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Introduction

This course is about the Lagrangian and Hamiltonian formulations of classical mechanics. These
were introduced and developed in the late 18th and 19th centuries, and recast Newton’s laws in
different mathematical frameworks. The reader might immediately ask what the point of this is:
what mileage do you get out of rewriting Newtonian mechanics in a different language? Moreover,
why is it important to study this subject?

In order to answer these questions, let’s begin with the Newtonian theory itself. Newtonian
mechanics is an extremely accurate theory, valid over a vast range of scales, and is applicable to
many classes of dynamical problems. The axioms are also clear and simple to state. Although
the later developments of special relativity, general relativity and quantum mechanics undoubtedly
provide a more accurate description of the real world, these are all much more complex descriptions
of Nature. Scientists, even theoretical physicists, will often try to revert to using the techniques
of classical mechanics where possible. Indeed, measuring the differences from Newtonian theory
usually requires very well-designed and delicate experiments.

From a computational point of view Newtonian theory, as summarized for point particles in
section 1, quickly becomes cumbersome and inefficient as the systems become more complicated.
In particular Newton’s laws require one to work in an inertial frame in Cartesian coordinates,
which is often inconvenient. The Lagrangian and Hamiltonian formalisms, on the other hand, are
coordinate independent, and provide a more elegant and computationally efficient framework in
which to work. For example, it much easier to solve constrained systems, as there is no need to
introduce constraint forces (such as the tension in a simple pendulum, or the constraint forces for a
bead moving on a wire); rigid body motion is also easier to implement. The Lagrangian formulation
also introduces a new fundamental principle: the principle of least action, also known as Hamilton’s
principle. This gives a surprising amount of insight into classical mechanics, for example making
clear the relation between symmetries and conservation laws (via Noether’s theorem).

The ideas and techniques developed in the Lagrangian and Hamiltonian formulations of classical
mechanics also generalize to other areas of theoretical physics. For example, there are Lagrangian
and Hamiltonian descriptions of electromagnetism and general relativity, which play an important
role in understanding those theories. The ideas and principles we shall encounter were also key
to the development of quantum mechanics in the 20th century. Those who have studied quantum
mechanics may have noticed that the theory looks nothing like Newtonian mechanics. In fact
the Hamiltonian formulation of the latter is closely related to the quantum description of a non-
relativistic particle you may have already seen. The principle of least action also led to Feynman’s
formulation of quantum mechanics as a path integral/sum over histories, which in turn has been
central to the development of particle physics in the second half of the 20th century. Finally,
Lagrangian and Hamiltonian mechanics have also had a significant impact on the development of

various branches of pure mathematics, particularly geometry.
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1 Newtonian mechanics

We begin with an overview of Newtonian mechanics for point particles. Although much of this
material may already be quite familiar, it will be important to have a good grasp of these basic

notions when we come to generalize the results later in the course.

1.1 Reference frames

In classical mechanics space is modelled by R3, equipped with the usual Euclidean metric. More
precisely, a reference frame S is specified by a choice of origin O, together with a choice of Cartesian
coordinate axes. With respect to this frame one then writes a position vector as r = (z,y, z). The
trajectory of a point particle is represented by a curve r = r(t), parametrized by time ¢. The
velocity of the particle in the frame S is then ¢ = (&, 3, 2), where a dot will denote derivative with

respect to time. Similarly, its acceleration is ¥ = (&, ), Z).
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Figure 1: Relative to a choice of reference frame S, the origin O’ of another frame S’ is at x(¢),
and the coordinate axes of 8’ may also rotate with respect to the axes of S.

Of course the choice of frame is far from unique, and the motion of a particle viewed in two
different frames can look very different. If we fix an initial choice of S, then the origin O of any
other frame S8’ will be at some position x(¢), measured with respect to the origin O of S. Moreover,
the coordinate axes of S’ may rotate relative to the axes of S — see Figure 1. In particular if S
and S’ have the same origin (so x(t) = 0 for all ¢), then the frames differ only by a rotation of
the axes. A position vector r measured in S is then v’ = (2/,9/,2') = Rr as measured in S’. Here

R = R(t) is a 3 x 3 orthogonal matrix, which in general can depend on time ¢. Mathematically



the three-dimensional rotation group is O(3) C GL(3,R), the set of real 3 x 3 matrices satisfying
RTR = RRT = 1, where 1 denotes the 3 x 3 identity matrix. This ensures the transformation
R € O(3) between frames preserves Euclidean distances — all observers in Newtonian mechanics are
postulated to measure the same distance between any two points. We shall describe the rotation
group and rotating frames in much greater detail in section 4 when we come to discuss rigid body

motion.

1.2 Newton’s laws

Newton’s laws of motion apply to point particles. These are objects whose dimensions may be
neglected, to a good approximation, in describing their motion. For example, this is the case if
the size of the object is small compared to the distances involved in the dynamics, e.g. the motion
of a planet around the Sun. Of course, it is no good treating the Earth as a point particle if you
want to understand the effects of its rotation. On the other hand, as we shall see in section 4 the
centre of mass of an extended rigid body does behave like a point particle. Point particles have a
mass m, and an associated (linear) momentum p = mft.

The first of Newton’s laws singles out a special equivalence class of reference frames, called

wnertial frames. These are defined by

N1: Inertial frames exist. In such a frame an object either remains at rest or moves
with constant momentum (uniform motion in a straight line), unless acted on by an

external force.

Here the force that is acting is understood to have an identifiable source, e.g. gravity, electromag-
netism, friction. A non-inertial frame S’ is accelerating with respect to an inertial frame S. That
is, the origin O’ of &’ is accelerating with respect to O, or the axes of S’ are rotating relative to
the axes of S. In the non-inertial frame a particle will appear to be acted on by “ficticious forces”,
for example the Coriolis force, or centrifugal force (more about this in section 4.2). A frame at
rest on the surface of the Earth is a very good approximation to an inertial frame, ignoring the
rotation of the Earth around its axis and its acceleration about the Sun.! Compare such a frame S
to someone standing on a roundabout, whose frame S’ rotates around a fixed vertical axis relative
to §: a stationary object in S will appear to be accelerating to the person on the roundabout.

In an inertial frame the dynamics of a particle is governed by
N2: F(r,r,t) = p.

Assuming the mass m is constant the right hand side of Newton’s second law is p = m¥, although

one could also consider variable mass bodies, e.g. a rocket ship that expels the spent fuel. In this

The former does give rise to a very small measurable effect. For example, Foucault’s pendulum detects the
rotation of the Earth.



course we’ll assume m is constant. The external force F can in general depend on the particle’s
position r, its velocity  (e.g. the drag force due to motion through a fluid), and on time ¢ (e.g. a
charged particle moving in a time-dependent electromagnetic field). Newton’s second law is then
a second order ODE for r(¢). General theorems from the theory of differential equations guarantee
that under suitable conditions on the function F(r,r,t), specifying the position r and velocity 1
at some initial time t = ¢y gives a unique solution for the particle trajectory r(t).

Finally, if we have more than one particle, then

N3: If particle 1 exerts a force F = F97 on particle 2, then particle 2 also exerts a force

Fi2 = —F on particle 1.

In other words, F1o = —F9;. This is often paraphrased by saying that every action has an equal

and opposite reaction. There is also a strong form of Newton’s third law:
N3’: The force in N3 above acts along the vector connecting particle 1 and particle 2.

That is, F = Fg; « (r; — r2), where r; denotes the position vector of particle I. Such forces
are called central forces. The strong form of Newton’s third law is true for the gravitational and

electrostatic forces between particles:

Example (gravitational force between two point masses): According to Newton (and Hooke), the

gravitational force on particle 1 due to particle 2 is given by

mimg (r; —rg)

Fi, = -G (1.1)

N .
r1 —raf? [r — 1o

Here m; is the mass of particle I, and Gy ~ 6.67 x 107! Nm? kg2

is Newton’s gravitational
constant. The Coulomb electrostatic force between two point charges eq, eo takes a similar central
inverse square law form, except unlike masses charges can be both positive and negative, leading

to repulsive as well as attractive forces.

There are examples of forces that do not satisfy the strong form of Newton’s third law, notably
the magnetic component of the Lorentz force acting on a charged particle moving in the electro-
magnetic field generated by another charged particle. However, a proper discussion of this would
take us too far into electromagnetic theory, and in any case requires special relativity (rather than

Galilean relativity) to understand properly, so we will not discuss this further here.

1.3 Galilean transformations

Inertial frames are not unique. Rather there is an equivalence class of inertial frames, related to

each other by Galilean transformations. Specifically, we have the following transformations of an



inertial frame S:

temporal translations, t' =t — s, where s is a constant,
spatial translations, r’ = r — x, where x is a constant vector,
constant rotations, r' = Rr, where R € O(3) is a constant 3 x 3 orthogonal matrix,

Galilean boosts, ' = r — vt, where v is a constant velocity.

These map uniform motion in S to uniform motion in §’. Altogether they generate the 14+-3+3+3 =
10-dimensional Galilean group.

Notice that in the first transformation we have been tacitly assuming there is a notion of absolute
time, unique up to what we call time ¢ = 0. In particular in Newtonian mechanics all observers
measure the same time interval between any two events. Of course this is not true in special
relativity (essentially it took until Einstein to realize that assuming there is an absolute notion of
time is an assumption). Galilean boost transformations mean there is no absolute rest frame in
Newtonian mechanics.

The first Galilean transformation is a statement of homogeneity of time (Newtonian physics is
invariant under t — t — s), while the second and third Galilean transformations say that space is

respectively homogeneous and isotropic. These are symmetries of Galilean spacetime.

1.4 Closed systems and Galilean relativity

A closed system is one in which all forces are internal, acting between the constituents of the
system. To be concrete let us consider a closed system of N point particles. We suppose these
have constant masses my, [ = 1,..., N, and are at positions r;(t) as measured in an inertial frame.

Newton’s second law N2 for the system may be written
F[(I‘l,...,rN,f‘l,...,f‘N,t) = f)] = m]f[ ; (12)
where F; denotes the total force on the Ith particle. For such a closed system we have

Galileo’s principle of relativity: Newtonian dynamics is invariant under Galilean trans-

formations.

More precisely, if we apply the same Galilean transformation to each of the particle trajectories
{r7(t)} solving (1.2), then the resulting trajectories solve the same system of equations. For
example, if {ry(¢)} solves (1.2) then {r;(t — s)} must solve the same system, for all s € R.
This invariance under temporal translations immediately implies that F; must be independent of
time ¢, so that we may write F; = Fy(ry,...,ry,¥1,...,Ix). Similarly, invariance under spatial
translations and boosts means that the forces depend only on the relative positions (rj — rg)
and relative velocities (f; — I'x) of the particles, respectively. Finally, invariance under a rotation

R € O(3) means that F; is further constrained to obey

RFI(rl,...,rN,i‘l,...,i‘N) = F[(Rl‘l,...,RI‘N,Rf‘l,...,Ri‘N). (13)



A closed system consisting of a single point particle is not very interesting: a little thought shows
that the above constraints imply F = 0 (a single particle cannot act on itself). Such a particle
moves at constant momentum/velocity by N1. When treating a single point particle subject to
an external force, we have in mind that (a) something else is responsible for producing that force,
and (b) we are entirely ignoring the effect the particle has on whatever that something else is (i.e.
we are ignoring its back-reaction). One can imagine such a model arising from a closed system, in
which the particle has been singled out and the “external force” F is simply the sum of the forces
on the particle from the rest of the system. Such effective descriptions of the dynamics typically
won’t be Galilean invariant in the way we have described.

Since this is quite a subtle point, it is worth pausing to discuss an explicit example. Consider a
small body moving through a fluid with a linear drag force F = —b 1, where b > 0 is a constant.
Newton’s second law for our body is clearly not invariant under Galilean boosts, which take
r — © —v. However, this is because the force law is only valid in the rest frame of the fluid, where
the average velocity of the fluid particles is zero. The individual fluid particles will certainly be
moving relative to each other, and colliding, but in the rest frame there is no net movement of the
fluid as a whole. If the fluid has a net velocity u in our inertial frame (think of a steady flowing
river), then the force law reads F = —b (f — u). Notice that here F = F(i;u) also depends on the
“external” parameter u. Of course the Galilean boost also acts as u — u — v on the fluid velocity,
and with this understanding Newton’s second law for the body is now Galilean invariant. The
linear drag force is an effective force, which at a microscopic level arises due to many collisions
of the body with the fluid particles. A more accurate (but completely impractical) description
of the system would treat the fluid as a large number of point particles. These would all have
initial velocity u. The collisions between the fluid particles and our body, which can be treated as
another particle, can then be described in a fully Galilean invariant way. The collisions will change
the velocities of the fluid particles, and the linear drag force with a constant u is entirely ignoring
this.

Of course, whether or not it is reasonable to neglect the effects of a particle on the rest of the
system depends on the circumstances. It is perhaps worth pointing out though that closed systems
can sometimes be rewritten/reinterpreted as non-closed systems. A good example is the two-body
problem, of two point masses mj, mg interacting via the gravitational force (1.1). This closed

system may be rewritten as a problem for a single point particle (with mass given by the reduced

mim2

— +m2) moving in an external central potential. We shall examine this example in more

mass p =

detail in section 2.5.



1.5 Energy and angular momentum

Consider a single point particle of mass m, acted on by an external force F. The work done W by
the force F along a path connecting position vectors r(!), r®) is the line integral

(2
w = / F.-dr. (1.4)
r(
If we now consider a trajectory of the particle r(¢) satisfying Newton’s second law mi = F, we

may compute

r(2) to to 1 to d
W= / F-dr—/ Foidt = m | #-fdt = -m | S(i-)dt
1.(1) t1 t 2 th dt
— Tlt) - T(1) (15)

Here the particle trajectory begins at position r!) = r(t;) at time ¢1, and ends at r(®) = r(t,) at
time 9, and we have defined the kinetic energy of the particle as

Lol (1.6)

T
2

Notice that T is not invariant under Galilean boosts, and so in general depends on the choice of
inertial frame S we choose to measure it in. The equality in (1.5) is called the work-energy theorem:
the work done by the force F along the particle trajectory is equal to the change in kinetic energy.

In the remainder of this course we will almost entirely focus on conservative forces. Recall that

these arise from the gradient of a potential function V =V (r) via
F = —VV(r). (1.7)

In Cartesian coordinates r = (z,y, z) this reads F = (-0,V, —0,V,—0,V). Notice in particular
that V, and hence also F, depends only on the position vector r. Note also that V is defined
only up to an additive constant. It is natural to fix this freedom, where it makes sense to do
so, by requiring that the potential is zero when the particle (or more generally distances between
particles) is at infinity, c.f. (1.11) below. Conservative forces have the property that the work

done is independent of the path from r™¥) to r®. This follows from the fundamental theorem of

calculus:
r® r2
/ F.dr = — VV.dr = —V(E®)+ve®) . (1.8)
I'(l) r(l)

Combining with the work-energy theorem (1.5) and rearranging we thus deduce the conservation

of energy
T(t1)+V(r(t1)) = T(t2) +V(r(te)) = E. (1.9)

Thus the total energy

E = T+V, (1.10)



is constant along the trajectory.
The inverse square law force (1.1), that governs the gravitational or Coulomb interaction between

point masses/charges, is conservative:

Vi) = —- — F=-VV=_-"r, (1.11)

r r3

where r = |r| and & is a constant. Non-conservative forces include friction/drag forces that depend
on r. In particular, the effective linear drag force discussed in the last subsection is not conservative.
However, the fundamental forces in Nature seem to be conservative. For example, a body that
experiences a frictional force will typically lose energy, but in practice we know what happens to
this energy: it is converted into heat (average kinetic energy). Modelling this takes us outside
the realm of classical mechanics and into thermodynamics. But at a fundamental level, we expect
energy to be conserved.

Still focusing on the single point particle, recall that its angular momentum (about the origin

O of §) is defined as
L = rAp. (1.12)

We will sometimes write the cross product of two vectors using the Levi-Civita alternating symbol,
discussed in the appendix at the end of these lecture notes. The angular momentum (1.12) is the
moment of the momentum p about O. Similarly, the moment of the force about O is called the

torque
T = rAF. (1.13)

Since L=#Ap+rAp=rAp (as p = mr is parallel to the velocity 1), the moment of N2 about

the origin gives the equation
T = L. (1.14)

In particular central forces have F o r, so that the torque 7 = 0. It then follows from (1.14) that
central forces lead to conservation of angular momentum, L=o0.
It is straightforward to extend these concepts to our closed system of N point particles in

section 1.4. If particle J exerts a force Fr; on particle I for J # I, then by N3 therefore

F;r = —F1;. Newton’s second law for particle I (1.2) then reads
ZFIJ = F; = pr. (1.15)
J#£I

We could also add an external force F‘}Xtemal to the left hand side, but the system would then not
be closed. The total momentum of the system of particles is defined to be P = Z?[:l p1, and by
summing (1.15) over all particles we deduce that

N

P = >>NFy=0. (1.16)

I=1 J#£I

10



Here the N(N — 1) terms in the sum of forces cancel pairwise due to N3: F;; = —F ;. Thus for

this closed system of point particles we see that the total momentum is conserved.

We may similarly define the total angular momentum about the origin O as

N
L = Zr;/\pj.
I=1

As for the single point particle we compute

) N N
L = Zr]/\p[ = ZI‘]/\ZF[J.

=1 I=1 J£I

In particular we have %N (N — 1) pairs of terms on the right hand side

ri ANFrj+r;ANFy;; = (ry—rj)AFry,

(1.17)

(1.18)

(1.19)

where we have used N3. Imposing the strong form of Newton’s third law N3’ means that Fj; o

(r; —ry), and we see that the total angular momentum is conserved, L = 0.

One of the general results we shall derive in Lagrangian mechanics is that conservation of energy,

momentum, and angular momentum for any closed system follow from the symmetries of Galilean

spacetime described in section 1.3.

11



2 Lagrangian mechanics

In this section we introduce the Lagrangian formulation of classical mechanics. The general theory
is developed in sections 2.1 — 2.4, with a number of detailed examples presented in section 2.5.
The reader should feel free to dip into the examples while digesting the general theory, especially

on a first reading.

2.1 Generalized coordinates

In order to study the dynamics of a physical system, one first needs to describe its possible
configurations. Any set of independent quantities that specify uniquely the position of the system
at a given time are called generalized coordinates. These label the points of the configuration space
Q. The number of generalized coordinates is called the number of degrees of freedom.

For example, for the point particle discussed in section 1 we used Cartesian coordinates r =
(x,y,z) with respect to an inertial frame S. These coordinates obviously specify uniquely the
position of the particle in R3 at a given time ¢, so @ = R3 and the number of degrees of freedom
is 3. For N point particles we similarly used N sets of Cartesian coordinates r; = (x1,yr, 21),

R3N with 3N degrees of freedom.

I=1,...,N, giving a configuration space Q =
For the point particle we may also consider changing to non-Cartesian coordinates. Consider

the general coordinate change
qi = Qi(x>yaz7t) ; i = 17273 ) (21>

which might depend explicitly on time ¢ (that is, the new coordinate system is moving relative to
the original coordinate system). We thus replace the Cartesian coordinates (x,y, z) — (q1, 42, q3)-

Introducing z1 = z, x2 = y, 3 = 2z we will also have the inverse coordinate transformation
Ty = $i(Q1aQ2,QS»t) ) i = 1a2a3 . (22)

This latter change of coordinates is said to be non-singular at a point (q1, g2, q3) if the Jacobian
determinant det (Ox;/dq;) is non-zero at that point. This condition plays a role when writing
differential equations in different coordinate systems, as the Jacobian Oz;/dg; and its inverse
dq;/dz; enter the chain rule.?

A familiar example is cylindrical polars

T = pcos¢ y = psing z =z, (2.3)

where o > 0 and ¢ € [0,27). Here (¢1,42,93) = (0, $, 2), and the coordinates are adapted to rota-
tion about the z-axis. Notice that ¢ = 0 (the z-axis) is a coordinate singularity, as det (0x;/0q;) = o

2 * We may regard a coordinate transformation (z1,z2,x3) — (q1,q2,¢s) at fixed time ¢ as a map z : R® — R3,
with components z; = z;(q1, ¢2,93). By the inverse function theorem, if the Jacobian determinant det (9z;/9q;) is
non-zero at a point P = (q1,¢2,q3), then there is an open set containing P on which this map is invertible with
differentiable inverse.

12



is zero at o = 0. In practice this causes no problems provided one remembers it is there (for example
it explains why the Laplacian 92 + 8; = 83 + %89 + é@é looks singular at ¢ = 0).

Another natural coordinate system is spherical polars
x = rsinfcosy , y = rsinfsingp , z = rcosf , (2.4)

where r > 0, 6 € [0,7], ¢ € [0,27). Here (q1,92,q3) = (r,0, ), with the coordinates adapted to
rotation about the origin » = 0. Again, there are coordinate singularities at »r = 0 and at 8 = 0, ,
which are the zeros of the Jacobian determinant det (9z;/9q;) = r?sin .

The notion of generalized coordinates is particularly useful for constrained problems. You have
already met many such problems in Dynamics. Perhaps the simplest example is the simple pen-
dulum. Here a point mass m swings on a rigid (but very light) rod of length [, freely pivoted at
one end to the origin O, and constrained to move in a vertical plane containing the z-axis — see
Figure 2. Taking the plane of motion to be the (z, z) plane at y = 0, the rod constrains the point
mass coordinates to satisfy 22+ 22 = (2. It is then convenient to describe the position of the system
by the angle 6 given by x = Isinf, z = —lcosf. Thus 0 € [—7,7) is a generalized coordinate for
this problem, ¢ = 6, which has one degree of freedom. Since § = 7 is identified with § = —m,

notice that the configuration space is a circle, @ = S1.

z
A
f s = arclength
Or------- > X ;
: ; N\ 76) = (60.0.2(5)
u\e(s) _____________ L __________ - X
o x(s)
mg
) ) ) Figure 3: A bead moving on a fixed wire. We
Flg‘_lre 2: A s1mple pendulum with gen- might use arclength s, the z-coordinate, or the
eralized coordinate g = 6. angle 6 as a generalized coordinate.

As another example consider a bead moving on a fixed wire. Here there are several natural
choices of generalized coordinate. For simplicity suppose that the wire lies in the (z, z) plane at
y = 0, as in Figure 3. We can specify the wire as the image of a parametrized curve 7 : [0, 1] — R3
given by v(s) = (z(s),0,2(s)). A natural generalized coordinate is then simply the arclength s.
But there are other choices. Provided the projection onto the = coordinate is injective (so that

distinct points on the curve correspond to distinct values of x), we could also use the x coordinate

13



of the bead as a generalized coordinate. Another choice is to use the angle € subtended from the
origin, again provided the lines # = constant through the origin intersect the curve in at most
one point. For example, the latter would be a natural choice if the curve was a segment of a
circle centred at the origin. This problem again has one degree of freedom, and the configuration
space is an interval (assuming something stops the bead from falling off either end of the wire).
Constrained motion on a surface is similar, with two degrees of freedom.

In section 4 we will consider rigid body motion. A rigid body has six degrees of freedom: three
describe the position of the centre of mass, two determine the orientation in space of some axis
fixed in the body, and there is one more describing rotations about that axis. For generalized
coordinates it is then natural to use a mixture of Cartesian coordinates, describing the centre of
mass motion, and angles, describing the orientation of the rigid body.

