BO1.1 History of Mathematics
Lecture IV
The beginnings of calculus, part 2: quadrature

MT25 Week 2



Summary

» Enri: a non-Western prelude
» Quadrature (finding areas)
» Indivisibles

» Infinitesimals

>

The contributions of Newton & Leibniz



Seki and enri

The development of calculus is a largely Western story, but similar
ideas did appear elsewhere

For example, in the late 17th century, Seki Takakazu and his school
developed enri I3 (‘circle principles’), which concerned the
calculation of arc lengths, areas, and volumes

One result of enri was the
determination of the
volume of a sphere via
‘slicing’
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But enri was much
narrower in scope than
calculus
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Archimedes: Kukou uétpnoic (Measurement of a circle)

Translated into Latin as Dimensio
circoli by Jacobus Cremonensis,
c. 1450-1460

[llustrated by Piero della
Francesca

Available online with other texts
by Archimedes



https://www.loc.gov/item/2021667866/
https://www.loc.gov/item/2021667866/

Archimedes: KUkAou uétpnoic (Measurement of a circle)
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Archimedes: KUkAou uétpnoic (Measurement of a circle)

ARCHIMEDIS
CIRCVLI DIMENSIO.
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A circle is equal to a right-angled
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»| circumference of the circle and base
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Later: the ratio of the circumference
to the diameter is greater than 3%
and less than 3%.
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(Archimedis opera, edited by
Commandino, 1558) — see
Mathematics emerging, §1.2.3



Fermat's quadrature of a hyperbola (c. 1636)

Worked out c. 1636, but only
published posthumously in Varia
opera mathematica, 1679.

In modern terms, this is the curve

described by y = )%

See Mathematics emerging,
§3.2.1.




The rectangular (or ‘Apollonian’) hyperbola

, 1
In modern notation, y = —
X

» Quadrature evaded Fermat

» Partial results obtained by Grégoire de Saint Vincent, c. 1625,
published in Opus geometricum, 1647

» Empirical observation that if A(x) is the area under the
hyperbola from 1 to x, then A(af3) = A(a) + A(B)
(cf. logarithms)

» Problem solved in early 1650s by William Brouncker; published
in 1668 in volume 3 of Philosophical Transactions of the Royal
Society



Brouncker's quadrature of the hyperbola (1668)

To put this into modern terms, take A as the origin, and AB, AE
as the x- and y-axes, respectively. Then the diagram represents the

area under from x =0 to x = 1.

—+ X

(See Mathematics emerging, §3.2.2.)



Brouncker's article of 1668

(645) Numb.34:

PHILOSOPHICAL
TRANSACTIONS.

Monday, pril 13. 1668

The Contents.

The Squaring of the Hyperbola by an infinité feries of Rational
Numbers, sogether with its Demonffration, by the Right Honow
rable the Lord ¥ifconnt Brouncker,  dn Extraét of a Letter fent
from Danzick, tonching fome Chymical, Medicinal and Anato-
mical pwrticulars,  Twa Lesters, written by Dr. John Wallis
t0 the Publifher; One, concerning the Pariety of the Anmmal
High-Tides inrefpeétto feveral places : the other, concerning fome
Miftakes of a Book entiialed SPECIMINA MATHEMATI-
CA Fancilci Dulaurens , efpecially touching a certain Pro-
bleme, affirm’d 10 have been propofed by Dr, Wallisto the Ma-
shematicians of all Evrope, for afolusion.  An Account of fome
Obfervations ‘concerning the e ‘Time of the Tydes, by Mr.
Hen, Philips. An Account of three Bogks : I. W.SENGWER-
DIYS PH. D.deTaanwula, 11, REGNER] de GRAEF M.D,
Epiftola de nonnullis circa Partes Genitales Tnventis Novis,
111 FOHANNIS van HORNE M.D, Obfervationum fuarum
circa Partes Genitales in utroque fexu, PRODROMUS.

The Squaring of the Hyperbol, by an infrive ories of Rational Nombers,
tagether with its Demonfiration, by thas Eizens Mathomatician,
Right Homonvable the Lord Fifeunnt Brouncker,

W Hat the Acute Dr, FohnWallis had intimated, fore

years fince, in the Dedication of his Anfwer to

M, Meibomine de propsrtionibus, wid, That the

‘World one day would learn from the Noble Lord Brasnker, the

Quadratureof the Hyperbule the Ingenious Reader may fee per-

formed in the fubjoyned operation, which its Excellent Author

w's now pleafed to communicate, as followeth in his own
wards 3
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My Method for Squaving the Hyperbola ss this +

Et AB beone Afpmprore of the Hyperbol EAC; andler A BC be pa-
L raflel to throther: Letalfo AE be to BC as 2 to 1; and letc aliel
ABDE equal 1. Sec Fig. 1. Aid note,, that the Leterx every where ftas
Mulsiplication.

