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Foreword

The aim of this part of the course is to study functions f : C — C, asking
what it means for them to be differentiable, how to integrate them, and
looking at the applications of all this. We will see that complex differen-
tiation is only superficially similar to the real differentiation and complex
differentiable function have a lot of unique properties. Omne of the main
goals of this course is to explore a beautiful and very unusual theory of such
functions.

In these lecture notes there will be several parts with the danger sign in
the margin. This sign gives you a warning that this is a more tricky part
and it is easy to make a mistake if you don’t pay enough attention.

I will use the star in the margin to mark several remarks that I think
are very important and give valuable intuition about what is going on.

Finally, there will be several smaller bits that are not part of the syllabus
and not examinable. They will be explicitly marked as non-examinable
material and there will be a marginal sign.

0.1 Synopsis

Complex differentiation. Holomorphic functions. Cauchy-Riemann equa-
tions (different versions). Real and imaginary parts of a holomorphic func-
tion are harmonic. [2 lectures]

Recap on power series and differentiation of power series. Exponential
function and logarithm function. Fractional powers — examples of multi-
functions. The use of cuts as a method of defining a branch of a multifunc-
tion. [2 lectures]

Path integration. Winding numbers. Cauchy’s Theorem (partial proof
only). Homology form of Cauchy’s Theorem (sketch of proof only — stu-
dents referred to various texts for proof.) Fundamental Theorem of Calculus
in the path integral/holomorphic situation. [4 lectures]

iii



iv FOREWORD

Cauchy’s Integral formulae. Taylor expansion. Liouville’s Theorem.
Morera’s Theorem. Identity Theorem. [2 lectures]

Laurent’s expansion. Classification of isolated singularities. Calcula-
tion of principal parts, particularly residues. The argument principle and
applications. [3 lectures]

Residue Theorem. Evaluation of integrals by the method of residues
(straightforward examples only but to include the use of Jordan’s Lemma
and simple poles on contour of integration). [3 lectures]

0.2 Further reading

These lecture notes provide all the essential information for the course and
they follow lectures quite closely. On the other hand, there are many ex-
cellent textbooks that discuss the foundations of complex analysis in more
detail and (very importantly!) from slightly different perspectives. If you
are stuck with one of the arguments in these notes I advise you to consult
other sources that could explain it in a different way. There is a huge list of
Complex Analysis textbooks. I do not aim to provide a comprehensive list,
below are just a few textbooks that I like.

Lars V. Ahlfors. Complex analysis. Third Edition. New York: McGraw-
Hill, 1979.

Churchill, Ruel V.; Brown, James Ward Complex variables and applica-
tions. 4th ed. McGraw-Hill Book Company. X, 339 p. (1984).

Conway, John B. Functions of one complex variable. (English) Zbl
0277.30001 Graduate Texts in Mathematics. 11. New York-Heidelberg-
Berlin: Springer-Verlag. xi, 313 p. (1973).

Gamelin, Theodore W. Complex analysis. (English) Zbl 0978.30001 Un-
dergraduate Texts in Mathematics. New York, NY: Springer. xvi, 478 p.
(2001).

Needham, Tristan Visual complex analysis. 25th-anniversary edition.
With a new foreword by Roger Penrose. Oxford: Oxford University Press
675 p. (2023).



Introduction

0.3 Basic notations

This course runs in parallel with the Metric Spaces course. We will use some
notions and a few results from metric spaces.

We can identify C with the plane R? by taking real and imaginary parts.
Thus we have the correspondence

z€C <+ (z,y) = (Rez,Imz) € R?.

In particular, this allows us to treat C as a metric space by introducing
the distance

d(z,w) = /(Rez — Rew)? + (Im z — Im w)?2
which obviously can be written as
d(z,w) = |z — w|

where | - | is the modulus of a complex number.

Let us write down some basic properties of the modulus |z|. Recall that
e = cosf + isin@ when 6 € R. For now, we will take this as the definition
of €, which is more-or-less what was done in Prelims Complex Analysis.
Later on, we will define the complex exponential function e® and link the
two concepts.

0

Lemma 0.3.1. Let z,w € C. Then
1. |2|? = 2%, where z is the complex conjugate of z;
2. If z =re, where r € [0,00) and 0 € R, then |z| = r;

3. |zw| = |z||w].



vi INTRODUCTION

Proof. (1) If z = a + ib then 2z = (a + ib)(a — ib) = a® + b
(2) We have z = rcosf + irsinf and so

|z| = V12 cos2 0 + r2sin 0 = 7.

(3) One can calculate directly, writing z = a +ib and w = ¢+ id. Alter-
natively, write z = re’?, w = r’¢’®, and then observe that zw = ri/ei(?+e)

and use (2). O

We will also use some basic topological notions that will be discussed
more extensively in the Metric Spaces.

Definition 0.3.2. We say that U C C is open if for every z € U there is
some € > 0 such that an open ball B(z,e) :={w e C:|z—w|<e} CU.
Any open set U containing z is called a neighbourhood of z.

In complex analysis, it is often convenient to work with connected open
sets, and these are called domains.

Definition 0.3.3. A connected open subset D C C of the complex plane
will be called a domain.



Chapter 1

Complex differentiability

Now we come to a crucial part in the course — the discussion of what it
means for a function f: C — C to be differentiable. We begin with a quick
refresher on limits, the material that may be found (in the real case) in
Prelims.

Suppose that a € C, and that U is a neighbourhood of a. That is, U
contains some ball B(a,r), r > 0, but U itself need not be open. Suppose
that f: U\ {a} — C is a function: that is, f is defined on U, except not at
a. Then we say that lim,_,, f(z) = L if the following is true: for all ¢ > 0,
there is some § > 0 such that if 0 < |z —a| < ¢ then |F(2) — L| < € (and we
assume 0 < 7 so that F'is defined when |z — a| < J).

Sometimes it is convenient to write f in terms of its real and imaginary
parts f(z) = u(z) + iv(z), where u and v are real-valued functions. From
the definition of the modulus it is easy to see that lim,_,, f(z) = L if and
only if lim,_,, u(z) = Re L and lim,_,, v(z) = Im L.

Remark 1.0.1. Similarly, z =  + iy — 20 = xg + ¢yo if and only if z — zg
and y — 9. But you have to be very careful with the order of limits. In
general,

lim  f(z+iy), lim lim f(z+iy) and lim lim f(z + iy)
T—T0,Y—Yo T—T0o Y—Yo Y—Yo T—TQ
are three different limits. If the first limit exists, then two others exist as
well and have the same value, but this is the only connection.
For example, let us consider f(z) = f(z +1iy) = xy/(x + y) and zp = 0.
It is easy to see that

lim lim f(x 4 dy) = lim lim f(z +iy) =0
y—0z—0

z—0y—0

1



2 CHAPTER 1. COMPLEX DIFFERENTIABILITY

but
lim f(z)

z—0

does not exist.

1.1 Complex differentiability

With the relevant notions of limit having been recalled, we can give the
definition of a (complex) derivative. In fact, it is the same as the definition
of real derivative, but with complex numbers in place of reals.

Definition 1.1.1 (Complex differentiability). Let a € C, and suppose that
f U — C is a function, where U C C is an open set containing a. In
particular, f is defined on some ball B(a, ). Then we say that f is (complex)
differentiable at a if

o 12— (@

im

z—a zZ—a

exists. If the limit exists, we write f’(a) for it and call this the derivative of
f at a.

Since we will be talking exclusively about functions on C, we just use the
terms differentiable/derivative and omit the word ‘complex’. The following
lemma collects the basic facts about derivatives. We omit the proof, which
is essentially identical to the real case.

Lemma 1.1.2. Let a € C, let U be a neighbourhood of a and let f,g: U —
C.

1. (Sums, products) If f,g are differentiable at a then f + g and fg
are differentiable at a and (f + g)'(a) = f'(a) + ¢'(a), (fg)(a) =
f(a)g(a) + f(a)g'(a).

2. (Quotients) If f,g are differentiable at a and g(a) # 0 then f/g is
differentiable at a and

(f/9) (a) =

3. (Chain rule) If U and V are open subsets of C and f: V — U and
g: U — C are functions, where f is differentiable at a € V and g is
differentiable at f(a) € U, then g o f is differentiable at a with

(go f)(a)=4g'(f(a)f (a).
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Just as in the real case, the basic rules of differentiation stated above
allow one to check that polynomial functions are differentiable: using the
product rule and induction one sees that z" has derivative nz"~! for all
n > 0 (as a constant obviously has derivative 0, and f(z) = z has derivative
1). Then by linearity it follows every polynomial is differentiable.

Just as in the real-variable case (Prelims Analysis II) one can formulate
complex differentiability in the following form, which is in fact the better
form to use in most instances including the proof of Lemma

Lemma 1.1.3. Let a € C, let U be a neighbourhood of a and let f : U — C.
Then f is differentiable at a, with derivative f'(a), if and only if we have

f(z) = f(a) + f(a)(z — a) + £(2)(z — a),
where (z) = 0 as z — a.

It is an easy exercise to check that this definition is indeed equivalent to
(really just a reformulation of) the previous one.

Finally, we give an important definition.

Definition 1.1.4 (Holomorphic function). Let U C C be an open set (for
example, a domain). Let f: U — C be a function. If f is complex differen-
tiable at every a € U, we say that f is holomorphic on U.

Sometimes one says that f is holomorphic at a point a; this means that
there is some open set U containing a on which f is holomorphic.

Remark 1.1.5. Some authors prefer to use the term analytic instead of holo-
morphic. Strictly speaking, an analytic function is a function f that is
infinitely differentiable and its Taylor series converges to f. This looks like
a much stronger property, but later in this course we will see that these two
properties are equivalent.

This is the first time we can see something very special about complex
analysis. In real analysis, there are functions that are differentiable but not
twice differentiable, that are twice differentiable but not thrice etc. There are
even functions that are infinitely differentiable but not analytic. So in the
real analysis classes of differentiable, twice differentiable, thrice differen-
tiable, ..., infinitely differentiable and analytic functions are all different.
In complex analysis they are all the same.
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1.2 Cauchy-Riemann equations

A function from C to C may also be thought of as a function from R? to R?,
and it is useful to study what differentiability means in this language and
compare it with our notion of complex differentiability.

Let zg € C, and let U be a neighbourhood of zy. Let f : U — C be
a function. We abuse notation and identify C = R? in the usual way, and
identify zg with (zg, yo) (thus zo = 2o + iyp). Then (again with some abuse
of notation) we may think of U as an open subset of R? and write f = (u,v),
where u,v : R? — R (the letters u,v are quite traditional in this context,
and sometimes we call these the components of f). Another way to think of

this is that f(z) = f(z +iy) = f(z,y) = u(z,y) + iv(z,y).

Example 1.2.1. Consider the function f(z) = 2z? (which is holomorphic on
all of C). Since (z +iy)? = (22 — y?) + 2izy, we see that the components of
f are given by u(z,y) = 22 — 32, v(z,y) = 22y.

In the Metric Spaces course we have defined the notion of partial deriva-
tives of a function u : R? — R

d,u(a) = lim M0 HP202) — Ul 02
—

(if the limit exists) and

. u(ar, a2 + k) —u(ay, az)
dyu(a) := lim .
yula) k—0 k
It is important to note that h,k in these limits are real. We define partial
derivatives of v in the same way.
An important fact is that if f is differentiable then these partial deriva-
tives do exist, and moreover, they are subject to a constraint.

Theorem 1.2.2 (Cauchy-Riemann equations). Let zy € C, let U be a neigh-
bourhood of zy, and let f : U — C be a function which is complex differ-
entiable at zy. Let u,v : R> — R be the components of f. Then the four
partial derivatives Oyu, Oyu, Oyv, Oyv exist at zg. Moreover, we have the
Cauchy-Riemann equations

Opu = Oyv, 0Oyv = —0yu, (1.2.1)
and f'(z0) = Opu(20) + i0zv(20)-

Remark 1.2.3. By the Cauchy-Riemann equations, there are in fact four
different expressions for f’(zp) using the partial derivatives.
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Remark 1.2.4. The important point to take away from Theorem[I.2.2]is that
a complex differentiable function is much more than simply a pair of real
differentiable functions. For instance, the function f(z) = Rez. For this
function u(z,y) = x and v(z,y) = 0. This function is as differentiable as
one could wish for from the real point of view, but it is not a complex differ-
entiable function since the Cauchy-Riemann equations fail to hold. Indeed,
Opu=1# 0= 0yv.

Exercise 1.2.5. Use the definition of complex differentiability to verify
directly that the function f(z) = Rez is not differentiable anywhere.

Proof. By the definition of complex differentiability

Fo) — tim T =120,

Z—r20 Z— 20

In particular, this shows that the limit exists and is the same if we consider
a particular way in which z approaches zg. First, we consider z = zg + h
where h is real and h — 0. Then we can see that

u(xo + h,yo) + iv(zo + h,yo) — u(xo, yo) — (o, Yo)
h

) = i

iy @0+ o yo) — ulzo, yo) i lim v(zo + h, yo) — v(20, Yo)
h—0 h h—0 h
= Ozu(20) + 10,v(20).
In the second line we used that h is real and that a limit of a complex
function exists if and only if limits of its real and imaginary parts exist
and are equal to the real and imaginary parts of the function’s limit. In
particular, this proves that d,u and 0,v exist and

f'(20) = Opu(z0) + i0v(2).

Next, we consider a different way to approach zg. Let us consider z =
2o + th where h is real and h — 0. As before

w(zo, yo + h) + iv(zo, yo + h) — u(zo,yo0) — 1v(zo, Yo)

f'(=z0) = Jim

th
= —7 lim U(ZL‘O’ Yo + h) B U(l’o, yO) + lim U('Ioa Yo + h) - /U(:L‘Oa yO)
h—0 h h—0
= —i0yu(2p) + 0yv(20).
Here, we use essentially the same argument and the fact that 1/i = —i. This

proves that d,u and Jyv exist and

f'(20) = —i0yu(z0) + dyv(20).
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Combining two different expressions for f'(zp) we get
Opu(20) + 10,v(20) = —i0yu(2o) + 0yv(20).

Equating real and imaginary parts of both sides and using that the partial
derivatives are real we get the Cauchy-Riemann equations. O

There is an alternative way of proving Theorem [1.2.2] which also explains
the difference between real and complex differentiability.

Alternative proof of Theorem [1.2.3. First, we show that the function f is
real-differentiable. We know that complex differentiability implies that

f(2) = f(20) + f'(20) (2 = 20) + €(2) (2 — 20), (1.2.2)

where €(z) — 0 as z — z9. Next, we want to rewrite this expression in real
terms, i.e. identifying C with R%. Writing f’(z0) = re® = rcosf + irsin 6
we can rewrite the derivative term f'(z0)(z — 29) as

rcosf(z —xo) —rsinf(y —yo)\ _ [rcosf —rsinb) [z —xq
<rcos€(y —yo) + rsinf(z — x0)> n (rsine rcosf ) (y - y0> ’

(1.2.3)
Hence this term is just a linear transformation given by a simple matrix.
We can see that geometrically this linear transformation is very simple. It
is just a rotation by angle # and scaling by factor r. This should not be
surprising since multiplication by a complex number re? is equivalent to
multiplying the modulus by r and adding 6 to the argument. This is exactly
the scaling by r and rotation by 6.

Recall from the Matric Spaces course that a function f : R? — R? is real
differentiable at zo = (o, yo) if there is a linear function L = df,, : R? — R?
such that

f(z) = f(z0) + L(z — 20) + R(2)
where |R(2)|/|z — 20| — 0 as z — 2p and L in the standard basis (that
conveniently coincide with our use of real and imaginary parts) is given by

the matrix
<<9zu(xo,yo) 8yu(300,y0)>
9zv(20,90)  Iyv(wo,Yo)
where 0,u, Oyu, 0,v and Jyv are partial derivatives of v and v.
Comparing this with formulas (1.2.2)) and (1.2.3)) we can see that f is
indeed real differentiable, partial derivatives of u and v exist and

((%u(xo,yo) 8yu(:c0,y0)> B <rc086’ —rsin@)

0xv(20,Y0) Oyv(x0,Yo) rsinf@ rcos6
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This immediately gives the Cauchy-Riemann equations and that f'(z9) =
rcos B + irsin @ = O, u(xo, yo) + 10:v(xo, Yo)-
O

Remark 1.2.6 (non-examinable). The second proof sheds some light on the
difference between real and complex differentiability. In both cases f(z) —
f(20) can be well approximated by a linear function.But in one case it is real
linear and in the other case it is compler linear. Being complex linear is a
stronger property since the set of scalars is larger. So any complex linear
function is real linear, but not the other way round. A real matrix of any
complex linear transformation has a very special form as in .

The Cauchy-Riemann equations are essentially the only requirement for
complex differentiability.

Theorem 1.2.7. Suppose that U C C is open and that f : U — C is a
function. Let the components of f be (u,v), where u,v : R? — R. Suppose
that all four partial derivatives Oyu, Oyu, Oyv, Oyv exist, are continuous in
U, and satisfy the Cauchy-Riemann equations. Then f is holomorphic on
U with derivative O u + i0,v.

Proof. The heavy lifting for this theorem has been done in the Metric Spaces
course. Theorem 1.3.1 from the Metric Spaces lecture notes tells us that the
existence of continuous partial derivatives implies that f is real differen-
tiable. So for any zg € U

f(2) = f(20) + L(2 — 20) + R(2)

where L = df,, is a real linear transformation with the matrix (in the stan-
dard basis)

<3xu(3€07y0) 8yu(mo,y0)>
0zv(z0,%0)  Oyv(T0,Y0)

and |R|/|z — z0| — 0. Using the Cauchy-Riemann equation it can be rewrit-
ten as
<axu($o,y0) —C%U(xo,yo))
Ozv(z0,90)  Fwulzo,y0) )
As we have discussed in the second proof of Theorem this matrix cor-
responds to the complex multiplication by d,u(xo, yo) + i0,v(xo, yo). Hence

f(2) = f(20) + (9zu(zo, yo) + idzv(w0, Y0)) (2 — 20) + R(2).

This is exactly the formula from Lemma[I.1.3] which shows that f is complex
differentiable and f(z¢) = d,u(xo,yo) + i0zv(x0, Yo)- d
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The assumption that function is continuously differentiable is important.
Otherwise, we could have a function such that its partial derivatives satisfy
the Cauchy-Riemann ‘by coincidence’ and this is not enough to imply dif-
ferentiability.