In general then a physical system will have n degrees of freedom, described by n real generalized
coordinates q, = qq(t), a = 1,...,n. Their time derivatives ¢, are called generalized velocities, q,
are generalized accelerations, etc. We will use the boldface notation q = (qi,. .., ¢n), although as
the examples above illustrate this is not to be confused (in general) with a vector in physical space
R3. The dynamics of the system will trace out a curve q(t) in the configuration space Q, which
one could think of as a quasi-particle moving on O, whose position at any time determines the
configuration of the whole system.? However, to avoid any possible confusion we shall generally

refer to q(t) as the system trajectory, or path.

* The intuitive ideas of configuration space Q and generalized coordinates we have described
can be made much more mathematically precise. A more rigorous account of a general
framework for classical mechanics would take Q to be a differentiable manifold. Roughly,
these are topological spaces that look locally like R™ (the open sets are homeomorphic to
open sets in R™), but globally they can have much more non-trivial topology. Familiar
examples are smooth curves and surfaces in R3 (with n = 1, n = 2 respectively). The study
of geometry and calculus on these spaces is called differential geometry. However, expanding
on these ideas would take us too far from our main subject, and in any case one doesn’t
need the full machinery of differential geometry to understand the fairly simple systems we
shall study in these lectures. Those wishing to see more details might consult chapter 8
of Introduction to Analytical Dynamics by N. M. J. Woodhouse, or the book Mathematical
Methods of Classical Mechanics by V. 1. Arnold.

3For example, the configuration space for two point particles moving in R? is Q = R®, which may be coordinatized
by Cartesian coordinates q = (z1, y1, 21, T2, Y2, 22) for the two particles. The position of the quasi-particle in Q then
determines both physical positions of the two actual partices in R3.
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2.2 The principle of least action

We are now in a position to introduce a new fundamental principle that governs the dynamics of
physical systems. The principle of least action, or Hamilton’s principle, asserts that systems are
characterized by a function L(qi,...,qn,q1,---,qn,t), called the Lagrangian. We write this more
briefly as L(q,q,t). The Lagrangian function in turn determines the dynamics of the system (the
equations of motion) as a calculus of variations problem.

To describe this, consider all smooth paths q(¢) in @ with fixed boundary conditions at the

endpoints. That is, we consider all smooth q(¢) satisfying

ati) = qV,  q(t) = q?, (2.5)

for some fixed time interval [t;, ], and with q() fixed for s = 1,2. Then the path followed by the

system between these two positions is such that the action

stat) = | ® Lla(®).a). ) dt (2.6

1
is extremized. The action S'is a functional — that is, a function whose argument is itself a function
— and the above extremal problem is of the same type encountered in the second year Calculus of
Variations course.

That the Lagrangian depends only on q and ¢, but not higher derivatives, is related to the fact
that one expects the dynamics of a system to be determined uniquely once one specifies q and q
at some initial time ¢t = ¢3. Compare to our discussion of Newton’s second law in section 1.2. This
expectation is itself sometimes elevated to a principle: the Newton-Laplace determinacy principle.

It also means we expect the equations of motion to be second order differential equations for q(t).

q(2)

Figure 4: A trajectory q(t) in configuration space Q, with fixed endpoints q(t;) = q") and
q(tz) = q, together with a variation q(t) 4 dq(t).

Let us determine the differential equations that result from extremizing the action S in (2.6).
We suppose the extremum occurs at a critical function q(¢), such that the change 65 = 0 when
q(t) is replaced by any variation q(t) — q(t) + dq(t). Here dq(t) is a small change in q(¢), where
the fixed endpoints of the path require the boundary conditions dq(t1) = dq(t2) = 0. We may
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make this more precise by writing
salt) = eut), (2.7)

u(t;) = u(tz2) = 0, and € is a real number. We then compute

Sla(t) + dq(t)] = /tQL(q+eu,q+el'1,t) dt
" 2 (0L oL
= Slq(t)] +e Uy + ——tig | dt + O(€?) . (2.8)
q ;/t; (aqcl 8(]& >

Here we have simply Taylor expanded around € = 0 using the chain rule. Thus the first order

variation in S is

t2 8L
o Z <3qa dq ) a

t1 a
" 2oL d [(OL oL 1™
€ —_— = — Ug dt + Ug
;{/h o (30 wer [0 }
" (2 9L aLﬂ
= ¢ ug dt | 2.9
Z/ |:Qa (0% (29)

the last equality holding since u(t;) = u(t2) = 0. The requirement that q(t) is an extremum of S,

0S5 =0, for all such variations dq(t) = eu(t) then means that

d /0L oL
il “ ) - Z= = 2.1
dt <3<'1> dq 0 (2.10)
or in components
d /0L oL
a (aqa> o = O aTLeom (2.11)

The equations (2.10) are known in classical mechanics as Lagrange’s equations, or the Fuler-
Lagrange equations. They are a set of n second-order differential equations for q(¢). Notice that
nothing we have said guarantees that the solution q(¢) to (2.10) actually minimizes the action S.
In fact there are examples where it does not i.e. the stationary point solution to 45 = 0 is not a
minimum of the action (see Problem Sheet 1). It should thus more properly be called the principle

of stationary action.

N.B. In deriving the Lagrange equations (2.10) one should be wary of the first fundamental
confusion of calculus (N. M. J. Woodhouse, Introduction to Analytical Dynamics). The partial
derivatives of L appearing in the second line of (2.8) involve regarding L = L(q,v,t), where v = q
is treated as an independent variable from q. However, in computing the derivative d/dt¢ in the
Lagrange equation (2.10) we mean the derivative of %(q(t),c’;(t),t), which is a function only of

time ¢. If you follow the derivation carefully these comments are self-evident, but it is also easy
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to get confused! The potential confusion arises because we treat q and ¢ as independent variables

on which L depend, but also q = q(t) for the system trajectory.

As mentioned in the introduction, Lagrange’s equations (2.10) hold in any coordinate system.
This actually follows from the formulation of the principle of least action: it is paths that extremize
S. If we change coordinates then the form of the path will also change, but only due to the
coordinate transformation itself — it is the same path in Q. Omne can check this statement very

directly: if we make a coordinate transformation

then
d (0L oL " [d /8L AL dqp
— =)= = — =)= =, a=1,...,n. 2.13
dt (aqa) 94a P [dt <3qb> 8%] 94 (213
Here we use the chain rule to compute
. - aCJa; aQa .o~ 2
da = a~ Qb+ E = Qa(Qa q, t) ) (214)
py dd
and define
L@a,t) = L(a(@t),a(@a,t).t) - (2.15)

That is, the transformed Lagrangian L is obtained simply by substituting the coordinate trans-
formation (2.12), (2.14) into the original Lagrangian. The Lagrangian is said to transform as a
scalar. Tt is then common to drop the tilde on L, and simply remember that the notation 0L/0q
means one first substitutes q = q(q,t) to regard L as a function of (q,q,t), and then takes the
partial derivative with respect to q, with q and ¢ held fixed.

Going back to (2.13), since for a (non-singular) coordinate transformation the Jacobian matrix

Oqp/0q, is invertible, we see that Lagrange equations (2.10) hold if and only if

d (oL\ oL
[ =]1-= = o (2.16)
dt \ 9q 0q

hold. Verifying (2.13) amounts to a short computation using the chain rule, and is left as an

exercise on Problem Sheet 1.

Notice that if we have two Lagrangians L1, Lo related by

Laat) = Liaan+ 3ia. (217)

then these lead to the same Lagrange equations. This follows since the corresponding actions are

related by
SZ - Sl + f(q(2)7t2) - f(q(l)atl) ) (218)
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where we have used the fundamental theorem of calculus. The actions thus differ by a term whose
variation is zero. In classical mechanics (2.17) should be regarded as an equivalence relation on
Lagrangians. Another comment is that if we have two Lagrangians Ly, Lo describing decoupled
systems, then the Lagrangian for the combined system is simply L = Lj 4+ Ls. This is reasonable,
as then the equations of motion for both systems follow from that for L.

So far our comments have been very general. As mentioned in the introduction, the principle of
least action (appropriately generalized) actually applies to many physical theories, including for
example electromagnetism and general relativity. However, in classical mechanics the Lagrangian

for a system takes the simple form
L = T-V, (2.19)

where T is the kinetic energy of the system, and V is its potential energy. We shall see more
precisely which systems this applies to in the next subsection, and why the Lagrange equations are
equivalent to Newton’s equations. Our application of Lagrangian mechanics to such systems will
then always begin by identifying T" and V', in whichever generalized coordinates we have chosen to
use. Let us first see that this correctly reproduces Newton’s second law as the Lagrange equations

for a point particle:

Example (point particle in Cartesian coordinates): As in section 1.5 we consider a single point
particle of mass m, in Cartesian coordinates r = (x1, 2, x3) for an inertial frame S. The particle
is acted on by an external force F = —VV, where V' = V/(r) is the potential. The Lagrangian
(2.19) is thus

L = %m|f‘\2 —V(r). (2.20)

Here the generalized coordinates are g, = 4, a = 1,2,3. Since 0L/0q = —0V/0r = F and
O0L/0q = mr = p, we immediately deduce that the Lagrange equations (2.10) are simply Newton’s
second law. It is straightforward to extend this computation to a system of N particles with masses

my at positions ry(t), interacting through a potential V- = V(ry,...,rn).

We thus see that Hamilton’s principle (equivalently the Lagrange equations of motion) is equiv-

alent to Newton’s second law for point particles. Let’s look at another simple example:

Example (simple pendulum): Let us return to the simple pendulum discussed in the previous
subsection, and shown in Figure 2. Resolving the tension force T in the z and z directions,

Newton’s second law gives

mi = —Tsinf , mz = —mg+ Tcosb . (2.21)
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Here recall z = [sinf, z = —lcosf. Taking cos times the z equation of motion plus sin 6 times

the z equation of motion we easily derive
. . g .
0 = —7 sin g, (2.22)

which is the equation of motion for the coordinate #. The other linear combination determines the

tension
T = mgcosf+mih? (2.23)

which can be understood as balancing the component of the weight along the rod and the cen-
tripetal force for circular motion about the origin O, respectively.

On the other hand the Lagrangian description with generalized coordinate ¢ = 6 leads imme-
diately to (2.22). The kinetic energy is T = gm(i? 4 2%) = %ml292, while the potential energy is
V =mgz = —mgl cos 0. Thus the Lagrangian is

1 .
L = T-V = iml292 + mglcos@ , (2.24)

and the Lagrange equation (2.10) with ¢ = 6 indeed gives (2.22). This short calculation might
look like a sleight of hand: we have (apparently) entirely ignored the tension force, but still found
the correct dynamics. In fact this is one of the advantages of the Lagrangian formalism, and we’ll

explain why (2.24) correctly describes the dynamics in the next subsection.

2.3 Constraints

In the simple pendulum example just studied the motion of the mass m in the (z,z) plane was
constrained to satisfy 22 + 2% = 12, due to the rod pivoted at O. This is an example of a holonomic
constraint. To describe this more generally, we need some more notation. The constrained motion
is by definition embedded inside a larger unconstrained configuration space. Let z1,...,xq denote
(generalized) coordinates on this larger space, denoting x = (x1,...,24). For example, for the
constrained motion of a single particle moving in R® we may take x = (z,y, z) to be Cartesian

coordinates. Then holonomic constraints on the motion constrain the coordinates to satisfy
falx,t) = 0, A=1,...,d—n. (2.25)

Here n is the number degrees of freedom satisfying the constraints. For example, for the simple
pendulum the constraint on motion in the (x, z) plane is f(z, z) = 0 where f(z,2) = 22 + 2% — [2.
This is an example of a scleronomous constraint, meaning it doesn’t depend on time ¢. More
generally these are given by fa(x) = 0. The general time-dependent case in (2.25) are called
rheonomous constraints, e.g. compare the bead moving on the fixed wire in Figure 3 to the case

where the wire is rotating about the z-axis.
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Let us fix the time ¢, and consider fa(x,t) =0, A =1,...,d —n, which we assume are d — n

independent equations. As such, we expect to be able to eliminate d — n of the d variables z;,

t=1,...,d, in terms of the remaining n variables. Equivalently we can say that there are functions
x = x(q,t), (2.26)
which parametrize the general solution to (2.25). The variables ¢,, a = 1,...,n, are then gen-

eralized coordinates for the constrained motion. For example, for the simple pendulum we have
x =lsinf, z = —lcos f, which solve the constraint f(z, z) = 0 where f(z,2) = 2% + 2% — [2.

A precise definition of the constraints being independent is that the (d —n) x d matrix 0f4/0x;
has maximal rank d —n at every point. It then follows from the implicit function theorem that we
can solve the constraints as in (2.26).* Moreover, there is always a system of coordinates 41, . . ., ¥4

such that the constraints are simply
Yn+ta = 0, A=1,...,d—n. (2.27)

We may then take y, = g, for a = 1,...,n to be our generalized coordinates. Such a coordinate
system is said to be adapted to the constraints {f4 = 0}. We will not give a proof of this result,
but it follows from methods similar to those seen in the Part A course Introduction to Manifolds.
As an example, the coordinates y1 = ¢1 = 0, y2 = g2 = ¢, y3 = r — a are adapted to the constraint
f(z,y,2) = 2% +y? + 22 — a® = 0 for motion on a sphere of radius a.

Going back to our dynamical problem, there will be a Lagrangian Lo(x,X,t) that describes the
motion without the constraints imposed. For example, for a single particle of mass m moving in
R? under the influence of a potential V we have Cartesian coordinates x = (21,2, 73) = (2,9, 2)
and this Lagrangian is Ly = Lo(x,%) = sm(if + 43 + @3) — V (21, 22, 23). Provided we can find
generalized coordinates q that solve the constraints via x = x(q,t), as in (2.26), the Lagrangian

for the constrained problem is simply

L(q,q,t) = Lo(x(q,t),%(q,q,1),1) . (2.28)
In particular here

T = a0+ &7
ot 0qa ot

1=1,...,d, (2.29)
by the chain rule. This is precisely what we did for the simple pendulum, for example computing
the kinetic energy to be T' = %m(iZ + 2%) = %ml292, where z = [sinf, z = —lcosf solve the
constraint in terms of the single generalized coordinate ¢ = 8. Solving the constrained problem in

this way, the Lagrange equations for (2.28) are called Lagrange equations of the second kind.

4Those who have taken the Part A course Introduction to Manifolds may recognize the conditions we just stated.
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Proof of Hamilton’s principle for workless, holonomic constraints

In writing (2.28) we are stating that the Lagrangian for the constrained motion is obtained by
simply substituting the solution to the constraints into the Lagrangian for the unconstrained
motion. While this might seem reasonable, there is also an explanation. This is related to the
Lagrange equations of the first kind where the constraints are not solved first, but are rather

imposed via Lagrange multipliers. Specificially, let us introduce the Lagrangian

d—n
L = Lx%X\t) = Lo(x,%,1)+ Y Aafa(x,t), (2.30)
A=1
where the A = (A1,..., \q_p) are called Lagrange multipliers, which are treated as additional

generalized coordinates. The Lagrange equations for an extremum of the action S = fttf L dt then

read
d—n
d [0Ly 0Lg Ofa .
— — = =1,... 2.31
dt<a$1> 8.7}1 AZI)\A&I‘Z ’ ! ’ 7d7 ( 3)
fa(x,t) = 0, A=1,...,d—n. (2.32)

Equation (2.31) is the Lagrange equation for x;, while (2.32) follows from the Lagrange equation
for A4: notice AL /OAa = fa, while L is independent of 4.

We may now compare the equations (2.31), (2.32) to what we would obtain by applying New-
ton’s laws. Of course (2.32) simply imposes the constraints. The left hand side of (2.31) is the
unconstrained equation of motion for x;. We have already shown that for an unconstrained system
of point particles interacting via a general potential V', this is the same as Newton’s second law.
Concretely, for a single particle of mass m moving in R? in a potential V = V(x) (2.31) gives

d—n

. oV ofa .
mii+ 5 = ;AAaxi =R, i=1,...,d. (2.33)

The right hand side of (2.31)/(2.33) may then be interpreted as the (generalized) constraint force
R = (Ry,...,Rg). An example is the tension for the simple pendulum. By saying that a constraint
force R is workless we mean that the work R - §x = 0, where §x is any displacement tangent to

° Geometrically this means that the vector R is orthogonal /normal to the

the constraint space.
constraint space. Since 0f4/0x; has maximal rank d —n, and for fixed A the vector field df4/0x is
orthogonal to the constraint space {f4 = 0,4 = 1,...,d—n}, it follows that the set of d—n vectors
{0fa/0x,A=1,...,d —n} form a basis for the normal space to the constraint space. Hence any
constraint force R can be written as a linear combination R = Zi;q A A%. The Lagrangian
(2.30) then determines the constrained dynamics, with the Lagrange multipliers determining the

constraint forces.

5Some textbooks refer to such constraint forces as ideal, with R - 6x the virtual work under the displacement 6x.
It is “virtual” in the sense that dx isn’t necessarily an actual displacement of the system obeying the equations of
motion, but rather any potential displacement obeying the constraints.
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R = AV/S

surface f(x)=0

Figure 5: The figure shows a constraint surface defined by the single equation f(x) = 0 in R3.
A constraint force R is workless if R - dx = 0 for any displacement vector éx tangent to the
constraint space. Since Vf = 0f/0x is everywhere normal to the constraint space we may hence
write R = AV f, where A is the Lagrange multiplier.

That the Lagrange equations of the first and second kind are equivalent is then straightforward
to see when we use coordinates x; = y; that are adapted to the constraints. Recall that in this
coordinate system the constraints are simply (2.27), with y, = qq, @ = 1,...,n, being generalized
coordinates for the constrained motion. The constraints (2.32) then simply set y,+4 = 0 for each

A=1,...,d—n, while the Lagrange equations (2.31) fori =1,...,n read

d—n

d (0L oL dfa

— = ]-= = Ara—=—— = 0. 2.34

i (5) ~ 2 (234)
Here L = L(q,q,t) is defined by (2.28), and the last equality df4/0q = 0 holds since in this
coordinate system the constraint functions f4 = yn+4 are independent of q. Notice that in this
argument we have implicitly used the fact that the Lagrange equations hold in one coordinate
system if and only if they hold in any other coordinate system. The remaining d — n equations in

(2.31) determine the Lagrange multipliers A 4.

Example: Since the above discussion is a little abstract, let’s return to our example of the simple
pendulum. The unconstrained coordinates are x1 = x, 9 = 2, while the single constraint function
may be taken to be f(x,2) = x? + 22 — 2. The Lagrangian for the unconstrained motion is
Lo = 2m(4? 4 22) — mgz, which is the Lagrangian for a particle of mass m moving in (z, z) space
under gravity. The Lagrange equations of the first kind (2.31), (2.32) hence read

mi = 2\,
mi4+mg = 2\z,
2+22-1% = 0. (2.35)

Here A is the Lagrange multiplier. Polar coodinates (p,#), defined by = = psin, z = —pcos¥,

are essentially adapted to the constraint. More precisely, adapted coordinates may be taken to be
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y1 = q =0, yo = 0°> — 2, so the constraint is simply o = 0. Imposing this of course sets o = [, and

the first two equations in (2.35) become

ml(cos00 —sinf6?) = 2lAsind
ml(sinf 6 + cos6?) +mg = —2l\cosf . (2.36)

Taking cos @ times the first equation plus sin # times the second equation then gives the equation of
motion (2.22). We've already seen that this indeed arises as the Lagrange equation of the second
kind for the system. On the other hand sin # times the first equation in (2.36) minus cosf times

the second equation instead gives
—mlf? —mgcosf® = 2. (2.37)

Comparing to (2.23) we thus see that the Lagrange multipler X\ is indeed proportional to the

constraint tension T

1
A= —=T. 2.
5] (2.38)

The constraint force vector R = (2Ax,2\z) = (2IAsinf, —2[Acosf) = (—T'sin6, T cos §) appears
on the right hand side of (2.35), which is a vector of magnitude T that is normal to the constraint

space.

It is also possible to have constrained motion where the constraints cannot be written in the
form (2.25). These are called non-holonomic constraints. Examples include velocity dependent
constraints f(x,%,t) = 0, and constraints defined by inequalities, say f(x,t) > 0. Velocity de-
pendent constraints arise naturally in certain problems involving the rolling of rigid bodies, since
the velocity of the point of contact is instantaneously zero. A particle confined to a box may be
defined by inequalities on the coordinates. One can solve both types of problem, but the point is
that our above treatment of holonomic constraints is not directly applicable. There is no general
theory — the constraints are implemented on a case-by-case basis. However, it is perhaps worth

¢

noting that some velocity dependent constraints can be “integrated” to give equivalent holonomic
constraints. For example consider the constraint A(x,t)# + B(xz,t) = 0. In general this would not
be holonomic, but if there is a function f(z,t) such that A = 9f/0x and B = 0f /0t then by the
chain rule the constraint may be rewritten as df /d¢t = 0, so that f(x,t) = constant is an equivalent

holonomic constraint (where we then need to also vary the constant in f(z,¢) = constant).

2.4 Noether’s theorem

The Lagrangian formulation of classical mechanics leads to a very clear relationship between sym-
metries and conserved quantities, via Noether’s theorem. In this section we give a general account
of Noether’s theorem, and then discuss how certain symmetries lead to conservation of energy,

momentum and angular momentum.
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A conserved quantity is a function F'(q,q,t) that is constant when evaluated on a solution to

the Lagrange equations of motion, i.e.

F < F r
‘ 2 ot 5o (2:39)

— ZF(qt),q(t),t) = = Y+
0 = GFan.an.n = G (Gri g

a=
where q(t) solves the Lagrange equations (2.10).

We next need to make precise what we mean by a symmetry of a Lagrangian L(q,q,t). There
are various ways to approach this. We shall define a generator of an infinitesimal deformation to
be a function p = p(q, q, t), which leads to a first order variation in any path q(t) in configuration

space Q via

salt) = eplalt),alt).t) = eu(t). (2.40)

Notice here that u(¢) depends on the path q(¢), although for fixed path it is a function only of time
t. Unlike the variations of the action in section 2.2 we do not require u(t) to satisfy any boundary
conditions. Then we say that p generates a (infinitesimal) symmetry of L if there exists a function

f(a,q,t) such that for all paths q(t) we have

L 1(a(t) + eult), a(t) + ei(r) 1 - < Flat.a).1) (2.41)

If one multiplies the left hand side of (2.41) by e, this is the first order variation 6L = € (g—f e:0)
of L under q — q + dq. Thus (2.41) simply says that the first order variation in the Lagrangian

is a total time derivative.

Noether’s theorem: Suppose we have a symmetry of a Lagrangian L in the above sense. Then
n
) oL
F = F(q,qt) = Z @Pa —f (2.42)
a

a=1

is a conserved quantity.

The proof of Noether’s theorem is by direct calculation. Evaluating on a solution q(¢) to the

Lagrange equations we have

dig~oL L
dt | 4= 9g," -
oL OL.1 0

_ [aqua n aqu] ~ 2 L(q(t) + eult), 4(1) + en(r), 1)
1 a a

[;t (i) Ua + gi%} - %f(q(t), a(t),t)

]
3 HMS
—_

e=0
(2.43)

I
o 9

Here in the second equality we have used the Lagrange equation on the first term, and (2.41) for

the last term. The final equality simply follows from the chain rule.
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The simplest case is when f = 0, so that the Lagrangian is actually invariant under the defor-
mation to first order, 0L = 0. In fact this is the version of Noether’s theorem usually given in
textbooks. The more general form we have presented will allow us to treat conservation of energy,
momentum and angular momentum on the same footing. Notice that in deriving the conservation
law (2.43) we only used the definition of the symmetry (2.41) for a solution q(¢) to the equations

of motion (rather than a completely general path).

