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M.Sc. in Mathematical Modelling & Scientific Computing,
Practical Numerical Analysis

Michaelmas Term 2025, Lecture 9



1D Parabolic PDEs



1D Heat Equation

Last week we considered the simplest parabolic PDE in the form of
the heat equation:

ou d%u

ot ox2’
for t > 0 and x € [a, b] with an initial condition
u(x,0) = wo(x),

for x € [a, b]. We began by considering Dirichlet boundary
conditions

u(a,t) = u,(t),
u(b7t) = ub(t)a

for t > 0.



Finite Difference Schemes

Common finite difference schemes are
» Forward Euler (or Explicit Euler)
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» Backward Euler (or Implicit Euler)

m+1 m m+1 m+1 m+1
I A W I

At Ax?
» 6-Method (Crank Nicolson when 6 = 1/2)

m+1 m m+1 m+1 m+1
At Ax2
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Finite Difference Schemes

All these finite difference schemes hold for j =1,..., N —1 and
m=20,1,....

We must also discretise the initial and boundary conditions as

U = w(x), j=01,...,N
Uy' = utm), m=12,...
Uy = up(tm), m=1,2...

For the #-method for # > 0 we have to solve a linear system at
each timestep of the form

(I — pfA)U™ Y = (1 4+ p(1 — 0)A)DU™ + pbgy™ ™ + (1 — 0)ga™ .

Here, ;1 = At/Ax2, U™ = (UM U, ... U )T, I is the
(N —1) x (N — 1) identity matrix, Ay =triadiag(1, —2,1), and
g™ = (Ua(tm),0,...,0, up(tm))".



2D Parabolic PDEs



2D Heat Equation

The heat equation in 2D is given by

ou Pu  d%u

ot T ol e
for t > 0 and x € Q C R? with an initial condition
u(x,y,0) = uw(x,y),
for x € Q. We consider Dirichlet boundary conditions

u(x,y,t) = up(x,y,t) for (x,y) €0, t>0.



The Mesh

We define a sequence of uniform timesteps by
tm = mAt
for m=0,1,2,... where At > 0 is the constant timestep size.

For the spatial mesh, we assume that the domain €2 is a rectangle,
namely Q = (a, b) x (¢, d) so that x € [a, b] and y € [c, d]. We
then define a set of uniform mesh points by

X; = a4+ ilAx,

yj = c+jby,

fori=0,1,..., N, j=0,1,..., N, and with the meshsizes
Ax = (b—a)/Ny and Ay = (d —c)/N,.

We write u(x;, yj, tm) = u]; and seek to approximate u/”; by U
fori=0,1,...,N.,j=0,1,...,N,and m=0,1,2,....



Finite Difference Schemes

We can write down finite difference schemes in an analogous way
to the 1D case. First define

Uit1j —2Uij+ Uiy

D;FD; U,',_,' Ax2 ,
Uiji1—2Uij + Uij_
+p—y7.. — ij+1 iyJ iyj—1
Dy Dy Uj = Ay2 .

Then we may write
» Forward Euler (or Explicit Euler)

m-+1 m
U,-J — Ui,j

— +p—ym +p—m
A = DfD U+ DD, U]

i
» Backward Euler (or Implicit Euler)

m+1 m

A = DD UM + D) Dy U



Finite Difference Schemes

» H-Method (Crank Nicolson when 6 = 1/2)

ymtl _ ym
% = DD, (9U§+l+(1—9)Ui,"})

+D; Dy (eu,.";.“ +(1- e)u,.'g.) (1)



Finite Difference Schemes

All these finite difference schemes hold for i =1,..., N, — 1,
j=1,...,N,—1and m=0,1,....

We must also discretise the initial and boundary conditions as

U = wo(xiny), i=0,1,..., Ny, j=0,1,...,N,
U = up(ay,tm), j=0,1,....Ny, m=1,2,...
Un.j = up(b,y,tm), j=0,1,....N,, m=12,...
M = up(x,Ctm), i=1,... Ne—1 m=12,...
Uy, = up(xditm), i=1,..,Ne—1, m=1.2,..