Suppofing the Reader knows, that EA. «Z. KH. gv. df, y2 a4 <y CB&c.
arc in an Harmonic [eties, Or a firics veciproca primanorum (i1 arithmctice praportise
swalizms ( otherwife he is refersd for fatisfalion to the 87,88, 89, 00,01, 02, 93,
94, 93, Prop. Arithm. Infinitor. swiallifif: )
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New methods: indivisibles and infinitesimals

Indivisibles:  geometric objects making up a higher-dimensional
object (e.g., points — line, lines — plane)

Infinitesimal:  arbitrarily small but nonzero quantity

But distinction often blurred

During the 17th century, both concepts saw much use — despite
the fact that they appeared to contradict Euclidean principles



Indivisibles

Early treatments by de Saint Vincent in c. 1623 (but not published
until 1647) and Roberval in c. 1628-34 (but not published until
1693).

First published treatment by Bonaventura Cavalieri (1598-1647) in
Geometria indivisibilibus continuorum nova quadam ratione
promota [Geometry advanced in a new way by the indivisibles of
the continua) (1635).

Used by Evangelista Torricelli (1608-1647) in 1644 to calculate the
volume of an infinite hyperboloid of revolution.

Developed by John Wallis (1616-1703) and others.



Cavalieri's Geometria
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Torricelli's hyperbolic solid (Opera geometrica, 1644)
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(See Mathematics emerging, §3.3.1.)



John Wallis (1616-1703)

Studied at Emmanuel College,
Cambridge (BA 1637, MA 1640)

1643-1649: scribe for Westminster
Assembly

1644-1645: Fellow of Queens’
College, Cambridge

1643-1689: cryptographer to
Parliament, then to the Crown

1649-1703: Savilian Professor of
Geometry in Oxford




Arithmetica infinitorum

Fobannis Wallifii, ss.Th. D,
GEOMETRIA PROFESSORIS
SAVILIeA NI in Celeberrimi

Academia OXO NIENSI,

ARITHMETICA
INFINITORVM.

SIVE

Nova Methodus Inquirendi in Curvili-
ncorum Quadraturam, aliaq; difficiliora
Mathefeos Problemata.

0OXONII,
Typist LEON: LICHFIELD Acedemiz Typographi,
Iqpenfis THO. ROBINSON. Amw 1656.

John Wallis,

Arithmetica infinitorum

(The arithmetic of infinitesimals)
Oxford, 1656

Translation by
Jacqueline A. Stedall
Springer, 2004



Arithmetica infinitorum

» Arithmetical methods rather than geometrical, but repeatedly
appealed to geometry for justification

» Investigation of sums of sequences of powers (or ratios of
these to a known fixed quantity) — usually decreasing

» Fixed an endpoint, dividing interval into infinite number of
arbitrarily small subintervals — these are the ‘infinitesimals’ of
Wallis' title



Wallis and indivisibles

P Arithmetica Infinitorunt, Prop. 2,3.
PROP. 1L Theorema,

I famatur feries quantitatum Arithmetic® pro-
Snortiomlium ( five juxta naturalem numero-

rum confecutionem ) continug crefcentium , a
puncto vel o, inchoatarum, & numero quidem #el fi-
pitarum velsinfinitarum (nulla enim difcriminis caufa
erit,) erit illaad feriem totidem maximz zqualium,
ut 1 ad 2.

Nempe, fi primus terminus fic o, fecundus 1, ('nam fi fecus, .
moderatio adhibenda erit,) & ultimus ! erit fummnHT’ b

(erit enim, eo cafu, numerus terminorum [+ 1, ) vel, ( pofito
namero terminorum ¢, quantufcung; fit terminas fecundus ) :
sal.

" PROP. 11L.  Corollarism:

'Ekgo, Triangulum ad Parallelogrammum ( fuper €=
quali bafe, equt altum,) eftnt x ad 2.

";Q} ' :f'; . Triangulum:

For the triangle ... consists of an
infinite number of parallel lines in
arithmetic proportion . . .