Example 1.2.8. Let f(2) = zy/(2? + y?) for 2 # 0 and define f(0) = 0.
Then u = f and v = 0. It is easy to see that all partial derivatives at z9p = 0
vanish (since f = 0 along both axes) so they satisfy the Cauchy-Riemann
equations there. On the other hand, this function is not differentiable at 0,
it is not even continuous there.

Remark 1.2.9. Complex conjugation is a very natural and useful transfor-
mation of C but it completely ruins differentiability. Let f be differentiable
at zp and that f’(z9) # 0. Define g(z) = f(2) and h(z) = f(z). Then g is
not differentiable at zg and h is not differentiable at Zy. This can be checked
by direct computation of partial derivatives and checking that they do not
satisfy the Cauchy-Riemann equations.

The following basic fact will be established again later in the course in
a different way and in greater generality, but we will need it in this section
when establishing the basic properties of the exponential function.

Lemma 1.2.10. Suppose f : C — C is holomorphic and that f’ is identically
zero. Then f is constant.

Proof. Let the components of f be (u,v). By Theorem the partial
derivative 0 u exists and is zero. This means that, for fixed y, the function
x +— u(x,y) is differentiable with derivative zero. By the real-variable version
of the lemma we are trying to prove (which is a simple consequence of the
mean value theorem) we see that u(z,y) is constant as a function of z,
for fixed y. Similarly, since dyu exists and is zero, u(z,y) is constant as
a function of y, for fixed x. Therefore, for arbitrary (z,y) and (2/,y") we
have u(z,y) = u(z’,y) = u(2’,y’), which means that u is constant. By an
identical argument, v is constant. O

1.2.1 Wirtinger derivatives

Although we will not use them again in this course, we briefly mention
another way to state the Cauchy-Riemann equations.

Definition 1.2.11. Let f : U — C be a function with components (u,v),
and suppose that the partial derivatives of these exist. Then we define the
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Wirtinger (partial) derivatives by

0.1 1= 5 (Ouf —i0,F) = 5 (00 — 10, u + i (2 — i0y)v

and

1 1 1
Ocf = 5 Bof +10yf) = 5 (B +10,) u+ iz (9 + ;) .

Lemma 1.2.12. Let U be an open subset of C and let f: U — C. Then f
satisfies the Cauchy-Riemann equations if and only if Oz f = 0, moreover, in
this case f' =0, f.

Proof. Straightforward calculation. O

Remark 1.2.13 (Non-examinable). Wirtinger derivatives are very natural.

Let us write z = (2 + 2)/2 and y = (2 — 2)/(2¢) and pretend for a second that

we change the Variablesﬂ from (z,y) to (z,z). Then we get Wirtinger deriva-
tives from the change of variables formula.

Using this ‘change of variables’ any function of x and y can be written
as a function of z and z. Then the Cauchy-Riemann equation could be
informally interpreted as the fact that f depends on z but not on z and
f' = 0.f. Although Wirtinger derivatives are not partial derivatives with
respect to z and Z, they behave like this for all practical purposes. For
example, let us consider f(z) = 22 + y? = |z|?> = 2z. A simple computation
shows that

0,22 = 0,f = %(21’ —i2y) =z

and .
0:2Z = 0z f = 5(21’ +1i2y) = 2.

In light of this, Remark becomes very natural. If f is differentiable
and g = f then

1 , 1
0:9 = 5(0rg +i0,9) = 50uf =10, = 8.5 = J'.

So, unless f’ = 0, function g is not holomorphic. On the other hand, it satis-
fies a different equation 0,¢g = 0. Such functions are called anti-holomorphic
functions.

Finally, it is very important to remember that although this remark gives
valuable intuition, it is not rigorous and can not be used in proofs.

1This is not really true since as complex variables z and Z are not independent variables
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1.3 Harmonic functions

In this brief section, we introduce the notion of a harmonic function and the
relation of this concept to complex differentiability. We will return to this
in much more detail later in the course.

We begin with the basic definitions.

Definition 1.3.1. Suppose that v : R?> — R is a function on some open
set U C R? which is twice differentiable (that is, the partial derivatives
themselves have partial derivatives). Then we define the Laplacian Au =
Ogatt + Oyyu, where Oyt = 0,(0,u) = 0?u and similarly for Oyyu.

Definition 1.3.2. Suppose that u : R?> — R is a function on some open
set U C R? which is twice differentiable. Then we say that u is harmonic if
Au=0.

The reason for introducing this notion here is the following important
result.

Theorem 1.3.3. Let U C C be open, and suppose that f : U — C is
holomorphic. Let the components of f be (u,v), and suppose that they are
both twice continuously differentiable. Then u and v are harmonic.

Proof. From the Cauchy-Riemann equations,
Opatt = Ogyv (= 0,0y0), Oyyu = —0ya0.

However, one knows (Prelims) that under the stated conditions we have the
symmetry property of partial derivatives

Opy¥ = Oyz0,
and the result follows. O

Let us make some further comments on this result:

e We will show later in the course that a holomorphic function such as
f is in fact infinitely (complex) differentiable. (This is a rather re-
markable and important fact, not true at all in real-variable analysis.)
Therefore the assumption that u, v be twice differentiable is automat-
ically satisfied and can be omitted in the statement of the theorem,
once one has established that result later in the course.
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e The symmetry of mixed partial derivatives means that we can factorise
A = (0y —i0y)(0z +10y). So in terms of Wirtinger derivatives we can
write A = 40,0s.

e If u,v: R? — R are harmonic functions such that f(z) = u(z) + iv(z)
is holomorphic, we say that v and v are harmonic conjugates.

e [Non-examinable] It can be shown that if u is harmonic in a simply
connected domain i.e. a domain without holes (we will discuss it in
more detail later), then it has a harmonic conjugate v and so it is a
real part of a holomorphic functions.

1.4 Power series

In this section we look at the power series of a complex variable. Much of
the theory parallels the real-variable theory as seen in Prelims Analysis I1
and the proofs go over verbatim. For the most part we will omit them.

A (formal) power series is really just a sequence (ay)32, of complex num-
bers, but we call it a power series because we are interested in understanding
o2 o anz". A priori, however, this sum may not converge for even a single
nonzero z; nonetheless, it is conventional to write )~ a,2", rather than
be technically formal and correct and refer to the sequence (a,)5.

We say that a power series > 7 anz" converges at a point z if the
sequence of partial sums Zﬁzo anz™ tends to a limit as K — oo. For such z,
Y2y anz" makes sense as an actual complex number.

Definition 1.4.1 (Radius of convergence). Let Y > a,2" be a power se-
ries, and let S be the set of z € C at which it converges. The radius of
convergence of the power series is sup{|z| : z € S}, or oo if the set S is
unbounded. Note that .S is always nonempty since 0 € S.

The following result is mostly, but not entirely, in Prelims Analysis I.
We will prove it again, albeit at a moderately high speed.

Proposition 1.4.2. Let > _,anz" be a power series, let S be the subset
of C on which it converges and let R be its radius of convergence. Then we
have

B(0,R) C S C B(0,R). (1.4.1)



12 CHAPTER 1. COMPLEX DIFFERENTIABILITY

The series converges absolutely on B(0, R) and if 0 < r < R then it converges
uniformly on B(0,r). Moreover, we have

1
— = limsup |a,|"/™. (1.4.2)
R n

Remark. The statement is uncontroversial when 0 < R < oco. Suitably
interpreted, the proposition makes sense when R = 0 and R = oo as well,
and we consider the statement to include these cases:

e When R = 0, one should take B(0,R) = () and B(0,R) = {0}, so
is the statement that S C {0} in this case (which is trivial).
Statement should be taken to mean that limsup,, |a,|"/" = oo
(which is not so trivial).

e When R = oo, one should take B(0,R) = B(0,R) = C, so (1.4.1) is
the statement that S = C. Statement ([1.4.2)) should be taken to mean
that lim,, oo |an\1/” =0.

Proof. We begin with , which was essentially proven in Prelims. The
containment S C B(0, R) is immediate from the definition of the radius of
convergence (even when R = co). The other containment B(0, R) C S, as
well as the statement that the series converges absolutely on B(0, R), are
both consequences of the statement that the series converges uniformly on
B(0,r) when 0 < r < R. This is because B(0,R) = {J,_p B(0,r) (this is
also true when R = oc0).

Let us, then, prove this statement. By definition of R, there is some w,
|w| > r, such that ) >° jan,w™ converges. In particular, the terms of the
sum are bounded: |a,w™| < M for some M. But then if |z| < r we have

|an2"| = lanw"|| = < M|—|".
w w

The geometric series ) [ |" converges, since |w| > r. Therefore, by the
Weierstass test (for series) > > a,z™ converges uniformly for |z| < r.
Now we turn to the formula (1.4.2)), which is not always covered in
Prelims. Suppose the radius of convergence is R. Let 0 < r < R. By the
above, there is some w, |w| > r, such that |a,w"| < M for all n. We may
clearly assume that M # 0. Taking nth roots gives |a,|"/™|w| < MY/™. Since

M'Y™ — 1 as n — oo, this implies that limsup,, |a,|"/" < ﬁ < 1. Since

7 < R was arbitrary, it follows that lim sup,, |a,|"/" < +- (This is perfectly
legitimate when R = oo as well, with the interpretation that % = 0 in this
case.)
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In the other direction, suppose that limsup,, |an|1/ " = L and that L €
(0,00). If L' > L, this means that |a,|"/" < L’ for all sufficiently large n.
Therefore |a,2"| < |L'z|™ (for sufficiently large n), and by the geometric
series formula the series ), a,2" converges provided |z| < % Therefore
}12 > % Since L' > L was arbitrary, R > %, that is to say limsup,, |an|'/™ >

" The argument is valid with minimal changes when L = 0; we have
shown that R > % for all L’ > 0, and so R = oo, and so the inequality
lim sup,, |an|'/™ > + remains true (with the interpretation discussed above).

When L = oo, the inequality is vacuously true. Putting all this together

concludes the proof. O
The next lemma is about sums and products of power series.

Lemma 1.4.3. Let Y ° ja,2" and )y > by2" be power series with radii of
convergence Ry and Ra respectively. For |z| < min(Ry, Ra), write s(z),t(z)
for the functions to which these series converge.

1. The power series Y oo (an + by)2z™ converges in |z| < min(Ry, R), to
s(z) +t(2).

2. The power series Y " (> 11—, arby)2" converges in |z| < min(Ry, R),
to s(2)t(z).

Proof. See Prelims Analysis I Problem Sheet 7 (for the real variable case;
the complex case is the same). Note that min(R;, R2) is only a lower bound
for the radius of convergence in each case — it is easy to find examples where
the actual radius of convergence of the sum or product is strictly larger than
this. O

Next, we differentiate power series term by term.

Proposition 1.4.4 (Differentiation of power series). Let Y °  anz" be
a power series, with the radius of convergence R. Let s(z) be the func-
tion to which this series converges on B(0,R). Then power series t(z) =
>0 1 nayz""t also has radius of convergence R and on B(0, R) the power
series s is complex differentiable with s'(2) = t(z). In particular, a power
series is infinitely complex-differentiable within its radius of convergence.

Proof. This is proved in the real variable case Prelims Analysis IT (see The-
orem 8.16 in the current lecture notes); the proof adapts to the complex
case with trivial changes. O
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1.4.1 Power series about other points

We conclude with some remarks about power series about points zy other
than 0, which come up frequently in complex analysis.
Such power series are functions given by an expression of the form

flz) = Z an(z — 20)".
n=0

All the results we have shown above immediately extend to these more
general power series, since if

00
g(Z) = Z anzn7
n=0

then the function f is obtained from g simply by composing with the trans-
lation z — z — zg. In particular, the chain rule shows that

fl(z) = Z nan(z — 29)" L.
n=1

Remark 1.4.5. Let f(z) =Y " an(z —20)" be a function given by a power
series with positive radius of convergence R. Since the radius of convergence
for the derivative f/(z) = > na,(2—20)" ! is at least R > 0, it shows that f’
is also holomorphic in B(zp, R). By induction, all derivatives of f. Moreover,

f(Z(]) = aop, f/(z(]) = ay, etc, so
< (n)
=3 ey
n=0 ’

so f is given by its Taylor series. Such functions are called analytic. Theorem
proves that analytic functions are holomorphic. Later in the course we
will see that all holomorphic functions are analytic.

1.4.2 The exponential and trigonometric functions

With the basic facts about complex power series under our belt, we can
define some of the most important functions in mathematics as functions of
a complex variable.
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Example 1.4.6. The functions

o0

SR
n=0
o " Z2n
COS(Z) = ngo(_]') (271)"
and
' > " ZZ'rH-l
sin(z) = nzo(—l) m

are all holomorphic on all of C and their derivatives are given by term-by-
term differentiation of the series. In particular,

/ / . ./
exp = exp, cos = —sin, sin’ = cos.

Also
e = exp(iz) = cos z + isin z.

Clearly, when z is real these formulas coincide with definitions of real
exp, sin and cos from Prelims. This is a very natural way to extend a
function from R to C. Not all functions that are infinitely differentiable in
R can be extended to the complex plane.

Example 1.4.7. Consider f(x) = 1/(1 + x2). This is a perfectly nice real
function. It is real analytic and for every z¢ € R there is = r(x¢) > 0 such

that the Taylor series of f at xg converges to f in B(xg,r). In particular, these

power series can be used to extend f to some region in C. Of course, in this
particular case, there is a much simpler way to extend our function: we can
just write f(z) = 1/(1 + 22). This function is well defined and holomorphic

in C\ {i, —i}

Remark 1.4.8 (Non-examinable). Sometimes, extensions are not so simple
and it is not obvious that there is a natural maximal domain where the
extension exists and that extensions are unique.There is a rich and impor-
tant theory of analytic extensions, but it is beyond the scope of this course.

Example 1.4.9 (Non-examinable). One of the most important examples of
analytic extension is the Riemann zeta function. For real x > 1 we define

=3

n=1
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It is a standard fact that this series converges for all z > 1. With a little
bit of WOI“kH one can show that this series converges if we replace x by a
complex number z with Rez > 1. This is not a power series, so it is not
obvious that ¢ is holomorphic, but it can be shown that it is. Riemann has
shown that this function can be analytically extended to C\ {1}.

1.4.3 Properties of exponential and trigonometric functions

From the definition we can immediately see that

sin(—z) = —sinz, cos(—z) = cosz
and so ) ) ] )
e'LZ + 6—'LZ . e'LZ _ e—ZZ
cosz=——, sinzg=————
2 21

We can also see that hyperbolic sine and cosine are very closely related to
sine and cosine. They all defined by similar formulas in terms of exp, the
only difference is in the factor 1.

We can also properly understand Euler’s formula e? = cos 6 + i sin @ for
f € R. Note also that

The exponential function also satisfies the following extremely important

property.
Proposition 1.4.10. We have exp(z + w) = exp(z) exp(w).

Proof. Fix a € C, and consider the function f(z) = exp(z)exp(a — 2).
Differentiating and using the product rule and chain rule, we see that

f'(2) = exp(z) exp(a — 2) — exp(2) exp(a — z) = 0.
Therefore, by Lemma [1.2.10] f is constant. It follows that
f(2) = £(0) = exp(a),

that is to say
exp(z) exp(a — z) = exp(a).
Substituting a = z + w gives the stated result. O

Corollary 1.4.11. For z,y € R we have e**% = e%(cosy + isiny).

2In particular, we have not yet defined what n* means for complex z
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1.4.4 Logarithms and powers

There are several ways to define the real logarithm, but arguably the most
natural one is to say that log is the inverse of exp. Since in the real case
exp is a monotone function that maps (—oo,00) to (0,00), the logarithm is
uniquely defined for all positive real numbers.

In C things become immediately more complicated. From Corollary
we can see that the range of exp is C\ {0}, but the function is not
one-to-one. If e = z then e® ™2™ = z for any n € Z. In other words, if z
has a logarithm then it has infinitely manyﬂ It turns out that there is no
canonical choice of logarithm and, worse still, there is no way to define the
logarithm as a holomorphic function on all of C\ {0}. We will pay closer at-
tention to these points in the coming lectures, but for now we record the
following positive results.

The good news is that Corollary gives us a way to solve the equa-
tion exp(w) = z. By writing w = u + iv and z = |z|(cosf + isinf) we
get

eV = e"(cos(v) + isin(v)) = r(cosf + isinf) = z

This implies exp(u) = |z|, cos(v) = cosf and sin(v) = sinf. Since u is real
we must have u = log |z| and the last two equations imply that that v — 6
must be an integer multiple of 27.

At this point, there are two possible ways to continue. One is to accept
that the equation exp(w) = z has infinitely many solutions and define the
logarithm as a multifunction (this is like a function but it could have many
values) or to choose one of the solutions and to declare it to be the ‘right
one’. We will explore both possibilities but we will start with the second
one.

First, we will need a simple version of the Inverse Function Theorem.
Later in this course, we will have the full version.

Proposition 1.4.12 (Simplified Inverse function Theorem). Let f : U — C
be a holomorphic function. Let zg be a point in U and assume that there is
V C U containing zo such that f is one-to-one on V.— f(V) =W and the
inverse function g = f~': W — V is continuous. Then g is differentiable

at wo = f(20) and ¢'(wo) = 1/f'(z0).

Remark 1.4.13. The main difference with the usual inverse function theorem
is that here we assume the existence and continuity of the inverse function.

3This is exactly the same problem that we encounter trying to define sin™! and cos™!

in R.
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In Prelims we have shown that if f(z) is continuously differentiable and
f(xg) # 0, then f is locally monotone and this almost immediately implied
that f is locally invertible and the inverse is continuous. The main problem
is that C can not be ordered and monotonicity makes no sense. Eventually,
we will overcome this problem, but it will happen much later in this course.
The good news is that for many functions it is not too difficult to prove
that the inverse exists and is continuous, so Proposition |1.4.12] gives that
the inverse is holomorphic.

Proof. The proof is straightforward and essentially the same as in Prelims.
Let us consider f(z) = w — wo = f(20) and write

o) —glw) 2=z 1
w — wo f(z) = f(z0)  f'(20)
Here we used that z — 2z which follows from the continuity of g. O

Proposition 1.4.14. Slightly abusing notations we define D = C\ (—o0, 0].
That is, D is the complex plane minus the negative real axis (and 0). Define
the function Log : D — C as follows: if z = |z|e? with 0 € (—m, 7] then set

Log(z) :=log |z| + 4.

Then Log is holomorphic on D and

1
Log'(z) = —.
z

Remark 1.4.15. Tt might look like a circular argument since we define Log
in terms of log. But in fact, log is a real function that we have defined in
Prelims. So essentially, we define the complex logarithm in terms of the real
logarithm.