Forward Euler Scheme

The forward Euler scheme is
+1
U,-’Z- — U,-"J-
At
fori=1,...,Ny—1,j=1,...,N,—1land m=0,1,....

= DD U+ DD, U

Writing ix = At/Ax? and puy, = At/Ay?, we may re-arrange the
scheme to get

1
UPtt = U+ i UfL = 2U + U )

+MY(Ufn,j7'+1 _2Ui’:}+ Ui,:}—l)
fori=1,...,Ny—1,j=1,...,N,—1land m=0,1,....

As in 1D, this is very simple to implement.



0-Method

The 0-method is

ymtt —ym
S SY — prp; (eu,rg.“ +(1- e)u,.jj.)

— m+1 m
+0; Dy (oUr + (1-0)Ups) -

We may re-arrange the scheme to get

—m(UIS + UML) = iy (U + UTTER) + (14 20 + 1y )) U
= (1= 0) Uy + Uy ;) +py (1= 0)(UT g + UTy)

+(1 = 2(1 = 0)(px + py)) Uj”

fori=1,...,Ny—1,j=1,...,Ny—1land m=0,1,....



6-Method — Linear System

In the case of homogeneous Dirichlet boundary conditions we have

U’"J“:l U,’\Ztl U’thl Uerl = 0 and we may write the vector

of unknowns as

Um+1

m+1 m+1 m+1 m+1 m T
(U ,U UlN_l,U .Uy —1N—1) .

P

We may then write a linear system
(I —0AU™ = (14 (1-0)AU™,

where A is a matrix with (N — 1)(N, — 1) rows and columns and
I is the identity matrix of the same size.



6-Method — Linear System

The structure of A is

A = Ny — 1 blocks
¢ B C
C B

where B, C € RN —1)x(My=1) are given by

—2(px + py) iy
Hy —2(pix + phy) Hy
B = _ _ _
Hy —2(px + py)

and C = pxly,—1 with Iy, 1 being the identity matrix of size
N, — 1.



Truncation Error
The truncation error for the §-method is given by

um_+1 —um
m IJ J +p— +1 m
T = S - DrD; (0 4+ (1 - 0)uf)
+p- +1 m
Dy Dy (6ufit + (1= 0)ufy) .

It is standard to perform Taylor series approximations about the
point (X;, yj, tmy1/2). This gives

1 1
Ti,:} = (2 o 0) Atuy — E(Atzuttt + AX2U><X)o< + Ay2“yyyy) :

Thus for 6 independent of At, Ax, and Ay:

P in general, the §-method is first order in At and second order
in Ax and Ay;

» for the particular case § = 1/2, the Crank Nicolson method is
second order in At, Ax and Ay.



Stability

Stability can be assessed by inserting the Fourier mode

Ul = [Mks, k)] e/(kXitkvi) into the numerical scheme. The
scheme is then practically stable if |A(k, k,)| < 1. Substituting
such a Fourier mode into the 6-method (1) and simplifying gives

1 — 4(1 — 0)(px sin®(kx Ax/2) + puy sin?(k, Ay /2))

A kX? k = . :
(ks ky) 1+ 49(p1x sin®(kx Ax/2) + puy sin?(k, Ay /2))

for ke € [-7/Ax,7/Ax] and k, € [-7/Ay,m/Ay] and where
px = At/Ax? and p, = At/Ay?.

Clearly this satisfies A(ky, k,) < 1 for all k, and k. For
A(kx, ky) > —1 we require

2(px sin?(kxAx/2) + py sin®(k, Ay /2))(1 —20) < 1.

This is clearly true for all # > 1/2, but for § < 1/2 this gives a
restriction on At.



Stability

Thus for the 0-method we have

» If & > 1/2 the method is unconditionally stable. In particular
this means that the backward Euler and Crank-Nicolson
schemes are unconditionally stable.

» If 6 < 1/2 the method is only conditionally stable. The values
of At, Ax and Ay must be chosen so that
Ax?Ay? 1
AxZ + Ay?22(1—20) "

At

In particular this means that the forward Euler method is only
conditionally stable and, in the case where Ax = Ay, the
condition for stability is that At < Ax?/4.