(See Mathematics emerging,
§2.4.2))



Wallis and indivisibles?

Prop.14,”  Arithmetica Infinitorum. 11
salisinitium. Quamvis enim Se&orum illorum numero infini-
torum |ggre§l:um, ipfi figurz lincis re®a & Spirali terminatz,
(juxta methodum Indivifibilium) #quale ponatur; non
tamen illud de omniom Arcubus cum ipfa Spirali ( proprit di-
&a ) comparatis obtinebit. Tantundem enim cflet, acli quis,
dum infinita numero parallelogramma triangulo inferipta (aus
etiam circumfcripta)toti triangulo VBS zqualiavidea, inde

For it amounts to the same thing
as if, when an infinite number of
parallelograms are inscribed in (or
circumscribed about) a triangle,
W s it seems that they equal to

concluderet eorum omniam laterare&z V'S adjacentia ( re- Comp/ete tr[a ng/e e
&z VB -parallela) ipfi VS fimul zqualia effe, vel qua recte

VB adjacent ( ipfi VS parallela) zqualia fimul effe cori VB.
C ?uod fiquando verum effe comtingat, putain triangulo

ifofceli, non tamenid univerfaliter concludendum erit.) Atg; . .

quidem <o potius admonendam dui , quod vidrin ciam (See Mathematics emerging
viros do&tos nonnunquam fpeciofa ejulmodi verifimilitudine in !
Iapfum proclives effe. Cur autem omiffa Spiraligenuina, fpu- 2 4 2
riam hanc peripheriz comparaverim; caufa cft , quod huic pof~ LA

fim, non autem illi, zqualem peripheriam afignare.

PROP. XIV. Corolariam.
etiam fe  [piralis, a principic
fpi;tli; exorfa, [ unt ad red as’ conterminas o fieut
Pavabole Diametri intercepte , ad ordinatin-ap-
plicatgs.

Dd:z Nempe




Sums of powers

Wallis" method depended upon the summation rule

Za

A version of this was developed by Ibn al-Haytham (Alhazen) in
11th-century Egypt, and it was certainly known to Fermat,
Roberval, and Cavalieri in the 1630s for positive integers n, but in
the 1650s Wallis extended it to negative and fractional n.

An+1

See: Victor J. Katz, ‘ldeas of calculus in Islam and India’,
Mathematics Magazine 68(3) (1995), 163-174


https://solo.bodleian.ox.ac.uk/permalink/44OXF_INST/ao2p7t/cdi_proquest_miscellaneous_229837839
https://solo.bodleian.ox.ac.uk/permalink/44OXF_INST/ao2p7t/cdi_proquest_miscellaneous_229837839

Simple ‘integrals’

Using the summation rule we can ‘integrate’

and
(1+x)* or (1+x%° or

but what about
(1 —x?)Y/2 [for a circle]

or
(1+x)"1 [for a hyperbola] ?



Wallis and the quadrature of a parabola

Xo

Wallis sought the area under the
parabola y = x? between x = 0
and x = xg

He used the language of ratio,
hence sought to calculate the
ratio of the area A under the
curve to that of the corresponding
rectangle (xpy0), which we may

think of as the fraction Xi
0Yo



Wallis and the quadrature of a parabola

Wallis considered an area to be
the sum of the lengths of the
lines contained within it (makes
sense?), so

» A is the sum of the values of

x2 as x ranges from 0 to xp

> xgyo is the sum of as many
copies of xZ (?)

Xo



Wallis and the quadrature of a parabola

Xo

Break (0, xp) into n subintervals,
suppose that x only takes the
values at the endpoints of these,
and consider the ratio

p_ L4224 40
44?4+ n?

As we make n larger, this ratio
will become a closer
A

approximation to —=—
XoYo

[Note that we are deliberately
avoiding the terminology of
limits, and that some x3s have
been cancelled, thanks to the use
of ratios|



Wallis and the quadrature of a parabola

Wallis investigated the cases of
small n

For n =1 (one red line),

02+12 1 1 1
12412 23

Xo



Wallis and the quadrature of a parabola

For n =2 (two red lines),

0412422 5

1 1
_22+22+22_ﬁ_§+ﬁ




Wallis and the quadrature of a parabola

For n = 3 (three red lines),

0241242243
32432432432
1411

~3% 3"71s

R




Wallis and the quadrature of a parabola

i A
/ ?o as n |ncreasles3xoyo approaches
/ 3. hence A = 3x3, as we'd expect

Wallis called this method of

spotting and extending a pattern
‘induction” — it was criticised at
the time (for example, by Pascal)




Enter Newton...