Conservation of energy

Suppose we have a Lagrangian that is invariant under time translations, meaning that L(q, q,t +

€) = L(q,q,t) is independent of e. Hence 0L/0t = 0 and p = q generates a symmetry of L since

0

d
—L
Oe

= = L(q(t),a(t),t) . (2.44)

(alt) + ea(t),a+ed(t), ) =

e=0
The reasoning behind this is that the corresponding first order variation in a path arises from
q(t+e€) = q(t) +eq(t) +O(e?), so that 5q(t) = eq(t). Thus from (2.44) we may simply take f = L

in Noether’s theorem, and the conserved quantity is
n

oL

“~ 94a

This is indeed what we would usually call the energy. To see this, let us suppose that L =T —V
with V = V(q) and the kinetic energy being quadratic in the generalized velocities q

1 — .
T = 5 ;lTab(q)qaqb. (2.46)

For example this is the case if one is describing a point particle where the Cartesian coordinates

x4 are related to the generalized coordinates ¢, via the scleronomic change of variable x = x(q).

Then Top =my oy gi;: ‘gﬁ; A simple computation then gives

H = 2T—-L =T+V. (2.47)

It is worth stressing that although H defined in (2.45) is always conserved when 0L/0t = 0, it is
not always the case that H is simply the sum of kinetic and potential energies T'+ V', which one
would perhaps think of as the total energy. We might then have called this section “conservation
of H”, but what one defines as the “energy” is in any case a matter of convention.

We may also now define the generalized momentum p conjugate to q as

oL

% (2.48)

P =

For example, for a point particle in R3 this is simply the momentum p = mit, where r = (21, 2, 73)

are Cartesian coordinates. When H = ) p.g, — L is regarded as a function of (q, p,t), rather
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than (q,q,t), it is called the Hamiltonian of the system, and will be the subject of section 5.
Notice that for a closed system the Lagrangian should indeed be time translation invariant, as this
is one of the Galiliean symmetries discussed in sections 1.3 and 1.4. Conservation of energy follows

directly from this symmetry.

Conservation of momentum

Suppose now that we have a translational symmetry of the configuation space, meaning that p = v
is a symmetry of the Lagrangian L with f = 0 and v a fixed vector. The corresponding first order
variation in a path is dq(t) = ev and u(t) = v. Since u = 0 the symmetry of the Lagrangian is

equivalent to

oL

— = 0. 2.49
D gt (2:49)

For example, for v = (1,0,...,0) this means that 9L/0q; = 0 and the coordinate ¢; is an ignorable
coordinate (also sometimes called a cyclic coordinate). Noether’s theorem immediately tells us that

the quantity

n

quLva = Zpava (2.50)

a=1

is conserved. Of course, this result may also be very simply derived by multiplying the Lagrange
equations (2.10) by v, and summing over a. Going back to our example with v = (1,0,...,0) we
see that it is the conjugate momentum p; that is conserved. Thus translational symmetry leads
to conservation of momentum.

As an example consider the free motion of a particle in spherical polar coordinates (g1, g2, q3) =
(r,0,¢), related to Cartesian coordinates by (2.4). Here the Lagrangian is L = $m(r? + r20% +
r2sin? 0 p?). Since OL/Op = 0 we see that v = (0,0,1) generates a symmetry of L, and the
conjugate momentum p3 = p, = L/dp = mr? sin? @ ¢ is conserved.

More generally for a closed system in an inertial frame we have the Galilean spatial translational
symmetry discussed in sections 1.3, 1.4. Consider a system of N particles with masses mj, position
vectors rr, and interacting through a potential V' = V({|r; — r|}). Here translational symmetry
implies that the potential depends only on the distances between the particles {|r; —r;|}, and the

Lagrangian

1 N
L =3 > mler = V({Jrr —rg]}) (2.51)
I=1

is invariant under the spatial translations r; — ry + e k, for any € and fixed vector k. Here the
configuration space has dimension 3N with generalized coordinates (ry,...,ry) and in the above

notation the 3N-vector is v = (k, ..., k). Thus Noether’s theorem gives us that
N

N
Zgi-k =) pr-k (2.52)
I=1

I=1
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is conserved. Since this is true for all k we deduce that the total momentum
N
P = > p (2.53)
I=1

is conserved. Compare this to our discussion in section 1.5.

Conservation of angular momentum

The Lagrangian (2.51) also has rotational symmetry. By this we mean that L is invariant under
r; - Rryforall I =1,...,N, where R € O(3) is any rotation matrix. This is simply because
L depends on r; — ry and ¥; only via their lengths, which are (by definition) invariant under
orthogonal transformations. We shall study rotations in more detail in section 4.1. Consider then
a one-parameter family of rotations R(e) € O(3), where R(0) = 1 is the identity matrix. We may

Taylor expand this in € to write

0 —ng no
R(e) = 14+e| ng 0 —ng |+0(?), (2.54)
—n9 ni 0

where n is a fixed vector describing the first order axis of rotation. Here we have simply used
the fact that dR/de |c=o is an anti-symmetric matrix, which in turn follows from R(e) being
orthogonal (see the discussion around equation (4.5)). Then r; — R(e)r; is to first order in €

given by
rr — rr+enAry. (2.55)

Invariance of the Lagrangian L in (2.51) gives, by Noether’s theorem, that

Z—,-(n/\r[) = Zn-(rj/\pj) =n-L (2.56)
1= Ot =1

is conserved. Here we have used the scalar triple product cyclic identity in the first equality, and
the definition of the total angular momentum L in (4.24) in the last equality. Since n is arbitrary
we thus deduce that systems with rotational symmetry have conserved angular momentum. In
comparing this to the more direct analysis in section 1.5 notice that the strong form of Newton’s
third law is obeyed by the Lagrangian (2.51), in the sense that for fixed I the force term 0L/Or;
on the Ith particle is a sum of terms Fj; for J # I, where F;; = —F j; « (r; — r) follows since

V depends only on |r; —ry].

These are the most important symmetries and conservation laws in classical mechanics, but
there are others. For example the Galilean boost symmetry of section 1.3 also leads to a conserved

quantity, which again is not often mentioned in textbooks. The details are left to Problem Sheet 2.
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There are also conserved quantities that, while they can be derived from the form of Noether’s
theorem we have presented, are not obviously related to any geometric symmetry of the system.

These are sometimes called hidden symmetries. The most famous example arises in the Kepler

problem you studied in first year Dynamics. The Lagrangian is L = %m\rP + %, with x a constant.
This is the same potential as (1.11), and for example describes the motion of a planet around the
Sun (more on this two-body problem in the next subsection). Then one can check explicitly that

the Laplace-Runge-Lenz vector

A = pAL- mﬁ'ﬁ (2.57)
r

is conserved, where p = mr and L = r A p are the momentum and angular momentum about
r = 0, respectively. This is a fascinating conserved quantity, with a very interesting history.

Writing r = (z1, x2, 23), one can show that
. 1 . . )
Pa(r,F) = 3m [2&42p — Tadp — Ogp T - T (2.58)

where b = 1, 2, 3 is fixed generates a symmetry of the Lagrangian via x4(t) — x4(t)+€pq(r(t), £(2)).
The corresponding Noether conserved quantity in (2.42) (with g, = x,) is precisely the component
Ay of the vector A = (Aj, Ag, A3).

* Pauli used this vector to correctly derive the energy levels of the hydrogen atom before
Schrodinger discovered his equation for quantum mechanics! Essentially the energy levels
and their degeneracies follow from symmetry principles alone — one doesn’t need to solve any
differential equations. We’ll come back to this topic again briefly in section 5. In the meantime
there is more on the classical Laplace-Runge-Lenz vector (2.57) on Problem Sheet 1.

2.5 Examples

So far most of our discussion has been fairly abstract, sprinkled with a few very simple examples
to hopefully clarify the basic ideas. However, one really gets to grips with Lagrangian mechanics
by looking at various examples in detail. In this section we’ll focus on the new ideas: finding
generalized coordinates, deriving the Lagrangians, identifying symmetries and conserved quantities.
Typically the Lagrange equations in any case cannot be solved in closed form (there are chaotic
examples, such as the double pendulum). We will study systems analytically near to equilibrium
in section 3, but more generally one will have to settle for a qualitative understanding and/or

numerical simulations of the equations of motion.

Pendulum on a horizontally moving support

Consider a simple pendulum of mass m and length [, attached to a pivot of mass M that is free to
move along the z-axis. As usual we denote by 6 the angle the pendulum makes with the vertical z
direction. If X denotes the position of the pivot mass M, then the pendulum mass m coordinates

in the (z, z) plane are (z,z) = (X + [sind, —l cos ) — see Figure 6.
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rod length /

_ mass m
displacement X

Figure 6: A pendulum on a horizontally moving support. The simple pendulum has mass m and
length [, and the support pivot has mass M and moves freely along the z-axis with displacement
X from the origin. The coordinates of the mass m are (z,z) = (X + Isinf, —l cos ).

The total kinetic energy of the system is the sum of the kinetic energies of the two masses:

1. - 1 1. . 1 . . .
T = §MX2+§m(:i72+22) = §MX2+§m (X +1cos00)* + (Isinhh)?| . (2.59)
The potential energy is V' = mgz = —mgl cos 8, precisely as it is for the usual simple pendulum.

Gravity also acts on the pivot mass M, but since it is constrained to z = 0 this force is cancelled by
a reaction force that we don’t need to determine in the Lagrangian approach. Thus the Lagrangian
is

1 ) o1 )
L = T-V = §(M—|—m)X2+mlcos€X6+§ml292+mglc059. (2.60)

Notice here that X is an ignorable coordinate, 0L/0X = 0, so its conjugate momentum

L . ;
px = SX = (M+m)X +mlcosf0 (2.61)

is conserved (by Noether’s theorem or by the Lagrange equation for X). The Lagrange equation

of motion for 0 is

d /0L oL d y ) ‘ o .
0 = dt<80>_8¢9 = a[ml 0+ mlcosf X | +mlsinf X0+ mglsing . (2.62)

The cross term in X@ cancels and this reduces to

| ;
9+70080X+%sin9 =0. (2.63)

One can then eliminate the X term in favour of terms depending only on 6, 6’, 6 using px = 0,

thus obtaining a single second order ODE for 6(t):

(M + msin®0) § + msin 6 cos 062 + %(M—Hn)sin@ = 0. (2.64)
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However, since 0L/Jt = 0 we have another conserved quantity, namely the energy E. Since T
is quadratic in the generalized velocities X, 6 the argument after equation (2.46) applies and the

conserved energy is hence
1 . .1 .
E = T+V = §(M+m)X2 +mlcosf X0+ gml292 —mglcosf . (2.65)

We may now substitute for the conserved generalized momentum pyx in (2.61) to obtain

1 12 .
2 = mi(M + msin® 0)6? — mgl cosf . (2.66)

E = ot myPx 2(M +m)

We have thus reduced the problem to a first order ODE for 6(t). This was possible because of the
existence of the two conserved quantities F and px. Equation (2.66) may be written as 62 = f(@0),
which integrates to t = [ df/+/f(#). The solution f(t) may then be substituted into the conserved
momentum (2.61), which is a first order ODE for X (¢) which may similarly be directly integrated.
We have thus reduced the problem to quadratures. Generally speaking this means writing the
solution to n differential equations as a complete set of n independent definite integrals (generally
using n — 1 conservation laws, plus conservation of energy, with a final integration of the remaining
variable after substituting for these conserved quantities). Such systems are also called completely

integrable.

Bead on a circular wire/spherical pendulum

Next we discuss two closely related problems. Consider a small bead of mass m that slides freely on
a circular wire of radius a which rotates about a vertical diameter. Here it is natural to introduce
spherical polar coordinates (2.4) as these are adapted to the constraints. In particular the angle 0
measures the position of the bead with respect to the vertical axis of rotation, while ¢ is the angle

between the plane of the wire and some fixed fiducial (initial) choice of this plane — see Figure 7.

Figure 7: A bead of mass m sliding freely on a circular wire of radius a that rotates about a vertical
diameter. One can use the spherical polar angles # and ¢ as generalized coordinates.
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The position of the bead in Cartesian coordinates is
r = (z,y,2) = (asinfcosy,asinfsiny,acosb) . (2.67)

One then calculates the kinetic energy

1 1 ,
T = §m\1‘\2 = 5ma2(92+sin?9<p?). (2.68)

The potential energy is (notice that with respect to the simple pendulum we have  — 7 — )
V. = mgz = mgacosf . (2.69)
We may then consider the following two dynamical situations:
1. The wire is forced to rotate at a constant angular velocity ¢ = w.
2. The wire rotates freely about the vertical diameter.

Case 1 is an example of a time-dependent (rheonomous) holonomic constraint, since ¢(t) is fixed
to be (t) = po + wt, which leaves just one degree of freedom in the angle 6. Case 2 on the other
hand has two degrees of freedom 6, ¢, and is equivalent to a spherical pendulum since the only

constraint is that the bead is distance a from the origin. The two Lagrangians are hence

) 1 o1
Ly = L41(0,0) = ima292 + §ma2w2 sin? @ — mga cos 6 , (2.70)
) 1 )
Ly = Ly(0,0,0,9) = §ma2(92 +sin” § ¢?) — mga cos . (2.71)

Focusing first on case 1, since dL1/0t = 0 we may derive a first order equation from

. 1 :

being conserved. Notice this is not the same as taking 7'+ V given by (2.68), (2.69) and putting

¢ = w. This gives something very similar to (2.72), but with a minus sign difference (and is not

conserved). Notice also that in (2.70) the kinetic term arising from $ma?sin? 6 ¢? with ¢ = w is

absorbed into an effective potential
1
Vet (6) = mgacosf — §ma2w2 sin? 6 (2.73)

for the dynamics of §(t). We may again in principle integrate the equation E; = %ma292 + Vst (),

thus reducing to quadratures. The equation of motion for 6 is

d (8L1> _oL s Ve

dt 90 Y

gy = masinf(g + aw? cos ) , (2.74)

a0

and there are hence equilibrium points (see section 3) at # = 0 and 6§ = 7, so that the bead is on

the axis of rotation, and provided w > 4/g/a also at

6y = cos <—i> (2.75)



The stability of these equilibria is examined in Problem Sheet 2 (using the methods of section 3).
Going back to case 2, which is the spherical pendulum, the coordinate ¢ is ignorable, so its

conjugate momentum

8L2 2 .. 2, .
P, = —— = ma“sin“f¢ 2.76
Y aso ( )

is conserved. This is simply the component of angular momentum about the vertical axis. Again
8L2 / 0t =0 so

0Ly .,  OLg |
B, = 2264972,
2 a0 PR ¥ 2
1 )
= 5ma2(62 + sin? %) + mga cos 0 (2.77)

is conserved. This is simply 7'+ V for the bead. One can eliminate ¢ using (2.76), thus again

reducing to quadratures.

The double Atwood machine

Next we consider the double Atwood machine, shown in Figure 8. This consists of a cable of length
[ passing over a fized pulley, with a mass m; tied to one end of the cable and another moveable
pulley tied to the other end. Over this second pulley passes a cable of length [/, with masses mo,
mg tied to each end. We treat the pulleys and cables as massless, there is no friction, and moreover

we take the radii of the pulleys to be negligible compared to [,1’.

/ fixed

m;

Figure 8: A double Atwood machine. A cable of length [ passes over a fixed pulley. Tied to one end
of the cable is a mass mq, while at the other end is a moveable pulley. A cable of length I’ passes
over this second pulley, with masses mo, m3 attached to its two ends. The pulleys and cables
are treated as massless, there is no friction, and we assume the radii of the pulleys are negligible
compared to [,I’. We may use the coordinates x, 2’ shown as generalized coordinates.

This system has two degrees of freedom: the vertical displacement x of mass m; from the fixed

pulley, and the vertical displacement x’ of mass my from the moveable pulley. We take these as
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our generalized coordinates. If we denote the vertical displacements of the three masses from the
fixed pulley by z;, « = 1,2, 3, and similarly the vertical displacement of the moveable pulley from
the fixed pulley by z, then

T =, vy = (I—x)+2, z3 = (I—2)+ (' —2'), r, = l—xz. (2.78)
The kinetic energy is hence
T = %mm’:z + %mg(i’/ —2)*+ %M3($/ + )2, (2.79)
while the potential energy is
V o= —migx —meg(l—z+2') —mag(l+1' —x—2) . (2.80)

In general neither coordinate is ignorable, and Lagrange’s equations for x, 2’ read
mldf—l—mg(i—d}’)—i-mg(fé—i-d?’) = (m1 —mg—mg)g s
—mg(i — fé,) + mg,(.CU + f/) = (mg — m3)g . (2.81)

A little algebra allows us to solve for the accelerations

mq(ma + m3) — 4mams

5 =
mi(ma + mg) + dmams
/ 2mq(ma — m3)

¥ = . 2.82
mq(me + mg) + 4m2msg ( )

In particular notice that if mgo = mg then &’ = 0 and 2’ moves with constant speed. This also
follows since in this case z’ is an ignorable coordinate, and this statement is conservation of the
conjugate momentum p,s. Also notice that if m; = m, ma = m3 = % then & = &’ = 0, and both

pz and p,s are conserved.

Charged particle in an electromagnetic field

Consider a particle of mass m and charge e moving in an electromagnetic field. For our purposes
here we don’t need to know anything about the theory of electromagnetism, except that the electric
field E(r, t) and magnetic field B(r, t) can be written in terms of a scalar potential ¢(r, t) and vector
potential A(r,t) via

E = —qu)—%—?, B =VAA. (2.83)
The Lagrangian of the charged particle in such a background electromagnetic field is simply

L = %m|1'"|2 —e(p—i-A) . (2.84)
The first term is of course the kinetic energy of the particle, while the second term gives rise to

the Lorentz force law. Let us see this by working out Lagrange’s equations. These read

d [OL oL
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which gives

S mitcA) = —e(Vo- V(- A)) (2.86)

Recalling the vector calculus identity
V@a-b) = (a-V)b+(b-V)a+aA(VAb)+bA(VAa), (2.87)
we may rewrite the last term in (2.86) as
V(i-A) = (r-V)A+1rA(VAA). (2.88)

On the other hand on the left hand side of (2.86), using the chain rule we have the term

, A
A = %—tJr(i*-V)A. (2.89)

The terms involving (- V)A cancel in (2.86), which rearranges to give
. 0A . .
mi = e —V¢—E +erA(VAA) = e(E+TAB), (2.90)

and in the last step we have used (2.83). The force F = ¢(E + r A B) on the right hand side
of (2.90) is called the Lorentz force. Notice that the corresponding potential term e(¢ —r - A)
in the Lagrangian (2.84) depends on the particle’s velocity . Note also in this example that the

momentum p conjugate to r is

L

Thus the canonical momentum is the usual linear momentum mi, shifted by the charge e times

the vector potential A. We thus need to be careful what we mean by “momentum” in this case.

The two-body problem

Let us return to the two-body problem. This is the simplest non-trivial closed system, consisting

of two particles with Lagrangian

1 ) 1 .
L = iml\rl\z + img‘rg‘Q — V(‘I‘l — I'Q‘) . (292)

As explained in section 2.4, being a closed system this enjoys conservation of energy, momentum
and angular momentum. Conservation of momentum P = mir; + mors is equivalent to the centre

of mass

R _ Tt mer (2.93)
mi1 + ms

moving at constant velocity. Thus we may write (choosing R(0) = 0 without loss of generality)

(0) (0)
R(t) = Vyt, where Vi, = mivy MV

(2.94)
mi + ms
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and Vgo) are the initial velocities of the two particles.

The interesting dynamics is described by the separation vector r = r; — ro. One computes

rr = R+ _mr ,
my + m2
my
rn = R——r. 2.95
2 my1 + me ( )

Notice we have simply changed coordinates from (rj,ry) — (R,r), and the Lagrangian (2.92)

becomes
1 a2 1o
L= Sl mo)RE + Splif? = V() | (2.96)

where we have defined the reduced mass = mims/(my + mz). Here R is ignorable, which leads
to conservation of the conjugate momentum pr = P. We thus effectively reduce the problem to a

single particle of mass p moving in an external central potential V = V (|r|):

1.
Licduced = 5,“/‘1"2_‘/(’1") (297)

Since V is rotationally invariant angular momentum is conserved, which follows from conservation
of angular momentum for the original two-body problem. Notice we have “lost” translational
invariance in the reduced problem (translation acts instead on the coordinate R), and hence
also Galilean invariance. The rest of the problem is now familiar from the Dynamics course.
Conservation of angular momentum L = r A p implies that motion occurs in the fixed plane

orthogonal to L. Introducing polar coordinates (g, ¢) in this plane the Lagrangian (2.97) reads

1 . .
chducod = 5:“(@2 + 92¢2) - V(Q) ) (298)

and since ¢ is ignorable (another consequence of angular momentum conservation) we have that
the conjugate momentum py = ,ug2q5 is conserved. The equation of motion for g is
LV P Ve

. a M 2
— V _ 4 = , 2.99
He 90 " o do o’ do (2.99)

2
where Veg(0) = V(o) + 2222. Conservation of energy for the Lagrangian Ly aqia = % wo® — Veg(o0)

that gives the equation of motion (2.99) is then

1
E = i,u@Q—i—Veﬂr(g) = constant , (2.100)

which leads to a first order ODE for o(t), and we have reduced the problem to quadratures. Notice
that it is the large number of conserved quantities (energy, momentum, angular momentum) that
have allowed us to reduce the original problem with six degrees of freedom to a single integral
equation for o(t). For V(p) = —k/p, corresponding to the inverse square law force (1.11), the

solutions are conic sections, as shown in the Dynamics course.
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2.6 * More on Hamilton’s principle

In section 2.2 we introduced a new fundamental principle of classical mechanics: Hamilton’s prin-
ciple of least action. We saw that this is equivalent to Newton’s second law for point particles, but
given the elegance and universal nature of the principle it is interesting to ask why it should hold.
The whole of this subsection is understood as starred.

Historically the principle of least action took some time to develop, and Lagrange’s formulation
generalized earlier related ideas. However, one intuitive way to think about it is that Nature is lazy.
Assuming that energy E =T + V is conserved, then the system is free to transfer energy between
kinetic and potential so long as their sum remains constant. Minimizing the integral of T'—V then
amounts to minimizing the kinetic energy over the path (i.e. not moving around too much). At
the same time one is then maximizing the potential energy (i.e. maximizing the amount of energy

that may be converted into other forms).®

This is a nice picture, but as we already commented
the action is in general not minimized by the solution to the equations of motion — the latter is
just a stationary point.

One can in a sense derive the principle of least action from quantum mechanics, although in
doing so this really just shifts the question elsewhere. Obviously it’s not appropriate to go into
a detailed discussion of this here, but the basic ideas (due to Feynman) are simple to state. In
the classical principle of least action problem we fixed the endpoints q(') = q(t;), q® = q(t2) at
fixed times t1, t2, and sought a path q(t) which extremizes the action S subject to these boundary
conditions. This is the classical path of the system. In quantum mechanics all possible paths
between these endpoints play a role. More precisely, each path q(t) in the configuration space has
associated to it the complex phase €5/ where S = S[q(t)] is the action of the path (2.6) and
h ~ 1.05 x 10734 Js is (the reduced) Planck’s constant. Notice that both S and h have units of
angular momentum, so it makes sense to take the exponential of the dimensionless quantity iS/h.
One then defines the amplitude A to get from (q(V), 1) to (q'?, ) to be the sum of these phases
over all paths. Given the system is observed at q) at time ¢;, the probability of finding it at q?
at time t5 is given by |A|%.