ADI Method

Consider the Crank Nicolson scheme for the 2D heat equation:

urtt —um 1 1
1 o + - m+1 m + - m+1 m
L = RDiD; (U,-J +U,-7j) + 5D/ D, (U,.J +U,.J)

or equivalently

At o At L\
(1— S DiD -0y Dy> ur
At

At _ _
= <1+2 X+DX+7 ij)Ug}.

ADI schemes are based on approximately factorising the operators
on the left and right of this equation.



ADI Method

We write this approximation as

At At ma1
<1—2DXDX><1—2DyDy>U,.J-
At At N\

By introducing an intermediate time level U™t1/2 we may write
this in an equivalent form

At + = m+1/2
<1—2DXDX> ur

At + e +1 At + - m+1/2
(1—2DyDy>U,'Z- = <1+2DXDX U2

At o\
<1+2DyDy>U,-J,

iJ

The advantage of doing this is that, instead of one large system of
equations, we have many smaller tridiagonal systems.



ADI Method: Truncation Error

It can be shown that the truncation error for the ADI method is

1
T = A U + AXP Uy + Dy? Uyyyy) + At Usxyyt

12 (
(i.e. the terms of the truncation error for Crank Nicolson with one
extra term added coming from the fact that the approximation of
Crank Nicolson is inexact).



ADI Method: Stability

Inserting the Fourier mode U = [A(k«, k)™ eilkxithyi) into the
numerical scheme gives

(1 —2px03)(1 — 2:“}10)2/)
(7 2moD) (A T 20,73)

M ky, ky) =

where

k, A
o2 = sin? <y2y>.

It is easy to see that |A(ky, k,)| < 1 for all values of 1, and p, so
that the scheme is unconditionally stable.



Example

Solve the heat equation uy = Uy + uy, in the unit square [0, 1)?
with homogeneous Dirichlet boundary conditions and initial
condition

u(x,y,0) = sin(mx)sin(3my) .
The exact solution is
67107r2t

u(x,y,t) = sin(mx)sin(3my) .



Results with Ax?> = Ay? and At = Ax?/4

Maximum error

—— forward Euler
—— backward Euler
——<— Crank Nicolson
—>— ADI

—0(ax?)

1077
10°

10"

102



Solution Ax # Ay

Nx=16, Ny=32, maxerr=1.6e-04 Nx=32, Ny=32, maxerr=1.5e-04

error




Coupled Problems
Can use the types of methods already discussed to solve coupled
systems of PDEs.

Recall that for the heat equation with homogeneous Dirichlet
boundary conditions, we can write the #-method in matrix form as

(I —0AU™ = (1 4+(1-6)A)U™.

Now suppose we want to solve a coupled system of the form

gl: = Vu+av
ov 5
E = V V+BU

for t > 0, and x € Q C R?, with homogeneous Dirichlet boundary
conditions on both v and v, and initial conditions

u(x,y,0) = wuo(x,y), v(x,y,0) = w(x,y)

for x € Q.



Coupled Problems

Using the same mesh and timestep as before, we can write a
f-method for the u equation as

urtt —um
— 4~ DD (0UT 4+ (1-0)Up)
- 1 m

+0; Dy (U + (1 - 0)Upy)

+0a VT 4 (1 - 0)a VT,

which can be written in matrix form as

(I =A™ — oAtV = (1 4+ (1-60)A)U"
+(1 - 0)aAtV™.



Coupled Problems

Writing a similar finite difference equation for v also leads to a
matrix form

(I — AV —9pALtU™ ™ = (1 + (1 - 0)A)V™
+(1 - 6)BAtU™,

This can be written as a big matrix system
I —0A —fOaAtl umtt
—0BAt | —0A vmtl

- (s e ().



Nonlinear Problems

We can also extend these ideas to nonlinear problems. Consider a
problem of the form

du

ou 2
ot Veu+ f(u),

for t > 0, and x € Q C R?, with homogeneous Dirichlet boundary
conditions, and initial condition

U(X7y70) = UO(X7Y)7

for x € Q.



