (1 4 (1 — 0)A)U™ + pufgy™ ™ + (1 — 6)ga™ .

Here, U™ = (U, U5 ..., UZ )T, I is the (N — 1) x (N — 1)
identity matrix, and g2 = (ua(tm),0,...,0, up(tm))".



6-Method — Linear System

Note that the matrix using the approach Il is symmetric, but that
using approach | is not.

Since both linear systems are tridiagonal either can be solved easily
in Python using numpy.linalg.solve (or even better by
constructing sparse matrices via scipy.sparse and using
scipy.sparse.linalg.spsolve), or the Thomas Algorithm.
Either method is fast, but not as fast as using Equation (1) for the
forward Euler scheme.



f-Method — Example

We consider the same problem and the same grid as before.

T T T T
026 | ~—
0.24
0.22
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o
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0.18
0.16
Exact solution
0=0.5
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0.14 ot
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Truncation Error

The truncation error for the 8-method is given by

um+1 ., m

u'
T = JAitJ — 0D} Dy u™t — (1 - 60)D D ufl

It is standard to perform Taylor series approximations about the
point (Xj, tmy1/2). This gives

1 1 1
7}m = <2 — 9) AtUXXt — EAlJuttt — EAX2UXXXX .

Thus for 6 independent of At and Ax:

P in general, the f-method is first order in At and second order
in Ax;

» for the particular case § = 1/2, the Crank Nicolson method is
second order in both At and Ax.



Stability

You will see in the NSPDE course that issues arise in the stability
of the #-method for parabolic PDEs. The summary is

» If & > 1/2 the method is unconditionally stable. In particular
this means that the backward Euler and Crank-Nicolson
schemes are unconditionally stable.

» If < 1/2 the method is only conditionally stable. The values
of At and Ax must be chosen so that u < 1/(2(1 — 20)), i.e.
so that

Ax?

< —.
At < S0 -29)

In particular this means that the forward Euler method is only
conditionally stable and the condition for stability is that
At < Ax?/2.



Example of Instability

Suppose we try to solve the heat equation with Dirichlet boundary
conditions and a fixed initial condition with the forward Euler
scheme with At = Ax? (recall we need At < Ax?/2 for stability).
The solution is disastrous!

Exact solution at time t=0.1 «10'* Numerical solution at time t=0.1




More General Boundary Conditions

Instead of applying Dirichlet boundary conditions, we may wish to
apply Neumann boundary conditions or mixed boundary
conditions. Let us consider a mixed boundary condition

au(a, ) +Fgo(at) = ()

for o and 3 constants with 3 non-zero. (What follows is easily
extended to the case when « and 3 are functions of time.)



More General Boundary Conditions
Since xg = a, we may write a forward difference
du ou u(x1, t) — u(xo, t)

&(a, t) = a(xo,t) = A + O(Ax) .

This means we may approximate the mixed boundary condition
using

m+1 U{n—i_l — én+1
aUO + ,BT = 'Y(tm-&-l) ) (3)

form=0,1,....

If we use this with the explicit Euler scheme then we have
Equation (1) with j =1,

Uttt = U+ (U - 207 + U

which couples with Equation (3) to give a 2 x 2 system for the
unknowns U™t and Ut



More General Boundary Conditions

If we use Equation (3) to approximate the mixed boundary
condition with the 8-method then we need to adapt the first
system we had earlier, namely

BU™ = (I — uAU™ = (' + p(l - 0)AU™ + g™t
We now replace the first entry of g™*! with Axy(tmy1) and the
first row of the matrix B is now (aAx — 3,3,0,...,0).

This method applies the boundary condition using an O(Ax)
approximation.



More General Boundary Conditions — Fictitious Node
An alternative method for applying the boundary conditions is to
use a central difference

ou _ Ou ~u(x, t) = u(xog, t) 5
&(37 t) - a(xo,t) - +O(AX ) ’

2Ax

where x_1 = a — Ax is a fictitious node to the left of the left-hand
end of the interval. This means we may approximate the mixed
boundary condition using

m m

U _
aUy*‘ﬁ# = Y(tm), (4)

for m=0,1,.... To use this with the §-method we use Equation
(2) with j =0, namely
Ut — (U™ = 20 4 U
= Uy +p(l—-0) U7 —205 + UM) .



More General Boundary Conditions — Fictitious Node

We use Equation (4) to replace U™ and U™, in this finite
difference scheme to get

204
Ut — b <2U{"+l —2U S U5"+1>

200
= Ul + (1 —0) <2U{" U+ O‘ﬁxug’)

—2,u9AX’Y(tg+1) —2u(l — H)AXW(;"’) .

Again we can use this to replace the first line of the linear system.

This method applies the boundary condition using an O(Ax?)
approximation.



More General Boundary Conditions — Comparison

We solve the problem

ou d%u

ot ox2’

for t > 0 and x € (0,1) with an initial condition

e - () (5)e(5).

for x € [0,1]. We use boundary conditions

ou 3r 2
o — 2N —@n/2)7t
2u(0,t) + 38X (0, 1) 5 e )
u(l,t) = e~ (3m/2)%t ,

for t > 0.



More General Boundary Conditions — Comparison
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Method of Lines

What we have done above is to use the method of lines where we
first discretise in space to get a system of ODEs and then use a
numerical method to solve the ODEs.

So for the 1D heat equation, with homogeneous Dirichlet boundary
conditions we can discretise in space using the standard finite
difference scheme to get

U(t) _ Upalt) = 2U5(8) + Uja(2)

dt Ax?
forj=1,...,N—1and with Up(t) = Un(t) = 0. We can re-write
this as a system of ODEs of the form
du
dt
with initial condition U(0) = up(x).

= AU

There is no reason why the spatial discretisation should be via a
finite difference scheme — this could be replaced by a finite
element method or a spectral method or ...