As you might imagine, defining these things precisely is not so straightforward. In particular
we have to “sum” over all paths q(t) connecting q(t;) = q") and q(t2) = q®. This is an
infinite-dimensional space, and such sums are called path integrals in quantum mechanics — it’s
an integral/sum over a space of paths. The basic idea is then that at non-stationary points of S
the phases from different paths are very different (S/h is very large for classical systems, as A is
so small), and their contributions to the amplitude tend to cancel. On the other hand near to
a stationary point of S the phases constructively interfere (since by definition near a stationary

point S is constant to first order). Thus the leading contribution to the amplitude A comes from

S0 the next time someone tells you to get out of bed/off the sofa, tell them that you’re simply obeying Hamilton’s
principle.
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the classical path, meaning one is most likely to observe the particle near to where it should be
according to the classical equations of motion. Mathematically what we just described is called the
stationary phase approximation to oscillatory integrals, which is part of the subject of asymptotic
analysis.

Hopefully this at least gives a flavour of how the principle of least action fits into quantum
mechanics, and why we observe stationary points of S as classical paths. For those that took Part
A Quantum Mechanics: one can prove that the above formulation of quantum mechanics (and in
particular the probability we defined) is equivalent to the Schrodinger equation and Born inter-
pretation. The interested reader is referred to the book Quantum Mechanics and Path Integrals,
by R. P. Feynman and A. R. Hibbs.
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3 Small oscillations

Having set up appropriate generalized coordinates, derived the Lagrangian, and hence Lagrange
equations of motion, the next task in analysing any physical system is to identify its equilibrium
configurations. These are constant solutions q(t) = q? to the equations of motion. Of course
there may be no such solutions, but sometimes there can be many, and having found an equilibrium
point the next question is whether or not it is stable. That is, does a small perturbation of the
system tend to return it to the equilibrium point, or drive it away? For stable equilibria we will

show that small oscillations are described by a set of decoupled harmonic oscillators.

3.1 Equilibria and quadratic Lagrangians

Consider a general Lagrangian for a system with n degrees of freedom of the form
1 n
L = T-V =23 Tu@did—Va)- (3.1)
a,b=1

Here without loss of generality we take Ty;(q) = Tpa(q) to be symmetric — compare to the discussion

around (2.46). The Lagrange equations of motion are

d (& 1 <~ 9Ty, oV
— T q - = g = — , =1,...,n. 2

By definition an equilibrium point has q(t) = q® € Q independent of time t, so that ¢ =g =0
throughout the motion. It follows that the left hand side of (3.2) is zero at an equilibrium point,
and hence defining the generalized force as

ov

F = —
oq ’

(3.3)

we see this is precisely a critical point of the potential V', or equivalently a point at which the
generalized force is zero.

In order to analyse the dynamics near to such a point we make a Taylor expansion of the
Lagrangian (3.1) around q?. Without loss of generality we choose coordinates so that q® = o,

so as to simplify the following formulae. We then expand

1 — .
T = 5 g Tab(O)anb+O(q3)7
a,b=1

Vo= wm+;§i

a,b=1

0%V
0q.0qp

(0)gags + O(q®) , (3.4)

in a hopefully obvious notation. In particular we assume that both q and ¢ are small, and have
neglected all terms of order 3 and higher. Notice that the linear term in the expansion of V' is zero

precisely because we are at a critical point. We may effectively drop the constant potential energy
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term V'(0) as it does not contribute to the Lagrange equations of motion. Thus the dynamics near

to the equilibrium point is governed by the quadratic Lagrangian

1

n n

|

Lquadratic = 5 Z 7:117 Gadb — 5 Z Vab 9aqb (35)
a,b=1 a,b=1

where Tqp = Tup(0), Vap = %(O) are the components of constant n X n symmetric matrices.
We write these matrices as 7 = (Tap), V = (Vap). We shall study the solutions to (3.5) in the next
subsection, but we should bear in mind that these solutions will only describe the approximate
dynamics near to equilibrium if they remain small. Otherwise the higher order terms we have

neglected will become relevant.

3.2 Normal frequencies and normal modes

The Lagrange equations of motion for the quadratic Lagrangian (3.5) are

n n
Z%bijb = _ZVabqba a = 17"‘7”5 (36)
b=1 b=1

which are a set of n linear homogeneous second order ODEs in q(¢) with constant coefficients. We

may write these in matrix form
T4 = —Vq. (3.7)

Notice that in this notation the kinetic energy is T = %qTTq, while the potential energy is

V= %qTV q. Provided T is invertible we may solve (3.7) in terms of q as
g = -T 'Vq. (3.8)

In physical situations 7 will be positive definite, and hence invertible, because the kinetic energy
T is positive definite. We thus henceforth assume that 7 is positive definite.

We may now solve (3.7) using generalized eigenvectors and eigenvalues, as follows. We seek

solutions of the form

q(t) = f()e, (3.9)

fOTa = —f(t)Va. (3.10)
Since T is invertible, so T« is non-zero, this implies that
f = =Af, where (AT —-V)a =0, (3.11)

and ) is a constant. It follows that « lies in the kernel of A7 — V), and hence the determinant of

this matrix must be zero.
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This motivates defining the characteristic equation of the system to be

det(\T =V) = 0. (3.12)
Since this is a polynomial in \ of degree n, we will have n solutions Ai, ..., \,.” These are precisely
the eigenvalues of 7~'V. The corresponding eigenvectors are o, a = 1,...,n, satisfying

AT =V)a, = 0, (3.13)

and the equation of motion (3.7) is solved by q(t) = fa(t)e, where

fa = _)\afa- (314)

Next we note that the matrix 7'V is diagonalizable. This follows since it is similar to the matrix
T12pT-1/2 which is symmetric as the square root 71/2 is symmetric®, and real symmetric
matrices are diagonalizable. There is hence a basis of R™ consisting of eigenvectors {a,} of T V.
Hence qq(t) = fa(t)o, are n linearly independent solutions to (3.7), and the general solution is a
linear combination of these.’

An important physical fact is that the eigenvalues we just defined are real. This is a simple con-
sequence of the fact that 7 and V are real and symmetric, and T is positive definite. Indeed, taking
the dot product of (3.13) with the complex conjugate &, of a, we have dZ;V a, = )\ao_z:‘fTaa.
But for any real symmetric matrix S the quantity &’'S a, is real, as follows simply by showing it
is equal to its complex conjugate. Thus (A, — A\o)@&l Ty, = 0, and since T is positive definite we
deduce that A\, = \,.

If A > 0 then the solution to f = —\f is

f(t) = Acos(wt+pB), (3.15)

where we have written A = w?, A, 3 are constants of integration, and without loss of generality
we take w > 0, A > 0. Thus the corresponding eigenmode executes simple harmonic oscillations,
with amplitude A and angular frequency w. In fact we shall simply refer to w as the frequency of
the mode. The modulus of the solution (3.15) is bounded by A for all times ¢.

On the other hand if A = 0 then one obtains a linearly growing solution f(¢t) = A + Bt,
while A < 0 leads to exponential growth f(t) = Aexp(v/—At) + Bexp(—+v/—At). In particular
in the latter case the mode quickly becomes large and the quadratic approximations we made in

section 3.1 break down. If the system possesses an eigenvalue A < 0 we hence say that it has a

"Notice that det(AL — 7 ~'V) is the characteristic polynomial of the matrix 7'V you defined in first year linear
algebra, and A1,..., A, are its roots.

8 * For completeness: since T is positive definite and symmetric, so is 7. It is hence diagonalizable, 7% =
PDPT, with P € O(n) orthogonal and D = diag(yu1, . . ., i) diagonal with positive eigenvalues g > 0,a =1,...,n.
Then 7'/2 = PDY?>PT  where D'/? = diag(\/i1, - - - , \/fim), satisfies (77'/?)? = T~' and is clearly symmetric.

9If you recall that q(t) = (qi(t),...,qn(t)) then q.(¢) will have two subscripts when written out in components:
da(t) = (ga,1(t),...,qan(t). Don’t get confused over the different meanings of these subscripts! One labels the
generalized coordinates, while the other labels different solutions to the equations of motion.
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linear instability. If A = 0 then this may be a translational mode (often called a flat direction
of the potential, meaning its derivative is identically zero in that direction), or else one needs to
analyse the third order, or higher order, terms in the expansions (3.4) of section 3.1 to determine
whether or not it is stable.

In particular if all the eigenvalues A\, > 0, a = 1,...,n, then we have a point of stable equilibrium.
The frequencies w, = v/A, > 0 are called the normal frequencies, with the corresponding eigenvec-
tors ay, called normal modes. Since {a,} form a basis for R", we may write any q = > . fo Qa,
and the (f1,...,fn) may then be used as a new set of generalized coordinates, called normal

coordinates. Since each solution f,(t) to the equations of motion satisfies
]Ea +w2fa =0 ) (316)

we see that the coordinate transformation (qi,...,q,) — (f1,..., fn) essentially diagonalizes the

original quadratic Lagrangian (3.5) into a set of n decoupled harmonic oscillators of frequencies wy,.

3.3 Examples

Having developed the general theory, we now apply it to some examples.

Mass-spring system

Consider three springs of natural length a and spring constant k lying in a line. One end of the first
spring is fixed at a point A, while the other end is attached to a particle of mass m. This mass is
in turn attached to one end of the second spring, with the other end attached to a second particle
of mass m. Finally this second mass is attached to one end of the third spring, with the other end
fixed at a point B. The distance between A and B is 3a. We denote the horizontal displacement
of the first mass from its equilibrium position by x, and similarly the horizontal displacement of

the second mass by y — see Figure 9. The kinetic energy of the system is then

1
T = gm (&° +9°) , (3.17)
while the potential energy is
1
vV = §k (2% + (y—2)* + %] . (3.18)

Here we have used the fact that if a spring with spring constant k is displaced by an amount A
from its natural length, then the corresponding potential energy is %kAz.
Notice that the equilibrium point 9,V = 9,V = 0is at x = y = 0 (as one would expect), and

moreover the Lagrangian L =T — V is already quadratic in x, y. We may then write the kinetic
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fixed fixed

Figure 9: The spring-mass system. The upper diagram shows the equilibrium configuration. In
the lower diagram we have shown the horizontal displacements z and y of the two masses from
their equilibrium positions.

and potential energy terms in matrix form as
T o 1 (i 9) m 0 T 7
2 0 m v
2k —k
v o~ Y(z ) ) (3.19)
2 —k 2k y

AT -V = (mk_% g > (3.20)

The solutions to the characteristic equation

Thus

0 = det(\T —=V) = (mA—k)(mA—3k), (3.21)
are hence \; = k/m, Ay = 3k/m, giving normal frequencies

wlzﬁ:\/g, (,Ug:\/g:\/f. (3.22)

The corresponding eigenvectors are

o = (1) , oy = <_11> , (3.23)

which give the normal modes. In particular the lower frequency mode wy corresponds to the two
masses oscillating in phase, while the higher frequency mode wy corresponds to the two masses

oscillating out of phase. Of course this is what one might have expected.
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Double pendulum

A double pendulum consists of a simple pendulum of mass my and length [; pivoted at the origin,
together with another simple pendulum of mass ms and length [y, pivoted at the mass mj. The
whole system moves freely in a vertical plane under gravity. If #; and 65 denote the angles each

pendulum makes with the vertical, then the Lagrangian is

1 . 1 . . ..
L = 57)741%9% + §m2 l%&% + l%@% + 21119 COS(91 — 92)9192
+mygly cos 01 + mag(la cos by + 11 cosBy) . (3.24)

Deriving this is an exercise on Problem Sheet 1.
For simplicity we shall analyse the normal modes in the case where both pendula have the same

parameters, i.e. I = ls =1 and m1 = mo = m. In particular the potential energy is then
V = —mgl(2cosf; + cosbs) . (3.25)

As one would expect #; = 65 = 0 is a critical point of V', and is a point of stable equilibrium. To

analyse this we Taylor expand V around 6; = 63 = 0:
V o= —mgl[2(1-367)+ (1 — 163) + fourth order]| . (3.26)
Dropping the constant term we thus obtain the quadratic potential

1
V;;uadratic = §mgl(2‘9%+0§)

- %(01 62) ( 2”(?‘” mogl ) (Z;) . (3.27)

Similarly expanding the kinetic term 7" and dropping cubic and higher order terms we find

1 ) .. )
Tquadratic - imﬂ (29% + 29192 + 0%) 5
B 1 (91 (92) omi2  mi? 91 (3 28)
2 ml2  mi? G, ) '
Thus
2ml2\ — 2mgl 2\
VS T , (3.29)
mi°\ ml*\ — mgl
The solutions to the characteristic equation
2
0 = det\T —V) = m2l* [2 (A—%) —AQ} , (3.30)

are then \; = (2 — \/i)%, Ao = (2+ ﬂ)% Both are positive, so the equilibrium is stable, as

expected. The normal frequencies are hence

w o= VA = (2—\/5)%, W = Vg = (2+\/§)%, (3.31)
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with corresponding normal modes

= ! = ! 3.32
o] = \/5, a9y = —\/5. ()

Again the lower frequency normal mode has the pendula swinging in phase, while for the higher

frequency mode they are out of phase.
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4 Rigid body dynamics

In this section we discuss the extension of Lagrangian mechanics for point particles to cover the
dynamics of extended bodies. A rigid body may be defined as any distribution of mass for which
the distance between any two points is fixed. For example, we can consider a finite number of
particles with position vectors r; (I = 1,...,N) as a rigid body, provided that we impose the
constraints |[r; — rj| = ¢;; = constant. One might imagine these as the positions of atoms in a
solid, with the constraints arising from inter-molecular forces. However, we will more often model
a rigid body as a continuous distribution of matter, which may be regarded as a limit of the point
particle model in which the number of particles tends to infinity. However, before getting into the

details of this, we first need to give a more precise description of rotating frames.

4.1 Rotating frames and angular velocity

Following on from our discussion in section 1.1, consider two reference frames S, S, both with the
same origin O. Focusing first on the frame S, its coordinate axes correspond to three orthonormal
vectors e;, i = 1,2,3. The {e;} form a basis for R?, and being orthonormal means they have inner
products e; - €; = J;; (the Kronecker delta symbol 0;; is defined in the appendix). We may then
write a position vector as r = x1e + xoes + x3e3 = (r1, 2, r3) with respect to this basis, where
x; =1 - e; are the components of r in the frame S.

The frame S will similarly have an orthonormal basis {&;}, and we may write

3
éi = ZRjiej. (41)
j=1

Taking the dot product with ey, this is equivalent to defining Ry; = ey - €;. The position vector r
then has an expansion r = 1€1 + Z262 + £33 = (&1, &2, &3) in this basis. In section 1.1 we would
have referred to this as 1, as we wanted to emphasize that it is the components Z; = r - €; that we
measure in the frame S. However, mathematically r and t are the same vector, just expressed in
different bases. The components of the vector are related by

3

3
i‘i = I‘-éi = ZR]'Z'(I‘-G]') = ZRJ‘Z'J?]' . (42)
j=1

Jj=1

The matrix R is orthogonal, as one sees by taking the dot product of (4.1) with &:
3
&€ = 0 = > RjRjk. (4.3)
j=1

Thus 1 = RTR = RRT, where 1 denotes the 3 x 3 identity matrix. The matrices in GL(3,R)
satisfying this condition form a subgroup called the orthogonal group O(3). Notice that R € O(3)
implies that det R = +1. Using the definition of the scalar triple product as a determinant it

is straightforward to check that &; - (é2 A €3) = (det R)e; - (e2 A e3). Since {e;} is orthonormal
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we must have e; - (e2 A es) = +1, and we shall always choose a right-handed frame in which
e - (e2 Aeg) = +1. In order that a rotation maps a right-handed frame to another right-handed
frame, we thus have det R = 1. The subgroup of O(3) satisfying this condition is called the special
orthogonal group SO(3). (The elements in O(3) that are not in SO(3) involve a reflection.)

In general the rotation matrix R = R(t) will depend on time ¢, so that the coordinate axes of
S are rotating relative to those of S (and wvice versa). Differentiating the orthogonality relation

RRT = 1 with respect to ¢t we obtain
RRT+RRT = o0, (4.4)

which since RRT = (RRT)” implies that the matrix

0 —Ww3 W
Q = RRT = —RRT = wy 0 —w |, (4.5)
—Ww9 w1 0
is anti-symmetric. In the last equality we have introduced functions w; = w;(t), i = 1,2,3,

parametrizing the non-zero entries of this matrix. Notice that we may rewrite (4.5) as

3

Qj = —Zﬁzjkwk ; (4.6)

k=1
using the Levi-Civita alternating symbol €;j;, defined in the appendix. The angular velocity of the
frame S relative to S is then defined to be the vector w = 2?21 w;€;. In general this is a function
of time w = w(t).

Now we come to the main point of this subsection. In section 1.1 we simply defined r by
differentiating its components in the frame. However, if one applies this definition in two different
frames which are rotating relative to each other, then the resulting vector will depend on the
choice of frame. In this situation the notation “r” is hence too ambiguous. In order to be clear,

we will therefore define the time derivative of a vector r = x1e1 + x2e9 + x3e3 with respect to the

orthonormal basis {e;} of a frame S to be the vector
Dr = zie; + ige9 + 23€3 . (4.7)
For example, if r(t) is the position vector of a particle from the origin of S, then Dr and D?r are
its velocity and acceleration relative to S. We may then derive
The Coriolis formula: The time derivatives Dr and Dr of r relative to the two frames S and S
are related by
Dr = Dr+wAr, (4.8)

where w is the angular velocity of S relative to S.
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The proof is just a direct computation. Taking the time derivative of (4.2), in vector notation we

have
1 T 1
Zo| = RT |dg | +R" | a2 (4.9)
T3 T3 T3

I 561 I
Rlio| = |do| +Q 2] . (4.10)
.%3 :i‘g I3

Given the formula (4.5), the components of the second term on the right hand side are precisely
the components of w A r in the basis {e;}.! The components of Dr in the basis {&;} for the
frame S are @, 9, &3, so the entries of the column vector on the left hand side of (4.10) are the

components of Dr in basis {e;} for the frame S. This proves (4.8).

Figure 10: As seen in the frame S, the position vector r of a point P fixed in the frame S changes
by dr = w A rdt in a small time interval 6¢. This is a rotation of r through an angle |w|dt about
an axis parallel to the vector w.

In the application to rigid bodies, we will be interested in applying this formula to the case
where S is an inertial frame (which we regard as the frame in which we are viewing the motion),
while the frame S rotates with the rigid body; that is, S is the rest frame of the body, which in
general will not be an inertial frame. By definition any point P in the body is then at rest in S,

so its position vector r has Dr = 0. But the time derivative of r in the inertial frame S is given by
Dr = wAT, (4.11)

where w is the angular velocity of the rest frame of the rigid body. The formula (4.11) determines

the way in which the vector r changes relative to the frame S. To get some geometric intuition for

"The computation is (Q2r); = Z?:l Qijz; = — Z?,k:l €ijkWET] = Zikzl €jkwjTr = (w Ar);, using (4.6).
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this, consider the change dr in r in a small time interval §¢, where we ignore quadratic and higher
order terms. This is dr = w A rdt. This vector is orthogonal to both w and r, and has modulus
|w||r| sin @ 6t, where 6 is the angle between w and r — see Figure 10. As seen in S, the change in
the position vector r of the point P fixed in the body in the time interval §t is hence obtained
by rotating r through an angle |w|dt about an axis parallel to w. The direction of w is thus the

instantaneous axis of rotation, while its magnitude |w| is the rate of rotation.

Example: Consider the special case in which

cosp(t) singp(t) 0
R(t) = —sinp(t) cose(t) 0 , (4.12)
0 0 1
so that e; = cos(t) €1 + sinp(t) €2, ea = —sinp(t) & + cos p(t) é2, €3 = €3 is a rotation about

the third axis. Then one computes w = Y es.

As a final comment in this subsection, we note that w behaves as you would expect a vector
to do. For example, if the angular velocity of S relative to S is w, then the angular velocity of
S relative to S is —w. Moreover, if S in turn has angular velocity @ relative to another frame
&', then S has angular velocity w + @ relative to §’. One can prove these statements either by
using the Coriolis formula (4.8) to characterize w, or else by introducing rotation matrices for each

change of basis and using the definition (4.5) (see Problem Sheet 2).

4.2 Motion in a non-inertial frame

In this subsection we take a brief detour from our main topic, and present Newton’s equations in
a general non-inertial frame.

Suppose that S is an inertial frame with origin O, and S is another frame whose origin O is at
position vector x = x(t) from O. If r denotes the position vector of a particle measured from O,

and 1 is the position of the particle measured from O, then
r = r+x. (4.13)

As in the previous subsection we define the acceleration of the particle relative to S as a = D?r,
and similarly relative to & we have a = D2¢. Taking D? of (4.13) and using the Coriolis formula

(4.8) we obtain

D?(r+x) = D(Dr+wAr)+ A

Q>
I

= a+ (Dw)Ar+2wADr+wA (wAr)+A . (4.14)

Here we have defined A = D2x, which is the acceleration of O relative to S, and it is simple enough

to check from the definition that D(b A ¢) = (Db) A ¢ 4+ b A Dc for any two vectors b, c.
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Since & is an inertial frame, Newton’s second law holds and for a particle of mass m we may

write
ma = F | (4.15)
where F is the force acting. Substituting from (4.14) we thus have
ma = F—m(Dw)Ar—2mwADr—mwA (wAr)—mA . (4.16)
The additional terms on the right hand side of (4.16) may be interpreted as “ficticious forces”:

Fi, = —-m(Dw)Ar, F; = —2mw ADr
F3 = —mwA(wATr), F, = —mA . (4.17)

That is, these may be regarded as corrections to the force in F = ma due to the fact that the frame
S is accelerating. The force F is known as the Fuler force, and arises from the angular acceleration
of §. The Euler force is hence zero for a frame rotating at constant angular velocity, Dw = 0.
The force Fy is known as the Coriolis force, and is interesting in that it depends on the velocity
Dr of the particle as measured in §. The Coriolis force plays a role in weather, for example being
responsible for the circulation of air around an area of low pressure, which is anti-clockwise in the
northern hemisphere. The force Fg3 is the centrifugal force. It lies in a plane through r and w, is
perpendicular to the axis of rotation w, and is directed away from the axis. This is the force you
experience standing on a roundabout. Finally, Fy is simply due to the acceleration of the origin O.

For example, this force effectively cancels the Earth’s gravitational field in a freely-falling frame.

4.3 Rigid body motion and the inertia tensor

We turn now to our main topic for this section, namely rigid body motion. From the outset we
fix a reference inertial frame S with origin 0. A particular point in the body then has position
vector x = x(t) relative to O. We denote this point by O, and take it to be the origin of the rest
frame S of the body. Provided the matter distribution is not all along a line, this rest frame is
defined uniquely by the body, up to a constant orthogonal rotation of its axes and a translation
of the origin by a constant vector (relative to §). In particular this latter freedom just shifts the
choice of fixed point in the body. As we shall see shortly, the body itself provides a natural way
to fix both of these freedoms.

As in section 4.1, the rotation of the frame S relative to the inertial frame & is determined by
the time-dependent orthogonal matrix R = R(t). This matrix describes the rotation of the body
about the point O. The angular velocity of the body is defined to be the angular velocity vector
w of S defined in (4.5). An important fact is that this is independent of the point O we picked.
To see this note that any other point O’ fixed in the body will have position vector r’ relative to

O, and the axes {e}} for the corresponding frame &’ will be fized relative to the axes {e;}. The
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Figure 11: We fix a point O in the rigid body, which is taken to be the origin of the rest frame S
of the body. The frame S has angular velocity w, and its origin O has position vector x relative
to the origin O of an inertial frame S. Any other point P fixed in the body has position vector r
relative to O.

angular velocity w’ of &' relative to S is hence the same as the angular velocity w of S relative
to S.