Definition 1.4.16. The values § € (—m, 7] such that z = |z|e? is called
the principal value of the argument of z and the function Log defined in
Proposition is called the principal value of the logarithm.

Remark 1.4.17. The notation Log is not universal. Many authors use log
for all versions of the logarithm. We will always use Log for the principal
value and other notations for other versions.

Proof of Proposition[1./.14, We are going to apply Proposition [[.4.12] and
in order to do so we just have to show that Log is a continuous inverse of
exp. It is an inverse by construction, so we just need to prove continuity.
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We know that |z| and log are continuous, so the real part of Log is
continuous, so it remains to show that the argument 6 = 6(z) is a continuous
function of z.

By the law of cosines

_ P+ [z R — [P
cos(0(z+ h) —0(2)) = CEIEE

It is easy to see that for all |z| > 0 this converges to 1 as h — 0. Since z € D
and 0 € (—m, ) this implies that 8(z + h) — 6(z). This completes the proof
that Log is continuous.

Note, that it is important that we exclude the negative real line from D.
If we were to include it and define the argument to be 7 there, then 8 would
not be continuous. For example, §(—1) = 7 but (—1—ie) — —7 as € — 0+.

By Proposition[1.4.12| Log is differentiable and its inverse is 1/ exp’(Log(z)) =
1/ exp(Log(z)) = 1/z. Since this argument works for any z € D, this proves
that Log is holomorphic in D and its derivative is 1/z. O

Remark 1.4.18. This argument is essentially the same as the proof of the
Inverse Function Theorem from Prelims. In a similar way one can prove a
complex version of this theorem. The main difficulty is in proving that if
f' # 0 then the function locally is one-to-one and there is a local inverse. In
Prelims, we have used monotonicity for this, but complex numbers are not
ordered and there is no way to generalise this argument. The result is still
correct, but we will not prove it here.

Remark 1.4.19. There is yet another possibility to prove that Log is holo-
morphic. We can write Log = u + iv where u = (1/2)log(z? + y?) and
v = arctan(y/x) and check that u and v are continuously differentiable and
satisfy the Cauchy-Riemann equations. Then, by Theorem Log is
holomorphic. The downside is that the expression for v is correct only for
x > 0, for other parts of D one has to write other similar expressions. This
argument is not very difficult, but has too many technicalities.

Remark 1.4.20. Finally, there is a completely different approach to the def-
inition of complex logarithm. As in R we can define the logarithm as the
integral of flz 1/w dw, but this requires the notion of the integral and there
are other subtleties so we do not use this approach. On the other hand, by
the end of this course you will see that this approach makes perfect sense.

Since we now have a version of the logarithm, we can define complex
powers as well:
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Definition 1.4.21. Let o,z € C and z # 0. Then we define the principal
value of z as exp(a Log(z)).

It is important to note that these versions of the logarithm and power
inherit many properties from their real counterparts, but not all of them.
For example

47ri/3) —27ri/3) —2mi_, Ami

= £ 5 = Log(e?) + Log(¢*?).

1 o, .1 V1
\/::\/jzz;é—z:i:\/:l.

1.5 Branch cuts and multifunctions

Log(e = Log(e

Similarly,

Many functions like logarithm, roots, and inverse trigonometric functions are
defined as functions that are inverse of functions that are not injective. So,
potentially, they could have many values. On the other hand, our definition
of a function does not allow this. One way to overcome this issue is to extend
the definition.

Definition 1.5.1. A multi-valued function or multifunction on a subset
UCCisamap f: U— P(C) assigning to each point in U a subsetﬂ of the
complex numbers.

Sometimes, like in the previous section with the principal value of the
logarithm or when we choose the positive square root of a positive real
number, we would like to make a unique choice of a value. This is formalized
in the following definition:

Definition 1.5.2. Let : U — P(C) be a multifunction. A branch of f on a
subset V' C U is a function g: V' — C such that g(z) € f(2), for all z € V.
If g is continuous (or holomorphic) on V' we refer to it as a continuous,
(respectively holomorphic) branch of f.

Definition 1.5.3. Suppose that f: U — P(C) is a multi-valued function
defined on an open subset U of C. We say that zp € U is not a branch
point of f if there is an open disk{ﬂ D C U containing zp such that there is

4We use the notation P(X) to denote the power set of X, that is, the set of all subsets
of X.

5In fact any simply connected domain — see our discussion of the homotopy form of
Cauchy’s theorem.
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a holomorphic branch of f defined on D\{zp}. We say z is a branch point
otherwise. When C\U is bounded, we say that f does not have a branch
point at oo if there is a holomorphic branch of f defined on C\B(0,R) C U
for some R > 0. Otherwise, we say that co is a branch point of f.

Branch cut for a multifunction f is a collection of curves in the plane
on whose complement we can pick a holomorphic branch of f. Thus branch
cuts must contain all the branch points.

Remark 1.5.4. In order to distinguish between multifunctions and functions,
it is sometimes useful to introduce some notation: if we wish to consider

z — z/2 as a multifunction, then to emphasize that we mean a multifunction
we will write [2!/2]. Thus [2'/?] = {w € C : w? = z}. Similarly we write
[log(z)] = {w € C : ¥ = z}. This is not a uniform convention in the

subject, quite often depending on the context Z1/2 might be a multifunction

or a branch of a multifunction or even the ‘main’ branch.

Example 1.5.5. Consider the square root ‘function’ f(z) = z!/2. Unlike
the case of real numbers, every complex number has a square root, but just
as for the real numbers, there are two possibilities unless z = 0. Indeed if
z =z + iy and w = u + iv has w? = z we see that

u2—v2:1:; 2uv =y,

and so

2o ErVERty? o —rd a4yl
B 2 o 2 '

where the requirement that u?,v? are non-negative determines the signs.
Hence taking square roots we obtain the two possible solutions for w satis-
fying w? = z. (Note it looks like there are four possible sign combinations
in the above, however the requirement that 2uv = y means the sign of u
determines that of v.) In polars it looks simpler: if z = re? then w =
\/Few/ 2. The tricky part is that we have to consider all possible values
of #. Note that is 6 is some possible value of the argument, then all other
possible value are of the form 0 + 27n, n € Z, so all possible values of w are
Vre?/2¢i™  The last factor takes one of two values 1 and —1 depending on
whether 7 is even or odd. So all solutions are +/re?/2.

To make this a single-valued function we have to make of choice of 6.
For example, we can do it by requiring 6 € [0, 27). This creates a branch in
C, but it is discontinuous along [0,00). On the other hand, it is continuous
and in fact holomorphic in a smaller domain D = C \ [0,00). In this case
[0,00) is the corresponding branch cut.

2
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Example 1.5.6. Another important example of a multi-valued function
which we have already discussed is the complex logarithm: as a multifunc-
tion we have [Log(z)] = {log(|z|) +i(0 + 2n7) : n € Z} where z = |z|e?. Tt
is important to note, that 6 is not defined uniquely, there are many possible
values of @ such that z = |z|e?, but they all different by integer multiples of
27, so the set of values [Log(z)] does not depend on the choice of §. To ob-
tain a branch of the multifunction we must make a choice of argument func-
tion arg: C — R which is continuous in some (smaller) domain D. Given
this choice, we may define a branch

Log(z) = log(|z|) + i arg(z), ze€D

which is a continuous function in D. This is exactly how we have constructed
the principal value of the logarithm in Proposition [[.4.14] It corresponds to
the branch cut [—oo, 0].

Instead, we can choose 6 differently, for example, § € [0,27). This
could correspond to a branch cut [0, 00) and the corresponding branch of the
logarithm will be holomorphic in D = C\[0, co]. The proof of holomorphicity
of this branch is exactly the same as the proof of Proposition

Example 1.5.7. Another important class of examples of multifunctions are
the complex power multifunctions z — [2%] where o € C: These are given
by

z +— exp(a - [log(z)]) = {exp(a-w) :w € C,e" = z}

Note this includes the square root multifunction we discussed above, which
can be defined without the use of the exponential function. Indeed if o =
m/n is rational, m € Z,n € Zsg, then [2¢] = {w € C : w™ = 2"}. For
a € C\Q however, we can only define [2%] using the exponential function.
Clearly from its definition, anytime we choose a branch L(z) of [log(z)] we
obtain a corresponding branch exp(a.L(z)) of [z%]. If we pick L(z) to be the
principal branch of [log(z)], then the corresponding branch of [2?] is called
the principal branch of [z%].

Multivalued logarithm and power functions share a lot of nice properties
with their real counterparts.

Proposition 1.5.8. For a,z,w € C with z,w # 0
[log 2] + [log w] = [log zw],

and
[z [w®] = [(zw)“].
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Proof. Let 6 and ¢ be some values of arg(z) and arg(w), then [logz] =
{log |z| 4+ i0 + 2win,n € Z} and [logw] = {log|w| + i¢ + 2wik, k € Z}.
Adding two sets term-by-term we get

[log z] + [log w] ={log |z| + log |w| + (0 + @) + 27i(k +n), k,n € Z}
={log |zw| + (0 + ¢) + 2wim, m € Z} = [log(zw)].

Similarly,
[2%] = {|2]| exp(iaf + ia2min)}

[w] = {|w|* exp(iag + ia2mik)}
and multiplying them term-by-term we get
(29 [w*] ={|zw|* exp(ia(f + ¢) + ia2mi(n + k), k,n € Z}
={|zw|" exp(ia(f + ¢) + ic2mim, m € Z} = [(zw)?].
0

Remark 1.5.9. Not all properties of real functions are valid for complex
multifunctions. For example, in general,

[2°][27] # [277).
This can be seen by considering
22 = (=1, 11,1} = {-1,1} # {1} = [1'].

Some operations with multifunctions are a bit counter-intuitive, so one
has to be very careful. One such example is given by the following exercise.

Exercise 1.5.10. Let z be any non-zero complex number. Then [log(—z)?] =

[log 2], by Proposition this implies [log(—2z)] + [log(—=z)] = [log 2] +
[log z], so 2[log(—z)] = 2[log 2] and [log(—2z)] = [log z].
The last conclusion is clearly wrong since

[log 2] = {log |z| 4 i0 + 2mik, k € Z}
llog(—2)] = {log|2| + i0 + i + 2mik, k € Z}.

Where is a mistake in this argument?
Example 1.5.11. Let F(z) be the multi-function
(14 2)%] = {exp(a-w):w e C,exp(w) =1+ z}.

Using Log(z) the principal branch of [log(z)] we obtain a branch f(z) of
[(1+2)°] given by f(z) = exp(a-Log(1+2)). Let ({) = Fa-(a—1)...(a—
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k+1). We want to show that a version of the binomial theorem holds for
this branch of the multifunction [(1 4 2)¢]. Let

By the ratio test, s(z) has a radius of convergence equal to 1, so that s(z)
defines a holomorphic function in B(0,1). Moreover, you can check using
the properties of power series established in a previous section, that within
B(0,1), s(z) satisfies (1 + 2)s'(z) = a - s(2).

Now f(z) is defined on C\(—o0,—1), and hence on all of B(0,1). More-
over f'(z) = a/(1+z). We claim that within the open ball B(0, 1) the power
series s(z) = Y07 () 2" coincides with f(z). Indeed if we set

n=0
9(z) = s(z) exp(—f(2))
then g(z) is holomorphic for every z € B(0, 1) and by the chain rule

g'(2) = (5'(2) = s(2)f'(2)) exp(—f(2)) = 0

since §'(2) = al'i(j). Also ¢g(0) =1 so g is constant and s(z) = f(2).

Here we use the fact that if a holomorphic function g has ¢’(z) = 0 on
B(0,1) then it is constant. We have already proven this for C and in fact the
same proof applies to B(0,1). Indeed, as we saw in the case of C, if ¢’(z) =0
for all z then ¢ is constant on any vertical and horizontal segment, which
clearly implies that ¢ is constant on B(0,1). We note that this follows also
from the following general result that we will prove soon: if a holomorphic

function g has ¢/(z) = 0 for all z in a domain U, then g is constant on U.

Example 1.5.12. A more interesting example is the function f(z) = [(2? —

1)1/ 2]. Using the principal branch of the square root function, we obtain a
branch f; of f on the complement of E = {2z € C: 22 —1 € (—0c0,0]}, which
one calculates is equal to [—1,1] UiR.

Another approach is to write [(22 — 1)1/2] = [(z — D)Y?][(z + 1)%/?] and
to define branches of both factors. For both factors we will use the branch
of 2!/ with the branch cut (—oo,0] which corresponds to using arg(z) €
(—m,m). This gives the branch

f(2) = |z — 1|12z + 1|2 exp(i01 /2) exp(ifa/2)

where 0; and 0y are arguments of z — 1 and z + 1 (see Figure|1.5.12). The
first factor uses the branch cut (—oo, 1] and the second (—oo,—1], so the
product has a branch cut (—oo, 1].
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—1
Figure 1.1: Defining the root of 22 — 1.

However let us examine the behaviour of the product: If z crosses the
negative real axis at Im (z) < —1 then #; and 63 both jump by 27, so that
(01462)/2 jumps by 27, and hence exp((61+62)/2) is in fact continuous. On
the other hand, if we cross the segment (—1,1) then only the factor v/z — 1
switches sign, so our branch is discontinuous there. In a sense this means
that jumps across (—oo, —1) cancel out and so the branch is continuous and
holomorphic outside of the cut [—1,1].
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Chapter 2

Paths and Integration

Paths will play a crucial role in our development of the theory of complex
differentiable functions. In this section, we review the notion of a path and
define the integral of a continuous function along a path.

2.1 Paths

Recall that a path in the complex plane is a continuous function ~: [a, b] —
C. A path is said to be closed if v(a) = v(b). The image of a path ~ is

{z€C:z=~(t), somet € [a,b]}.

In many cases, we will abuse notations and denote the image by ~ as well.
Usually, the meaning is clear from the context. In a few cases where it is
important to distinguish between the path and its image, we will denote the
image by v*.

Although for some purposes it suffices to assume that ~y is continuous, in
order to make sense of the integral along a path we will require our paths to
be (at least piecewise) differentiable. We thus need to define what we mean
for a path to be differentiable:

Definition 2.1.1. We will say that a path v: [a,b] — C is differentiable
if its real and imaginary parts are differentiable as real-valued functions.
Equivalently, v is differentiable at g € [a, b] if

IRTOES
t—to t— to

27
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exists, and then we denote this limit as 7/ (¢g). (If ¢t = a or b then we interpret
the above as a one-sided limit.) We say that a path is C! if it is differentiable
and its derivative ~/(¢) is continuous.

We will say a path is piecewise C' if it is continuous on [a,b] and the
interval [a, b] can be divided into subintervals on each of which v is C1. That
is, there is a finite sequence a = ap < a1 < ... < ay = b such that y|jq; 4,4,
is C'. Thus in particular, the left-hand and right-hand derivatives of v at
a; (1 <i<m—1) may not be equal.

For any path v: [a,b] — C we define the opposite path v~ by v~ : [0,b—
al] = C, v~ (t) =v(b—1t). As we will see later, integration is independent of
a particular parametrization. This means that for the purpose of this course
we can use any other version as long as is produces the opposite orientation.
Other standard choices are v(b+a —t) on [a, b] and v(ta+ (1 —t)b) on [0, 1].

If v1: [a,b] — C and 2 [¢,d] — C are two paths such that ~;1(b) = y2(c)
then they can be concatenated to give a path ~1 2 which traverses first 1,
and then 9. Formally 71 x 2 : [a,b+ d — ¢] — C where

_ [ (), t<b
71*’)/2(t)_{ 72(75*()‘1‘6), th

So a piecewise C'! path is precisely a finite concatenation of C! paths.

Remark 2.1.2. Note that a C! path may not have a well-defined tangent
at every point: if v: [a,b] — C is a path and +/(¢) # 0, then the line
{~v(t) + sv/(t) : s € R} is tangent to v*, however, if /() = 0, the image of
~ may have no tangent line there. Indeed consider the example of v: [-1,1] —

C given by
(1) = 2 —1<t<0
TW=1i2 o<t<1.

Since 7/(0) = 0 the path is C*!, even though it is clear there is no tangent
line to the image of v at 0. This shows that the image of a C' path can
have a ‘corner’.

If s: [a,b] — [c,d] is a differentiable map, then we have the following
version of the chain rule, which is proved in exactly the same way as the
real-valued case. It will be crucial in our definition of the integral of functions
f: C — C along paths.

Lemma 2.1.3. Let v: [¢,d] — C and s: [a,b] — [c,d] and suppose that s
is differentiable at ty and ~y is differentiable at so = s(tg). Then v o s is
differentiable at tg with derivative

(v08) (to) = 5'(to) - ' (s(t0))-
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Proof. Let €: [¢,d] — C be given by €(sp) = 0 and

¥(x) = 7(s0) + ' (s0)(x = s0) + (x — s0)e(2),

(so that this equation holds for all z € [¢,d]), then e(x) — 0 as * — s¢ by
the definition of 7/(sg), i.e. € is continuous at ty. Substituting z = s(¢) into
this we see that for all t # ¢y we have

V() = 9ls0) _ 50) = 5] (1)) 4 e(s(0))).

t—to t—to

Now s(t) is continuous at t( since it is differentiable there hence €(s(t)) — 0
as t — tg, thus taking the limit as ¢ — ty we see that

(vo5)(to) = s'(to) (7 (s0) + 0) = 5'(t0)"'(s(t0)),
as required. O

Definition 2.1.4. Let ¢: [a,b] — [c,d] be continuously differentiable with
#(a) = c and ¢(b) = d, and let v: [c,d] — C be a C'-path, then setting
¥ =~o0¢, by Lemma we see that 7: [a,b] — C is again a C'-path with
the same image as v and we say that 7 is a reparametrization of ~.

Definition 2.1.5. We will say two parametrized paths v;: [a,b] — C and
v2: [e,d] — C are equivalent if there is a continuously differentiable bijective
function s: [a,b] — [c, d] such that s'(t) > 0 for all ¢ € [a,b] and 71 = 20 s.
It is straightforward to check that equivalence is indeed an equivalence rela-
tion on parametrized paths, and we will call the equivalence classes oriented
curves in the complex plane. We denote the equivalence class of v by [7].
The condition that s'(¢) > 0 ensures that the path is traversed in the same
direction for each of the parametrizations ; and 3. Moreover, 7, is piece-
wise C! if and only if 75 is.

