BO1.1. History of Mathematics
Lecture V
Newton's Principia

MT25 Week 3



Summary

» Isaac Newton
(1642-1727)

> Kepler's laws,
Descartes’ theory,
Hooke's conjecture

» The Principia

» Editions and influence
of the Principia




Newton summarised

Alexander Pope, 1730:

Nature and Nature's Laws lay hid in Night.
God said, Let Newton be! and All was Light.



Woolsthorpe Manor

Newton born at Woolsthorpe Manor, 25th December 1642



Woolsthorpe Manor




Grantham Grammar School




John Bate: The mysteries of nature and art (1634)
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John Bate: The mysteries of nature and art (1634)




John Bate: The mysteries of nature and art (1634)




Trinity College, Cambridge




Isaac Newton (1642-1727)

Newton's major interests:

1650s:  model-building

1660s: optics; (pure) mathematics
1670s: alchemy, theology

1684+: mathematics

1696-1727: Warden of the Mint



Johannes Kepler (1571-1630)

Engaged to sift through the
astronomical data gathered by
the Danish astronomer Tycho
Brahe (1546-1601)

Major works:
Astronomia nova (1609)

Harmonices mundi (1619)




Kepler: Astronomia nova (1609)




Kepler's laws

Kepler's laws of planetary motion (1609, 1619):

1. Planets move in elliptical orbits with the sun as focus
2. Planets sweep out equal areas in equal times

3. T?is proportional to R3 (where T is time of one revolution,
R is mean distance to sun)

All from empirical evidence



Descartes’ theory
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Descartes’ views of planetary
motion in Principia philosophiae
(1644):

» the sun is one star among
many

> asserted that planets are
carried round their suns by
vortices of the surrounding
‘ether’

» claimed that theory could
also explain magnetism and
static electricity






An inverse square law?

Speculations and calculations on an inverse square law of gravity:

1645 Ismaél Bullialdus refutes a claim of Kepler that ‘gravity’
drops off linearly with distance, instead suggesting an
inverse square law

c. 1679 Hooke corresponds with Newton and suggests that an
inverse square law might lead to elliptical orbits

1684 Halley visits Newton and asks whether this might be the
case; Newton sends a short treatise on motion to Halley

1687 Publication of Newton's Principia at Halley's expense



Isaac Newton: The mathematical principles of natural
philosophy (London, 1687)




Contents of the Principia

» Eight definitions — of matter, motion, innate force, impressed
force, acceleration, ...

» Three axioms or Laws of Motion (as taught in school),
together with six corollaries

» Book I: The motion of bodies
» Book Il: The motion of bodies in resisting media

» Book Ill: The system of the world



The laws of motion

L]

AXIOMATA
i SIVE

LEGESMOTUS

Lex. L

Corprs omne pesfevcrare in fhati fio quicfeends vel sovends uaifor-
saiter in diveSlin, uifi quatennns airibus intpreffis cogitur fratun
e muiare.

Rejedilin perfeverant in motibus i nif quatenus a refifien-

P i acris retardantur & vi gravitatis impelluncar deorfum.

Trochus, cujus partes colerendo perpetuo retrahunt fefe

a motibus rcéiilinels, non ceffat rotari nifi quatenus ab acre re-

tardatur.  Majora autem Planctarum & Cometarum corpora mo-

s fos & progreflivos & circulares in {patiis minus refiftentibus
factos confervant diutius,

Lex. IL

Mataticnens st proportionalemn offe wi motrici impreffe, & feri fe-
g 4

iy linean veSlam ga wis illa imprimitnr.

Sivisaliqua motum quemyis generet, dupla duplum, tripla ri-
plum generabie, five fimul & femel, five gradatim & fircceflive im-
prefia fucric. Et hic motus quotiam jn candem femper plagam
cum vi generatrice determinaturs, i corpusantea movebatur, mo-
tui ejus vel confpiranti additur, vel contrario fubducitur, vel obl
quo oblique adjicitur, & cum co fecundum utriufg; determinatio-
nem compornitus, Lex. IIL

 males.

[r3]
- Eex-dIL

ASfioni contraviam femper &- aqualem effe veationem : five corpornn:
duorint altiones in fe nutno femper effe aquales @ in paries contra-
vias dirigi.

Quicquid premit vel trahit alterum, tantundemab co premitur
velrahitur.  Siquis lapidem digito premit, premitur & hujus
digitusa lapide. $iequus lapidem funi allegatum trahic, retrahe-
tur etiam & equus xqualiter in lapidem: nam funis utrings diftentus
codem relaxandi fe conatu urgebit Equum verfus lapidem, ac la-
pidem verfus equum, tantuing; impedict progreffum unius quan-
tum promovet progrefium alterivs.  Si corpus aliquod incerpus
aliud imipi jus vi fua q | mutaverit, i-
dem quoque viciffim in motu proprio candem mutationemin par-
tem contrariam vi alterius (ob xqualitatem preflionis mutux )
fabibit. His actionibus wqual nwitationes sion veloci
fed motuum, ( fcilicet in corporibus non aliunde impedits : ) Mu-
tationes enim velocitatum, “in contrarias itidem partes faétz, quia
motus zqualiter mutantur, funt corporibus reciproce proportio=

Corol. L.