Since the rotation of the body is described entirely by the matrix R(t) € SO(3), the configuration
space of rotations is hence precisely the special orthogonal group SO(3). A 3 x 3 matrix has 9
components and RR” = 1 imposes 6 relations, so this rotational configuration space has dimension
3. We will introduce an explicit set of generalized angular coordinates for this space in section 4.5.
Altogether the rigid body has 6 degrees of freedom: the 3 components of the position vector x of
the point O, plus these three angles describing the orientation of the axes of S.

If now r denotes the position vector of a point P fixed in the body, measured from O, then the

velocity of this point as measured in the inertial frame S is

A~

v = D(r+x)
= wAr+vp. (4.18)

Here vp = Dx is the velocity of the point O, and we have used the Coriolis formula (4.11).

Momentum and angular momentum

Let us suppose that the distribution of mass in the body is defined by a density p(r), so that the
mass om in a small volume 6V centred at r is dm = p(r) 6V. Here r is measured from O. The

total mass of the body is hence

M = /Rp(r)dV. (4.19)

We will also sometimes want to treat two-dimensional bodies, such as a flat disc, or one-dimensional
bodies such as a rigid rod. In this case one replaces p by a surface density, or line density,

respectively, and integrates over the surface or curve, respectively.
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An important quantity for the rigid body is its centre of mass G. With respect to the origin O

this has position vector
! / (r)dV (4.20)
r¢ = — | rp(r . .
G M Jq p

This is the obvious generalization of (2.93) for a collection of point masses, and is an average
position weighted by mass. We will henceforth generally choose the origin O of the rest frame S
of the body to be at the centre of mass, so O = G and rg = 0. This is a natural choice, and as we
will see leads to a number of simplifications in subsequent formulae.

We may now define the total momentum P of the body relative to the inertial frame S by
similarly dividing it into small masses dm = p(r)dV centred at r. Each element has velocity v

given by (4.18), again relative to S, meaning that
P = / pvdV = / pr)(wAr+vp)dV . (4.21)
R R
If we now choose O = G then the first term in (4.21) is zero (it is w A Mrg = 0) and we obtain
P = / p(r)vgdV = Mvg . (4.22)
R

Thus the total momentum is as if the whole mass M was concentrated at the centre of mass G.

We may examine the total angular momentum L about O in a similar way. We have

L = /r/\pvdV = /p(r)r/\(w/\r+vo)dV. (4.23)
R R

If O = G then the second term is zero, and using the vector triple product we may write
L = / pr)r A (wAr)dV = / p(r)[(r-r)w — (r-w)r|dV . (4.24)
R R

In components of the basis {e;} for S this reads
3
Li = ZIZ']‘ wj , (4.25)
j=1

where we have introduced the inertia tensor Z = (Z;;) with components

Iij = /Rp(r) [(I‘ . I')(Sij - T‘,L"I“j] dv . (426)

Notice that this is defined with respect to the rest frame S of the body, so is independent of time ¢,
and is symmetric Z = Z7. In general the angular momentum L = Z w is not in the same direction
as the angular velocity w, which is what leads to some of the peculiar properties of rigid body

motion. In Cartesian coordinates r = (z,y, z) we have

y? + 22 -2y —zx
I = / p(r) —zy 22+ —yz dzdydz . (4.27)
R —2x —Yz z? + y2
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Note carefully the form of the terms in this matrix. The diagonal entries are called the moments
of inertia, while the off-diagonal terms are the products of inertia. However, since Z is a real
symmetric matrix we may also diagonalize it via an orthogonal transformation. That is, there is

a (constant) orthogonal matrix P € O(3) such that PZPT is diagonal. Thus in the new basis

L 0 0
Z=1015L 0]. (4.28)
0 0 Is

The eigenvalues I;, i = 1,2, 3, are called the principal moments of inertia. Notice that we have
precisely used the freedom to rotate the rest frame S of the body by a constant orthogonal trans-
formation, so that the axes e; are the eigenvectors of the inertia tensor Z, called the principal azes,
with corresponding eigenvalues I;. These eigenvalues are non-negative: if a is an eigenvector of 7

with eigenvalue I then
Ila?* = o'Za = /p(r) [[rf|la)® = (r- @)?]dV > 0, (4.29)
R

where we have used the Cauchy-Schwarz inequality.

The principal axes may often be identified by symmetry considerations. For example, an ax-
isymmetric body by definition has rotational symmetry about a particular axis. The centre of mass
must then lie on this axis, which is one of the principal axes. One can see this directly from the
formula (4.27), where without loss of generality we take the axis of symmetry to be the e3 direc-
tion, and write the integrals in cylindrical polar coordinates (2.3). Thus z = pcos¢, y = psin¢
and p = p(p, z). In particular one deduces that Iy = I, and all off-diagonal products of inertia

are zero. Let’s now look at some more explicit examples:

Example (uniform rectangular cuboid): We will mainly focus on wuniform distributions of mass,
in which the density p = constant. If we take the cuboid to have side lengths 2a, 2b, 2¢ and mass
M, then p = M/(8abc). The centre of mass is the origin of the cuboid, and we take Cartesian axes
aligned with the edges. It is then straightforward to see that the products of inertia in this basis
are zero; for example

M a b c
T2 = / / zydrdydz = 0. (4.30)

8abe r=—a Jy=—bJz=—c

Thus the edge vectors of the cuboid are the principal axes. We next compute

a b c a 2
M |1 . Ma
2 3
dedydz = — |2 2b-2c = . 4.31

The integrals involving y? and 22 are of course similar, and we deduce that Z has principal moments
of inertia Iy = M (b? + c?), I = M(c® + a?), Is = $M(a® + b%).

Example (uniform disc): As a two-dimensional example, consider a uniform disc of radius r and

mass M. Thus p = M/(nr?), and due to the rotational symmetry the centre of mass must be at
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the origin of the disc. If we take the es axis perpendicular to the disc then due to the axisymmetry

we know already that Z is diagonal in this basis with I} = Is. We compute in polar coordinates

T = 0Ccos¢, y = psing

M T 2m 1

L, = /prdmdy = 2/ / 0?sin®?pododp = ~Mr? . (4.32)
wr 0=0J =0 4

Notice here that the integrand is p(z% +y? — 22) = py?, as the body is two-dimensional and lies in

the plane z = 0. Since I; = I (which is easy enough to check explicitly) we only have to compute

M " 1
Is = /p(w2+y2)dxdy = 2-271/ Og2gdg = —Mr?. (4.33)
0

r 2

The inertia matrix Z defined by (4.26) in general depends on the choice of origin O. The formulae
above were computed assuming this is at the centre of mass O = G. More generally the inertia

tensor about another point @ fixed in the body is defined as
79 = / p(r) [(¢ - ¥)6;; — rirt] AV (4.34)
i = ). i i . .

Here r' = r — c is the position vector of a point as measured from @, r is the position vector of
the same point, but as measured from O = G, and ¢ = (¢1, co, ¢3) is the vector from G to Q. For

example, with this definition we may write the total angular momentum about @) as
Lo = / p(r)' A (wAT +vg)dV
R
= T@w —cA Mvg . (4.35)

The steps used to show this are similar to those around equation (4.24), and we have used r’ = r—c

in the last step, together with rg = 0. With the above notation, we have the following result:

The parallel axes theorem: The inertia tensors about ) and G are related by

@ _ 4G
;7 = 1

+ M(c-e)dy — cicj] - (4.36)

To prove this we then simply compute in Cartesian coordinates:

Ii(jQ) = /R,o(r) [(x" - x') 35 — rirj] AV = /RP(F) [(r—c)-(r—c)dij — (r; — ci)(rj — c;)] AV (4.37)

If one now multiplies out all the brackets and recalls that by the definition of centre of mass we

have [, prdV = 0, then one obtains (4.36).

Notice that we may rephrase this by saying that the inertia matrix in any rest frame of the body
(with origin at Q) is the sum of two terms: the inertia matrix in a frame with origin at the centre
of mass GG with axes parallel to the axes at (), plus the inertia matrix of a single particle of mass

M at c, measured about the centre of mass G.
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Kinetic energy

Finally, let us compute the kinetic energy of the body in the inertial frame S. Following the

arguments we used above for momentum we have

1
T = /p|vy2dv, (4.38)
R 2
where v is given by (4.18). Thus
T = ! (Ivol* +2 A Ar|?)dV 4.39
= 3.7 vol? +2vo - (WAT) +|wAr])dV . (4.39)

Taking O = G as the centre of mass, the middle term is zero while the first term may be integrated

to give
T = §M\V(;\ +3 plwAr) - (wAr)dV . (4.40)
R

The first term is the kinetic energy due to the motion of the centre of mass relative to O, and
again is as though all the mass was concentrated at the centre of mass. The second term is the

rotational kinetic energy of the body. Using the vector identity
(WAT) - (WAT) = w-(rA(wAT)) , (4.41)
together with the formula (4.24) for the total angular momentum L about O we may write
1 , 1
T = §M|VG| tow: L. (4.42)

Notice that the rotational kinetic energy may also be written in various ways as

3 3

1 1 1

Trot = §w -L = = — wiLi = 5 ‘ E 1Iijwiwj = 5 E 1 IZ(J.)Z2 . (443)
1= 1,]= 1=

4.4 Euler’s equations

In this section we consider a free rigid body, meaning that no external forces act on it. From
Newton’s laws we thus have that the total momentum P given by (4.22) is constant, and hence
P = Mvg = 0. One can deduce this from Newton’s laws for point particles by considering the
body as made up of many particles of small masses m; at positions ry, with M = Zf\;l my
being the total mass. The only forces acting are the constraint forces keeping the masses at fixed
distances apart, |r; —r ;| = constant, and summing over the whole body these forces cancel, as in
equation (1.16). We thus deduce that the centre of mass velocity v is constant. Via a Galilean
boost we may take the inertial frame S to be such that the centre of mass is at rest at the origin,
0= G, which we henceforth do.
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The remaining dynamics is then entirely in the rotation of the basis {e;} for the rest frame S

of the body. Recall from section 4.1 that
3
ei(t) = > Ryt)eg;, (4.44)
j=1
where now {&;} is a time-independent basis for the inertial frame S. The Coriolis formula (4.11)
applied to r = e; immediately gives

e = wAe;, (445)

although we can also easily check this from (4.44): differentiating the latter with respect to time

t we have
3 ) 3 ) 3
éi = ZRijéj = Z(RRT)ikek = — Z Qikek . (4.46)
j=1 k=1 k=1
Using (4.6) we may then write this as
3 3
e = Z €ikjwWier = Zej New; = wAe;, (4.47)
k=1 j=1

where recall w = 23:1 wje;j. In the second equality in (4.47) we have used that the frame is
right-handed, so e; A ej = 22:1 €ijkek-
Choosing the basis {e;} to be aligned with the principal axes of the body, we may write the

total angular momentum as
3
L = > Lwe, (4.48)
i=1

where recall that I; are the principal moments of inertia. This is likewise conserved, L = 0, as
with no external forces acting there is no external torque (again, compare to the system of point

particles in section 1.5). Using (4.48) we thus compute
_ 3
0 = L = Zfi(wz‘ei + wié;) , (4.49)
i=1

which combining with (4.47) leads to the three equations

Ly — (I — I3)wows = 0,
IQ{,Z)Q — (13 — Il)wgwl = 0 ,

130213 - (Il - Ig)wlcc)Q = 0. (450)

This is a set of coupled first order ODEs for the three functions w;(t), i = 1,2, 3, which determine
how the rigid body rotates. The system also depends on the constants I;, and collectively the
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equations are known as Fuler’s equations. If we include an external torque 7 then the components
7; simply appear on the right hand side of (4.50) via L = 7.
Let us examine (4.50) further. If we multiply the i*" equation by w; and then sum over i we

find the resulting equation is equivalent to

3
2T = > Iw} (4.51)
=1

being constant. Of course we immediately recognize 7' as the rotational kinetic energy (4.43),
which we expect to be conserved for this closed system. Similarly multiplying the i*" equation by

I;w; and summing we find
3
L-L = 7 =) Lw (4.52)
i=1

is constant. Here L = Z?:l Liw;e; is the total angular momentum (4.24). Again, on general
grounds we expect this to be conserved.
We have thus found two conserved quantities. A little algebra allows us to rearrange the equa-

tions as

2T — L? = (I3 — I)wi+ (I3 — L)ws |
2L,T —L? = (I — I)w?+ I3(I — I3)w? |
ol = (I — I)%wiw? . (4.53)

We may thus algebraically eliminate ws, ws using the first two equations to obtain a first order
ODE for wy (t) of the form

W? = Flwy;L,T, L7, (4.54)

where F is quadratic in wf. Thus the problem is completely integrable, since we may solve t =

[ dw /V'F, and then substitute the solution for wy (t) into the remaining two equations in (4.53) to
obtain wy(t), ws(t) algebraically. In general the integral that arises here is called an elliptic integral
of the first kind, and cannot be written in terms of more elementary functions. However, one can
gain some qualitative understanding of the general solutions to these equations using geometric
methods. In particular notice that equations (4.51) and (4.52), when viewed as constraints on the
angular momentum L; = [w;, say that L = (Lq, Lo, L3) lies on an ellipsoid with semiaxes /2117,
V2T'I,, /2T 13, and on a sphere of radius L, respectively. For futher discussion see Example 5.7
in the book by Woodhouse, or section 37 of the book by Landau and Lifschitz. We shall instead

examine some special cases:

Example (axisymmetric body): Consider an axisymmetric body (also known as a symmetric top)

with Iy = Is. Then the third Euler equation in (4.50) implies that w3 = 0, i.e. w3 = constant. We
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may then combine the first two equations into the single complex equation

I3 — 1T
&(wl +iws) = w(w +iws) , where v = (?’Il)wg . (4.55)
1

The solution is hence w; + iws = A exp(ivt), where the constant amplitude A may be taken to be

real by choosing a suitable origin for the time ¢. Thus
w(t) = (Acosvt, Asinvt,ws) . (4.56)

Since the component ws along the axis of symmetry es is constant, this shows that the vector
w rotates uniformly with angular speed v about the axis of symmetry, with constant modulus
lw| = /A% + w? and making a constant angle cos™! (wg / \/m> Since the components of
the angular momentum L in this basis are L; = ILw;, the angular momentum vector L has a
similar motion. That is, L rotates uniformly about the axis of symmetry es, making a fixed angle
6 = cos~!(I3ws/|L|) with it.

Of course this description is as viewed from the rest frame S of the body. Viewed from the
inertial frame & we know that the angular momentum vector is constant. Viewed in this frame
it is the axis of symmetry es that rotates uniformly about the constant direction of L. We shall

describe this in more detail in section 4.5.

Example: Suppose Iy < Is, I3 = I; + Is and the body is set in rotation with we = 0 and
ws = /(I — I)/(I2 + I;) w1. Then the solution to the Euler equations is w1 (t) = cisech(cat),
where ¢y = /2T/I; and ¢ = \/(_[2 —I1)/(I2 + I1) 1. Verifying the details is left to Problem
Sheet 3.

Stability

Euler’s equations (4.50) have three special solutions where (w1,w2,ws) = (w,0,0), (0,w,0), or
(0,0,w), respectively, corresponding to rotation around each of the three principal axes with con-
stant angular speed w. When Iy, I, I3 are all different, so that without loss of generality we may
assume I; < Iy < I3, then the first and last of these solutions are stable, while the second is
unstable.

To see this consider the first solution, and let us perturb it by writing w = (w+e€1,€9,£3). Then

ignoring quadratic order terms in &;, as in section 3, the Euler equations (4.50) read

Ly = 0,
Iéy = (I3 —I1)wes ,
Igég = (Il - IQ)W€2 . (457)

In particular the last two equations imply that

I—I)(I - I
Liy = (I3—1I)wés = (U3 1;( L 2)w252. (4.58)
3
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Since I; < Iy < I3 this takes the form &5 = —Age9 where Ay = %uﬂ > 0. We thus find

simple harmonic motion in the €5 and e3 directions, and the solution is stable.

The computation for the solution w = (g1,w + €9, £3) is very similar, only we now find that

L — L) (I — I
L& = (> 3;(1 2)w251, (4.59)
3

—%uﬁ < 0 and the exponential

This takes the form & = —Aie1, where now A\ =
solution means this is unstable.

We leave it as an exercise to check that the final case where w = (0,0,w) is stable. One can
demonstrate this very effectively by taking any rigid body with well-separated principal moments
of inertia I; < Iy < I3, and spinning it about each principal axis. For example, we showed
earlier that a rectangular cuboid of mass M and side lengths 2a, 2b, 2¢ has [} = %M (b2 + c?),
I = %M(c2 +a?), I3 = %]\4(@2 +b2). Then a > b>> ¢ implies I; < Iy < I3, and rotation about
the middle length axis is the unstable direction. Try it — preferably with something that will not
break if you drop it!

4.5 Euler angles and SO(3)

As we’ve already mentioned, the motion of a rigid body may be described by three coordinates for
its centre of mass G, together with three angles which determine the orientation of the axes {e;}
fixed in the body relative to the axes {&;} of the inertial frame S. A natural choice for these latter
three generalized coordinates is Euler angles.

We might as well suppose that the origins O, O of S , S coincide, as we are only interested in
the angles between coordinate axes. The axes of the two frames are then related as in (4.1), where
R € SO(3). We then have

Proposition: There exist angles 6 € [0, 7], ¢, € [0,27) such that

cos 6 cos p cos P — sin @ sin Y cos@sinpcosy + cospsiny  —sinf cos Y
R = —cosfcospsiny —sinpcosy —cosfsinpsiny + cospcosy  sinfsiny
sin @ cos sin @ sin ¢ cos 6
cosy siny 0 cos 0 —sind cosp sing 0
= —siny cosy 0 0 1 0 —singp cosp 0 . (4.60)
0 0 1 singd 0 cos6 0 0 1

Moreover, 6, ¢, ¢ are determined uniquely by R, provided that |Rss| # 1.

N.B. There are different conventions for Euler angles. We’re using the so-called “y-convention”,

¢

in which the second rotation we describe below is about the “y-axis” (more precisely, the €, axis).
The other commonly used convention is called the “z-convention”, where one instead rotates about

the z-axis. This amounts to the simple replacement ¢ — ¢ — 5, ¢ — ¢ + 7.
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Proof: There are essentially two approaches to deriving (4.60). One can either proceed alge-
braically, which is the method used on pages 9 and 10 of the book by Woodhouse, or else one can
proceed geometrically. We shall follow the geometric route, as it gives a better intuition for the
Euler angles.

Consider the two axes eg and é3. Each of these defines an orthogonal plane, namely the (e1, e2)
plane and the (é;,é3) plane, respectively. If these planes coincide then e3 = +é3, which is the
special case |R33| = 1 mentioned above. In this special case the two frames simply differ by an
O(2) rotation of this plane. Otherwise the intersection of the two planes defines a unique line

though the origin, called the line of nodes. We specify its direction by defining the unit vector
n = és3Nes. (4.61)
Since n is a unit vector lying in both the (e, e2) plane and the (€1, é2) plane we may write
n = sinye; +cosyes, and n = —sinpé; +cospe; . (4.62)

This defines uniquely the two angles ¢, 1 € [0,27). The angle 6 € [0,7] is simply the angle

between e3 and é3. This is probably the clearest description of the Euler angles — see Figure 12.

€;

Figure 12: The Euler angles 6, ¢, 1) between the two orthonormal bases {€;} and {e;}. The angle
between €3 and ez is #, while the vector n = é3 A eg along the line of nodes is orthogonal to both
of these vectors. The angle between €5 and n is denoted ¢, while the angle between e and n is .

Having given a geometric description of the angles, as suggested by the second line of (4.60) we
may construct the rotation matrix R between the two frames as a sequence of three 2 x 2 rotations.
We start with the {€;} basis. Clearly we’d like to rotate €3 onto es, but to do this we need to

rotate about an axis perpendicular to both vectors, i.e. the line of nodes n. Thus we first rotate

59



about the é3 axis by an angle ¢, which brings the €, vector into line with n. Concretely the new

orthonormal basis is
€ = cospeé] t+sinpeé;y, € = n = —sinpé; +cospes é; = é3. (4.63)

The line of nodes is the new basis vector €2 = n, and rotating about this through an angle 6 brings

€3 — €3 into line with e3. The new orthonormal basis is
e; = cosf(cospé) +sinpéy) —sinfés €, = n = —sinpé; +cospéy
e; = sinf(cospé; +sinpeéy)+ cosbes . (4.64)

Now that we have rotated €3 onto es, the last step is to ensure that in the final basis {e;} we
have n = sint e + cos ez, which was the definition of ¢ in (4.62). Since currently n = €,
we achieve this by rotating about the e = e3 direction by an angle ). This hence explains the
sequence of three rotations on the second line of (4.60), of course read right to left as we are
mapping €; — e; = Z?:l Rij€é;. The case where |R33| = 1 (equivalently sinf = 0) is a coordinate
singularity. If one wants to analyse the behaviour near here one should really change coordinates
(much like near the origin ¢ = 0 in plane polar coordinates, where the angle ¢ is not defined and

one should change to Cartesian coordinates = pcos ¢, y = gsin ¢).

Since the Euler angles are generalized coordinates for the rotation group SO(3), we must be able to
write the angular velocity w of S relative to S in terms of these variables. Of course here § = 0(t),
© = p(t), ¥ =1(t). The brute force method would be to take the rather ugly 3 x 3 matrix on the
first line of (4.60) and substitute it into the definition of w = (w1, ws,ws) in (4.5). This works, but
is a little tedious by hand.!

There is a much nicer way to get to the result though, again using the decomposition on the
second line of (4.60). Let us denote the various frames in the proof above as S, S, 8 and S,
respectively. Then the rotation matrices from S8 .S58 and 8’ — S are precisely the three

2 x 2 rotation matrices

cosp singp 0 cosf 0 —sinf costy siny 0
—singp cosp 0 , 0 1 0 , —sinty cosy 0 | , (4.65)
0 0 1 sind 0 cos6 0 0 1

respectively. Comparing to the example in (4.12), we thus see that the angular velocity of S
relative to &’ is ¢e3, the angular velocity of & relative to S is fn, and the angular velocity of
S relative to S is peés. Using the comment at the end of section 4.1, the angular velocity of S

relative to S is then simply given by the sum of these:

w = Yes+0On+pés (4.66)
= teg+0(sinye; + cosey) + ¢ (—sinfcostpe; +sinfsintpe; + cosbes) .

1VWWith a computer algebra package it takes less than a minute to type in this matrix and get the formula (4.67)
for w.
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Thus writing w = Z?:l w;e;, the components w; in the frame S are

w1y = ésin¢—¢sinecos¢,

wy = 9cos¢+¢sinﬁsinw,

w3 = +¢cosh . (4.67)
L

Figure 13: The precession of an axisymmetric body. The dotted axes are those of the fixed inertial
frame S. We take the conserved angular momentum L to lie along the third axis é3. The axis of
symmetry es of the body makes a constant angle § with L, so that 6 =0, and precesses around L
with rate ¢.

Example (axisymmetric body): As an application of these results, let’s return to the free ax-
isymmetric body discussed in the previous subsection. We showed there that in the body frame
the angular momentum vector L rotated about the e axis at a fixed angle 8, with angular speed
v = (Is—I1)ws/I;. In the inertial frame S the angular momentum L is constant, and for simplicity
we take it to lie along the é3 direction. From Figure 13 we thus see that 6=0 (the angle between
the axis of symmetry es and L is constant) while comparing (4.67) to the solution (4.56) we see
that w = —v and w3 = ¢ + ¢ cosf. Notice here that w = —v is the rate of rotation of the body
about its symmetry axis es, which since L is fixed in S explains why L appears to rotate about
e3 with angular speed +v in the body frame. We may also deduce that

w3 +v I3ws

= . 4.
cosf 11 cosf (4.68)

This is the constant rate of precession of the e axis around L, as viewed in the inertial frame S.