Remark 2.1.6. Note that if v: [a,b] — C is piecewise C'!, then by choosing a
reparametrization by a function v : [a,b] — [a, b] which is strictly increasing
and has vanishing derivative at the points where ~ fails to be C!, we can
replace v by 7 = v 0 to obtain a C'! path with the same image. For this rea-
son, some texts insist that C! paths have everywhere non-vanishing deriva-
tive.

In this course we will not insist on this. Indeed sometimes it is convenient
to consider a constant path, that is a path v: [a,b] — C such that v(¢) = zo
for all ¢ € [a,b] (and hence 7/(t) = 0 for all ¢ € [a, b]).
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Example 2.1.7. The most basic example of a closed curve is a circle: If
20 € C and r > 0 then the path z(t) = 2o +7re?™ (for t € [0, 1]) is the simple
closed path with positive orientation encircling zg with radius r. The path
Z(t) = 29 + re~ 2™ is the simple closed path encircling 2o with radius » and
negative orientation.

Another useful path is a line segment: if a,b € C then we denote by
Yia,p): [0, 1] = C the path given by t +— a +t(b —a) = (1 —t)a + tb traverses
the line segment from a to b. We denote the corresponding oriented curve
by [a,b] (which is consistent with the notation for an interval in the real
line). Ome of the simplest classes of closed paths is triangles: given three
points a, b, ¢, we define the triangle, or triangular path, associated to them,
to be the concatenation of the associated line segments, that is v, . =

Ya,b] * Vb,c] * Vie,a)-

2.2 Integration along a path

To define the integral of a complex-valued function along a path, we first
need to define the integral of functions f: [a,b] — C on a closed interval
[a, b] taking values in C. Last year in Analysis III the Riemann integral was
defined for a function on a closed interval [a, b] taking values in R, but it is
easy to extend this to functions taking values in C: Indeed we may write
f(t) = u(t) +iv(t) where u, v are functions on [a, b] taking real values. Then
we say that f is Riemann integrable if both u and v are, and we define:

/ab F(t)dt = /:u(t)dt +z'/abv(t)dt

It is easy to check that the integral is then complex linear, that is, if fi, fo
are complex-valued Riemann integrable functions on [a,b], and «, € C,
then af1 + B f2 is Riemann integrable and

/ o+ Bt = / i+ 8 / ' fudt.

Note that if f is continuous, then its real and imaginary parts are also con-
tinuous, and so, in particular, Riemann integrabldﬂ The class of Riemann
integrable (real or complex-valued) functions on a closed interval is however
slightly larger than the class of continuous functions, and this will be useful
to us at certain points. In particular, we have the following:

!t is clear this definition extends to give a notion of the integral of a function f: [a, b] —
R™ — we say f is integrable if each of its components is, and then define the integral to be
the vector given by the integrals of each component function.
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Lemma 2.2.1. Let [a,b] be a closed interval and S C [a,b] a finite set. If f
is a bounded continuous function (taking real or complex values) on [a,b]\S
then it is Riemann integrable on [a,b].

Proof. The case of complex-valued functions follows from the real case by
taking real and imaginary parts. For the case of a function f: [a,b]\S — R,
let a =29 < x1 < xg < ... <z = b be any partition of [a, b] which includes
the elements of S. Then on each open interval (z;,z;4+1) the function f is
bounded and continuous, and hence integrable. We may therefore set

/abf(t)dtz/: f(t)dt—k/:zf(t)dt—k..‘+/$:k1f(t)dt

The standard additivity properties of the integral then show that f; f(t)dt
is independent of any choices. O

Remark 2.2.2. Note that normally when one speaks of a function f being
integrable on an interval [a, b] one assumes that f is defined on all of [a, b].
However, if we change the value of a Riemann integrable function f at a
finite set of points, then the resulting function is still Riemann integrable
and its integral is the same. Thus if one prefers the function f in the previous
lemma to be defined on all of [a, b] one can define f to take any values at all
on the finite set S.

Lemma 2.2.3. Suppose that f: [a,b] — C is a complez-valued function.

Then we have ) )
| [ sl < [ 1rlat

Proof. First note that if f(t) = u(t) +4v(t) then | f(t)] = vVu? 4+ v? so that if
f is integrable then | f(t)| is also integrabl We may write f; f(t)dt = re®,
where € [0,00) and 0 € [0,27). Now taking the components of f in the
direction of € and e'(?*7/2) = jei? we may write f(t) = a(t)e?? + it (t)e®.
Then by our choice of § we have f; f(t)dt = e f; a(t)dt, and so

b b b b
[ o =| [Cawar < [ < [CIsola

where in the first inequality we used the triangle inequality for the Riemann
integral of real-valued functions. O

2The simplest way to see this is to use that fact that if ¢ is continuous and f is Riemann
integrable, then ¢ o f is Riemann integrable.
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We are now ready to define the integral of a function f: C — C along a
piecewise-C'! curve.

Definition 2.2.4. If v: [a,b] — C is a piecewise-C' path and f: C — C,
then we define the integral of f along v to be

b
/ f(2)dz = / S/ () ().

In order for this integral to exist in the sense we have defined, we have
seen that it suffices for the functions f(y(t)) and 7/(¢) to be bounded and
continuous at all but finitely many ¢. Our definition of a piecewise C'-path
ensures that 7/(¢) is bounded and continuous away from finitely many points
(the boundedness follows from the existence of the left and right-hand lim-
its at points of discontinuity of 4/(¢)). For most of our applications, the
function f will be continuous on the whole image v* of v, but it will occa-
sionally be useful to weaken this to allow f(v(t)) finitely many (bounded)
discontinuities.

Lemma 2.2.5. Ifv: [a,b] — C be a piecewise C' path and 7: [c,d] — C is
an equivalent path, then for any continuous function f: C — C we have

[yf(z)dz:[yf(z)dz.

In particular, the integral only depends on the oriented curve [7].

Proof. Since 4 is equivalent to « there is a continuously differentiable func-
tion s: [¢,d] — [a,b] with s(c) = a, s(d) = b and §'(t) > 0 for all ¢ € [¢,d].
Suppose first that v is C'. Then by the chain rule, we have

d
/ f(2)dz = / FOs(E)) (0 ) (8)dt
"}/ C
d

where in the second last equality we used the change of variables formula.
Ifa=x0<z <...<x, =Dbis a decomposition of [a,d] into subintervals
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such that ~ is C' on [, 2;41] for 1 < i < n—1 then since s is a continuous
increasing bijection, we have a corresponding decomposition of [c, d| given
by the points s !(x9) < ... < s !(x,), and we have

d
/f@ﬂzzj‘ﬂwdmvwwwﬁMt

Ywiga

n—1 s )

= s /(s S(Dd
9 IO OROY
n—1 Tit1

=X [ @) @

i=0 V7T
=Aﬂmwwmwzﬁﬂmw

where the third equality follows from the case of C'! paths established above.
O

Definition 2.2.6. If v: [a,b] — C is a C! path then we define the length of
7 to be

b
awz/www

Using the chain rule as we did to show that the integrals of a function
f: € — C along equivalent paths are equal, one can check that the length of
a parametrized path is also constant on equivalence classes of paths, so, in
fact, the above defines a length function for oriented curves. The definition
extends in an obvious way to give a notion of length for piecewise C''-paths.
More generally, one can define the integral with respect to arc-length of a
function f: U — C such that v* C U to be

b
[ 1@ = [ romh o

This integral is invariant with respect to C'! reparametrizations s: [¢,d] —
[a,b] if we require s'(t) # 0 for all t € [c,d] (the condition s'(t) > 0 is not
necessary because of this integral takes the modulus of 4/(¢)). In particular
ty) = £(v7)-

Remark 2.2.7 (Non-examinable). It is possible to relax the assumption that
7 is (piecewise) C' and replace it with the assumption that it has a finite



34 CHAPTER 2. PATHS AND INTEGRATION

length. The length can be defined using partitions (like in the definition of

the Riemann integral) so we don’t even need 7 to be differentiable. Such curves

are called rectifiable. With minimal modifications, everything we do in this
course can be done for rectifiable curves.

The integration of functions along piecewise smooth paths has many of
the properties that the integral of real-valued functions along an interval
possesses. We record some of the most standard of these:

Proposition 2.2.8. Let f,g: U — C be continuous functions on an open
subset U C C and 7, 7: [a,b] — C be piecewise-C paths whose images lie in
U. Then we have the following:

1. (Linearity): For o, € C,

L (@f(2)+ g2z = a |

v

f(z)dz —I—ﬁ/g(z)dz.

~

2. (Orientation): If v~ denotes the opposite path to ~ then

/7 f(z)dz = — /7 f(2)dz.

3. (Additivity): If v n is the concatenation of the paths v,n in U, we
have

. f(z)dz = L F(2)dz + /77 f(2)dz.

4. (Estimation Lemma.) We have

| [ #)de] < sup 1) e,
% zey*

Proof. Since f, g are continuous, and v, n are piecewise C', all the integrals
in the statement are well-defined: the functions f(v(¢))y'(t), f(n(t))n'(t),
g(v(®))Y'(t) and g(n(t))n'(t) are all Riemann integrable. It is easy to see that
one can reduce these claims to the case where v is smooth. The first claim
is immediate from the linearity of the Riemann integral, while the second
claim follows from the definitions and the fact that (y7)'(t) = —/'(a+b—1).
The third follows immediately for the corresponding additivity property of
Riemann integrable functions.

For the fourth part, first note that y([a, b]) is compact in C since it is the
image of the compact set [a,b] under a continuous map. It follows that the
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function |f| is bounded on this set so that sup,c(qp) [f(2)| exists. Thus

we have
b
2)dz| = "(t)d
| / Fe| = | [ s o
< / FO ) ()]t
< sup |f(= r/w )/ dt

zEY*

= sup [f(2)[€(7)-

zEeY*

where for the first inequality we use the triangle inequality for complex-
valued functions as in Lemma and the positivity of the Riemann inte-
gral for the second inequality. O

Remark 2.2.9. We give part (4) of the above proposition a name (the “esti-
mation lemma”) because it will be very useful later in the course. We will
give one important application of it now:

Proposition 2.2.10. Let f,: U — C be a sequence of continuous functions
on an open subset U of the complex plane. Suppose that 7: [a,b] — C is
a path whose image is contained in U. If (f,) converges uniformly to a
function f on the image of v then

w(2)dz — dz.
Proof. We have

/vf(z)dz—/vfn(z)dz

JUCE A
< sup{1£(2) — Ful2)}E(),

zeY*

by the estimation lemma. Since we are assuming that f,, tends to f uni-
formly on v* we have sup{|f(z) — fn(2)| : 2 € v*} — 0 as n — oo which
implies the result. O

Definition 2.2.11. Let U C C be an open set and let f: U — C be a
continuous function. If there exists a differentiable function F': U — C with
F'(2) = f(2) then we say F is a primitive for f on U.
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We will need a version of the chain rule for the composition of a complex
with a real function:

Lemma 2.2.12. Let U be an open subset of C and let f: U — C be a
holomorphic function. If v: [a,b] — U is a (piecewise) C1-path, then f(v(t))
1s differentiable at any t where v is differentiable and

0@ = (@) -+ (@)

Proof. Assume that v is differentiable at ¢y € [a,b] and let zp = y(t9) € U.
By definition of f’, there is a function €(z) such that

f(2) = f(20) + f'(20) (2 — 20) + €(2)(z — 20)
where €(z) — 0 = €(20) as z — zp. But then

(@) = f(r(to)) _ £(z0) - V() —~(to)
t—to t—to

1) = ~(to)
t—to

+e(y(t)) -

But now consider the two terms on the right-hand side of this expression:
the first term, as t — to tends to f’(z0)(7/(tp)). On the other hand, for
the second term, since Wi:izo(to) tends to v/(tg) as t tends to ¢y, we see that
~v(t) — y(to)/(t — to) is bounded as t — tp, while since ~(¢) is continuous
at to since it is differentiable there, €(y(t)) — €e(v(to)) = €(z0) = 0. It
follows that the second term tends to zero, so that the left-hand side tends
to f'(20)(7'(to)) as t — to, as required. O

The fundamental theorem of calculus has the following important con-
sequenceﬂ

Theorem 2.2.13. (Fundamental theorem of Calculus): Let U C C be open
and let f: U — C be a continuous function. If F: U — C is a primitive for
f and vy: [a,b] — U is a piecewise C* path in U then we have

/ﬂawszw»ﬂw@»
Y

In particular, the integral of such a function f around any closed path is
zero.

3You should compare this to the existence of a potential in vector calculus.
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Proof. First suppose that v is C!. Then we have
b
[ #eds= [ Pz = [ Fompod
v Y a
b d

= [ G e
= F(y(b)) — F(v(a)),

where in the second line we used the chain rule (lemma and in the last
line we used the Fundamental Theorem of Calculus from Prelims analysis
on the real and imaginary parts of F o~.

If v is onlyﬁ piecewise C', then take a partition a = ag < a1 < ... <
ap = b such that v is C' on [a;, a;41] for each i € {0,1,...,k —1}. Then we
obtain a telescoping sum:

Finally, since 7 is closed precisely when ~y(a) = 7(b) it follows immedi-
ately that the integral of f along a closed path is zero. O

Remark 2.2.14. If f(z) has finitely many points of discontinuity S C U
but is bounded near them, and ~(t) € S for only finitely many ¢, then
provided F is continuous and F’ = f on U\S, the same proof shows that
the fundamental theorem still holds — one just needs to take a partition of
[a,b] to take account of those singularities along with the singularities of
v ().

Theorem [2.2.13| already has an important consequence:

Corollary 2.2.15. Let U be a domain and let f: U — C be a function with
f'(2) =0 for all z€ U. Then f is constant.

4The reason we must be careful about this case is that the Fundamental Theorem of
Calculus only holds when the integrand is continuous.
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Proof. Pick zp € U. It has been shown in the Metric Spaces course that an
open connected set of a normed space (in particular C) is path-connected
and in fact even polygonally connected, i.e. any two points of the set can
be connected by the concatenation of finitely many line segments. It follows
that any point w of U can be joined to zg by a piecewise Cl-path «: [0,1] —
U so that v(0) = zp and y(1) = w. Then by Theorem we see that

f(w) — f(z0) = / f(2)dz = 0,
v

so that f is constant as required. O

The following theorem is a kind of converse to the fundamental theorem:

Theorem 2.2.16. If U is a domain (i.e. it is open and path connected)
and f: U — C is a continuous function such that for any closed path in U
we have fv f(2)dz =0, then f has a primitive.

Proof. Fix zy in U, and for any z € U set
F(z) :/f(z)dz.
v

where ~v: [a,b] — U with vy(a) = 29 and y(b) = z.

We claim that F'(z) is independent of the choice of . Indeed if 1,72
are two such paths, let v = 71 x 7, be the path obtained by concatenating
71 and the opposite v, of 2 (that is, v traverses the path v; and then goes
backward along 73). Then 7 is a closed path and so, using Propositionm
we have

W:Lf&Mz:/;ﬂ@M+-%f@M@

hence since f,yr; f(z)dz = — [, f(z)dz we see that [ f(z)dz= [ f(z)dz.

Next, we claim that F' is differentiable with F’(2) = f(z). To see this,
fix w € U and € > 0 such that B(w,e) C U and choose a path 7: [a,b] — U
from zp to w. If z € B(w,e) C U, then the concatenation of v with the
straight-line path s: [0,1] — U given by s(t) = w + t(z — w) from w to z is
a path vy from zg to z. It follows that

F(z)— F(w)= [ f(z)dz— / f(2)dz

v

- </7 f(z)dz+}sf(z)dz) —/vf(Z)dZ
:lﬂ@@.
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But then we have for z # w

F(z) — F(w)

zZ—Ww

1
/ (w4 1z — w)) — f<w>>dt)

< sup |f(w+t(z—w))— f(w)] = 0as z—w
te(0,1]

- )] = | ([t it = w) e = wie) - )

as f is continuous at w. Thus F is differentiable at w with derivative F’(w) =
f(w) as claimed. O

Remark 2.2.17. Note that any two primitives for a function f differ by a
constant: This follows immediately from Corollary [2.2.15] since if F} and
F, are two primitives, their difference (F) — F3) has zero derivative.

The combination of all of these results means that a continuous function
has a primitive if and only if integrals around any closed path are equal to
zero. Let us compare this with the real case. Any continuous function on a
bounded interval is integrable and hence has a primitive. It is also easy to
see that the integral along any closed path is zero because in R closed paths
go back and forth and so cancel out. This is not the case in C as shown by
an example below.

Example 2.2.18. Let U = C\ {0} and f(z) = 1/z which is a continuous
function in U. Let v(t) = e : [0,27] — U be the unit circle. Then

27 1 )
/ f(z)dz = / —.tie“dt = 2mi # 0.
¥ o ¢
This shows that 1/z does not have a primitive in U.

It is important to keep in mind that whether a function has a primitive
depends not only on the function itself but also on the domain. In particu-
lar, 1/2 has a primitive in U = C \ (—o0, 0] since Log/(z) = 1/z where Log
is the principal value of the logarithm.

The argument above never used that Log is the principal value, any
branch will work. If L is a branch of the logarithm in some domain U, then
its derivative there must be 1/z, hence 1/z has a primitive in U.
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2.3 Cauchy’s theorem

In this section, we prove one of the most fundamental results about holo-
morphic functions. Essentially the rest of the course will be based on this
result. It has many different forms, here we will formulate some of them,
but full proofs are beyond the scope of this course, so we will only prove a
simpler version and give a brief indication of how the general result can be
proved.

Theorem 2.3.1 (Cauchy or Cauchy-Goursat Theorem). Let U C C be a
domain and v be a closed curve such that it and all bounded components of
C\~* are inside U. Let f be a function holomorphic in U. Then

L F(2)dz = 0.

Remark 2.3.2. Note that in this theorem we do not assume that ~ is simple.

We will start by proving this result in a very simple case when v = 7, ¢
is the boundary of a triangle.

Proof of Theorem for triangles. Let T = Ty be a triangle with vertices
A, B and C. Let v = 74 p,c be its boundary, Slightly abusing notationsﬂ we
will write v = 0T. We assume that it is positively (i.e. counter clockwise)
oriented. This is not important since reversing orientation changes the sign
but we will show that the integral is equal to zero, so the sign is irrelevant.

We split T into four similar triangles S;, @ = 1,...,4. New vertices are
mid-points of edges. See Figure for an illustration.

We claim that

4
8Tf(z)dz = ; s, f(z)dz.