Corpus wiribus conjunciis diagonalem parallelogrammii. eodem tenspore
defcribere, quo latera feparatis.

St corpus dato tempore, vifola M,

ferretur ab 4 ad B, & vifola N, ab A B

4 ad C, compleatur parallelogram-

mum ABDC, & vi utrags fererur id

codem tempore ab 4 ad D. Nam <l b

quoniam vis N agit fecundum Jineam

AC ipi B.D parallelam, hwc vis nihil mutabit velocitatem acce-

dendiad lincam illam B D a vi altera genitam,  Accedet igitur

corpus eodem tempore ad lineam B D five vis N imprimatur, five

non, atgs adeo in finc illius teniporis reperictur alicubiin finea
illa




Book |: Motion of bodies

Book I, Section |: On the method of first and last ratios

Lemma I: Quantities, and ratios of quantities, which [...] approach
nearer to each other than by any given difference, become
ultimately equal.

For suppose they are ultimately unequal, and their ultimate
difference is D. Then they cannot approach nearer to equality than
by that difference.



Book |, Lemma Il

L2771
Lemma IL

Si n figma gnavis Aa cE reftis Aa, AE, ¢ cnva AcE
comprebenfi , inferibantur parallelogramma quoteung; Ab, Be,
Cd, &c. fub bafibizs AB,BC, CD,&c.
wqualibus, & lateribus b, C¢, Dd,
&e. fignree lateri Aa parallelis conten-
ta; & compleantny  parallelogranma
aKbl, bLem, cMdn, &c, Dein hornin
pavallelogrammiorin iaiitudo minnatnr,
& amsierus augeatur in infinitum: dico
qguod ultiine rationes, qras babent adfe
mvicen fignrainferipta AKbLeMdD,
cireumferipta AalbmendoE, &~
cuwrvilinea AabedE, funt rationes
wqnalitatis. ) .
Nam figura inferipte & circumfcriptz differentia eft fumma

paralllogrammorum K /+Lir+ Ma+ Do, hoc eft ( ob -

quales omnium bafes ) retangulum fitb unius bafi K b & alcitudi-
num fumma Aa, id eft retangulum 4B/« Sed hoc reGtangu-
lum, co quod latitudo ejus A B in infinioun minuicur, fit minus
quovis daco.  Ergo, per Lemmal, figura inforipta & circum-
feripta & multo magis figura curvilinea intermedia fiunt ultimo
xquales. 0. E. D.

Lemma T

et valiones wliinte funt etizn equalitatis, ubi pavallelogramoinr
e latitudines AB,BC,CD, K. funt inequales, & omucs
ittty i infinit:ir,
Sit enim A F zequahs Iritadini maxi
ralldogrammum FAqf - ¢ i
figuez inlcipte & £ o ¢

& complearur pa-
s quam  ditferentia
miciipiz, at lattudine fua AF
3 in

Lemma Il: Ultimate equality of
inscribed figure, circumscribed
figure, and curved area



Motion under centripetal forces

[37]

SECT. IL
De Inventione Vivium Centripetarnm.

Prop. I. Theorema. I.
Areas quas corpora in gyros aSha radiis ad immobile centrunt virium:
dullis deferibunt, &~ in planis inmobilibus confiftere, & effe tem-
ibus proportionales.

Dividatur tempus in partes zquales, & prima temporis parte

deferibat corpus vi infita re€tam 4B. Idem fecunda temporis
parte,fi nil impediret,recta pergeret ad ¢,( per Leg. 1) defcribens
lineam Be zqualem ipfi 4B, adeo ut radiis 45, BS, ¢Sad
centrum  adlis,
confe&tz forent
aquales arez 4
SB, BSe. Ve-
rum ubi corpus
venit ad B, agat
viscentripetaim- *
pulfa unico fed
magno, faciatq;
corpus a re
Be deflectere &
pergere in refta
BC. Tpfi BSpa-
rallelaagatur e C
occurrens BC in
€, &completa fecunda temporis parte, corpus ("per Eegum Co-
vol. 1) reperietur inC, in eodem plano cum triangulo A 'S B. Junge
§C, & triacgulum SBC, ob parallclas S B, Ce, aquale erit trian-
gulo-§Be, atg; adeo etiam trianguloSAB.  Similiargumento fi
vis

Y

Book I, Section Il: Motion under
centripetal forces.

Proposition |: Bodies
constrained by a central force to
orbit a fixed point move in a
plane and sweep out equal areas
in equal times.

(Kepler's second law)

NB. independent of the ‘law of
force' involved.



[41]
Prop. 1V. Theor. IV.

Corporim que diwerfos circiilos equabili motn. deferibunt, wires cen-
tripetas ad centra corwndens civculormm teudere, & cffe inter fo
st arcinin fimul deferiptornne quadrata applicata ad civculoriin ra-
dios.