Nonlinear Problems

We can write a finite difference scheme of the form
umtt —ym
ij ij o _ +p- m+1 m
— 4~ DD (0UT 4+ (1-0)Up)
— m+1 m
+0; Dy (U + (1 - 0)Upy)
+HOF(UTTHY) + (1= 0)F(Uf)),

along with the usual initial and boundary conditions.

The drawback to this is that, unless the function f is linear, we now
have to solve a very large nonlinear system at each timestep. This
nonlinear system takes the form

(I — 0AU™L — gALtF(U™) = (14 (1—0)A)U™
+(1 - 0)AtF(U™).



Nonlinear Problems

An alternative is to treat the linear terms implicitly and the
nonlinear terms explicitly so that the finite difference scheme
becomes, in matrix form,

(I — AU = U™+ Atf(U™M).

This has the advantage of only requiring a linear solve at each
timestep. The approach often works well in practice and it is
possible to use a larger timestep size than the simple explicit Euler
scheme would have required.



Coupled Nonlinear Example

We consider the Cahn-Hilliard equation which was originally
proposed to model phase separation in binary alloys. This is a 4th
order problem but can be written as a system of two 2nd order
equations

Oc 5

1
w—-d'(c)+eVic = 0
€

with homogeneous Neumann boundary conditions for both ¢ and
w. Usually ® is a double well potential, e.g. ®(c) = (1 — c?)?/4.

Here ¢ has steady state +1 corresponding to pure phase A and
pure phase B. In addition, € represents the thickness of the
interface between areas where ¢ = 1 and areas where ¢ = —1.



Coupled Nonlinear Example
If we let A be the matrix representing the Laplacian operator with
Neumann boundary conditions (so a slightly different matrix to
earlier) then we can use the method of lines to write
dC

— - AW =
dt 0

W 10/(C)+cAC = 0.
€

Using an implicit scheme for the linear terms and an explicit
scheme for the nonlinear terms, we must solve

Cm+1 _Ccm
- —AWT =
At 0
1
W — Z9/(C™) + eAC™ = 0,
€

or, as a system we can write this as

(o 57 ) (wer ) = (o)



Coupled Nonlinear Example

We can take an initial condition where ¢ = 1 in a cross in the
centre of the domain and ¢ = —1 outside this region.

Initial condition

time t1

0.8 0.8
0.6 06
0.4 0.4
0.2 02
0 0
02 0.2
0.4 0.4
0.6 0.6
0.8 0.8

0 1 0

0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1



Coupled Nonlinear Example

The edges of the cross smooth out.

time t2

1
08
06
04
0.2
[
0.2
0.4
06
08

0 0.2 0.4 0.6 0.8 1

time t3



Coupled Nonlinear Example

The steady state has an interface in the shape of a circle.

time t4




Coupled Nonlinear Example

Alternatively we can take a random initial condition. At each grid
point we set ¢ to be a number drawn from a normal distribution
with mean zero and variance one, then scaled by 0.1.

time t1
0.3
1
0.2
o1 0. 7

5‘{{"3?‘ ifj

0.2 0.4 0.6 0.8 1




Coupled Nonlinear Example

The solution has patches where it is 1 and patches where it is -1
and the boundaries of these regions are preferentially straight edges

or circles.
‘4 :

time t2

time t3




Coupled Nonlinear Example

The solution has patches where it is 1 and patches where it is -1
and the boundaries of these regions are preferentially straight edges
or circles.

time t4

time t5

1 1
0.8 0.9 08
0.6 0.8 06

0.2 0.4 0.2

I
0 0.



Coupled Nonlinear Example

The steady state solution (for this initial data) is -1 in the left half
of the domain and 1 in the right half of the domain with an
interface of width O(e).

time t6
1

1
0.9 0.
0.8 o.
0.7 0.
o.
o
-0.
-0.
-0,
-o.
o
0 0.2 0.4 0.6 0.8 1

time t7

B
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