
Example Sheet 0. C5.7, Topics in Fluids. MT2025.

1. Vector identities and the divergence theorem.

(a) Prove the following identities for any differentiable vector fields u and v :

(i) (u ·∇)u = ∇
(
1
2 |u|

2
)
+ (∇ ∧ u) ∧ u;

(ii) ∇ ∧ (u ∧ v) = (∇ · v)u+ (v ·∇)u− (∇ · u)v − (u ·∇)v.

(iii) ∇2u = ∇(∇ · u)−∇ ∧ (∇ ∧ u).

(b) The faces of a tetrahedron lie in the planes x1 = 0, x2 = 0, x3 = 0 and n · x = 1, where
n = (n1, n2, n3) is a unit vector such that nj > 0 for j = 1, 2, 3 and x = (x1, x2, x3). Let Aj

be the area of the face in the plane xj = 0 and let A be the area of the face with unit normal
n. By applying the divergence theorem, show that Aj = njA.

2. The convective derivative and Reynolds’ transport theorem

(i) Let f(x, t) be a differentiable function of position x and time t, defined in a fluid whose velocity
is u(x, t). Show that the rate of change of f following a material fluid element is given by

Df

Dt
=

∂f

∂t
+ (u · ∇)f

(ii) Let V (t) be a time-dependent closed region of R3 that is convected with velocity u(x, t). Prove
Reynolds’ Transport Theorem, namely

d

dt

∫∫∫
V (t)

f dV =

∫∫∫
V (t)

∂f

∂t
+∇ · (fu)dV

for any continuously differentiable function f(x, t).

3. The continuity equation and incompressibility.

(a) By applying the principle of conservation of mass to a material volume V (t), derive the con-
tinuity equation

∂ρ

∂t
+∇ · (ρu) = 0

for a compressible fluid with density ρ, stating any assumptions that you make about the
smoothness of ρ and u.

(b) When the fluid is incompressible, i.e. Dρ
Dt = 0, derive the incompressibility condition

∇ · u = 0

and deduce that the transport theorem for an incompressible fluid may be written in the form

d

dt

∫∫∫
V (t)

f dV =

∫∫∫
V (t)

Df

Dt
dV

for any continuously differentiable function f(x, t).
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4. Derivation of the incompressible Navier-Stokes equations.

(a) Define the Cauchy stress tensor σij and show that the force per unit area exerted on a surface
element with unit normal n = njej by the fluid towards which n is directed is given by the
stress vector

t = eiσijnj

where e1, e2, e3 are unit vectors along the axes Ox1, Ox2, Ox3.

(b) Newton’s second law for a material volume V (t) with boundary ∂V (t) is given by

d

dt

∫∫∫
V (t)

ρudV =

∫∫
∂V (t)

tdS +

∫∫∫
V (t)

ρFdV

where ρ is the density, u = uiei is the velocity and F = Fiei is an external body force acting
per unit mass. Explain the physical significance of each term in this expression.

(c) Use Reynolds’ transport theorem and the divergence theorem to derive Cauchy’s momentum
equation in the form

ρ
Dui
Dt

=
∂σij
∂xj

+ ρFi.

(d) Define the rate-of-strain tensor eij . State the physical assumptions that are needed for an
incompressible fluid to be Newtonian, that is

σij = −pδij + 2µeij ,

where p is the pressure and µ is the viscosity.

(e) For an incompressible, constant viscosity, Newtonian fluid, deduce the Navier-Stokes equations
in the form

ρ

(
∂u

∂t
+ (u · ∇)u

)
= −∇p+ µ∇2u+ ρF, ∇ · u = 0.

5. Symmetry of the stress tensor.

For the Cauchy stress tensor, deduce that σij = σji..

2

Eamonn
Rectangle





















Dotting this with e_k gives the kth component of the 
momentum conservation equation, which is zero. 
Hence this zero. 