4.6 The Lagrange top

Euler’s equations (4.50) determine the time-dependence of the angular velocity w, but in general

these are not a useful description of the dynamical evolution, especially when we consider rigid
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bodies moving under gravity (in (4.50) there are no external forces acting).

Consider a rigid body with rest frame S, with the origin O = G at the centre of mass and the
axes aligned with the principal axes. We may use Cartesian coordinates (x,y, z) for the position
of O with respect to the origin O of an inertial frame S. The orientation of the body may then be
specified by giving the Euler angles 0, o, 1 of the frame S relative to the fixed inertial frame S.
Altogether x,y, 2,0, p, 1 are six generalized coordinates for the configuration space. The kinetic
energy of the body is given by (4.42), where the centre of mass velocity is vg = (£, 9, 2). We may
then use (4.67) to express the rotational kinetic energy (4.43) in terms of Euler angles. Altogether
the kinetic energy of the body relative to S is then

1 1.
T = iM(xQ + 9% 4+ %) + 511(0 sin1) — ¢ sin @ cos1))?
1. 1
+5 10 cosy + ¢ sinfsin V) + 513t + ¢ cos 0)? . (4.69)

The main application we will address in this section is the dynamics of a rigid body moving under
gravity. An important fact is that if a body is placed in a uniform gravitational field, say of
strength g in the downward z-direction, then the body acts as if all the mass was located at the

centre of mass GG. This follows since the total gravitational potential energy of the body is
V = /p(r) gzdV = Mgza, (4.70)
R

where z¢ is the z-coordinate of the centre of mass r¢ in (4.20). In particular, the Lagrangian for a
rigid body moving under gravity is L = T — V', where T is given by (4.69) and V is given by (4.70).
The form of this Lagrangian immediately implies that the centre of mass motion (z(t),y(t), 2(t)),
behaves like a point particle of mass M at the centre of mass GG, while the rotational motion about
the centre of mass is entirely unaffected by the gravitational field.

A different situation has the body instead rotating about a general point P fixed both in S and
fixed in the body. In this case we may take the frame S to be centred at O = P, with axes aligned
with the principal axes of Z(), so that

1. 1. . 1 .
T = Sh(0siny —¢ sin 6§ cos 1h)? + la(0 cosy+¢ sin @ sin )% + Sl +¢ cosf)? . (4.71)

Here I; are now the principal moments of inertia about the point P. This follows from the original
expression (4.39) for the kinetic energy, where the middle term in the expression on the right hand
side is now zero since vp = 0 (rather than because O = G). The form (4.71) of the kinetic energy
is relevant for problems where the rigid body is suspended from a particular point P, but may
move freely about this point.

In general this problem is not integrable, but certain special cases are. We will study the
Lagrange top, which is a constrained problem in which an axisymmetric body is suspended from a
point P lying on the axis of symmetry es. If we denote by [ the fixed distance between P and G
along this axis, then from (4.70) the potential energy is

V. = Mglcosb . (4.72)
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" P=fixed

Figure 14: A Lagrange top.

In particular notice that 6 and ¢ are spherical polar angles for the axis of symmetry es. That is,
e3 makes an angle § with the upward vertical z-direction, while ¢ is the angular speed with which

the axis e3 rotates about this vertical. The Lagrangian for the Lagrange top is hence given by
Lo o 2 .09 Lo 2
L = T-V = 511(0 + ¢° sin 9)+§Ig(1/1+g0c059) — Mglcost . (4.73)

We stress that as in (4.71) I; are the principal moments of inertia about P. We immediately see

that both ¢ and ¢ are ignorable coordinates, with conserved momenta

oL

= = = L(th+¢cosh) = Lws,
Py 0 s(P+¢ ) 3W3
Dy = gi = Isin?0 ¢ + py cos . (4.74)

Notice that p, is simply the angular momentum of the top about its axis of symmetry, where the
corresponding constant angular velocity ws is called the spin. Since JL/0t = 0 the energy F is

conserved, where
2F = L6+ p% sin?6 + I3w3 + 2M gl cosf . (4.75)

It is then useful to introduce u = cos § and rearrange the equations as

. Py~ Iawu

v L1 —u?)

i (pp — I3wzu)u

L B AT

nLi? = F(u), (4.76)
where we have introduced
— I 2

Flu) = (F — Lyw? — 2Mglu)(1 — u?) — Pe = Bwst)” (4.77)

I
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We have thus reduced the problem to quadratures, and as for the free Euler equations the u-
integral is an elliptic integral. However, one can understand the qualitative behaviour of the
dynamics without solving the equations directly.

Suppose we set the top in motion with starting value 6 = cos™!(uz) and 6 = 0. We shall fix the
angular speed w3 > 0 and p,, and suppose that u. = p,/I3ws satisfies 0 < u, < 1. This latter
condition will lead to various interesting behaviour, as we shall see. Next consider the differential
equation I1%? = F(u), where F(u) is given by (4.77). The constant E in this expression is fixed
by the initial condition
2

(ptp - I3W3U2)

0 = F(ug) = (2E — Iz3w? — 2Mglus)(1 — ud) — 7
1

(4.78)

The function F(u) is a cubic with positive coefficient of u3, and we also note that F(+1) =
—(py F Isws)?/I < 0. The physical range of interest is where —1 < u = cos < 1 and F(u) > 0.
In Figure 15 we have sketched the graph of F(u) as we vary ug, with all other parameters kept
fixed. Notice that F'(u) has two roots u; < ug € (—1,1) in the physical range.

Fw

uC
1
I
1
I
1
I
1
I

Figure 15: Sketch of the cubic function F(u) for various values of initial condition ug (where
F(u2) = 0). The physical region is where u = cosf € [—1,1] and F(u) > 0. The motion of
u(t) is constrained to lie between two roots u; < wg of F(u). As we vary ug the endpoints
F(£1) = —(py F Isws3)?/I; < 0 of the curves are fixed. We have also noted the critical value
ue = py/I3ws € (0,1). There are then 4 distinct behaviours, corresponding to the 4 curves A, B,
C and D.

Notice that to the left of the line u = u., meaning —1 < u < u,, we see from (4.76) that ¢ > 0 is
positive. On the other hand to the right of u = u., meaning u. < u < 1, we instead have ¢ < 0 is
negative. This leads to 4 distinct behaviours for the motion of the top. Notice that in this motion
the axis of symmetry es traces out a curve on the unit sphere, with spherical polar coordinates

(0, ), centred at P:
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(A) Here there is a critical value ug = u; = uz which is a root of both F(u) and F’(u). The graph
of F(u) hence touches the u-axis at u = ug, and the trajectory is simply u = up = constant.
The axis thus steadily precesses about the vertical with 8 and ¢ > 0 both constant. This

traces out a horizontal circle on the sphere with 8 = y = cos™!(ug).

(B) Here ug satisfies uyp < ug < u., and u(t) € [ug, ug] oscillates between the two roots u; < ug of
F(u) on either side of ug. But in this motion we always have ¢ > 0. The axis of symmetry
hence rotates anticlockwise about the vertical (viewed from above the north pole § = 0), but
at the same time its angle # with the vertical oscillates between the two values corresponding

to the roots of . This oscillation in @ is called nutation.

(C) There is a limiting case where ug = u.. Here ¢ = 0 when 6 reaches its minimum, corresponding
to u = u.. While this case might look fine-tuned, it’s also exactly what happens when you
simply let go of the rigid body from rest, i.e. both 6 =0 and ¢ = 0 initially (of course it can

still spin about its axis, w = w3 in this case).

(D) Perhaps most interesting is the final case when u, < ug < 1. In this case ¢ is negative for

appropriately small range of 6, and the curve traced out on the sphere loops back on itself.

Figure 16: The distinct behaviours of the Lagrange top corresponding to the curves A, B, C and
D in Figure 15. In each case we’ve shown the curve traced out by the axis of symmetry on the
unit sphere centred at P.
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5 Hamiltonian mechanics

We now leave behind the world of pendulums, springs, pulleys and tops, and develop the Hamil-
tonian formulation of classical mechanics. This is equivalent to the Lagrangian formulation but
provides a different perspective, giving yet more insight into the structure of the theory. In particu-
lar the geometry underlying Hamiltonian mechanics is distinct from that in Lagrangian mechanics.
Mathematically this leads on to the more abstract 20" century subjects of (for example) symplectic
geometry and integrable systems, both still very active areas of research. On the other hand, from
a physics viewpoint Hamiltonian mechanics was very important in the development of quantum
mechanics. For those who have studied the latter topic some of the structures we shall encounter

may look familiar.

5.1 The Legendre transformation

In the Lagrangian formulation of classical mechanics we have the Lagrangian function L(q,v,t),

and the principle of least action leads to Lagrange’s equations

d (0L oL dq

— =)= = 0o —_—= = . 1

dt <8v> Jq ’ dt M (5.1)
Here q = (q1, .. .,qn) are generalized coordinates, and we have written the second order Lagrange

equations in a first order form by writing v = ¢ for the generalized velocity.

The form of Lagrange’s equations is invariant under coordinate transformations q — q =
a(q,t), as demonstrated in equation (2.13). Notice in particular that the generalized velocity
gg‘; vy + 8(%“. However,

the form of the equations of motion is not preserved by more general transformations with q =

v = (v1,...,vy,) correspondingly transforms as vq — U = Ua(q, V,t) = > ;4

a(q,v,t), v.= v(q,v,t). This is related to the fact that the coordinates q and velocities v = q
are treated quite differently in the Lagrangian approach.

The Hamiltonian formulation rewrites the dynamical equations so that the variables appear
on a more equal footing. The form of (5.1) suggests we might achieve this by introducing the

generalized momenta

OL
= —. 5.2
p o (5.2)
Here p = p(q, v,t), and we saw this definition before in equation (2.48). The Lagrange equations
(5.1) are then

p:gfl, q=v. (5.3)
We aren’t quite there yet though, because now we have q, v and p. What we’d like to do is
eliminate v in favour of p. This involves regarding L as a function of q and the partial derivative
OL/0v (and time t). Mathematically the transformation that does this is called the Legendre

transform.
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The Legendre transformation

For simplicity we focus first on a function of a single variable f(z), so that f: R — R. We also

introduce its derivative

s(z) = % = 0.f . (5.4)

Here we’ve used the partial derivative notation, even though we only have one variable, as this
will generalize below. We’d like to regard f as a function of its derivative s = 0, f, rather than as
a function of z. In particular this involves inverting the map s : R — R. From first year Analysis
we know a sufficient condition to be able to do this: if J,s > 0 in some interval [a,b] C R then s is
monotonic increasing on [a,b] and will have a differentiable inverse that we call z(s). (Of course
we could replace this by 9,s < 0 so that s is monotonic decreasing, but it is the case d,s > 0 that
arises in classical mechanics, as we shall see shortly.)

We then define the Legendre transform of f to be the function

g(s) = s-a(s) = fx(s)) . (5.5)
There are various ways to understand why this is a natural definition. First notice that
_dg dez df dz
Osg = L = x(s) + 515 @(a:(s)) = x(s) . (5.6)

Thus we have symmetry between s(x) = 0, f and z(s) = dsg. Another important fact is that the
Legendre transform is its own inverse. That is, if we perform another Legendre transformation on

g(s), we simply recover f(z). We may also more informally rewrite (5.5) as
f+g = s-a, (5.7)

where this is understood to mean either f(x(s))+g(s) = s-xz(s), or the equivalent f(z)+g(s(x)) =

s(z) - x. Equation (5.7) then has a simple geometric interpretation, shown in Figure 17.

Example: Taking f(z) = %/a, one finds that the Legendre transform is g(s) = s%/3, where
T+i=1(a0,B>1),

The multivariable case is similar. Now f = f(z1,...,x,), and the dual variables are s = Ok f,
where s = (s1,...,8,). Then s =s(z1,...,z,) will be invertible in a neighbourhood of the point
(x1,...,2,) € R" provided the Jacobian determinant det (0;, 0y, f) is non-zero (this is the inverse
function theorem again). In particular this is true if the n x n symmetric matrix (0,,0, f), called
the Hessian of f, is positive definite. There is then an inverse x = x(s1, ..., s,) and the Legendre

transform of f = f(x) is

9(s) = D sa-xals) = f(x(s)) - (5-8)
a=1
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\ slope s = s(x)

Figure 17: The Legendre transform g(s) of the function f(z).

Using the chain rule we compute

analogously to (5.6).

We may now go back to our classical mechanics problem. We define the Hamiltonian function
H = H(q,p,t) to be the Legendre transform of the Lagrangian with respect to the velocities
v =q. Thus

n

H(q,p,t) = Y pada—L(q,4,1) : (5.10)

a=1 a=q(a,p.t)

Comparing to (5.8) we are taking f = L (regarded as a function of v = ¢ — the dependence on g
and t goes along for the ride), x = q and hence s = p = 04L. In particular in regarding the right
hand side as a function of p, we must invert q = q(q, p,t). In classical mechanics notice that the
n X n symmetric matrix dg, 04, L is usually positive definite. For example for the Lagrangian (3.1)
this is simply the kinetic energy tensor Ty, (whose positivity played a role in small perturbations of

equilibria in section 3). The inverse function theorem then guarantees we can invert ¢ = q(q, p, t).

5.2 Hamilton’s equations

It is now straightforward to derive Hamilton’s equations:

oH oH
5 - 97 g = 2 11
p 9q q p (5.11)

The cleanest derivation uses the notation of differentials. We compute

", /0L oL . oL N .. OL
dL = Z(aqaan‘i‘aq.aan> +gpdt = Z(padanrpadqa)JrEdt, (5.12)

a=1 a=1
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where we have used Lagrange’s equations in the form (5.3) for the first term. Thus we find

n n

. ) . ) oL
dH = Z (Qadpa + paan) —dL = Z (Qadpa - paan) - Edt . (5'13)
a=1 a=1
But of course also
" (OH OH OH
dH = —dg, + =—dp, —dt . 5.14
azz:l (a(Ia %ot 317@ P > - ot ( )

Comparing these last two equations we thus deduce (5.11), together with the relation 0L/0t =
—0H /ot.

As an alternative derivation, notice that the second equation in (5.11) is precisely (5.9), where
we identify the Legendre transformed function g = H, and the variables x = q and s = p = 04 L.
Thus it is this particular property of the Legendre transform that has led to such a simple form for
Hamilton’s equations. The first equation in (5.11) is then simply the Lagrange equation written
in the Hamiltonian variables.

Hamilton’s equations (5.11) are a set of 2n coupled first order differential equations for the
two sets of functions q(t), p(¢). They are equivalent to Lagrange’s equations, but are much more
symmetric — in particular it is the property (5.9) of the Legendre transform that leads to this
symmetry. The coordinates qi,...,qn,pP1,--.,Pn are often referred to as canonical coordinates,

and Hamilton’s equations (5.11) are sometimes also called the canonical equations.

Example: Consider a particle of mass m moving in R? under the influence of a potential V (r).

The Lagrangian is
1
L = L(rt) = 5m\fy?—V(r). (5.15)

The (generalized) momentum conjugate to r is

oL
— — mi 5.16
which is the usual linear momentum of the particle. It is particularly trivial to invert this as

I = p/m, so that the Hamiltonian is

I

H = H — p-F—L =
(r,p) = p-r o

+V(r). (5.17)

Of course this is H = T+ V, where the kinetic energy is T' = |p|?/2m. Hamilton’s equations (5.11)

read

: ov : P
= —_——_— = — '1
p ar ) r ) (5 8)

which we recognize as Newton’s second law, together with the standard relation between velocity

and momentum.
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Example: More generally we might consider Lagrangians of the form
1 n n
L = Laqt) = ; ; Top(a, )dade + Zlcz(q, )4 — V(a, 1) , (5.19)
a,b= a=

where Ty, = Ty, is symmetric. This is a general quadratic function of the generalized velocities q.

We compute

oL
Po = 94a

n
= Topiy + Cq (5.20)
b=1
and the Hamiltonian is hence

n n
. 1 .
H = ZpaQa -L = 5 Z TapGagp +V
a=1 a,b=1
1 n
= 3 > (T Nan(pa — Ca)po — Cy) + V7, (5.21)
a,b=1
where (T1),; is the matrix inverse of Ty;. Notice that the last line of (5.21) is a function of q, p, t,
as it should be.
As an example of this, recall from equation (2.84) that the Lagrangian of a particle of mass m
and charge e moving in an electromagnetic field is

L = %m|1’~|2—e(¢—1'--A). (5.22)

Here ¢ is the electric scalar potential and A is the magnetic vector potential. The momentum

canonically conjugate to r is

L
p = 881_ = mr+eA. (5.23)
The Hamiltonian is hence
H(r,p) = p-t—1L

]. 1 2 e
= P (pP-ecA)— |- (p-ecA) —edp+ —(p-ecA) A

1
= —(p-eA)i+eg, (5.24)

2m

where we have inverted (5.23) to give ¥ = 1(p — eA). Comparing to (5.19), (5.21) we have

T = diag(m,m,m), C = eA, V = e¢. The Hamilton equation & = %—ﬁ = L(p —eA) simply

m

re-expresses T in terms of p, while the other Hamilton equation reads (in components)

3

) OA,
p(l - _ara = —€ ara + m ;(pb 6Ab) 8Ta . (525)
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Phase space

The canonical coordinates ¢i, ..., qn,P1,- - -, Pr parametrize the 2n-dimensional phase space & of
the system. Notice this has twice the dimension of the configuration space Q, which is parametrized
by qi,...,qn. For example, a single particle moving in R” has phase space & = R" x R" = R?",
with the points labelled by (r,p). In particular a particle moving in one dimension along the z-axis
has phase space R x R = R?, with coordinates (x,p). A more interesting example is the simple
pendulum we studied in section 2. Recall here that the configuration space is Q = S', parametrized
by the angle 6 the pendulum makes with the vertical. Then 0 € [—7, ), with § = —x identified
with § = w. On the other hand the conjugate momentum p = mi20 can take any real value, so the

phase space is 2 = S x R.

(a) (b)

(c) (d)

IS

Figure 18: Hamiltonian flows on the phase spaces of a number of one-dimensional systems: (a)
a free particle, (b) the harmonic oscillator, (c¢) the inverted harmonic oscillator, (d) the simple
pendulum.
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One can think of Hamilton’s equations (5.11) as first order equations for a trajectory ~(t) =
(q1(®), .. qn(t),p1(t), ... ,pu(t)) in L. If we pick a point (q?, p(?)) € 2, then general results from
the theory of differential equations guarantee that under suitable conditions on the Hamiltonian
function H we will have a unique solution for the path ~(t) = (q(¢), p(t)) satisfying Hamilton’s
equations with initial condition v(0) = (q(®, p(®). The set of all trajectories {(t)} is called the
Hamiltonian flow on phase space.

In order to make this more concrete, and to give some examples, let’s focus on the case of
dimension n = 1. The phase space is then two-dimensional, parametrized by (q,p). In Figure 18
we have shown parts of the phase spaces and Hamiltonian flow trajectories for 4 systems, where

the spatial variable ¢ is plotted horizontally and the momentum p vertically.

(a) For a free particle of mass m the Hamiltonian is simply H = %. If the particle moves on the
r-axis then we may use ¢ = x as a generalized coordinate, and the Hamiltonian flow equations
are then (i(t), p(t)) = (0,H, —0,H) = (p(t),0). In Figure 18(a) we have plotted some of the

trajectories (setting m = 1). Notice that the entire z-axis at p = 0 is fized.

(b) Using the same spatial coordinate ¢ = z, the Hamiltonian for the harmonic oscillator is
H = % + 2mw?2?, where w is the frequency. The flow equations are hence (i(t),p(t)) =
(0pH,—0,H) = (p(t), —mw?z). Some trajectories are plotted in Figure 18(b), where we
have set m = 1 = w so that (&,p) = (p, —x). The origin (x,p) = (0,0) is a stable equilibrium

point.

(¢c) The inverted harmonic oscillator has minus the potential energy of the harmonic oscillator,

i.e. the Hamiltonian is H = % — %mw%z. With m = 1 = w the trajectories now obey

(&,p) = (p,x) — see Figure 18(c). The origin (z,p) = (0,0) is now an unstable equilibrium

point.

(d) Finally recall that the simple pendulum has phase space S' x R, with the angle # = ¢ being
the generalized coordinate on S'. The Hamiltonian corresponding to the Lagrangian (2.24) is
H=

2ml?

are shown in Figure 18(d), with m = 1 =11 = g. The f-axis is horizontal, with the left and

—mgl cos 8, giving trajectories obeying (é,p) = (#p, —mglsin#). Some trajectories

right limits being 8 = —m, 8 = m, respectively, which should be identified. Notice that the
trajectories around the origin (a stable equilibruim point) resemble those for the harmonic
oscillator (as happens near any stable equilibrium point). As |p| increases we begin to see
trajectories that wind around the circle S1, i.e. the pendulum swings all the way around. The

point (0,p) = (—m,0) ~ (7,0) is an unstable equilibrium point.

5.3 Poisson brackets

Suppose we have a function f(q,p,t) on & x R (with R the time direction). Then its evolution in

time, when evaluated on a solution (q(t), p(t)) to the Hamilton equations of motion, is computed
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as

A, N(0f. 95\ 0f
i Z(@qaqa+5papa>+8t

a=1
_ N~ (0f0H 9f OH\  Of
a ; <8qa Opa  Opa 8qa> + ot (5.26)

This motivates defining the Poisson bracket of two functions f, g on phase space as'?

" of ag  Of g
= —_— — . 2
{f7 g} ; 0qq Opq Opa 0qq (5 7)

Here f and g may also depend on time t, i.e. f = f(q,p,t), ¢ = g(q,p,t) are more precisely
functions on & x R. The Poisson bracket has the following properties, for any functions f, g, h on
P x R:

1. anti-symmetry: {f,g} = —{g, [},

2. linearity: {af + Bg,h} = o{f, h} + B{g, h}, for all constant «, 3 € R,

3. Leibniz rule: {fg,h} = f{g,h} +{f, h}g,
4. Jacobi identity: {f,{g,h}} + {g,{h, f}} +{h,{f,g}} =0.

The anti-symmetry and linearity follow almost immediately from the definition, while the Leibniz
rule follows straightforwardly from the usual Leibniz rule of calculus. The Jacobi identity is a little
more tedious to verify — you simply substitute from the definition and check that all the terms do
indeed cancel (see Problem Sheet 4). Notice also that {f,c} = 0 for any constant c.

With this definition we may immediately derive some very nice formulae. First, the dynamical

evolution of the funtion f in (5.26) is
d of
—f = H - . 5.28

In particular when df/8t = 0 we have simply f = {f, H}, and we say that the Hamiltonian
H generates the time-evolution of the function (via the Poisson bracket). Two special cases are

Hamilton’s equations themselves. Namely putting f = p, or f = q, we have

oH
.a - a H = - )
b {pa, H} 4,
. oH
Qo = {Qzu H} = apa . (5.29)

The Poisson bracket is clearly quite fundamental! Moreover, it is straightforward to compute the

Poisson brackets between the canonical coordinates themselves:

{QaaQb} = 0= {pa,pb}, {Qvab} = dab - (5‘30)

12Some authors define this with the opposite overall sign.
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These are often called the fundamental Poisson brackets, or canonical Poisson brackets. Those who
have taken any quantum mechanics courses may recognize that these Poisson bracket formulae
look wvery similar to commutation relations. This is no accident, but we’ll postpone any further

discussion of this to the starred subsection at the end of this section.