In his own words:

In the winter between the years 1664 and 1665 upon read-
ing Dr Wallis's Arithmetica infinitorum and trying to inter-
pole his progressions for squaring the circle, | found out first
an infinite series for squaring the circle and then another
infinite series for squaring the Hyperbola ...

Newton extended Wallis' method of interpolation...



Newton's integration of (1 + x)~!

@B+ | @4+x° | @+ | @+x)2 | @+x)® | @+x*
X ? 1 1 1 1 1
X2
— ? ] 1 2 3 4
2
X3
— ? 0 0 1 3 6
3
XA
— ? 0 0 0] 1 4
4
X5
— ? 0 0 0] 0 1
5

The entry in the row labelled % and the column labelled (1 + x)" is the coefficient of % in

J (1 + x)"dx. (NB. Newton did not use the notation [(1 + x)"dx.)



Newton's integration of (1 + x)~!

@B+ | @4+x° | @+ | @+x)2 | @+x)® | @+x*
X 1 1 1 1 1 1
X2
— -1 ] 1 2 3 4
2
X3
— 1 0 0 1 3 6
3
XA
— -1 0 0 0] 1 4
4
X5
— 1 0 0 0] 0 1
5

The entry in the row labelled % and the column labelled (1 + x)" is the coefficient of % in

J (1 + x)"dx. (NB. Newton did not use the notation [(1 + x)"dx.)



The general binomial theorem
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https://cudl.lib.cam.ac.uk/view/MS-ADD-03958/139

Newton's calculus: 1664-5

» rules for quadrature (influenced by Wallis's ideas of
interpolation)

» rules for tangents (influenced by Descartes’ double root
method)

> recognition that these are inverse processes



Newton's vocabulary and notation

Newton's calculus 1664-5:

» fluents x, y, ... (quantities that vary with time t)
» fluxions x, y, ... (rate of change of those quantities)

» moments o (infinitesimal time in which x increases by xo)



Newton's calculus in action ( The method of fluxions, 1736)

Jou fo Arnaliis ded

pulits
Z?.mew

N

2 The Metbod of Fruxioxs,

12. Ex. 5. As if the Equation 22+ axz —y¢ == 0 Were pro-
pord o exprfs the Relation between i and 3, s alfo o/ ax—xx
—BD, for determining a Carve, which theréfore will be a Circle.
Thc Bqu:uon 254 vz —
azx 4 axz — w

=o, a5 before, will give 27+
o, for the Rc!:uon & d.e Cdamex %3,

and erefore fince it is 2 = x (— XX,
Aubﬂmne thls Vxlue inftead of it, and lhgrz vnll anf: d\ﬂ Eq\ulmn
2+ axx v/ @ — % + a¥s — 43y = 0, which determincs the
Relation of the Celerities & and 3.

DEMoNSTRATION of the Subm'm

i3 The Moments of flowing Quaniiie, (0
il fmll Parts, which, in .mkﬁmmly (1
‘portions = mnlllmal'y incrcafed,) are as the Ve~
Fosten of heir F Flowing or Increafing.

14, Wherefore if the Moment of any on, a5 %, e repreeited
by the Produt of its Celerity % into an indefinitcly fimall Quantity
o (that is, by 2 the Moments of the others <, 7, 2, wil be
seprefented by ©, yo, 505 becaufe v, s, o, and Zs, are to cach
A S DS

5. Now fince the Moments, 15 % and ju, arc the indefinitel

o S ﬂowmg Guaniics x nd y, by which tho
Quantities are increaed c foveral indefinitely little i i
tervals of Time; it ranqw. o Quantities x and , a
ay md:ﬁmrdy finall interval of Time, become x + o and y

‘And thercfore the Equation, which at all times indifferently gxpu&;
o Rt ot o wing Quantities, will as well exprels the
Relation buween x40 and y 4o, as between x and y: So
hat 30 and. 0 may be fobfimied in the fane Euion
for thofe Quantities, inftead

16. Thercfore let any Fq\ulmn x-—nx‘+n)r,v——y'—o be
given, and fubftitute x40 for X, and y -+ yo for y, and there
will arife