The reason is very simple. The integral along the boundary of a triangle is
equal to the sum of integrals along its edges. Note that ‘new’ edges appear
twice with different orientations. For example, the edge [D, F| appears in
the boundary of S and [F, D] in the boundary of Sy. Since they have the
opposite orientation, integrals along them will cancel out. The remaining

5The main issue is that when we write va,B,c We use the concatenation of sides in
the counter-clockwise order starting from [A, B], in particular, A is the beginning and
the end of the curve. When we write 97", then we do not specify the orientation and
the starting point. On the other hand, the standard orientation in complex analysis is
counter-clockwise and it is easy to see that the integral does not depend on the starting
point.
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B
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Figure 2.1: Splitting the triangle into four similar triangles.

six integrals will add up to the integral along the boundary of the original
triangle.

Denote faT f =1 and assume that I # 0. In this case, there is one of S;
such that

F(2)dz) > 2111

0S;
We denote this smaller triangle by 77 and repeat the same process: split it
into four triangles and choose one with a large integral. This way we obtain
a sequence of triangles T,, such that T, C T},_1,

'/wn F(2)dz

UT,) = 27"4(T). (2.3.2)

1
> ] (2.3.1)

and

It is not hard to prove directly that there is zg = NT;,. Alternatively, we
have a nested family of compacts in a metric space and their diameters go
to zero. By a result from the Metric Spaces course, their intersection is a
single point.

Function f is differentiable at zg hence

f(2) = f(20) + f'(20)(2 = 20) + €(2) (2 — 20)
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where €(z) — 0 as z — zp. For any € > 0 there is 6 > 0 such that |e(2)| < e
for all z € B(zo,9).
Next, we choose n large enough so that T,, C B(zp, ). Then

(2)dz = /BTn (f(20) + f'(20)(z — 20)) dz + /8 €(2)(z — z0)dz.

0Ty Tn

The first integral vanishes since f(zo) + f'(20)(z — 20) is a linear function
which clearly has a primitive and so its integral along any closed contour is
zero. By the estimation lemma

f(2)dz| < el*(0T3,).

Ty

Here we used that |z — z9| < ¢(0T,,) since the distance between any two
points in a triangle is bounded by its perimeter.
Combining this with (2.3.1) and (2.3.2)) we have

1
s [ s

which leads to a contradiction if we choose e < |I|/¢?(0T). O

< eEQ(GT)Z%n

Next we show that for a large class of ‘nice’ domains our previous argu-
ment about triangular curves implies that the theorem is true for all curves.
We start with a couple of definitions.

Definition 2.3.3. Let X be a subset in C. We say that X is convez if for
each z,w € X the line segment between z and w is contained in X. We
say that X is star-like if there is a point 29 € X such that for every w € X
the line segment [zp, w| joining zp and w lies in X. We will say that X is
star-like with respect to zp in this case. Thus a convex subset is starlike
with respect to every point it contains.

Example 2.3.4. A disk (open or closed) is convex, as is a solid triangle or
rectangle. On the other hand a cross, such as [—2, 2] x[—1, 1]U[—1, 1] x[-2, 2]
is star-like with respect to the origin, but is not convex. See

Proof of Theorem for star-like domains. The proof proceeds similarly
to the proof of Theorem [2.2.16; by Theorem [2.2.13] it suffices to show that
f has a primitive in U. To show this, let zyp € U be a point for which the
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Figure 2.2: The disc is both convex and star-like, the cross is not convex
but star-like and the shape on the right is neither.

line segment from zy to every z € U lies in U. Let 7, = 29 + t(z — zp) be a
parametrization of this curve, and define

Pe) = [ RO
"z
We claim that F' is a primitive for f on U. Indeed pick € > 0 such that
B(z,e) C U. Then if w € B(z,€) note that the triangle T' with vertices
20, 2, w lies entirely in U by the assumption that U is star-like with respect
to zp. We have already proved that in this case that [, f(¢)d¢ = 0, and
hence if n(t) = w + t(z — w) is the straight-line path going from w to z (so
that 0T is the concatenation of v,,n and v, see Figure we have
FOZE) g =| [ S ac - 1)

nz—w

1
_Qétﬂw+dz—wﬁﬁ—f@)

=‘A%ﬂw+ﬂz—wb—f@M4

< sup |f(w+t(z —w)) — f(2)],
te(0,1]
which, since f is continuous at w, tends to zero as w — z so that F'(z) =

f(z) as required.
0

Finally, we outline the strategy of how to prove Theorem [2.3.1] in its
stated form. This part is non-examinable.

Outline of the proof of Theorem [2.5.1. Non-examinable. First, let us assume
that v is a polygonal curve i.e. a concatenation of a finite number of in-
tervals.If v is not a simple curve then the corresponding polygon can be
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<0

Figure 2.3: In a star-like domain if z and w are close enough then the triangle
z, zg, w is completely inside the domain.

decomposed into a finite number of simple polygons S;.It is easy to see that
f,y =3/ 5;° When ~ is a simple curve, then the corresponding polygon
can be triangulated into triangles S;. See Figure As before, the integrals
along new sides cancel out and again f7 =37 05, - Since we already know
that integrals along triangles are equal to zero, this immediately proves the
statement for polygonal curves.

Note, that the argument above is almost complete. The only non-trivial
part is the statement that any polygon can be triangulated. This sounds
obvious, and in fact it is not very difficult proof but it is a bit tricky to write
down rigorously with all details.

Next, let 7y : [a,b] — C be a general curve. It is not very difficult to show
that similarly to the real case, a complex integral can be approximated by a
Riemann sum. Namely, if ¢; form a sufficiently fine partition and z; = y(¢;)
then

INCICRESIE FIOTE
gl
as the mesh goes to 0. Clearly, an integral along the part of + from ¢; to
tiy1 is close to f(z)(zi+1 — 2z;) (since the curve is almost an interval an the
function is almost a constant. This part is relatively easy to justify. It is a
bit harder to justify that the sum of errors is still small and

Z .f(z)dz—>/f(z)dz,

where ; is an interval [z;, z;+1]. The sum above is equal to the integral of f
along the polygonal curve with vertices z;. As we have shown before, such
an integral is equal to 0, so its limit is also 0. ]
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Figure 2.4: Left: a non-simple polygon can be decomposed into simple
polygons. Right: a simple polygon can be decomposed into triangles.

2.4 Deformation theorem and homotopy

In this section we state the most general version of the Cauchy’s theorem.
Roughly speaking it states that if we continuously deform a curve then the
integral does not change. This is true even if the integral is not zero. This
should not be surprising given our previous discussion. If we move a curve
a little bit, then the difference between two curves is a small contour and
the function is analytic inside of it, so be the previous version of the Cauchy
theorem the difference in integrals is equal to the integral along this contour
which is zero. Making this argument rigorous is not extremely difficult but
goes beyond the scope of this course. So we will rigorously define and set
up everything but will not prove most of the statements in this section.

Definition 2.4.1. Suppose that U is an open set in C and a,b € U and
that vp: [0,1] — U and ~;: [0,1] — U are two paths in U such that vy(0) =
71(0) = a and (1) = ~v1(1) = b. We say that vy and 7, are homotopic in
U if there is a continuous function h: [0,1] x [0,1] — U such that

h(0,s) =a, h(1,s) =b
h(t70) :’VO(t)a h(ta 1) = ’Yl(t)'

One should think that i defines a family of curves 74(¢) = h(t, s) that have
the same end-points and as s changes from 0 to 1 the curves continuously
deform from g to 1.

For closed curves, the definition is a bit different. We do not require that
end-points stay the same but we require that all v are closed curves.
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We say that a closed curve v is null homotopic in U is it is homotopic
to a constant path.

One can show that the relation “y is homotopic to n” is an equivalence
relation, so that any path v between a and b belongs to a unique equivalence
class, known as its homotopy class.

Definition 2.4.2. Suppose that U is a domain in C. We say that U is simply
connected if for every a,b € U, any two paths from a to b are homotopic in
U. Equivalently, is any closed curve is null homotopic.

Remark 2.4.3. The fact that the two definitions are equivalent is non-trivial
but it is a topological fact that is beyond the scope of this course.

Example 2.4.4. Any convex or starlike domain is simply connected. The
argument is simple. If () is a closed curve and U is star-like with respect
to zg, then the function

h(t,s) = sz + (1 — s)y(t)
is a homotopy between v and a constant path ~;(t) = zp.

Generally, showing that a curve is not null-homotopic or that a domain
is not simply connected is harder. Informally, it means that the domain has
holes. This can be formalized in the following way: If a domain U does not
contain a neighbourhood of infinity (i.e. all points with |z| > r for some )
then it is simply connected if and only if its complement is connected. The
entire plane C is the only simply connected domain containing a neighbour-
hood of infinity. The proof of this is beyond the scope of this course but it
heavily relies on the fact that U is a domain in C. Without it classifying
simply connected sets is much harder.

Example 2.4.5. An annulus
A(zg,m,R) ={2€C:0<r <|z— 2| <R < o0}

is not simply connected. Note that in this definition we allow r = 0 and
R = 0o. We will see that this is indeed the case later in the course.

Example 2.4.6. Let us consider a horseshoe domain and a contour inside it
as in Figure If y(t) = r(t) exp(:6(t)) where 0(t) € (—m, 7). Let 19 > 0
be a point inside the domain. It is not hard to check that the function

h(t,s) = (sro+ (1 — s)r(t)) exp((1 — s)0(t))
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Figure 2.5: A contour inside a horseshoe domain can be contracted to a
point along the dotted lines.

is a homotopy between vy = v and 7 (t) = ro. Essentially, we independently
contract the modulus to rg and the argument to 0. This shows that the
domain is simply connected.

We are now ready to state our extension of Cauchy’s theorem. The proof
is given in the Appendices. The proof is non-examinable.

Theorem 2.4.7 (Homotopy Cauchy’s Theorem or Deformation Theorem).
Let U be a domain in C. Suppose that v1 and vo are two paths in U that
are homotopic in UE| Let f: U — C be a holomorphic function. Then

(z)dz :/ f(z)dz.

7 Y2

Remark 2.4.8. Notice that this theorem is really more general than the
previous versions of Cauchy’s theorem we have seen — in the case where
a holomorphic function f: U — C has a primitive the conclusion of the
previous theorem is, of course, obvious from the Fundamental Theorem of
Calculusﬂ and our previous formulations of Cauchy’s theorem were proved
by producing a primitive for f on U. One significance of the homotopy form
of Cauchy’s theorem is that it applies to domains U even when there is no
primitive for f on U.

530 they either have the same endpoint or both are closed

"Indeed the hypothesis that the paths 41 and 2 are homotopic is irrelevant when f
has a primitive on U. If there is a primitive F' then for any curve connecting a and b the
integral is equal to F'(b) — F'(a) and the integral along any contour is equal to 0.
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Theorem 2.4.9 (Cauchy’s theorem for simply connected domains). Sup-
pose that U is a simply connected domain, let a,b € U, and let f: U — C be
a holomorphic function on U. Then if v1,7v2 are paths from a to b we have

/ f(z)dz= | f(z)d=.
7 72

In particular, if v is a closed oriented curve we have fv f(z)dz = 0, and
hence any holomorphic function on U has a primitive.

Proof. Since U is simply connected, any two paths from from a to b are
homotopic, so we can apply Theorem For the last part, in a simply
connected domain any closed path ~: [0,1] — U, with v(0) = v(1) = a
say, is homotopic to some constant path ¢(t) = 2z, and hence [ f(z)dz =
. f(2)dz = 0. The final assertion then follows from the Theorem O

Remark 2.4.10. Theorem tells us that in a simply connected domain
any holomorphic function has a primitive. In fact, the converse is also
true. If any holomorphic function has a primitive then the domain is simply
connected.

Example 2.4.11. If U C C\{0} is simply connected, the previous theorem
shows that there is a holomorphic branch of [log(z)] defined on all of U
(since any primitive for f(z) = 1/z will be such a branch).

Example 2.4.12. Let us consider an annulus U and a curve v which is ho-
motopic to a counter-clockwise oriented circle 7,. Let f(z) = 1/z (see Figure
2.4.12| for an example). As we have discussed before, f has no primitive in

Uand [ f(z)dz = 2mi. By Theorem J, f(2)dz = 2mi as well.

2.5 Winding numbers

In the present section we investigate the change in argument as we move
along a path. It will turn out to be a basic ingredient in computing integrals
around closed paths.

In more detail, suppose that v: [0, 1] — C is a closed path which does not
pass through 0. We would like to give a rigorous definition of the number of
times v “goes around the origin”. Roughly speaking, this will be the change
in argument arg(y(t)), and therein lies the difficulty, since arg(z) cannot
be defined continuously on all of C\{0}. The next Proposition shows that
we can however always define the argument as a continuous function of the
parameter t € [0,1]:
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Figure 2.6: A contour is homotopic to a counter-clockwise oriented circle.

Proposition 2.5.1. Let v: [0,1] — C\{0} be a path. Then there is contin-
uous function a: [0,1] — R such that

y(t) = Iy (E)]e™ 0.

Moreover, if a and b are two such functions, then there exists n € Z such
that a(t) = b(t) +n for all t € [0,1]. In particular, the a(ty) at any to
uniquely determines a(t) for all t.

Proof. By replacing ~y(t) with v(¢)/|y(t)| we may assume that |y(¢)| = 1 for
all t. Since y is continuous on a compact set, it is uniformly continuous, so
that there is a § > 0 such that |y(s) —~(t)| < /3 for any s, ¢ with |s—¢| < 4.
Choose an integer n > 0 such that n > 1/§ so that on each subinterval
[i/n, (i+1)/n] we have |y(s) — ()| < v/3/2. Now on any half-plane in C we
may certainly define a continuous argument function, and if |z1| = |22 = 1
and |21 — 22| < V/3, then the angle between z; and 2, is at most /3. It
follows there exists a continuous functions a;: [j/n,(j + 1)/n] — R such
that v(t) = 2% ® for ¢t € [j/n, (j + 1)/n] (since v([j/n, (j + 1)/n]) must
lie in an arc of length at most 27/3). Now since 7% (J/n) = ¢2mia;-1(j/n)
a;j—1(j/n) and a;(j/n) differ by an integer. Thus we can successively adjust
the a; for j > 1 by an integer (as if () = 2™ ) then ~(t) = e?mia(t)n)
for any n € Z) to obtain a continuous function a: [0,1] — C such that
~y(t) = e2mia(t) gg required. Finally, the uniqueness statement follows because
e2mia®)=b(1) — 1 hence a(t)—b(t) € Z, and since [0, 1] is connected it follows
a(t) — b(t) is constant as required. O
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Definition 2.5.2. If v: [0, 1] — C\{0} is a closed path and y(t) = |y(t)[e>"*(*)
as in the previous lemma, then since v(0) = (1) we must have a(1) —a(0) €
Z. This integer is called the winding number I(,0) of v around 0. It is
uniquely determined by the path v because the function a is unique up to
an integer. By translation, if v is any closed path and zp is not in the image
of 7, we may define the winding number 1(7, zp) of v about z in the same
fashion. Explicitly, if 7 is a closed path with zy ¢ ~* then let t: C — C be
given by t(z) = z — 2o and define I(v, z9) = I(t 0y,0). This quantity is also
called the index of 2y with respect to 7.

Remark 2.5.3. Note that if v: [0,1] — U where 0 ¢ U and there exists a
holomorphic branch L: U — C of [log(z)] on U, then I(+,0) = 0. Indeed in
this case we may define a(t) = Im (L(7(¢))), and since y(0) = (1) it follows
a(l) — a(0) = 0 as claimed. Note also that the definition of the winding
number only requires the closed path ~ to be continuous, not piecewise C.
Of course, as usual, we will mostly only be interested in piecewise C'! paths,
as these are the ones along which we can integrate functions.

We now see that the winding number has a natural interpretation in
terms of path integrals: Note that if v is piecewise C! then the function a(t)
is also piecewise C', since any branch of the logarithm function is in fact
differentiable where it is defined, and a(t) is locally given as Im (log(v(t))
for a suitable branch.

Lemma 2.5.4. Let v be a piecewise C closed path and zy € C a point not
in the image of v. Then the winding number 1(, zo) of v around zy is given

by
1 dz
I N .
(7, 20) 2mi L z— 20

Proof. If y: [0,1] — C we may write y(t) = 2 + r(t)e>™*(®) (where r(t) =
|v(t) — z0] > 0 is continuous and the existence of a(t) is guaranteed by
Proposition [2.5.1)). Then we have

dz ! 1 / . / 2mia(t)
= R0 (r'(t) + 2mir(t)d' (1)) e dt
g

Z— 20
1
= /0 ' (t)/r(t) 4 2mia (t)dt = [log(r(t)) + 2mia(t)]}
— 2mi(a(1) — a(0)),

since (1) = r(0) = |y(0) — 2] O
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Let I": [0,1] — C be any simple curve such that I'(0) = 0 and I'(t) — oo
ast — 1. Let U = C\ I'* be the plane without the curve. It can be shown
that the winding number of any closed curve in U around 0 is 0. A bit
later we will show that the winding number around z is a function which
is constant on each component of C \ v*. It is also easy to see that if |z]
is very large, then there is a line separating z and ~v* and so I(v,z) = 0.
This means that the winding number in the unbounded component of C\ v*
is equal to 0. We will present a different argument a bit later in Remark
Since I' does not intersect v and connects 0 and infinity, 0 lies in the
unbounded component of C\ v*.

All of this proves that fv 1/z = 0 for any closed curve in such domain
U and so we can define a branch of [log] in such a domain. Note that all
branches that we have discussed before are of this type. For example, for
the principal value we use I'* = (—o0, 0].

In fact, one can define logarithm this way. Given such a domain U
Theorem implies that there is a primitive of 1/z. We can define this
primitive to be a branch of the logarithm.

The next Proposition will be useful not only for the study of winding
numbers. We first need a definition:

Definition 2.5.5. If f: U — C is a function on an open subset U of C,
then we say that f is analytic on U if for every zy € U there is an r > 0 with
B(z0,7) C U such that there is a power series Y e ak(z — 20)* with radius
of convergence at least r and f(2) = Y70, ar(z —20)*. An analytic function
is holomorphic, as any power series is (infinitely) complex differentiable.

Proposition 2.5.6. Let U be an open set in C and let v: [0,1] — U be a
closed path. If f(2) is a continuous function on v* then the function

_ 1 [ f(z)
If(fy’w)_QTr’L'[yZ—wdz’

s analytic in w.

In particular, if f(z) = 1 this shows that the function w — I(y,w) is a
continuous function on C\v*, and since it is integer-valued, it is constant
on the connected components of C\~y*.

Proof. We wish to show that for each zp ¢ v* we can find a disk B(zo,€)
within which I¢(y,w) is given by a power series in (w — 2p). Translating if
necessary we may assume zg = 0.