Conserved quantities

Let’s begin by looking at the Hamiltonian itself. Using (5.28) we compute

d . OH OH
—H =H = {HH+— = = 31

where {f, f} = 0 trivially for any function f due to the anti-symmetry of the Poisson bracket.
Thus if H doesn’t depend explicitly on time it is conserved. Of course this is simply the Hamilto-
nian version of the conservation of energy law we found in Lagrangian mechanics when 0L/0t =
—0H /0t = 0. In terms of the phase space picture we described in the last subsection, conservation
of H means that H is constant along the flow trajectories 7(t).

More generally a constant of the motion, or conserved quantity, is a function f = f(q, p,t) that

when evaluated on a solution to the Hamilton equations of motion is constant:

d, . of
af = f = {f,H}—{—a = 0. (5.32)
In particular if 9f/0t = 0, so that f = f(q,p), then f will be conserved if
f = {f,H =0. (5.33)

We then say that f Poisson commutes with the Hamiltonian H. An example would be an ignorable
coordinate ¢, (with the index a fixed). Being ignorable means that 0H/dq, = 0, and from (5.29)
we see that the conjugate momentum p, is conserved, p, = 0.

One consequence of the Jacobi identity is that if we have two functions f, g that Poisson commute
with H, then also their commutator {f, g} Poisson commutes with H. Specifically, putting h = H

in the Jaboci identity above we have

{for 0y = {fidg,H}} +{9.{H, f}} = 0. (5.34)

We may use this to prove
Poisson’s theorem: If f, g are two constants of the motion, then {f, g} is also conserved.

Proof: When f = f(q,p), g = g(q,p) don’t explicitly depend on time ¢, this follows immediately
from (5.33) and (5.34). More generally we can use (5.34) to rewrite (5.28) as

S = {hohHY 4 oHl0)
- {rom+ P+ {irm+ 5o

- {rih ) o
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from which the result follows. Notice that we have used anti-symmetry of the Poisson bracket on
the second term, and 0{f, g} = {0.f, g9} + {f, Org} where 0, = 0/0t.

Thus from two conserved quantities we can generate a third conserved quantity! Although notice
that {f, g} might simply turn out to be a constant linear combination of f and ¢ (including perhaps
0), and thus give nothing new. Since conserved quantities are rather special, this is what tends to

happen. If {f, g} = 0 then the functions f and g are said to be in involution.

Example (angular momentum): Consider a particle moving in R? with angular momentum L =
r A p. The Hamiltonian will thus be a function of q = r = (z1, x9,23), and p. The components of
L are

3

Li = Z eijkxjpk . (536)
Ji:k=1

Then one can compute the following Poisson bracket relations:
3 3 3
{Li,eiy = Y egrrr,  {Lipiy = > ek, {LiLj} = Y el . (5.37)
k=1 k=1 k=1

Since the proofs of these are all quite similar, let’s just look at the first identity:

3 3
{Li,z;} = Y emfzmonz}y = ) e (@dp, 25} + {on, 25m)
k=1 ki=1
3 3
= D eim(—zpb; +0) = > eijpt - (5.38)
k=1 k=1

In the first equality we have substituted (5.36) and used linearity of the Poisson bracket to bring
the alternating symbol outside of the bracket. In the second equality we have used the Leibniz
rule. The third equality uses the canonical brackets (5.30) and anti-symmetry, while for the final
equality €;;x = —¢;,; holds for all 7, j, k.

We already know from section 2.4 that angular momentum is conserved for a particle moving
under the influence of a central potential V' = V(|r|). One can also derive this using the Poisson
bracket formalism above (see Problem Sheet 4). Notice that the bracket {L;, L;} = S5, €ijnLn
implies that if we know that L; and Lo are conserved, then it follows from Poisson’s theorem that

L3 = {L1, Ly} is conserved.
Example (Laplace-Runge-Lenz vector): Another interesting example is the Laplace-Runge-Lenz
vector, considered at the end of section 2.4. This was defined in (2.57) to be

A = p/\L—mfiﬁ, (5.39)
r
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where k is a constant. Using the brackets (5.37), similar computations to (5.38) lead to the

following Poisson brackets:

3 3
> _ &
{LZ', AJ} = Z EijkAk s {A“AJ} = —2m <27n - m ZfijkLk . (540)
k=1 k=1
In particular for the central potential V = —k/|r| the Hamiltonian is H = |p|?/2m — x/|r|, and

the second equation above reads {A4;, A;} = —2mH Zi:l €ijkLi. One can also then verify that
(A HY = 0, =123, (5.41)

from which we deduce that A is conserved (which you checked rather more directly on Problem
Sheet 1). We then see that the constants of motion L, A and H form a closed algebra under
the Poisson bracket. In particular if we look at solutions with negative energy ' = H < 0,
corresponding to the closed elliptic orbits in the Kepler problem, then we may define the new
quantities

Lt = ;<Li\/_;WA> . (5.42)

From the above expressions one checks these diagonalize the Poisson brackets as
3
(L7 L7} = Z ekl {Lf L7} = 0. (5.43)
k=1

The elliptical orbits of the planets thus have two sets of Poisson commuting conserved angular mo-
menta L*! Just as the usual angular momentum L is a conserved quantity arising from rotational
symmetry under the group SO(3), the full set of conserved vectors for the elliptic orbits in the
Kepler problem is associated to a “hidden” action of the the rotation group SO(4) (this actually
follows immediately from (5.43), but to understand that we need to go into more group theory than
we have time for). One can analyse the parabolic and hyperbolic orbits similarly (in particular,

the hidden symmetry of the hyperbolic orbits is coincidentally the Lorentz group SO(3,1)!).

5.4 Canonical transformations

Recall that we are free to make any choice for the generalized coordinates q (as long as they define
uniquely the configuration of the system at a fixed time). Moreover, Lagrange’s equations take

the same form under the coordinate transformation'?

a — Qq.t). (5.44)

The change of variables (5.44) is sometimes called a point transformation. Since Lagrange’s equa-

tions are invariant, so too are Hamilton’s equations (5.11). However, the form of Hamilton’s

13We will use the notation Q(q,t) rather than §(q,t) in order to avoid a proliferation of tildes in what follows.
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equations is invariant under a much larger class of transformations, called canonical transforma-
tions. This fact can be traced to the more symmetric way in which the coordinates and momenta
appear in the Hamiltonian formalism, and is one of the advantages of it. In particular, judicious
choices of transformation may sometimes be used to simplify the form of the Hamiltonian function,
and hence the equations of motion.

There are a number of ways to both describe and construct canonical transformations. We shall
begin with a formulation that is closest to the modern (geometric) viewpoint on the subject. We
first introduce coordinates y = (y1,...,%2n) = (q1, ..., qn, D1, - .., pn) on the whole phase space &,
and label the indices of yo by a = 1,...,2n. We then define the 2n x 2n matrix'*

0 1
(). oo

where 1 is the n x n identity matrix, and 0 is the n X n matrix with all entries 0. Notice that

Q

0% = —lgpxon and Q7 = —Q. In this notation the Poisson bracket between two functions f =

fly,t),g =9(y,t) on & x R becomes
9 Qg 5.46
{f a%:I 8ya Bayﬂ ( )

The transformation

qa — Q(aq,p,t), p — P(q,p,t), (5.47)

is called a canonical transformation if it leaves the Poisson bracket invariant. More precisely, in

terms of the y coordinates the transformation (5.47) may be written
y = Y1), (5.48)

and by invariance of the Poisson bracket we mean that

2n 8f 89

gl = - v = {f.g)y, 5.49

should hold for all functions f, g. Since by the chain rule

of 0Y,
ayv Z oV, dy. (5.50)
this is equivalent to
(5.51)
7;1 3% e 3:%

14This is not to be confused with our use of the symbol € in (4.5). The latter use won’t appear in the rest of these
lectures.
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To see this one first uses (5.50) and (5.51) to compute

{fighy =
Y 7621 8y’y 7 8y6
B i 0f o, g 0V
afrie | O Oy, fhs 0Y3s Oys
2n
B of dg
== o 8Ya Qaﬁ 8YB - {fag}Y ) (552)

so that (5.49) holds for all f and g. Conversely, if (5.49) holds for all f and g then simply choose
f =Y, g =Yjs: then (5.49) reads

{YQ’YB}ZI - Z "/(5 {YCY?Yﬁ}Y — Qaﬁ 5 (553)
~,0=1 8y’7 ay

which is (5.51). In matrix notation (5.51) reads

v,

QO = ijT, where T = .
B ayﬁ

(5.54)

Here J is the Jacobian matrix for the change of coordinates (5.48). 2n x 2n matrices J satisfying
Q=J0JT form a subgroup of GL(2n,R) called the symplectic group Sp(2n,R). Thus canonical

transformations are symplectic, in that the Jacobian matrix J € Sp(2n,R) holds at each point in

2 x R.

Notice that equation (5.53) says that a transformation is canonical if and only if it preserves

the canonical Poisson brackets. Indeed, the canonical brackets (5.30) read

{yayy,ﬁ} = Qaﬁv (5.55)

and we may further rewrite (5.53) as

{Ya, Ysty = {ya,ysly - (5.56)

Notice that in the original coordinates on phase space the Jacobian is

7 = 8Qa/a% 8C?a/apb ’ (5.57)
OPu/0q, OP./0py
where each entry is an n x n matrix (a,b=1,...,n), and
{Qa: v} {Qa, P}
JoJr = : 5.58
( {Pa; Qv}  {Pa, P} (559

where the Poisson brackets are evaluated in the original q, p coordinates. We thus again see that if
{Qa, Qp} = 0={P,, P} and {Qq, Py} = dyp, then J is symplectic, and hence the transformation

is canonical.
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Example (point transformation): Of course we expect the point transformation (5.44) to be
canonical. It is interesting to see in detail how this works. Denote the transformed Lagrangian by
L(Q, Q. t) = L(q(Q,1),q(Q, Q, t),t). Then the transformed momentum is by definition

OL ﬁqb OL Oqy
P, = = =
Z 4y 0Qq Z < 94y 0Qa
- 3
- q” (5.59)
Here notice that q = q(Q, t) means
: =~ g, » | Oq Iqp g
_ 9w 9B _ , 5.60
* ; 0. o T 9.~ Q. (5.60)
In particular (5.59) gives
8Pa 3%
_ . 5.61
8])1, 8@@ ( )
If we now use the formula (5.57) for the Jacobian, and noting that 9Q,/0py = 0, we can directly
compute
o« OP,
T OQC apc 0 1
JoJr = - - Q, (5.62)
Z 0P, 0Qy (P, Py} -1 0
a>4b
Ope 0qc

where we use (5.61) in the second equality in (5.62). The remaining fiddly part in proving the
second equality is to show that {P,, P} = 0. To see this we again use (5.61) to compute

oP, OP, oP, g,
5.63
Z 94 Ope Z 9. 90y (563)

Here q = q(Q,t) and P = P(q, p,t). Using (5.59) and the chain rule we may write

Z Py dd_ Paa_0Qe (5.64)

8qc 0Qa0Qc 9qc

Substiting this into the right hand side of (5.63) we thus have

Z oP, 0P, 2”: 9%qs  9Q. qc
94c Ope cde_lpdaQaaQe dac 0Q

The right hand side of (5.65) is symmetric in a and b, which thus shows that {P,, P,} = 0. This

concludes the proof of (5.62), and hence that point transformations are canonical.
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Example (swapping position and momentum): A more interesting canonical transformation is

We thus swap the coordinates and momenta, with an appropriate sign. The Jacobian (5.57) for
this transformation is simply € itself, and  is symplectic since QQ QT = —QT = Q. Of course
one can also see the invariance of the Poisson bracket (5.27) and Hamilton’s equations (5.11) very
simply. What we call “position” and “momentum” is therefore somewhat arbitrary. It is thus
better simply to talk of p and q as being canonically conjugate variables, meaning they satisfy the

canonical Poisson bracket relations (5.30).

Next we turn to Hamilton’s equations (5.11). In the new notation these read

2n
OH
Yo = Qopg— - 5.67)
ﬁ; 5 D5 (

From this equation and the transformation (5.48) we compute

. 0o, OH 0,
Y, — of | 9%
o Z ay oyt Z Oy, ey o
2n
ol oY,
_ ZQQ%Y o (5.68)

where in the last line we used the symplectic condition (5.51). We have also defined the Hamiltonian

in the new coordinates as
H(Y,t) = H(y(Y,t),t), (5.69)

by inverting (5.48). Similarly, dY, /0t means more precisely 0;Ya(y,t) |y—y(y,, so that it is a
function of (Y,t).

We thus see from (5.68) that for time-independent canonical transformations (so that Y /0t =
0), Hamilton’s equations take the same form in the transformed coordinates, with the Hamiltonian
transforming simply as a scalar (5.69) — compare to the corresponding discussion of the Lagrangian
around equation (2.15). In the more general time-dependent case we can still write the transformed
equations in the form (5.67) by introducing a new Hamiltonian K = K(Y,t). Specifically, one can
show that there exists a function A = A(Y,¢) such that

N Y5
. = = Qs (5.70)

K = H+A, (5.71)



so that (5.68) takes the form of Hamilton’s equations

Z Qaﬂ 8Y5 . (5.72)

Since the existence of A satisfying (5.70) is a httle technical, we have relegated it to the starred

paragraph after the next example.

Example (Galilean boost): A simple example in dimension n = 1 that demonstrates the need for
the additional A term in (5.71) is a Galilean boost Q(q,t) = g+ tv, where v is constant. It follows
that Q = ¢ + v. Taking the Lagrangian for a free particle L = quQ the conjugate momentum is
p = mq with Hamiltonian H = p?/2m. The transformed Lagrangian is

L = %m(Q - v)2 = %mQ2 — % (va — ;m02t> : (5.73)
The total derivative term doesn’t contribute to the Lagrange equations of motion — see the comment
after (2.17). So the free particle maps to a free particle, as it should do. We then compute the
conjugate momentum P = dL/dQ = m(Q — v) = p. Of course this is in accord with our general

formula (5.61) for point transformations. On the other hand the transformed Hamiltonian is
.- . -1 |
K = PQ—-L = m(Q—v)Q — imQ2+va—§mv2 ,
1l o, 1, P? -
= imQ gmv” = %4-]311 = H+Puv. (5.74)
Here H(P) = H(p) |)—p = P?/2m. Thus we explicitly find A = A(Q, P,t) = Pv. In this notation

(5.70) reads OA/0Q = —OP/0t and OA/OP = 0Q/0t, which are both seen to hold.

* The existence of the function A(Y,t) satisfying (5.70) is analogous to the more familiar
fact that if V A F = 0 then there exists (locally) a function V' = V(r) such that F = —VV.
That is, a vector field with zero curl is (locally) the gradient of a function. In the current
setting our space is 2n-dimensional, and the “zero curl” condition means

2n
0 0Yp
— Q - = = 0 5.75
Y, Bz_:l ot Z ’Yﬁ 875 ’ (5.75)
holds for all o,y =1,...,2n. Notice that (5.75) is certainly a necessary condition for (5.70)

to hold, simply using symmetry of the mixed partial derivatives with respect to Y,. We shall
assume it is also sufficient (this result goes under the general name of the Poincaré Lemma).
We then check explicitly that (5.75) does indeed hold. Using the chain rule one sees that the
left hand side is the anti-symmetric part of the matrix Q9,7 J ! = -QJ (T *1), where
J is the Jacobian matrix in (5.54). But we can also show that the latter is symmetric:

—(@7a( )" = (@) I
= -08,T0JT0 = Qa,TT L. (5.76)

Here in the first equality of (5.76) we have used Q7 = —Q, the second equality arises by
differentiating the symplectic relation (717 = —Q J Q with respect to time ¢, and the final
equality again uses the symplectic relation (5.54). This proves (5.75).
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5.5 Generating functions

We have so far seen the definition of canonical transformations, and some of their properties, but
how does one actually construct transformations (5.47) that are canonical? In this section we
describe two different approaches that both involve generating functions. The first is somewhat

more mathematical /geometrical, while the second is the more traditional physics approach.

Hamiltonian vector fields

Given any function f = f(y) on phase space, we define the following differential operator

2n
af 0
D, = E — Qo= . .
f a,f=1 8yo¢ o 8y18 (5 77)

This maps functions on phase space to functions on phase space in the obvious way. In fact from
(5.46) notice that if we apply Dy to a function g = g(y) we simply obtain the Poisson bracket
between f and g:

Drg = {f.9}. (5.78)

We shall refer to Dy as the Hamiltonian vector field associated to f 1% One can deduce some

immediate properties:
e Dy is linear in f: Dy 4, = Dy + Dy,,
e D;g is linear in g: Dy (g1 + g2) = Dy g1 + Dy g2,
e anti-symmetry of the Poisson bracket and (5.78) implies Dy g = =D, f.

Another property of Dy is that it is invariant under canonical transformations; that is, for all f

and g we have

(Df)yg = {f,g}y = {f.g9}y = (Df)Yg~ (5.79)

Said more simply, in (5.77) it doesn’t matter whether we evaluate the partial derivatives with
respect to y or Y, provided they are related by a canonical transformation. Given two Hamiltonian

vector fields Dy, Dy, we may consider their commutator
['Df,pg] = Dng — Dng . (580)

The composition of operators on the right hand side works in the obvious way, i.e. applied to

another function h = h(y) we have

(DyDy)(h) = Dy(Dyh). (5.81)

15This might seem like an odd name, because so far this seems to have nothing to do with either the Hamiltonian
H or vector fields. The relation to the Hamiltonian and Hamilton’s equations will become clear below. The term
vector field is often used for (or conflated with) a directional derivative, since one can write Dy = Zi"zl Vo 0y
where V,, is a vector field on phase space.

a)
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Then a calculation shows that (acting on twice differentiable functions on phase space)
[Df,Dy] = Disgr - (5.82)

That is, the commutator of Hamiltonian vector fields equals the Hamiltonian vector field of the
Poisson bracket. To prove (5.82) one simply applies both sides to an arbitrary function h = h(y):
on the left hand side there are a priori terms involving second derivatives of h, but one checks that
these cancel, and the remaining terms on both sides can be rerranged and shown to be equal — we
leave this as an exercise on Problem Sheet 4. The relation (5.82) implies that if f and g Poisson
commute, then their Hamiltonian vector fields commute as differential operators.

Armed with this new technology, let us fix any function f = f(y) and consider

Y(y,s) = e*Pry = Z(_nsl)n(Df)”y. (5.83)
n=0 ’

The operator (Dy)" is understood to act as in (5.81), and we shall assume that everything is
suitably differentiable/convergent for the right hand side of (5.83) to make sense. We claim that
Y (y, s) defines a one-parameter family of canonical transformations. To see this, note first that
clearly Y(y,0) =y, giving the identity transformation on the coordinates y. We next compute

0 o~ ()"

5. Y(s) = —z;ajﬂﬂWWyz-J%YWA)Z{W%$JWH- (5.84)

n=1

The last equality here is simply (5.78). Writing Y = Y (y, s) we may hence compute

(g (20
= {{Ya, /1, Y} + {Ya. {V5, f}}
{{Ya, Y5}, f} - (5.85)

d
v,y
88{ )

Here we have used (5.84) in the second equality, and the Jacobi identity in the last equality. Notice
that this equation takes the same form as (5.84). One can at this point turn things around, and
regard (5.84) as a first order differential equation in s, whose solution is (5.83). We thus deduce

from (5.85) that

{Yaly.5). Yoy )} = ¢/ {Ya(y,0).Y5(y,0)} = ¢ Qag = Qag . (5:86)

Here the second equality follows from Y (y,0) = y and the canonical Poisson brackets, while the
last equality follows since Q4,4 is constant — hence Dy Q,5 = 0. Of course (5.86) is precisely what
we wanted to prove: Y (y,s) defines a canonical transformation for all s € R.

It follows that any function f = f(y) on phase space generates an associated one-parameter
family of canonical transformations. The simplest example would be to choose f constant, but

clearly then Dy = 0 and Y (y,s) =y for all s (a trivial one-parameter family). The next simplest
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example is to consider f linear. Let’s focus on n = 1 degree of freedom, and rewrite the Hamiltonian

vector field in terms of the canonically conjugate ¢ and p:

p, = 90 _9/0 (5.87)
Example: Let f(q,p) = Ap — pg, with A, i constant. Then we compute Dy = —Ad; — 10y, and

hence

Q(g,p,s) = e *Prqg = q+ s,
P(g,p,s) = e *PIp = p+ps. (5.88)

Notice here that the power series terminate after the first two terms. The resulting linear shifts in

coordinates are clearly canonical transformations, albeit not very interesting ones.

Another interesting application of this formalism is to Hamilton’s equations (5.29). These may

be written

y = {v.H} = —Dny. (5.89)

Here the function f = H = H(y) is the Hamiltonian, which we assume here doesn’t depend on
time t. But (5.89) is just equation (5.84), with the variable s replaced by time t. We thus deduce
that

y(t) = e Pry (5.90)

solves Hamilton’s equations, with initial condition y(0) = y. In this sense, the Hamiltonian
vector field Dy generates the solution to Hamilton’s equations. An immediate corollary of our
results is that Hamiltonian flow, where we regard y = y(0) — y(¢) as a one-parameter family of
coordinate transformations on phase space parametrized by time ¢, is in fact a family of canonical

transformations!

Example: As a more interesting example, consider the one-dimensional harmonic oscillator with

Hamiltonian H(q,p) = %(p2 + ¢%). The Hamiltonian vector field is Dy = 8, — pd,, and one

computes

Q(g,p,t) = e PHg = gcost+ psint ,

P(q,p,t) = e_tDHp = pcost —gsint . (5.91)
Of course these indeed solve Hamilton’s equations 0;QQ = P, 0;P = —(), with initial condition

Q(q,p,0) = q, P(q,p,0) = p.
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The principle of least action

A different approach, that also involves a notion of generating functions, arises naturally if we
think about the principle of least action in the Hamiltonian formalism. Recall that the action
(2.6) is

to to
S = / L(q,q,t)dt :/
t1 t1

where we have written the Lagrangian in terms of the Hamiltonian. In fact Hamilton’s equations

n

to n
E pa‘ja - H) dt = / < E padqa - Hdt) s (5.92)
1 t1

a= a=1

follow from extremizing (5.92) with respect to both q and p, i.e. we treat them as independent
variables, with S = S[q(t), p(t)]. Indeed, writing dq(t) = eu(t), dp(t) = ew(t), as in our derivation

of Lagrange’s equations we compute the first order variation

t2 oH oH
0S = Z/ (wadqa + padu, — 4, —u,dt — Opa wadt>
DLt 0H OH
= € W | dga — dt) — U (dpa + dt)] . 5.93
A 5

Here we have integrated by parts the second term on the right hand side of the first line, and
used the boundary condition u(t;) = u(t2) = 0. Hamilton’s equations hence follow, much as we
deduced Lagrange’s equations.