X o 330Xt o 3800 - A8
— axt — 2av0r—axteo
Faxyrary apx dage(
G T VT m AL ee

and Invinire Senres. 25

17. Now by Suppofition x3— ax*—+ axy— y'=0, which therc-
fore being expunged, and the remaining Termis oy divkiediby s
there will s 355 g - s —2:ux-—-ax'n+ﬂxy+
ayx 4 axjo— 2 —o. Butwhereass is fuppofed
13 b8 Infaiely lile, thee % may reprefent the Moments of Quan-
sities the Terms that are multiply'd by it will be nothing in refpedt
of the reft. Therefore T reject them, and there remains 3¥s —
2ebet ay+ o, as above in Examy
el sty SUAEIIA Ve Terog fhattrs o M lidd

My loays AL, 2o a8 tRbIe Finns thas e ey S B
of more than one Dimenfion. And that the reft of the Terms
being divided by o, willaways acquic the form, that they oughe
to have by the foregoing Ri ich was the_thing to be pi

19. And this being now fhewn, the other things sa e
Rl wil cafily follow. As that in the propos'd Equation feveral
e Chountin vy 2 Tavdlved 4ok e Wi . covon,
multi fyd not only by the Number of the Dimentions of the flow~
ing Quantitics, but alfo by any other Arithmetial Progreflons;
that in the Operation therc may be the fam < of the T
biins oy of i Homiod QAN 45 T n reffion be
8t it (/0 hae G F 16 Db oF Ben ok
them.  And thefe things being allow'd, what is taught befides in
Examp. 3, 4, and 5, will be phin cnough of itlf,

PR OB IL

An Equation being propofed, including she Fluxions of
Ruantities, to find the Relations of thofe Quantities 1o
one anather.

A PaRTICULAR SOLUTION.

1. As this Problem is the Converfe of the foregoing, it muft be
folved by proceeding in a contrary manner. That is, the Terms
multiplyd by & being difpofed according to the Dimenfions of x ;
they muft be divided by ¥, and then by the number of their Di-
menfions, or perhaps by fome other Arithmetical Progreflion. Then
she fume work muft be repeted with the Terms maliplyd by, 7,

or



12. Ex. 5. As if the Equation 2z axz— yt==0 were pro-
pos'd to exprefs the Relation between x and y, as alfo «/ax—sex
==BD, for determining a Curve, which therefore will be a Circle,
The Equation sz axs—yt==o0, as before, will give 222z
azx 4 axz — 43y =0, for the Relation of the Celerities v, y,
and . And therefore fince it is z == x x BD or =—x +/ax— xx,
fubftitute this Value inftead of it, and there will arif¢ the Equation
25z + axx v/ ax— X% 4 ¥z — 43y == 0, which determines the
Relation of the Celerities & and y.

DemoNsTRATION of the Solution,

13. The Moments of flowing Quantitics, (that is, their indefi-
nitely {mall Parts, by the acceffion of which, in indefinitely finall
portions of Time, they are continually increafed,) are as the Ve
locities of their Flowing or Increafing,

14. Wherefore if the Moment of any one, as x, be reprefented
by the Produ of its Celerity % into an indefinitely finall Quantity
o (that is, by x9,) the Moments of the others =, y, =, will be
reprefented by Us, o, 205 becaufe vo, v, yo, and zo, are to each
other as v, x, y, and =.

15. Now fince the Moments, as % and jo, are the indefinitel
tittle acceffions of the flowing Quantitics x and y, by which tho
‘Quantities are increafed through the feveral indefinitely little in-
tervals of Time; it follows, that thofe Quantities x and ¥, after
any indefinitely fnall interval of Time, become x - and ¥ ys.
And thercfore the Equation, which at all times indifferently expreffes
the Relation of the flowing Quantitics, will as well exprefs the
Relation between x <+ a0 and y -4 yo, as between x and y: S0
that x4 x0 and y— yo may be fubflituted in the fame Equation
for thofe ()&;m'ltics, inftead of x and y.

16. Therefore let any Equation x*Z_ gxs 4 axy— y= 0 be
given, and fubftitute x40 for x, and y + yo for 5, and there
will arife

2 - JxOX® - 3ER00N - N
— ax— 2axox — 200
+ axy - axey - ajox 4 axyod
30T VL s

=0,

Newton's calculus in action ( The method of fluxions, 1736)

17. Now by Suppofition x3— ax*~ axy — yi==0, which there-
fore being expunged, and the remaining Terms being divided by o,
there will remain 3xx* 4~ JX20x ~f X309 = 2035 == AX*0 + aXY
ayx - akjo— 3yt — 35%0y —yior==0. But whereas o is fuppofed
to be infinitely little, that it may reprefent the Moments of Quan-
tities ; the Terms that are multiply'd by it will be nothing in refped
of the reft. Therefore I rcjeét them, and there remains 3xx® —
2a%% - axy - ajx — 3yy*==0, as above in Fxamp. 1.