Now since C\* is open, there is some r > 0 such that B(0,2r)N~y* = (.
We claim that I;(y,w) is holomorphic in B(0,7). Indeed if w € B(0,r)
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and z € v* it follows that |w/z| < 1/2. Moreover, since v* is compact,
M =sup{|f(z)| : z € v*} is finite, and hence

[f()w" /2" = [ f ()] Hw/2" < g(lﬁ)"? Vzenq

It follows from the Weierstrass M-test that the series

5 S L~ vy - £
n=0 n=0

viewed as a function of z, converges uniformly on v* to f(z)/(z —w). Thus
for all w € B(0,7) we have

1 R (L[ f2) n
If(%w)—gm/vz_w—Z(m 7ZanZ)w :

n=0

hence I7(y,w) is given by a power series in B(0,r) (and hence is also holo-
morphic there) as required. Finally, if f = 1, then since I (v, z) = I(, 2) is
integer-valued, it follows it must be constant on any connected component
of C\v* as required. O

Remark 2.5.7. Note that since the coefficients of a power series centred at a
point zg are given by its derivatives at that point, the proof above actually
also gives formulae for the derivatives of g(w) = I¢(7y,w) at zo:

my,y_ " f(z)dz
9" (z0) = o [y (z — zo)n+L

Remark 2.5.8. If 7y is a closed path then v* is compact and hence bounded.
Thus there is an R > 0 such that the connected set C\B(0, R) Nv* = 0. It
follows that C\y* has exactly one unbounded connected component. Since

[

as z — oo it follows that I(, z) = 0 on the unbounded component of C\~*.

< {(y)sup [1/(¢ = 2)[ =0
CeEY*

Let v be a simple closed curve. There is a theorem, known as the Jordan
Curve Theorem, that C \ v* has precisely one bounded and one unbounded
component. The bounded component is the z'ntem'o@ and the unbounded
component is the exterior of v. Moreover, the winding number around any
point from the bounded component is either 1 or —1.

8Not to be confused with the interior of a set. If v is a simple curve then its (topological)
interior as defined in the Metric Spaces and elsewhere is empty. Usually, it is clear from
the context what is meant by ‘interior’. Occasionally, to avoid confusion, some authors
use the term ‘inside’ instead.
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Definition 2.5.9. Let v be as above. We say that ~ is positively oriented
if its winding number around any point from the bounded component is 1.
Otherwise, it is negatively oriented. Equivalently, if w is a point from the
bounded component, then « is positively oriented if

1 [ de
21

=1.
yE =W

By Proposition orientation does not depend on the choice of w.
Finally, we will need the following topological fact that we state without

proof.

Proposition 2.5.10. Let U be a domain, v be a simple positively oriented
curve such that it and its interior are inside U and w be a point inside 7.
Let r > 0 be such that B(w,r) is inside vy and denote the positively oriented
circle of radius r around w by .. Then 7 is homotopic to v, inside U\ {w}.
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Chapter 3

Cauchy’s Formula and its
applications

3.1 Cauchy’s Integral Formula

We are now almost ready to prove one of the most important consequences of
Cauchy’s theorem — the integral formula. This formula will have incredibly
powerful consequences and one of the main things that distinguish real and
complex analysis.

Theorem 3.1.1 (Cauchy’s Integral Formula). Suppose that f: U — C is a
holomorphic function on an open set U, w € U and v is a positively oriented
closed curve such that v* and the interior of v are inside of U. Then for all
w that are inside of v we have

Fw) = = / 2 4,

211 zZ—w

Proof. Fix w inside 7. There is 79 such that B(w,rp) does not intersect
~v*. In particular, it means that this disc is inside . Take any 0 < r < rp.
By v, we denote the positively oriented circle of radius r around w. By
Proposition ~v is homotopic to =, inside U \ {w}. Since f(z)/(z — w)
is holomorphic in U \ {w}, then by the Deformation Theorem

L E) S
L dz dz.

21 Z—w 211 2T W
T
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The last integral can be rewritten as

1 f(z f(z) = flw f(w) dz
27i z—wd _2m/ Z—w Zt 27 /%z—w'
flw

-
f(z) =

2m zZ—w dz+f()

fzi_i dz + f(w).

Since f is complex differentiable at z = w, the term (f(z) — f(w))/(z — w)
is bounded as r — 0, so that by the estimation lemma its integral over ~,
tends to zero. Thus as » — 0 the path integral around -, tends to f(w).

But since it is also equal to (27i)~ f flz —w)dz, which is independent
of r, we conclude that it must in fact be equal to f(w). The result follows.
O

Remark 3.1.2. The same result holds for any oriented curve v once we weight
the left-hand side by the winding number of a path around the point w ¢ ~v*,
provided that f is holomorphic on the inside of +.

Cauchy’s integral formula has a different useful form that we state as a
corollary.

Corollary 3.1.3 (Cauchy Formula for multiple curves). Let U be a bounded
domain with piecewise C' boundary which has finitely many components
and f be a function holomorphic in the closure of U (this means that it
is holomorphic in some open domain that contains the closure of U). We
parametrise each boundary component of U by a contour ~; in such way
that iv/(t) is an inward normal. This means that the ‘outer’ boundary is
positively oriented (i.e. counter-clockwise) and all ‘inner’ components are
negatively oriented (i.e. clockwiseﬂ. Denoting faU = Zf% we have

f(z)dz =

oUu

and
1 f(z)

2me Joy 2 —w

dz = f(w), weU.

Remark 3.1.4. We assume that there are only finitely many boundary com-
ponents, but with some extra assumptions that various integrals and series
make sense this assumption can be relaxed.

!Unfortunately, this orientation of the boundary is also called the positive orientation.
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71

Figure 3.1: A domain with two inner components. We add two cuts between
~1 and 2 and between 2 and 3. We can apply the Cauchy Integral Formula
to a curve given by concatenation of v1, 1y, v2,1 which is the part of 7o from
B to C, 772_1, Y3, 12, Y2,2 which is the part of 2 from C to B and 7;.

Proof. The idea of the proof is simple. We add a few cuts that avoid w
and connect inner boundary components to each other and to the outer
boundary in such a way that U without these extra curves becomes simply
connected. See Figure for details.
Let v be the boundary of this domain. We can apply Theorem to
v and obtain that
1 [ f(®)

211 Z—w

dz = f(w).
~

New curve v is made of boundary components -; in exactly the right ori-
entation and extra cuts 7; that appear twice with different orientations, to

their contributions to the integral cancel out. This completes the proof.
O

Remark 3.1.5. We prove the Cauchy Integral Formula using the Deformation
Theorem which we have not proved completely (although there is a proof
in the Appendix and most of Complex Analysis textbooks will contain a
proof). It is impossible to prove Cauchy’s Formula without the Deforma-
tion or very careful geometric/topological analysis of piecewise C! curvesﬂ
Alternatively, we can restrict the set of contours = for which we prove the
theorem. For most applications, it is enough to consider only circular curves.

2This is non-trivial, since, for example, they could have infinitely many points of self-
intersection or they could intersect a straight line at infinitely many points
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Then the only thing that we have to prove is that integrals along two circles
are the same. The annular domain can be split into the union of star-like
domains for which we know the existence of a primitive, so these smaller
contour integrals vanish and this way we can prove the result for circles.
See Figure for an illustration and some extra explanations.

I 71
S
N

D

S3 S,

o
N

|
p

Figure 3.2: An annular domain between two positively oriented circles 1
and 7 can be split into four sectors Sy, ...,Ss. All domains S; are star-like
so integrals along their boundaries vanish. Integrals along extra cuts cancel
out and we are left with f% f+ fv, f = 0. This means that integrals along
both circles are equal.

3.2 Applications of the Integral Formula

Remark 3.2.1. Note that Cauchy’s integral formula can be interpreted as
saying the value of f(w) for w inside the circle is obtained as the “convolu-
tion” of f and the function 1/(z —w) on the boundary circle. Since the func-
tion 1/(z—w) is infinitely differentiable one can use this to show that f itself
is infinitely differentiable as we will shortly show. If you take the Integral
Transforms, you will see convolution play a crucial role in the theory of
transforms. In particular, the convolution of two functions often inherits
the “good” properties of either. We next show that in fact the formula
implies a strong version of Taylor’s Theorem.

Corollary 3.2.2. If f: U — C is holomorphic on an open set U, then for
any z9 € U, f(z) is equal to its Taylor series at zy and the Taylor series
converges on any open disk centred at zg lying in U. Moreover the derivatives
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of f at 2y are given by

2mi z — zp)" 1

(n) (4 _ Ldz 3.2.1
£ (29) ./W(W)( | (3.2.1)

for any r < R where ry is such that B(zo, R) C U.

Proof. This follows immediately from the Integral formula, the proof of
Proposition [2.5.6] and Remark [2.5.7 The integral formulae of Equation
for the derivatives of f are also referred to as Cauchy’s Integral For-
mulae. O

Definition 3.2.3. Recall that a function which is locally given by a power
series is said to be analytic. 'We have thus shown that any holomorphic
function is actually analytic, and from now on we may use the terms inter-
changeably (as you may notice is common practice in many textbooks).

One famous application of the Integral formula is known as Liouville’s
theorem, which will give an easy proof of the Fundamental Theorem of
Algebraﬂ We say that a function f: C — C is entire if it is complex
differentiable on the whole complex plane.

Theorem 3.2.4 (Liouville). Let f: C — C be an entire function. If f is
bounded then it is constant.

Proof. Suppose that |f(z)] < M for all 2 € C. Let yg(t) = Re*™ be the
circular path centred at the origin with radius R. Then for R > |w]| the
integral formula shows

1
w) — f(0)] = |=— z
Fw) — £(0)] /mf()(

21

1
z—w

1
—-)dz|

= \ o w ™
< 27TR wf( ) |
27 z:|z|=R Z(Z _w)
M|w| M|w|
<R - ,
R(R—|w|) R —wl

3Which, when it comes down to it, isn’t really a theorem in algebra. The most “al-
gebraic” proof of that I know uses Galois theory, which you can learn about in Part B.
But it also uses the fact that any real polynomial of odd degree has a real root. This is
a simple corollary of the intermediate value theorem, which in its turn depends on the
completeness of R which is not an algebraic property at all.
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Thus letting R — oo we see that |f(w) — f(0)| = 0, so that f is constant an
required.
O

Remark 3.2.5. Liouville’s theorem is one more manifestation of the unique
properties of holomorphic functions. First of all, there is nothing like this
in real analysis. For example, f(z) = 1/(1 + 22) is real-analytic in the en-
tire R, but it is bounded. Secondly, this is one of the first examples of a
dichotomy which often appears in complex analysis. In many cases objects
are either as good as they could be or as bad as they could be but nothing
in between. For example, here we see that an entire function f is either
constant or there is z, — oo such that f(z,) — oo. Later we will see that
the behaviour at infinity is even more interesting.

Theorem 3.2.6. Suppose that p(z) = Y }_, arz" is a non-constant polyno-
mial where ay, € C and a,, # 0. Then there is a zg € C for which p(zp) = 0.

Proof. By rescaling p we may assume that a, = 1. If p(z) #0 for all z € C
it follows that f(z) = 1/p(z) is an entire function (since p is clearly entire).
We claim that f is bounded. Indeed since it is continuous it is bounded on
any disc B(0, R), so it suffices to show that |f(z)| — 0 as 2 — oo, that is,
to show that |p(z)| — oo as z — co. But we have

n—1 n—1 n—1
k ag lag|
Ip(2)] = 2" + Zakz | = |2"| (|1 +Ziznfk ) > 2" (1 - Z |z|”’“> .
k=0 k=0 k=0

Since 1/]z|™ — 0 as |z| — oo for any m > 1 it follows that for sufficiently
large |z, say |z| > R, we will have 1 — 3 72; |Z||‘17k_|k > 1/2. Thus for |z| > R

we have [p(z)| > 1|z|". Since |z|" clearly tends to infinity as |z| tends to
infinity, it follows |p(z)| — oo as required. O

Remark 3.2.7. The crucial point of the above proof is that one term of the
polynomial — the leading term in this case— dominates the behaviour of the
polynomial for large values of z. All proofs of the fundamental theorem hinge
on essentially this point. Note that p(zp) = 0 if and only if p(z) = (2—20)gq(2)
for a polynomial ¢(z), thus by induction on the degree we see that the
theorem implies that a polynomial over C factors into a product of degree
one polynomials.

We end this section with a kind of converse to Cauchy’s theorem:
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Theorem 3.2.8 (Morera). Suppose that f: U — C is a continuous function
on an open subset U C C. If for any closed path ~: [a,b] — U we have
[, f(z)dz =0, then f is holomorphic.

Proof. By Theorem [2.2.16| we know that f has a primitive F': U — C. But
then F' is holomorphic on U and so infinitely differentiable on U, thus in
particular f = F’ is also holomorphic. O

Remark 3.2.9. One can prove variants of the above theorem: If U is a star-
like domain for example, then our proof of Cauchy’s theorem for such do-
mains shows that f: U — C has a primitive (and hence will be differentiable
itself) provided [, f(z)dz = 0 for every triangle in U. In fact, the assump-
tion that [ f(z)dz = 0 for all triangles whose interior lies in U suffices to
imply f is holomorphic for any open subset U: To show f is holomorphic
on U, it suffices to show that f is holomorphic on B(a,r) for each open
disk B(a,r) C U. But this follows from the above as disks are star-like (in
fact convex). It follows that we can characterize the fact that f: U — C
is holomorphic on U by an integral condition: f: U — C is holomorphic if
and only if for all triangles T" which bound a solid triangle 7 with T C U,
the integral [ f(2)dz = 0.

This characterization of the property of being holomorphic has some
important consequences. We first need a definition:

Definition 3.2.10. Let U be an open subset of C. If (f,,) is a sequence of
functions defined on U, we say f, — f uniformly on compacts if for every
compact subset K of U, the sequence (f, k) converges uniformly to fix.
Note that in this case, f is continuous if the f,, are: Indeed to see that f is
continuous at a € U, note that since U is open, there is some r > 0 with
B(a,r) C U. But then K = B(a,r/2) C U and f, — f uniformly on K,
whence f is continuous on K, and so certainly it is continuous at a.

Example 3.2.11. Convergence of power series f(z) = > o2 an2" is a ba-
sic example of convergence on compacts: if R is the radius of convergences
of f(z) the partial sums s,(z) of the power series B(0, R) converge uni-
formly on compacts in B(0, R). The convergence is not necessarily uniform
on B(0,R), as the example f(z) = > 7, z" shows. Nevertheless, since
B(0,R) = UT<RB(0,T) is the union of its compact subsets, many of the
good properties of the polynomial functions s, (z) are inherited by the power

series because the convergence is uniform on compact subsets.
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Proposition 3.2.12. Suppose that U is a domain and the sequence of holo-
morphic functions fn,: U — C converges to f: U — C uniformly on com-
pacts in U. Then f is holomorphic.

Proof. Note by the above that f is continuous on U. Since the property
of being holomorphic is local, it suffices to show for each w € U that there
is a ball B(w,r) C U within which f is holomorphic. Since U is open, for
any such w we may certainly find » > 0 such that B(w,r) C U. Then as
B(w,r) is convex, Cauchy’s theorem for a star-like domain shows that for
every closed path v: [a,b] — B(w,r) whose image lies in B(w,r) we have
[, fa(2)dz = 0 for all n € N.

But v* = y([a, b]) is a compact subset of U, hence f, — f uniformly on

~v*. It follows that
0= [ 1z [ sz,
v vy

so that the integral of f around any closed path in B(w,r) is zero. But then
Morera’s Theorem shows that f is holomorphic.
O

3.3 The identity theorem

The fact that any complex differentiable function is in fact analytic has some
very surprising consequences — the most striking of which is perhaps cap-
tured by the “Identity theorem”. This says that if f, g are two holomorphic
functions defined on a domain U and we let S = {z € U : f(z) = g(z)} be
the locus on which they are equal, then if S has a limit point in U it must
actually be all of U. Thus for example if there is a disk B(a,r) C U on
which f and g agree (no matter how small r is), then in fact they are equal
on all of U! The key to the proof of the Identity theorem is the following
result on the zeros of a holomorphic function:

Proposition 3.3.1. Let U be an open set and suppose that g: U — C is
holomorphic on U. Let S ={z € U : g(z) = 0}. If z9 € S then either zy is
isolated in S (so that g is non-zero in some disk about zy except at zq itself)
or g = 0 on a neighbourhood of zg. In the former case there is a unique
integer k > 0 and holomorphic function gi such that g(z) = (2 — 20)*g1(2)
where g1(zo) # 0.

Proof. Pick any zy € U with g(z9) = 0. Since g is analytic at zp, if we pick
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r > 0 such that B(zp,7) C U, then we may write

9(z) = ch(z - Zo)k,

k=0

for all z € B(zp,r) C U, where the coefficients ¢j are given as in Theorem
Now if ¢ = 0 for all &, it follows that g(z) = 0 for all z € B(0,r).
Otherwise, we set & = min{n € N : ¢, # 0} (where since g(z9) = 0 we
have cg = 0 so that & > 1). Then if we let g1(2) = (z — 20)"¥g(2), clearly
91(z) is holomorphic on U\{zp}, but since in B(zp,r) we have we have
g1(2) = >0l Chyn(z — 20)", it follows if we set g1(z0) = ¢x # 0 then ¢
becomes a holomorphic function on all of U. Since g1 is continuous at zg
and g1(z0) # 0, there is an € > 0 such that g;(z) # 0 for all z € B(zo,€).
But (z — 29)* vanishes only at zg, hence it follows that g(z) = (z — 20)*g1(2)
is non-zero on B(a, €)\{z0}, so that zq is isolated.

Finally, to see that k is unique, suppose that g(z) = (z — 29)*g1(2) =
(z—20)'ga(2) say with g1(20) and ga(20) both nonzero. If k < I then g(2)/(z—
20)F = (2 — 20)"Fga(2) for all z # 2y, hence as z — zg we have g(2)/(z —
20)* — 0, which contradicts the assumption that g1(z) # 0. By symmetry,
we also cannot have k£ > [ so k = [ as required. O

Remark 3.3.2. The integer k in the previous proposition is called the multi-
plicity of the zero of g at z = zy (or sometimes the order of vanishing).

Theorem 3.3.3. (Identity theorem): Let U be a domain and suppose that
f1, f2 are holomorphic functions defined on U. Then if S = {z € U : fi(z) =
f2(2)} has a limit point in U, we must have S = U, that is fi1(z) = fa(2)
forall z e U.