Corpora B, b in ciccumferentiis circulorum B D, bd gyran-
tia, fimul defcribant arcus B D, bd.  Quoniam fola vi infita de-
foriberent tangentes BE, be his arcubus @quales, manifeftum
cft quod vires centripeta funt qua
perpetuo retrahunt corpora de
tangentibus ad  circumferentias
circulorum, atq; adeo hv funt
ad invicem in ratione prima {pa-
tiorum nafcentiumC D, cd : ten-
dunt vero ad centra circulo-
rum per Theor. If, propterca
quod arez radiis defcripee po-
nuntur temporibus proportiona-
Jes. Fiac figura 1kb figure D
CB fimilis, & per Lemma V,
lincola € D eritad lineolam Az ut
arcus B D ad arcumb ¢ 3 nec non, per Lemma xr, lincola nafcens
tk_ad lineolam nafcentem de ut bt quad. ad bd guad. & cx -
quo lineola rafcens DC ad lincolam nafcentem d ¢ ue BD xbt
. BDxbt '\dﬂ quad. A

Y 50
B D quad. ol bd

SB S

ad bd giad. {eu quod perinde cft, ut

SN

deors; ( ob xquales rationes é’b&%% ) ut

qgmad. 0.E.D.
Corpl. 1. Hinc vires centripetz funt ut velocitatum quadrata
applicata ad radios circulorum.
\ Corol. 2. Etreciproce ut quadrata temporum periodicosum ap-
G pli-

L

Book |, Section Il: Circular motion

Book I, Sect. I, Prop.IV: Motion
under centripetal forces: motion
in a circle.

Corollary 1: For motion in a

circle centripetal force is
2

_ v
proportional to —.

r
Corollary 6: For motion in a
circle Kepler's third law implies
an inverse square law of force.



[501]

SECT. IIL
De motn Corpornie in Conicis Setionibus excentricis.
Prop. XI. Prob. VI.

Revolvarnr corpus in Ellipfi: Requiritur lex wis comripets tenden-
tis ad wmbilicwn Ellipfeos.

Efto Ellipfeos fuperiori;umbilicus S.  Agatur S P fecans Ellip-
feos tum diametrum D K in E, tum ordinatim applicatam 0 »
in x, & compleatur parallclogrammum QxPR. ~Patet EP 2-
qualem effe femi-
axi majori 4C, co
quod a&aab altero
Ellipfeos umbilico
Hlineca HTipfi EC
parallela, (" ob a-
quales CS, CH )
aquentur ES,ELa-
deo ut EP femifum-
ma fit iplarum PS,
P id eft (" obpa-
rallclas HI, PR &
angulos equales [P
R, HPZ ) iplc
rumPS, PH,
conjunéli a

tomum 2 AC adaquant.  Ad SP demittatur

perpe 5 & Ellipfeos latere recto principali (feu

71;/_6 gread. )difo L, crit LxOR ad LxPout ORad Po;
AL

ideftut PE( feu 4C ) ad PC: & LxPwvad GoPut LadGo;

Book |, Section Ill: orbits that are conic sections

Proposition XI: Motion under
centripetal forces: Kepler's First
Law (orbit is an ellipse with sun
at focus) implies an inverse
square law of force.

Proposition XII: Motion under
centripetal forces: hyperbolic
orbit implies an inverse square
law of force.

Proposition XIII: Motion under
centripetal forces: parabolic orbit
implies an inverse square law of
force.



Book |, Sections Il and Il summarised

Assume one body acted upon Equal areas swept out
by a CENTRIPETAL force in equal times

Given the FORCE, Given the ORBIT,
what is the ORBIT? what is the FORCE?

There is a GENERAL
FORMULA for the force

Assume INVERSE-SQUARE Assume CONIC SECTION orbits
LAW of force with focus at the centre of force
Orbits are CONIC SECTIONS Force follows an
with focus at the centre of force INVERSE-SQUARE LAW

(Adapted from Colin Pask, Magnificent Principia, Prometheus Books, 2013, p.218)



Book [, later sections

More mechanics of motion:

P> converses: an inverse square law of force implies that orbits
are conic sections;

P trajectories;

» much more besides.

All treated geometrically



Books Il and Il

Book II: Motion of bodies in resisting media:

Conclusion: . it is manifest that the planets are not carried
round in corporeal vortices ..." (Scholium to Proposition LIII)

Book Ill: The system of the world:

» Reconciliation of observation and theory
» Shape of the earth (correct?)
» Motion of the moon (wrong)
> Prediction of tides
>

Comets



Influence of the Principia

Principia showed how mathematical methods could be used to
study physical, especially but not exclusively, cosmological
phenomena.

New ways of thinking: for example the method of ultimate ratios,
though expressed geometrically, came close to a modern concept of
limits.

Predictions could be verified by observation and experiment —
verified (after some controversy) in the case of the shape of the
earth, contradicted in the case of the motion of the moon.



For more on the Principia...

© m i i

COLIN TASK

MAGNIFICENT
PRINCIPI A :

N

(Colin Pask, Magnificent Principia, Prometheus Books, 2013)



Three (very different) books among many...

PATRICIA FARA

Newton
and the

Qountcrfcipcr

THE MAKING OF GENIUS