18. Here we may abferve, that the Terms that are not multiply’d
by o will always vanifh, as alfo thofe Terms that are multiply'd by o
of more than one Dimenfion. And that the reft of the Terms
being divided by o, will always acquire the form that they ought
to have by the foregoing Rule : Which was the thing to be proved.

19. And this being now fhewn, the other things included in the
Rule will cafily follow. As that in the propos'd Equation feveral
flowing Quantities may be involved ; and that the Terms may be
multiply'd, not only by the Number of the Dimenfions of the flow-
ing Quantitics, but alfo by any other Arithmetical Progreffions; fo
that in the Operation there may be the fame difference of the Terms
according to any of the flowing Quantities, and the Progrefiion be
difpos'd according to the fame order of the Dimenfions of each of
them. 'And thefe things being allow'd, what is taught befides in
Examp. 3, 4, and 5, will be plain cnough of itflf.

PR OB IL
An Equation being propofed, including the Fluxions of
ities, to find the Relations of thofe Quantities to

ane another.

A PArRTICULAR SOLUTION.

1. As this Problem is the Converfe of the foregoing, it muft be
folved by proceeding in a contrary manner. That is, the Terms
multiply’d by & being difpofed according to the Dimenfions of x 5
they muft be divided by %, and then by the number of their Di-
menfions, or perhaps by fome other Arithmetical Progreffion. Then
the fame work muft be repeated -Eirh the Terms multiply'd by , 5,

or



Leibniz's calculus
Independently, ten years later than Newton...
Leibniz's calculus, 1673-76:

> rules for quadrature — especially the transformation theorem
(a.k.a. the transmutation theorem)

» rules for tangents — by characteristic (or differential) triangles

> recognition that these are inverse processes

Differentials: du, dv;
integrals: omn. |, later between S| and /I



Leibniz's Transmutation Theorem

OABG = RPQS = %OG- GB+ Y OPQ



Leibniz's Transmutation Theorem

OABG = RPQS = %OG- GB+ Y OPQ
1 1
= 506G - GB + S OLMG



Supplementum Geometriae Dimensoriae ... (1693)

No. IX. 385

AR ERIEEAS
ERUDITORUM

publicata Lipfie,
Calendis Septesmbrés, Auno M DC XCIIL

G G L. SUPPLEMENTUM GEOME-
trie Dimenforia, feu generalisfima evninm Tetra
goniffnsrun offeClio per wotims : Siwilitergne wmliplex
confErnctia lince ex data tangentin con-

ditione.
Tmenfiones linearum, fuperficierom & folidorum plerorum-
que, ue & inventi gravitatis, red ad
recragonifinos figuearum planarom; & hine nafeitur Geomne-
- tria Dimenforia ,toto ut fic dicam genere diver(a a Derermi-
marrige, quam re@arum tantom magnitedines ingrediuntur, atques
hinc quafitapunda ex pundtisdati i Et Geometria qui-
dem detceminatrix reduci potelt regulariter ad zquationes Algebrai-
cas, inquibus feilices incognitaad certum afluegit gradum,  Sed dic
menforia fua natura ab Algebra, non pendet; etfi aliquando eveniat
(in<af filicet quadraturarum ordinatiarom) uead Algebraicas quan-
Titates revocerur ) uti Geometsia determinatrix ab Arithmetica non
pendetictfi aliquando eveniat (in eafi feilicet commenfurabilitaris) ut
ad numeros feu rationales quantiates revocatur.  Unde sriplrees
habemus gacentivates : ravionales , Algebraicar, & s Et
autem fous drvarionaliom Algebrai s ambigmitas p
feu meultiplicirar ; neque enim poffibile foret, plurcs valores eidems
problemati atisfacientes eodem caleulo exprimere, nift per quantis
tates radicales; e vero non nifl in cafibus (pecialibus ad rationalita-
183 sevoeari pollant.  Sed four rranffendention quantitatom eft ine
fritads, Vea vt Geomerrie tranfeendentivo os pars dimenforia
«ft) relpondens Anafis, fic iphillima fiienris infiniti.  Porro quem-
admodum ad das quantitates Algeb: iadhib