Proof. Let g = f1 — fo, so that S = ¢g~1({0}). We must show that if S
has a limit point then S = U. Since g is clearly holomorphic in U, by
Proposition [3.3.1| we see that if zg € S then either zy is an isolated point
of S or it lies in an open ball contained in S. It follows that S =V UT
where T' = {z € S : zisisolated} and V = int(S) is open. But since g
is continuous, S = g~1({0}) is closed in U, thus V U T is closed, and so
Cly(V), the closureﬁ of V in U, lies in V UT. However, by definition, no
limit point of V' can lie in T so that Cly (V) = V, and thus V is open and
closed in U. Since U is connected, it follows that V = () or V = U. In the

41 use the notation Cly (V), as opposed to V, to emphasize that I mean the closure of
V in U, not in C, that is, Cly (V) is equal to the union of V' with the limits points of V'
which lie in U.
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former case, all the zeros of g are isolated and S has no limit points. In the
latter case, V = S = U as required.
O

Remark 3.3.4. The requirement in the theorem that S have a limit point
lying in U is essential: If we take U = C\{0} and f; = exp(1/z) — 1 and
fo = 0, then the set S is just the points where f; vanishes on U. Now the
zeros of fi have a limit point at 0 ¢ U since fi(1/(2min)) =0 for all n € N,
but certainly fi is not identically zero on U!

3.4 Isolated singularities

We now wish to study singularities of holomorphic functions. We are mainly
interested in isolated singularities.

Definition 3.4.1. Let f: U — C be a function, where U is open. We say
that 29 € U is a regular point of f if f is holomorphic at zg. Otherwise, we
say that zq is singular.

We say that zg is an isolated singularity if f is holomorphic on B(zg,7)\{z0}
for some r > 0.

Definition 3.4.2. A function on an open set U which has only isolated
singularities all of which are poles is called a meromorphic function on U.
(Thus, strictly speaking, it is a function only defined on the complement of
the poles in U.)

We will use the following classification of isolated singularities:

Definition 3.4.3. Let 2y be an isolated singularity of function f. We say
that zg is

e An removable singularity if there is a function g holomorphic in B(zg, )
for some r > 0 such that f(z) = g(2) in B(zo,7) \ {20}

e A pole of order n if there is a function g holomorphic in B(zg,r)
for some r > 0 such that g(zp) # 0 and f(z) = (2 — z9) "g(2) in

B(zo,7) \ {20}
e An essential singularity otherwise.

Remark 3.4.4. Note that the definition of the pole of order n is very similar
to the definition of the zero with multiplicity n.
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Example 3.4.5. Let f(z) = z/z. This function is not even defined at z = 0
but it is equal to 1 otherwise and clearly holomorphic in C\ {0}. So zg =0
is an isolated singularity. This is clearly a removable singularity since g = 1
is holomorphic everywhere and equal to f outside of 0.

Examples of removable singularities can be more involved:

Example 3.4.6. Let f(z) = sin(z)/z. Again, it is easy to see that zg = 0
is an isolated singularity. It is removable since the function

is entire and coincides with f outside of zp.
In a similar way we can construct a pole.

Example 3.4.7. Let f(z) = sin(z)/2""!. This function has a pole of order
n at zo = 0. It is easy to see that for z # 0 we have f(z) = g(z)/z" where g
is the entire function from the previous example. Obviously g(0) =1 # 0.

A typical essential singularity is given by the following example.

Example 3.4.8. Let f(z) = sin(1/z). This function is holomorphic in
C\{0}. Tt is not too difficult to show that 0 is neither a removable singularity
nor a pole, so it must be an essential singularity. A bit later we will have
alternative characterizations of singularities that will be more suitable for
determining their types.

The main tool for studying singularities is the following theorem which
is a generalization of Taylor’s theorem.

Theorem 3.4.9 (Laurent’s Theorem). Suppose that 0 < r < R and
A= A(zp,m,R) ={z:1 < |z — 2| < R}
is an annulus centred at zg. If f: U — C is holomorphic on an open set U

which contains A, then there exist ¢, € C such that

o0

f(z) = Z cn(z —20)", Vze A

n=—oo

The series converges for all z € A and it converges uniformly for all z €
A(zo, 7", R") where r < 1" < R' < R. The series is called the Laurent series

of f.
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Moreover, the c, are unique and are given by the following formulae:

1 f(2)
n — . d )
= o /% (z — zo)nt1 :

where s € [r, R] and for any s > 0 we set vs(t) = 29 + se2™t.

Remark 3.4.10. Since we have a formula for Laurent coefficients in terms of
f, it means that the Laurent expansion is unique. If two series converge to
the same function then they must coincide term-by-term.

Remark 3.4.11. By the Deformation Theorem [2.4.7] circular contour v can
be replaced by any other curve homotopic to v,. In particular, by any other
positively oriented simple curve in A.

Remark 3.4.12. If f is holomorphic in B(zp, R) then for n < 0 the integrand
in the formula for ¢, is holomorphic, hence ¢, = 0 for all n < 0. For n > 0

formulas for ¢, are exactly the same as in Taylor’s theorem so in this case
the Laurent series is the same as the Taylor series.

Proof. By Corollary for any w € A we have
1 1
Flw) = / FIOFTE N B OFN
2T Jyp 2 — W 21 )y, 2 —w

Note that here both boundary components are counter-clockwise oriented
but in Corollary the inner component is clockwise oriented. This is
compensated by the minus sign in front of the second integral.

But now the result follows in the same way as we showed holomorphic
functions were analytic: if we fix w, then, for |w| < R = |z| we have

1 0o
_ 2 :wn/zn—l—l
zZ—Ww
n=0

and for an |w| < R — € = |z| — € the series converges uniformly z for any
€ > 0. It follows that

jgzl)dz = / i fifl)ffndz = < 275_’2 dz) W
VR 70 YR

n>0

YR

for all w € A. Similarly since for |z| = r < |w| we haveﬂ

— 00

1 § : n n+1 § : n /. n+1
= Z /W = w z
w—z / / ’

n>0 n=-—1

5Note the sign change.
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again converging uniformly when |z| = < |w| — € for € > 0, we see that

/% 1{(—Z)zdz :/ f F)w" /2" dz = f ( 3 zn(ﬂdz> W™,

T n—=—1 n=-—1

Thus taking (¢, )nez as in the statement of the theorem, we see that

AL A Y (O Ny (C Y
2T Jyp 2w 2mi )y, 2 —w =

as required. To see that the ¢, are unique, one checks using uniform con-

vergence that if ), d,2" is any series expansion for f(z) on A, then the

d,, must be given by the integral formulae above.

Finally, to see that the ¢, can be computed using any circular contour
7s, note that if r < s < sy < R then f/(z — 2)"*! is holomorphic in
A hence by the Deformation Theorem [2.4.7] integrals are the same for all
circular contours. O

Remark 3.4.13. Note that the above proof shows that the integral f,m %dz

defines a holomorphic function of w in B(zp, R), while f% %dz defines a
holomorphic function of w on C\B(zp, 7). Thus we have actually expressed
f(w) on A as the difference of two functions which are holomorphic on
B(z0, R) and C\B(zg,r) respectively.

It is possible to push the previous theorem to the limit and apply it to
a punctured disc.

Corollary 3.4.14 (Laurent series in a punctured disc). If f: U — C
is a holomorphic function and zy is an isolated singularity, then f has a
Laurent expansion on a punctured disc B(zp, R)\{z0} for any R such that

B(Zo, R)\{Zo} cU.

Proof. Let us take some r such that 0 < r < R and apply Theorem [3.4.9
to A = A(zo,r, R). Note that the coefficients ¢,, can be written in terms of
integrals along g, hence they do not depend on r. By sending r to zero we
can see that the Laurent series converges in

B(z0,R) = U A(zo,7, R)

0<r<R

and uniformly in A(zg,r, R') for any 0 < r < R’ < R. O
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Definition 3.4.15. Let zy be an isolated singularity of f and Y ¢, (z —2)"
be its Laurent’s expansion. Its principal part of f at zy is the sum of terms
with negative powers and denoted P, f. Namely,

-1 oo
z) = ch(z —20)" = Z c_n(z—29)"".
—o0 1

Proposition 3.4.16. The principal part of f at zp converges on C\ {2}
and converges uniformly on C\ B(zg, ).

Proof. This follows immediately from the proof of Theorem [3.4.9] In the
proof we have used that if f is holomorphic on A(zy,r, R) then the principal
part converges uniformly on {z : |z — 29| > 7'} for any " > r. Since in the
case of isolated singularities we can take r to be arbitrarily small, the claim
follows immediately. O

Note that something very interesting happens with the term of order
n = —1. Theorem tells us that the coefficient

=5 ] S

This should not really be surprising. If we have a function f given by a
series Y ¢n(z — 20)™ which converges uniformly in an annulus containing s,
then we can integrate it term by term. For all n # —1 the powers (z — zp)"
have a well defined primitive (z — 29)"*!/(n + 1) so they integrate to zero.
But as we have discussed before the integral of 1/(z — zp) along ~s is 27i so

1 Cc_1
— = — dz =c_1.
27?2/ 1z 27r2/ chz 20)" 211 z— 29 FT e

Vs

This observation motivates the following definition.

Definition 3.4.17. Let zg be an isolated singularity of f. Then the residue

of f at zg is defined as the coefficient c_; of the Laurent expansion and
denoted by Res,, f or Res(f, z0).

Laurent’s series allows us to characterize isolated singularities in terms
of the series coeflicients.

Theorem 3.4.18 (Characterization of isolated singularities). Let zy be an
isolated singularity of f. Let Y= cn(z — 20)"™ be its Laurent expansion.
Then zgy s
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e A remowable singularity if ¢, = 0 for all n < 0. FEquivalently, the
principal part vanishes.

e A pole of order n is c—, # 0 and ¢, = 0 for all k < —n. FEquivalently,
the principal part is non-trivial but contains only a finite number of
non-zero terms.

e An essential singularities if there are arbitrary large n such that c_,, #
0. FEquivalently, the principal part contains infinitely many non-zero
terms.

Remark 3.4.19. This is very similar to the characterization of a zero of
multiplicity n. In this case we have a Taylor series > oo ag(z — 20)* with
ar, =0 for all £ < n and a, # 0.

Remark 3.4.20. Some authors define types of singularities in terms of the
Laurent expansion.

Proof. If there is no principal part, then we have an ordinary power series
which converges to a function g which is analytic in some disc B(zg, R)
around zg. Clearly, f(z) — g(z) for all 0 < |z| < R, so zg is removable.

If 2y is removable, then there is a function g which is holomorphic at
zo and coincides with f in B(zg, R) \ {20}. Hence their Laurent expansion
coefficients are equal, but for a holomorphic function g all coefficients with
negative n are given by integrals of a holomorphic function (z—zy) ™" 1g(2),
but by Cauchy’s theorem such integrals vanish.

If the Laurent expansion is of the form

Cn

flz) = —~ -+ teotalz—2)+...,
(2 — 20)

with c¢_p, # 0 then f(2) = (z — 20) "g(z) where
g(z)=cp+copyi(z—20)+ ...

which is analytic in some neighbourhood of zg.

If zg is a pole of order n, then there is a holomorphic g such that g(zp) # 0
and f(z) = (z — z0) "g(z). Writing the Taylor series of g we see that the
Laurent expansion of f is of the form

9(z0) 7 (o)
G-z ez 1

f(z) =

The last part follows trivially from the first two. O
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Finally, it is possible to characterize types of singularities by looking at
the local behaviour of f near zg. We describe it in a series of three theorems.

Theorem 3.4.21 (Riemann’s removable singularity theorem). Suppose that
U is an open subset of C and zy € U and suppose that f: U\ {z0} — C is
holomorphic. Then zy is a removable singularity if and only if f is bounded
near zg.

Proof. One direction is trivial. If zg is removable, then there is holomorphic
g such that g(z) = f(z) on B(zo,7) \ {20} for some r > 0. This proves that
f(z) =g(z) = g(20) as z — zp. In particular, f is bounded.

Now, let us assume that f is bounded and define h(z) by

hz) = {éz —20)°f(2), z# 20;

Z =20

Then clearly h(z) is holomorphic on U\{zp}, using the fact that f is and
standard rules for complex differentiability. On the other hand, at z = zg
we see directly that

h(z) — h(zo)

=(z—20)f(2) = 0
Z— 20

as z — zp since f is bounded near zy by assumption. It follows that h is
in fact holomorphic everywhere in U. But then if we chose » > 0 is such

that B(zo,7) C U, then by Corollary h(z) is equal to its Taylor series
centred at zg, thus

h(z) = Zak(z — 2zg)*.
k=0

But since we have h(zg) = h/(z9) = 0 we see a9 = a3 = 0, and hence
S22 o akt2(z — 20) defines a holomorphic function in B(zg,7). Since this
clearly agrees with f(z) on B(zg,r)\{0}, we see that by redefining f(zo) =
as, we can extend f to a holomorphic function on all of U as required. [J

Remark 3.4.22. This is yet another reminder that complex analysis is very
different from the real one. The notions of isolated and removable singular-
ities make sense in R as well but there is nothing similar to Riemann’s
removable singularity theorem. Let us consider the following functions on
R\ {0}: f(x) = sign(z), g(x) = sin(1/z) and h(x) = |z|. All of them are
analytic outside of 0 and bounded in a neighbourhood of 0. Clearly, f has
left and right limits but they are different, so there is no way to define f(0)
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so that it becomes continuous. Function g oscillates near 0, so it does not
have even one-sided limits. So the singularity is not removable. With A the
situation is a bit different, h has a limit at 0 and it can be made into a con-
tinuous function, but it will not be differentiable. So again, the singularity
is not removable. None of these scenarios is possible for complex functions.

Lemma 3.4.23. Let f be a holomorphic function in a neighbourhood of zg.
Then zy is a pole if and only if |f(z)| — oo as z — z9. Moreover, in this
case, the function

0, zZ =2z

e - {1/f<z>, 2 # 20

is holomorphic in a neighbourhood of zy and the multiplicity of its zero at
zp s equal to the order of the pole of f.

Proof. Let us assume that f has a pole of order n. Then by Theorem [3.4.18
it Laurent expansion is

f(z) =

C_n

m+"'+60+61(2—2’0)+....

This expansion can be rewritten as

1

m(c,n—l—cﬂwl(z_%)*‘--»-

The series converges to a function analytic at zy which we denote by g.
Then f=1 = (2 — 2z9)"g~!(2). Since g(z0) = c_, # 0 the function h = 1/g is
holomorphic in a neighbourhood of zp and h(zp) # 0. This proves that 1/ f
has a removable singularity and after removing this singularity it has a zero
of multiplicity n.

Let us assume that |f| — oo. Then the function 1/f — 0 and by
Theorem it extends to a holomorphic function A which has a zero at
z9. We know that the zero must be of finite order, say n > 1, so h(z) =
(z — 2z0)"g(z) where g is holomorphic with g(z9) # 0. Then f(z) = (z —
20) "9~ 1(2), so by the definition f has a pole of order n. O

Remark 3.4.24. Theorems [3.4.21] and [3.4.23] show that removable singulari-
ties and poles are not that dissimilar. In both cases, f converges as z — 2z
in one case to a finite limit in the other to infinity. By considering the
extended complex plane C, (also known as the Riemann sphere) the dis-
tinction completely disappears, in both cases f can be extended to a holo-
morphic Cy-valued function.
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At this stage, one might guess that the essential singularity covers all
other types of behaviour near zg. But we already know that this is not quite
the case, for example, Theorem shows that f can not stay bounded
without having a limit. The following theorem shows that the behaviour
near an essential singularity is quite peculiar: it must oscillate in the worst
imaginable way. This is yet another example showing the difference between
real and complex analysis. In complex analysis, function either has a limit
or fails to have a limit in the most spectacular way.

Theorem 3.4.25 (Casorati-Weierstrass or Weierstrass Theorem). Let U
be an open subset of C and let a € U. Suppose that f: U\{a} — C is a
holomorphic function with an isolated essential singularity at a. Then for
all p > 0 with B(a,p) C U, the set f(B(a,p)\{a}) is dense in C, that is,
the closure of f(B(a,p)\{a}) is all of C.

Proof. Suppose, for the sake of a contradiction, that there is some p > 0
such that zp € C is not a limit point of f(B(a,p)\{a}). Then the function
9(z) = 1/(f(2)—2z0) is bounded and non-vanishing on B(a, p)\{a}, and hence
by Riemann’s removable singularity theorem, it extends to a holomorphic
function on all of B(a,p). But then f(z) = zp + 1/g(z) has at most a pole
at a which is a contradiction. O

Remark 3.4.26. In fact, much more is true: Picard showed that if f has an
isolated essential singularity at zg then in any open disk about zg the function
f takes every complex value infinitely often with at most one exception. The
example of the function f(z) = exp(1/z), which has an essential singularity
at z = 0 shows that this result is best possible, since f(z) # 0 for all z # 0.

We finish this section with the following theorem which by now is almost
a trivial corollary of other results. On the other hand, this theorem is very
useful for many applications.

Theorem 3.4.27 (Residue theorem). Suppose that U is an open set in
C and v is a closed curve that is contained in U together with its inside.
Suppose that f is holomorphic on U \ S where S is a finite set of isolated
singularities of f. We also assume that f has no singularities on v*, that is
SN~y*=0. Then

1 / f(z)dz = ZI(% a)Resq(f)

211
a€eS

Proof. For each a € S'let P,(f)(2) =3.,27 1 ¢n(a)(z —a)™ be the principal
part of f at a, a holomorphic function on C\{a}. Then by definition of
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P,(f), the difference f — P,(f) is holomorphkﬂ at a € S, and thus g(z) =
J(2) = > 4cs Pa(f) is holomorphic on all of U. But then by Theorem m
we see that [ g(z)dz = 0, so that

[ f1a:= Y [ Pupizia
v acS’7
Note that to apply the Homotopy Cauchy Theorem we use the fact that if
U contains v and its inside then ~ is null-homotopic.

By Proposition [3.4.16| the series P,(f) converges uniformly on v* so that

/P dz-/ch( z—a)" Z/ G—a)r

T n=-1

_ / M = I(7y,a)Resq(f),

zZ—a

since for n > 1 the function (z — a)~" has a primitive on C\{a}. The result

follows.
O

Remark 3.4.28. In practice, in applications of the residue theorem, the wind-
ing numbers I(~,a) will be simple to compute in terms of the argument of
(z —a) — in fact most often they will be 0 or +1 as we will usually apply the
theorem to integrals around simple closed curves.