Also as in our discussion of Lagrange’s equations (see around equation (2.17)), adding a total
time derivative to the integrand in (5.92) does not affect the equations of motion, as such a term
depends only on the boundary data and so has zero variation. If we have two coordinate systems
(q,p) and (Q,P) on phase space, with corresponding Hamiltonian’s H and K, respectively, then

our above discussion means that these will lead to the same equations of motion if

> PdQ,— Kdt = > pudg, — Hdt — dFy(q, Q,1) . (5.94)

a=1 a=1

The function F(q, Q,t) is called a generating function of the first kind. Writing out

8F oF 8F
dFi(q.Q.t) = Y ——d Z Qg + —dt (5.95)
a—l ot
equation (5.94) implies the relations
8F1 8F1 8Fl
- N p - 1 K = H+—. 5.96

This then effectively generates a change of coordinates. One must be very careful to read the
dependences correctly in these equations. The first equation in (5.96) determines p as a function
of (q,Q,t). One then inverts this (assuming it is invertible) to find Q as a function of (q, p, ).
Similarly, the second equation in (5.96) determines P as a function of (q,Q,t), which we may

then in turn convert to a function of (q,p,t). Notice that the final equation in (5.96) relates
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the two Hamiltonians, and may be compared to equation (5.71) — although in the latter equation
everything was a function of the new variables (Q, P), and we were careful to distinguish H(q, p, )
from H (Q,P,t). In this section we are being less precise, using the same name for a function and
the function composed with a change of variable. This makes the notation cleaner and easier to
read, but one must then be particularly careful when applying the chain rule. Notice that if the
generating function is independent of time, so 0F; /0t = 0, then K = H and the new Hamiltonian
is obtained by simply substituting for q,p in H their values in terms of the new variables Q,P
(so that more precisely K = H, as in (5.69)).

By construction, any two Hamiltonian systems related by the change of variables (5.96) will
lead to the same Hamilton equations of motion, and be a canonical transformation. One can
verify this directly by a brute force computation of Poisson brackets, being very careful with the
chain rule, although this is rather long and not very enlightening. A more conceptually interesting
way to think about the invariance of the Poisson brackets {f,g}pq = {f.9}pq is as follows.
Since time ¢ simply appears as a parameter in the Poisson bracket computation, we might as well
consider only time-independent functions. We may then regard the arbitrary function g appearing
in {f,g} as the Hamiltonian of a ficticious dynamical system, so that via Hamilton’s equations
for this system {f,g} = %. Since Hamilton’s equations in the two coordinate systems are the

same, the time-evolution of the function f must be coordinate-independent, and we deduce that

{1, 9}pa =1{f,9}Pa-

Example: The generating function F} = )", ¢aQ, generates the position and momentum swap
Q=p, P=—q

In (5.94) the generating function F} = Fi(q,Q,t) is a function of the old and new generalized
coordinates. However, it might be more convenient to express the generating function in terms of
the old coordinate q and new momenta P. The appropriate formulae are obtained via a Legendre

transform. That is, we rewrite (5.94) as
n n
ARy = ) padge — > PadQa + (K — H)dt (5.97)
a=1 a=1
which in turn may be written
n n n
d(Fl + Z PaQa) = Zpadqg + Z QqdFP, + (K - H)dt ’ (5'98)
a=1 a=1 a=1

The argument of the differential on the left hand side may then be regarded as Fy = Fy(q,P,t) =
Fi+ 3" | P,Q.. Up to an overall sign, this is a Legendre transform of Fy = Fi(q, Q,t) with
respect to Q, since F; /0Q = —P. From (5.98) we obtain the Legendre-transformed relations

_ oF, _8F2 . @
p—%a Q_E)P’ K—H—i—at. (5.99)
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We may similarly obtain formulae for generating functions which depend on p and Q, or p and

P, respectively, which are generating functions of the third and fourth kind, respectively.

Example: As a less trivial example, consider the generating function

Fy(q, P) = /q V2P — 22dx . (5.100)

It follows from (5.99) that

8Fg aFQ q
_ — /2P — 42 = 2 = tan ———— . 5.101
P 94 q? Q 5P arctan 5h q2 ( )

The coordinate transformation is obtained by inverting these appropriately. For example, we may

write ¢, p in terms of @), P as
g = V2PsinQ , p = V2Pcos(Q . (5.102)

The new variables @, P are essentially polar coordinates on the phase space &2 = R2. Since F; is
time-independent, the new Hamiltonian is simply K = H, written in terms of the new variables.
For example, the harmonic oscillator Hamiltonian H(q,p) = %(p2 +¢?) becomes simply H(Q, P) =
P in the new variables! In particular Q is an ignorable coordinate, leading to P = 0, while
Q = OH/OP = 1. Of course this leads to the usual trigonometric solutions ¢ = v/2P sin(t—tp) in the
original variables, but the point is that the transformation essentially trivialises the Hamiltonian

system.

5.6 Liouville’s theorem

The formalism and results we’ve developed allow us to now prove easily the following result.

Consider a region V C & in phase space. Its volume is

vol(V) = / dgi ---dgqidpy - - - dpy, . (5.103)
1%

Now consider a map from phase space to itself which in coordinates is described by q — Q =

Q(q,p,t), p — P = P(q,p,t). Under this map the region V transforms to another region V with

volume
vol(V) = / dQ: ---dQndP; ---dP, . (5.104)
\%
If the map is a canonical transformation then the volume is preserved, i.e. vol(V) = vol(V).

This is straightforward to see using the symplectic property of canonical transformations. Writing

Y1y sy2n) = (q1y- s Gny P13 Pn)y (Y1,...,Y2) = (Q1,...,Qn, P1,...,P,), the transformed

volume integral may be written as

vol(V) = [le---dY'gn = /|detj|dy1---dy2n, (5.105)
\% \%4
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where J,3 = 0Y,/0yg is the Jacobian matrix. But the symplectic condition (5.54) immediately
implies that (det 7)? = 1, and thus | det J| = 1. We thus conclude that vol(V') = vol(V).

Recall that we may regard Hamiltonian flow as a one-parameter family of maps from phase
space to itself, parametrized by time ¢. Thus (q,p) = (q(0), p(0)) — (Q,P) = (q(t), p(t)). If one
chooses a region V = V(0) C & at time ¢ = 0 then under Hamiltonian flow this region will change
shape to V() C &. Since we showed in the last subsection that Hamiltonian flow is a canonical

transformation for all £, we have thus proven

Liouville’s Theorem: The volume of any region in phase space is invariant under Hamiltonian

evolution.

In other words, %V = 0.

The physical applications of this result take us in the direction of statistical physics. So far
we’ve been describing the classical mechanics of a single particle, or more precisely the single
“quasi-particle” described at the end of section 2.1. This traces out a single curve in phase space
under Hamiltonian evolution. But we might instead want to think about a system with many such
particles, each of which is described by the same Hamiltonian — for example, a gas. One is then
not interested in keeping track of the individual behaviours of the particles, but rather wants to
understand the average behaviour. In this situation we may introduce a density function p(q, p,t)

on & x R, where the number of particles in a small region of phase space §V centred at (q,p) € &
at time ¢ is 0N = p(q, p,t) V. The total number of particles is

N = /p(q,p,t)dfh'-‘dqndpr--dpn, (5.106)
P

which is fixed, i.e. we assume that particles are not created or destroyed. In fact the latter is a local
property. In particular if we follow the Hamiltonian evolution of a small number of particles 6 N
centred at (q,p) = (q(0),p(0)) at time ¢t = 0, then this will evolve to 6N = p(q(t), p(t),t) oV (¢)
at a later time t. Since particles are not created or destroyed, 6 N must be independent of time ¢.
But we’ve also shown that 6V (t) = §V/(0) is also independent of time. We thus conclude that
dp
dt

holds under Hamiltonian evolution. Using (5.28) we may rewrite this as

0, (5.107)

0
{pHYy+ 50 = 0. (5.108)

which is often referred to as Liouwville’s equation. Equation (5.107) says that the density of states

is constant along every trajectory in phase space.

5.7 The Hamilton-Jacobi equation

The Hamilton-Jacobi equation provides yet another approach to classical mechanics. Again, it

has its own particular advantages — for example, this equation can be useful for finding conserved
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quantities. On a more conceptual level, the Hamilton-Jacobi equation provides a particularly direct
link with quantum mechanics and the Schrodinger equation.

We begin by reconsidering the action S, which we discussed briefly in the Hamiltonian formalism
in section 5.5, equation (5.92). Recall that the action is extremized over all paths q(¢) with fixed
boundary conditions to find the equations of motion. More precisely, let’s take the fixed boundary
conditions for the paths to be q(ty) = q\¥) at time ¢ = t(, and q(ty) = g/ at time ¢t = tr. The

action for any path q(t) satisfying these boundary conditions is

)
Sla(t)] = / " Lia(t), a(t). 1) dt (5.109)

to

and the classical path taken by the system extremizes this, resulting in a (we assume unique)
solution q(t) = q®sical(t), We now take this classical solution and substitute it back into the
action (5.109). Of course doing this we get a number, but that number depends on the fixed final
time t; and fixed final point q/. We may then consider varying these final boundary conditions,

which defines a function
Sl.ty) = Sla™el(n)] (5.110)

Of course this also depends on the initial time o and initial point q(©), but we keep these absolutely
fixed. Physicists usually refer to the action evaluated on the classical solution as the on-shell action
(with the words “on-shell” really referring to a notion in special relavity, so this is another physics
misnomer).

Now under any variation dq(t) of a path we have

5S = f:l{/:f [ng; —% (gj)] Squ(t) dt + [gq,Laaqa(t)K}. (5.111)

a=

If we vary the path so that the initial conditions are fixed, meaning dq(t9) = 0, but at the final
point 6q(t;) = dq/, then when (5.111) is evaluated on the classical path solving the Lagrange

equations of motion with these boundary conditions we have simply

" 0L
58S = F 112
> Pin ., oq} (5.112)
a=1 =tf
In terms of (5.110) this means that
oS
- = pf 5.113

where p/ = 0L/0q |1 ; is the final momentum of the classical path. We may similarly consider

varying the final time ¢;. From the fundamental theorem of calculus

dS

ditf - [ = L(qclassical(tf)’qclassical(tf),tf) — L(qf,qf,tf), (5114)
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where ¢/ is the final velocity. On the other hand via the chain rule

ds 9S8 <~ 8S S <
do _ 9o Ygo .p _ 9o fof
I 5, +) anga o —i—;paqa . (5.115)

a=1

Combining these last two equations we find
Y L(qquf7tf)_zp£q£ = —H(qf,pf,tf) ) (5116)

where H(q/,p/,t ) is the Hamiltonian evaluated on the final data.
Now that we have finished varying paths, we relabel the final data as qf — q, t ¢ — t, so that
(5.110) defines a function S(q,t) on Q x R. It is called Hamilton’s principal function, and we’ve

just shown that it satisfies

oS aS
E%—H(q,p,t) = 0, where p = 39 (5.117)

In other words S(q,t) satisfies the first order partial differential equation

oS oS oS
alt'f‘H(q]_,...,qn,aql,...,aqn,t) = 0. (5118)

This is the Hamilton-Jacobi equation.

Since we have a single first order PDE in n + 1 independent variables, general PDE theory says
we should have n + 1 constants of integration in the general solution (called a complete integral).
Notice that one of these constants of integration is easy to identify: S enters (5.118) only through
its partial derivatives, so if S(q,t) is a solution then so is S(q,t) + ¢ for any constant ¢. We then

write the general solution to (5.118) as
S = So(qry--sqn tyar,...,an)+ A, (5.119)

where a1, ...,a, and A are the n + 1 integration constants.

The equations (5.117) may look familiar from our discussion of generating functions in sec-
tion 5.5. Indeed, consider a generating function of the second kind Fy, = Fy(q,P,t), where (g, p)
and (Q,P) are the old and new coordinates, respectively. As discussed around equation (5.99),

this generates the canonical transformation

p = ?911;2’ Q:%, K:H+%. (5.120)
In particular, if we choose our generating function F> so that the new Hamiltonian K = 0 is
identically zero, then in the new coordinates the dynamics is trivial: P = 0 = Q. The transformed
position and momenta are then conserved quantities, and we may write Q = 3, and P = «,
where a = (aq,...,ayp), B8 = (b1,...,0n) are altogether 2n constants. In particular notice that
Fy = F5(q, a, t). Denoting this generating function by Fy = S, we see that (5.120) are simply the

equations (5.117), while the generating function F itself is simply Hamilton’s principal function,
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with the conserved momenta P = o in the new coordinates being interpreted as the integration
constants in the general solution (5.119). Moreover, the second equation in (5.120) tells us that
oS
Q=38 = o (5.121)
are also conserved quantities.

What we’ve done might seem miraculous, so it’s perhaps worth taking stock. Given a Hamil-
tonian function we construct the Hamilton-Jacobi equation (5.118), which is a first order PDE
for S(q,t) with general solution (5.119) depending on the n + 1 integration constants asq,...,ap,
and A. We then impose the n algebraic equations (5.121), where 3 are constant. Having done
this we may interpret the general solution (5.119) to the Hamilton-Jacobi equation as a generat-
ing function of the second kind. This generates a canonical transformation which trivialises the
Hamiltonian K = 0 in the new coordinates, and where a« = P are interpreted as the conserved
momenta in the new coordinates. The constants 3 = Q are correspondingly the conserved po-
sitions in the new coordinates. Since we’ve solved Hamilton’s equations in the new coordinates,
via the canonical transformation generated by & we have also solved Hamilton’s equations in the
original coordinates. Notice we have 2n integration constants in total, as expected.

We can also think of this slightly differently. If one manages to solve the Hamilton-Jacobi
equation to find the complete integral (5.119), essentially one has solved half of the dynamical

problem. Specifically, this determines the momenta

a8
= — 5.122
P 9 (5.122)
as a function of q, ¢ and the integration constants a. Omne can then substitute this into the
remaining n Hamilton equations

OH

W (5.123)

q =

p=05/0q '
These are now n first order differential equations for q(t¢), giving rise to another n integration
constants (again, 2n in total). In this approach it’s less clear that we have in fact solved Hamilton’s
equations. But this is easily checked from (5.122):
i d [0S 0%S 928 .
ST (aq) " 0104, | 2= dauda

(5.124)

On the other hand taking the partial derivative of the Hamilton-Jacobi equation (5.117) with

respect to q, gives

Otdqq B _8Qa

- v - (5.125)

9?8 0H _i@j 0?8 _O0H " 928
— 9pp 090 9a

b=1
where in the first equality we used (5.122), and in the second equality we used (5.123). Substituting
this into (5.124) we thus find

0H

y - 97 12
p 9 (5.126)
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When the Hamiltonian is independent of time, so H /9t = 0, one can solve the time-dependence

of the Hamilton-Jacobi equation via
S(q7 t) = W(q) —Et ) (5127)

where FE is constant and the time-independent function W on configuration space Q is sometimes
called Hamilton’s characteristic function. This leads to a reduced Hamilton-Jacobi equation
ow 8W>

—_— e, = F, 5.128
a(h aQn ( )

H<q17"'7qn7

where FE is then interpreted as the energy.

Separation of variables

Of course for this approach to be of any practical use, one needs to be able to solve the Hamilton-
Jabobi equation (5.118), or in the time-independent setting the slightly easier (5.128). Either way,
one has to solve a first order PDE. In general one could proceed via the method of characteris-
tics, but this precisely converts the PDE back into ODEs, i.e. effectively Hamilton’s equations!
However, in certain cases we may solve the PDE via separation of variables. Of course whether
or not there are separable solutions will depend both on the Hamiltonian and on the particular
coordinates being used: a Hamiltonian may separate in one coordinate system, but not in another.
There’s a whole theory here, but we’ll content ourselves with looking at some examples.

Suppose that the coordinate ¢; and derivative term 0y, S appear in the Hamilton-Jacobi equation
only through the combination f(q1, 9y, S), for some function f. That is, the equation can be written

in the form
Q(f(q1,00:.5),42, -, Gny 00, S, ..., 0g, S, 1] = 0. (5.129)
We then seek a separable solution
S(ar, - sanst) = Sga,--,qn,t) +Si(q) - (5.130)

With this ansatz the Hamilton-Jacobi equation (5.129) becomes

ds ~ ~
) [f <q1, dl) ,qg,...,qn,anS,...,anS,t] = 0. (5.131)
a1
This must hold for all q1, so taking the partial derivative of both sides with respect to ¢ gives
d ds;
0P — ,— ] = 0, 5.132
! dQ1f <q1 dfh) ( )

where 01® denotes the partial derivative of ® with respect to its first entry. Assuming that ¢; or

p1 = dS1/dq; actually appear in the Hamilton-Jacobi equation, then d;® is non-zero, and hence

dSl
= « 1
f (Q17 dq1> 1, (5 33)

we deduce

92



where oy is constant. This is a first order ODE for S1(q1), which may be solved, and substituting
f = a1 back into (5.118) the remaining Hamilton-Jacobi equation has one fewer independent
variables.

In some cases one can successively solve for and eliminate all the variables in this way. In
particular in the time-independent case (5.128) this means one can solve the Hamilton-Jacobi

equation with the ansatz
n
S(qr,- s qnit) = D Salda) = Bt (5.134)
a=1

where each S, = S,(q,) is a function of one variable only, leading to n first order ODEs in one
variable. The Hamilton-Jacobi equation is then said to be completely separable. This results
in n integration constants aq,...,ay, as in (5.119). Notice that F = E(aq,...,qy) is not an
independent integration constant, but rather is determined by substituting the solution W =
>or 1 Sa(ga) into (5.128).

A special case of the above discussion is an ignorable coordinate, i.e. ¢q; doesn’t appear in the
Hamiltonian, 0H/dq; = 0, and thus doesn’t appear in the Hamilton-Jacobi equation either. This
means that f = f(0S/0q1) above, and (5.133) integrates to S1(q1) = a1¢1, giving

S(Qlw"aQ’nat) = S(Q27"'7QN7t)+a1ql . (5135)

Notice then that p; = dS/0¢q1 = oy is simply the corresponding conserved momenta. Similarly,
the —E't term in (5.134) for a time-independent system corresponds to separation of the “ignorable

coordinate” t.

Example: We consider the reduced two-body problem Lagrangian

1 .
Lyieduced = 5/1(@2 + Q2¢2) — V(Q) s (5136)
describing motion in the plane with polar coordinates (o, ¢). The Hamiltonian is
1 > D
H = H(q,q2,p1,p2) = 5 |pi+>5 ) +Via), (5.137)
2p a3
where ¢1 = 0, g2 = ¢. The Hamilton-Jacobi equation (5.118) hence reads
s 1 (3aS\® 1 [3SY®
—~— +t— |5 — | =— Vv = 0. 5.138
o o (3(11) T g <3qz> Vi) (5.138)

Since 0H /0t = 0 and 0H/0qy = 0 our general discussion above implies we can separate variables,

seeking a solution
S(q1,q2,t) = Si(q1) + Salqe) — Bt . (5.139)

Substituting this into (5.138) and rearranging slightly gives

d82)2 ) 1 <d81>2
=2) = 2l |E-V(g) - — (2 . 5.140
< A 1qy (q1) 2 \dar ( )
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Since the left hand side depends only on g2, while the right hand side depends only on g1, both

sides must be constant and in particular we may integrate

Sa(q2) = g, (5.141)

with ay constant (which is the conserved angular momentum), and (5.140) becomes the first order
ODE

as 042 1/2
dil — <2[u,E — 2/1,‘/((]1) — 22> = F(ql;E,ag) . (5142)
4l a4y

We have thus reduced the problem to quadratures, with the final solution to the Hamilton-Jacobi

equation being
«
S(q1,q2,t) = —Et+ asq —i—/ F(x; E,a9)dx . (5.143)

There is a trivial additive integration constant from integrating the final ODE. The two non-trivial
integration constants are a; = E and ao.

Recall that to solve Hamilton’s equations we must now impose (5.121). This leads to the

equations
oS Q "
= — = —i —d 5.144
b= 5B T F@Ea) (5.144)
oS @ o9
= — = — ————dx . 5.145
& Oag @ / 22F(z; E, ag) v ( )

It may not look like it, but we have in fact solved the equations of motion. To see this in a more

familiar guise, recall that in the original variables the energy E is (see equation (2.100))

2

1 . p¢
E = Zuo? 14
SHe” + 217 + V(o) , (5.146)

where ap = py = ,ug%i). The equations of motion may then be written

1 0 @ . (6 %)
1 dr 0®F(o)’

which integrate to (5.144) and (5.145).

(5.147)

5.8 * Quantum mechanics

We end these lectures with a few further remarks about the relationship between classical mechanics
and quantum mechanics. We already briefly described how the principle of least action enters the
Feynman formulation of quantum mechanics via the path integral (an integral over all paths) in
section 2.6.

Those who have studied quantum mechanics will certainly have recognized the Poisson bracket

structure we encountered in section 5.3. This similarity was first noticed by Dirac, who postulated

94



that a classical system may be “quantized” by taking the classical Poisson brackets and mapping

them to commutator brackets of operators

{roy — —;lfa. (5.148)
The time evolution then maps as
df df s
w = VHY — i = [f H], (5.149)

which is the equation for the time evolution of an operator in the Heisenberg picture. Of course
for all this to make sense to each function f on classical phase space we must associate an operator
f acting on an appropriate Hilbert space H of wave functions, so that (5.148) holds. There
is a beautiful way to do this, under appropriate conditions, called geometric quantization. This
mathematically constructs the Hilbert space directly from the phase space, and provides an explicit
formula for mapping an appropriate class of classical observables f on phase space to operators f
acting on H. The geometric quantization procedure is engineered so that (5.148) and (5.149) then
hold for the operators f. This is all wonderful — when the method can be applied. But there is
no general mathematical procedure called “quantization” that works in all circumstances. On the
other hand, from a physics point of view it’s not clear why one would expect there to be.

While the Poisson bracket representation of Hamiltonian mechanics relates to the Heisenberg
picture of quantum mechanics, the Hamilton-Jacobi equation relates to the Schrodinger equation.

In fact this was one of Schrodinger’s motivations in finding his equation

L Oy n’ 2
Vv 1
ih y va v+ Vi, (5 50)

describing a quantum particle of mass m moving under the influence of a potential V. In the WKB

approximation one substitutes the ansatz

Wat) = Alqth) exp [;S(q,t)] , (5.151)

where A is the real amplitude, and expands in an asymptotic series in h, as we take h — O.

Substituting this into (5.150) the leading term gives

oS oS
—_— H _ —_— pr— .1 2
where
H(q,p,t) = b, V(q) (5.153)
T 2m ’

is precisely the classical Hamiltonian. Thus the leading behaviour of the Schrédinger equation as
h — 0 is governed by the Hamilton-Jacobi equation, with Hamilton’s principal function S(q,t)

(which is also the classical action) determining the phase of the wave function.
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A Appendix: Levi-Civita alternating symbol

The Levi-Civita alternating symbol ;. is defined by

+1 if 45k is an even permutation of 123 ,
€ijk = —1 if ijk is an odd permutation of 123 ,

0 otherwise .

Notice that €, = €rij = € (cyclically permuting the indices), while €, = —e;;. With this

definition the cross product A A B of two vectors A, B has i*" component

3
(A/\ B)l = Z €ijkAjBk .
Jk=1
A useful identity is
5ia 57Lb 61’0
€ijk€abe = det 5]’ 5]'17 5jc ,

Oka Okb Oke

where the Kronecker delta symbol is defined by

1 i=i
0 i#J

As a special case we have the identity
3
Z €ijk€ibe = O0jp0ke — 0jcOkp -
i=1

As an application, let us compute the scalar quadruple product:

3
(A N B) ) (C A D) = Z EijkAjBk €ibcCpDec
ik bre=1
3
= Z (060K — 0jcOkp) A BrCy D,
ik bre=1
— (A-C)(B-D)— (A -D)B-C).

Other vector product identities are similarly straightforward to derive (for example the scalar triple
product identity follows immediately from cyclically permuting the indices on €;;;). Although we

won’t use the following identity, we present it for interest:

3
(det M) €ijk = Z eabcMiankaC7

a,b,c=1

where M = (M;;) is any 3 x 3 matrix.
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