. 387. M. J;,;E

. TARY 2 A6z

72)

Cec motus,

A Supplement to the Geometry of Measurements, or the Most General of all Quadratures to be Effected
by a Motion: and likewise the various constructions of a curve from a given condition of the tangent

(Acta eruditorum, 1693)



190 ACTAERUDITORUM.

occalione defungi tandem prafler, neintercidant, & fatis diuifta, ulera,
Horatiani limitis duplum prefla, Lucinam expe@arunt,

Oftendam sutem problema generale Loadracararsm seduii ad,
inventionen lines dasam babentis legem declivicarun , five in qua lage-
1a Trianguli charaleriftici allignabilis datam inter fe habeant relati.
onem, deinde oftendam hanc lincam permotuma nobis excogitatum
defcribi poffe.  Nimiram in amni curva € (C)( figur. 2) intelligo

g baradierifinn duplex: aflignabile TBC, & inasfigna-
bile GLC, fimilia intec fe.  Et quidem smaffignabile comprehendi-
wr iplis GL LC, i di CB, CF, tang
fibus, & GC, elemento arcis, tanquam bafi fiu hypotenufa. Sed
Affignabils TBC comprehenditur inter azem, ordinatam, & tangens
tem ) exprimicque adeo angulum, quem dicseio curvie {feu ¢jus tane
gens) ad axem vel bafin fact, hoc eft curve declivitatem inpropolito
punto C. Sitjam zona quadranda F(H) comprehenla intercurvam
H (H), duasrectas parallelas FH & (F)(H)&axemF (F)in hocAxe
fumto pundlo fixo A, per A ducatur ad AF normalis AB anquam
axis conjugarus, & in quavis HF (producta prowt opus) fumatur pun.
ftum C: feu fiat linea nova C(C) cujus hae fit natura, v expundto
€ dudta ad axem conjugatum AB(fi opus produ@um) tam ordinata
conjugata CB, (zquali AF)quam tangente CT, fit portio hujus axis
intercascomprehenfa TB,ad BC, ut HF ad conflantem 4, feuainBT
Zquetur selangulo AFH (circumferipto circa trilineum AFHA ).
His pofitis ajo reGtangulum fub .« & fub E () (difccimine inter FC &
(E)(C) ordinatas curvie )aquari zonz F (H); adeoque fi linea H(H)
produtaincidat in A, wrilineum AFHA fgurie quadrandze , xquari
retangulo (b 4 conflante , & FC ordinata figure quadraticis.
Rem nofter calcalus flatim oftendit, fic enim AF p; & FH, z; &
BT, & & FC, x; erit ¢ = 2y, ex hypotheli: rucfus ¢ =ydx:
£y ¢x natura tangentium nofteo caleulo exprela, Ergo sdx=zd ,
adeoque #x = fzdy = AFHA. Linca igiwr € (C) elt guadratrix
relpeétulinex H(H), cum iplius C(C) ordinata FC, dufta in « con-
ftantem, Faciat reflangulum zquale aree feu fumma ordinatarum
ipfius H(H) ad abftiffas debitas AF applicararum, Hinc cum BT
fc ad AFut FH ada( ex hypotheli) deturque relatio ipfius FH ad
AF (aawmam cxhibens figure quadranda) dabitur ergo & tdﬂ.inBl;

a

irianonls

Supplementum Geometriae Dimensoriae ... (1693)

“I shall now show the general
problem of quadratures to be
reduced to the invention of a line
having a given law of declivity"

i.e., integration is reduced to the
finding of a curve with a
particular tangent — in modern
terms, the antiderivative

For Latin-readers: full paper
available online

See also: Niccold Guicciardini,
Newton's method and Leibniz's
calculus, A history of analysis
(ed. Hans Niels Jahnke),
AMS/LMS, 2003, pp.73-103
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Newton (1664—65):

rules for quadrature
rules for tangents
‘fundamental theorem’

dot notation

physical intuition:
rates of change

PROBLEM:
vanishing quantities o

Newton's calculus and Leibniz's calculus compared

Leibniz (1673-76):
rules for quadrature
rules for tangents
‘fundamental theorem’

‘modern’ notation

algebraic intuition
rules and procedures

PROBLEM:

vanishing quantities du, dv, ...