3.5 The argument principle

Lemma 3.5.1. Suppose that f: U — C is meromorphic and has a zero of
order k or a pole of order k at zo € U. Then f'(2)/f(2) has a simple pole
at zg with residue k or —k respectively.

Proof. If f(z) has a zero of order k we have f(2) = (z — 20)*g(z) where g(z)
is holomorphic near zy and g(zg) # 0. It follows that

o) kg
f2) =m0 g(a)

and since g(z) # 0 near zp it follows ¢'(z)/g(z) is holomorphic near zy, so
that the result follows. The case where f has a pole at zy is similar. ]

5This is a slight abuse of notations since strictly speaking f is not defined at a, so
f— P.f is not even defined at a. On the other hand, it has a removable singularity there,
so we should remove this singularity and use the extended function instead.
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Theorem 3.5.2. (Argument principle): Suppose that f is meromorphic on
U and v be a simple positively oriented contour such that the contour and its
inside are contained in U. We assume that f has no zeroes or poles on ~v*.
If N is the number of zeros (counted with multiplicity) and P is the number
of poles (again counted with multiplicity) of f inside v then

1L [
N—P—Tm Wf(z)dz'

Moreover, this is the winding number of the path I' = f o~y about the origin.

Proof. The curve is simple, so its winding number around any point inside
is equal to 1. Lemma shows that f/(z)/f(z) has simple poles at the
zeros and poles of f with residues given by their orders. So the result follows
immediately from the Residue Theorem [3.4.27

For the last part, note that the winding number of I'(¢) = f(v(t)) about
zero is just

l w = ' 71 ! ! = f/(2> z
/fOA,wd = [ 5@y 00r “)dt‘/y Ck
Il

The argument principle is very useful — we use it here to establish some
important results.

Theorem 3.5.3 (Rouché). Suppose that f and g are holomorphic functions
on an open set U in C and v be a simple contour that is contained inside of
U together with its interior. If | f(2)| > |g(2)| for all z € v* then f and f+g
have the same change in argument around v, and hence the same number of
zeros (counted with multiplicities) inside of .

Proof. Consider the function h = (f + g)/f = 1+ g/f. Its zeros are zeros
of f + g and its poles are zeros of f. We need to show that h has the
same total number of zeros as poles inside of . Note that the assumption
|f(2)| > |g(z)| implies that h has no zeroes or poles on v*. But by the
argument principle, the difference between the number of zeroes and poles
is equal to the winding number of I'(t) = h(v(t)) about zero. Since, by
assumption, for z € v* we have |g(z)| < |f(z)| and so |g(z)/f(2)| < 1, the
image of T" lies entirely in B(1,1) and thus in the half-plane {z : Re (z) > 0}.
Hence picking the principal branch of [log] defined on this half-plane, we see
that the integral

[ % — Log(h(r(1)) ~ Log(h(2(0)) = 0
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as required.
O

Remark 3.5.4. Rouche’s theorem can be useful in counting the number of
zeros of a function f — one tries to find an approximation to f whose zeros
are easier to count and then by Rouche’s theorem obtain information about
the zeros of f. Just as for the argument principle above, it also holds for
closed paths which having winding number 1 about their inside.

Example 3.5.5. Suppose that P(z) = z*4+52+2. Then on the circle |z| = 2,
we have |z|* =16 > 5-2+2 > |5z + 2|, so that if g(2) = 5z + 2 we see that
P — g = z* and P have the same number of roots in B(0,2). It follows by
Rouche’s theorem that the four roots of P(z) all have a modulus less than 2.
On the other hand, if we take |z| = 1, then |52 +2| > 5 -2 =3 > |24 =1,
hence P(z) and 5z + 2 have the same number of roots in B(0,1). It follows
P(z) has one root of modulus less than 1, and 3 of modulus between 1 and
2.

Theorem 3.5.6 (Open mapping theorem). Suppose that f: U — C is holo-
morphic and non-constant on a domain U. Then for any open set V. .C U
the set f(V') is also open.

Proof. Suppose that wy € f(V') and consider some zg such that f(z) = wo.
The function g(z) = f(2) — wp has a zero at zp. Since g is non-constant,
this zero is isolated. Thus we may find an r > 0 such that g(z) has no other
zeros inside B(zp,r) C U. In particular, since dB(zg,r) is compact, we have
that there is a positive § such that |g(z)] > ¢ > 0 on 0B(zp,7). Consider
any w such that |w —wp| < 0. Then |w—wg| < 6 < |g| on OB(zp, ). Hence,
by Rouche’s theorem, g(z) and g(z) + wo — w = f(z) — w have the same
number of zeros (counting multiplicities) inside B(zp,r). Since g(z) has a
zero at zg of multiplicity at least one, the equation f = w also has at least
one solutions inside B(zp, 7). Thus B(wg,d) C f(B(20,7)) and f(U) is open
as required. O

Remark 3.5.7. Note that the proof actually establishes a bit more than the
statement of the theorem: if wg = f(z¢) then the multiplicity d of the zero
of the function f(z) — wo at 2z is called the degree of f at zp. The proof
shows that locally the function f is d-to-1, counting multiplicities, that is,
there are r, e € R such that for every w € B(wo, €) the equation f(z) = w
has d solutions counted with multiplicity in the disk B(zg, ). In particular,
if f'(z0) # 0 then the degree is 1 and the function is locally 1-to-1.
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Theorem 3.5.8 (Inverse function theorem). Suppose that f: U — C is
injective and holomorphic and that f'(z) #0 forallz € U. If g: f(U) - U
is the inverse of f, then g is holomorphic with ¢'(w) = 1/f'(g(w)).

Proof. By the open mapping theorem, the function g is continuous, indeed
if V is open in f(U) then g~ (V) = f(V) is open by that theorem. To see
that g is holomorphic, fix wy € f(U) and let zp = g(wp). Note that since
g and f are continuous, if w — wq then f(w) — zo. Writing z = f(w) we
have

L gw) —glw) oz
wowo W — Wy 220 f(2) = f(20)  ['(20)

as required. O

Remark 3.5.9. Note that the non-trivial part of the proof of the above theo-
rem is the fact that g is continuous! In fact the condition that f’(z) # 0 fol-
lows from the fact that f is bijective — this can be seen using the degree of f:
if f'(29) = 0 and f is non-constant, we must have f(z)—f(z0) = (2—20)*g(2)
where g(z9) # 0 and k£ > 1. Since we can choose a holomorphic branch of
gk near z it follows that f (z) is locally k-to-1 near zp, which contradicts
the injectivity of f. For details see the Appendices. Notice that this is in con-
trast with the case of a single real variable, as the example f(z) = 23 shows.
Once again, complex analysis is “nicer” than real analysis!

3.6 Applications of the Residue theorem

Let us recall that if v is a simple positively oriented contour and f is holo-
morphic on and inside of v except at a finite set S of isolated singularities
none of which lies on ~* itself. Then

/ f(2)dz = 2mi Z Resy,.
Y 20€S
In this section, we will discuss how to use this formula to compute various

integrals.

3.6.1 On the computation of residues

A lot will depend on our ability to compute residues. For example, in the
case of poles, we can use the following result.
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Lemma 3.6.1. Suppose that f has a pole of order m at zy, then

m—1
Resey(f) = lim ——— (2= z)" f(2))

Proof. Since f has a pole of order m at z we have f(z) =, 5, ca(2—20)"
for z sufficiently close to zy5. Thus

(2= 20)"f(2) = com + Cemq1(z —20) + ... Fc_1(z — 20)™ L + ...

and the result follows from the formula for the derivatives of a power series.
O

Remark 3.6.2. The last lemma is perhaps most useful in the case where the
pole is simple since in that case no derivatives need to be computed. In fact,
there is a special case which is worth emphasizing: Suppose that f = g/h
is a ratio of two holomorphic functions defined on a domain U C C, where
h is non-constant. Then f is meromorphic with poles at the zerosE] of h. In
particular, if h has a simple zero at zg and g is non-vanishing there, then f
correspondingly has a simple pole at zg. Since the zero of h is simple at zy,
we must have h/(z9) # 0, and hence by the previous result

Ressy () = Jim #9200 — i g(e) lim oS = o)/ o)

where the last equality holds by standard Algebra of Limits results.

Example 3.6.3. Let f(z) = exp(z)/sin(z). Since sin has simple zeros at
points z; = 7wk, the function f has simple poles at z;. By the formula above

L (z — zx) exp(z) B exp(zk) B exp(zk)
Resaf = I =G0~ swl(zn)  cos(en)

If the pole is of the higher order such computations become much more
involved.

Example 3.6.4. Consider f(z) = sin"2(z) and a pole of order 2 at zg = 0.
Then the Lemma [3.6.1] gives us

2 .
Resof — lim - (— 2 ) = tim 22 S¢) ;COS(Z) —0.
z—0 dz \ sin(z) z—0  sin(2) sin®(z)

"Strictly speaking, the poles of f form a subset of the zeros of h, since if g also vanishes
at a point 2o, then f may have a removable singularity at zo.
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Note that even for such a simple function and for a pole of a small
order, the computation of the limit is non-trivial, since we have to argue
that sin(z) — zcos(z) = 0(22). The easiest way of doing this is to consider
the Taylor series of sin and cos.

In many cases it is easier to compute residues or even the entire principal
part by analysing power series without referring to Lemma A typical
computation is below:

Example 3.6.5. Consider the same function f = 1/sin? and 29 = 0. Then
we can write

() = 1 1 1 1

(z—23/6+...)2  22(1—22/6+...))2 22(1—22/3+...)

Let us denote g(z) = 22/3+4.... This is an analytic function with g(0) = 0.
This means that if |z| is sufficiently small then |g| < 1/2 so

2

z
— =1 2 =14 =+4....
1= o(2) +9(2) +9°(2) + +3—|—

Combining all of this we get

1 1
f(Z)—?+§+...

Hence the principal part is 1/22 and Resgf = 0.

Example 3.6.6. Consider f(z) = 1/(z?sinh(z)3). Now sinh(z) = (e* —
€~ ?)/2 vanishes on miZ, and these zeros are all simple since d%(sinh(z)) =
cosh(z) has cosh(nmi) = (—=1)" # 0. Thus f(z) has a pole or order 5 at
zero, and poles of order 3 at min for each n € Z\{0}. Let us calculate the
principal part of f at z = 0 using the same technique. We will write O(z¥)

for any holomorphic functions which vanish to order k at 0.

2 3 2 2 2 7\\3 5 2 2 6113
z%sinh(2)” = 2°(2+ 7 + = + 0(2"))° = 2°(1+ o + = + O(2"))
3! 5! 3! 5l
322 324 324
— 5 ol - 6
=z(1+ 3 + EIE + =] + 0(z°))
2 4
_ .5 2 13 6
=21+ 5 + 120 +0(2"))
As before, we introduce
22 1324 5 o (1 1322 3
g(z)—?—l-mo +0(2°) =z <2—|—120+O(z)>
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Using the geometric series we get

—1— g(2) + g2(2) + ...

1+g(2)
o (1 1322 5 L1 1322 2\’ 6
=1-z <2+120 +O(2))+z <2+120 +O(z)> + O(z°)
22 1 13 22 17t
=1- 4+ (-=)2 -1-= 5.
2+<4 120)2 +0(2°) 5 + 120 + 0(2?)
Combining all expansions we get
1 1 1 1 1 17
= — =—=—-——+—=—+0(1).

z2sinh(z)3  251+4g¢g(z) 2> 223 120z

This gives the entire principal part and in particular Resy(f) = 17/120.

There are other variants of the above method which we could have used:
For example, by the binomial theorem for an arbitrary exponent we know
that if [2| < 1 then (1+2)2 =3 ., (;3)271 =1-32+622+.... Arguing
as above, it follows that for small enough z we have

2 4

sinh(z) ™% = 273.( 1+—+§+O( 6y)=3
24 22 24
3<1+ 5,)+6( 5,) +0(z ))
3(1 % _3+(3?)2)z4+0(z6)>
22 1724

=z (1—2+ 120 +O(z6)>

yielding the same result for the principal part of 1/22sinh(z)3.

3.6.2 Residue Calculus

As mentioned before, the Residue theorem gives us a very powerful technique
for computing many kinds of integrals. In this section, we give a number of
examples of its application.

Example 3.6.7. Consider the integral

/27r dt
o 143cos?(t)
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If we let v be the path t — e and let 2 = €% then cos(t) = Re(z) =
$(z+2) = 3(z + 1/2). Thus we have
1 1 1 422

1+3cos2(t) 1+3/4(z+1/2)2 1+3224 3 43272 341022+ 324

Finally, since dz = izdt it follows

2m dt —4iz
TI 30020 ~ ). 35102 534%
o 1+ 3cos?(t) v 3+ 1022 + 32

Thus we have turned our real integral into a contour integral, and to evaluate
the contour integral we just need to calculate the residues of the meromor-
phic function g(z) = %10_24% at the poles it has inside the unit circle.
Now the poles of g(z) are the zeros of the polynomial p(z) = 3+ 1022 + 324,
which are at 22 € {—3,—1/3}. Thus the poles inside the unit circle are at
+i/ V/3. In particular, since p has degree 4 and has four roots, they must all
be simple zeros, and so g has simple poles at these points. The residue at
a simple pole zy can be calculated as the limit lim,_,.,(z — 20)g(z), thus we

see (compare with Remark [3.6.2)) that

lim —4iz(z — +i/V/3)
zoti/yv3 3+ 1022 4 324

1
= (£4/V/3) 20(£i/v/3) + 12(+i/v/3)

It now follows from the Residue theorem that

1
P(£i/V3)
- =1/4i.

— (£4/V3)

Res._./3(9(2)) =

2
/0 1—1—363382(75) = 2mi (Reszzi/\/g((g(z)) + Reszzii/\/g(g(z))) =.
Remark 3.6.8. We can similarly write sin(¢) = (2 —1/2)/(2i) and express all
other trigonometric functions in terms of rational functions of z. Thus many
trigonometric integrals can be turned into integrals of rational functions.
All such integrals can be computed quite easily as long as one can find all
singularities.

Often we are interested in integrating along a path which is not closed
or even finite, for example, we might wish to understand the integral of
a function on the positive real axis. The residue theorem can still be a
powerful tool in calculating these integrals, provided we complete the path
to a closed one in such a way that we can control the extra contribution to
the integral along the part of the path we add.
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Example 3.6.9. If we have a function f which we wish to integrate over
the whole real line (so we have to treat it as an improper Riemann integral)
then we may consider the contours I'r given as the concatenation of the
paths 71 : [-R, R] — C and 7s: [0,1] — C where

7(t)=—R+t 7o(t) = Re'™.

(so that I'p = 2 %1 traces out the boundary of a half-disk). In many cases
one can show that fw f(2)dz tends to 0 as R — oo, and by calculating the
residues inside the contours I'r deduce the integral of f on (—o0,00). To
see this strategy in action, consider the integral

/OO dz
o 1+attat

It is easy to check that this integral exists as an improper Riemann integral,
and since the integrand is even, it is equal to

) R dx
— lim ——dx.
2 Rooo J_p 1+ 22 + 2*

If f(z) =1/(1+ 2%+ 2%), then Jr,, f(2)dz is equal to 2mi times the sum of
the residues inside the path I'g. The function f(z) = 1/(1 + 22 + z*) has
poles at 22 = +€2™/3 and hence at {emi/3, e2mi/3 eAmi/3 gbmi/ 31. They are all
simple poles and of these only {w,w?} are in the upper-half plane, where
w = €™/3_ Thus by the residue theorem, for all R > 1 we have

A (2)dz = 2mi(Res, (f(2)) + Res,2(f(2))),

and we may calculate the residues using the limit formula as above (and the
fact that it evaluates to the reciprocal of the derivative of 1422+ 2%): Indeed

since w? = —1 we have Res, (f(2)) = m = 52—, while Res2(f(2)) =

Thus we obtain:

1 _ 1
2w24+4wb T 44202

1 1
dz = 2mi
I'n (2)dz = 2mi <2w—4+2w2—|—4)

AR B
- w—2 w242




82 CHAPTER 3. CAUCHY’S FORMULA AND ITS APPLICATIONS

(where we used the fact that w? + w = iv/3 and w — w? = 1). Now clearly

f(z)dz—/R _dr + [ f(2)dz
I'n _pl+t2+tt ), ’

and by the estimation lemma we have

[ £)de] < sup [F@I0R) < s 0,
Y2

res RF_R2—1

as R — o0, it follows that

T &0 dt
— =1 dz = -
V3 Riyoo I'n (2)dz /001+t2+t4

3.6.3 Jordan’s Lemma and applications

The following lemma is a basic fact on convezity. Note that if z, y are vectors
in any vector space then the set {tx + (1 —t)y : t € [0,1]} describes the line
segment between x and y.

Lemma 3.6.10. Let g: R — R be a twice differentiable function. Then if
[a,b] is an interval on which ¢"(x) < 0, the function g is concave on [a,b],
that is, for x < y € [a,b] we have

g(tr + (1 = t)y) > tg(x) + (1 —t)g(y), te€l0,1].

Thus informally speaking, chords between points on the graph of g lie below
the graph itself.

Proof. Given z,y € [a,b] and t € [0,1] let £ = tz + (1 — t)y, a point in
the interval between z and y. Now the slope of the chord between (x, g(z))
and (&, g(§)) is, by the Mean Value Theorem, equal to ¢'(s1) where s lies
between z and £, while the slope of the chord between (£, g(£)) and (y, g(y))
is equal to ¢(s2) for sy between ¢ and y. If ¢(&) < tg(x) + (1 — t)g(y) it
follows that ¢’(s1) < 0 and ¢'(s2) > 0. Thus by the mean value theorem for
¢'(z) applied to the points s; and s9 it follows there is an s € (s1, $2) with
g"(s) = (¢'(s2) — g'(s1))/(s2 — s1) > 0, contradicting the assumption that
¢"(z) is negative on (a,b). O

The following lemma is an easy application of this convexity result.
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Lemma 3.6.11 (Jordan’s Lemma). Let f be a continuous function on vp
where yg(t) = Re® where t € [0,7]. Then for all positive «

(2)e'**dz
TR

<ZMp,  Mg= max |f(Re")].
o te[0,7]

In particular, suppose that f is holomorphic on H \ S where H = {2z €
C : Im(z) > 0} is the upper half-plane and S is a finite set of isolated
singularities. Suppose that f(z) — 0 as z — oo in H. Then

(2)e"**dz — 0
R

as R — oo for all a > 0.

Proof. Applying Lemma [3.6.10| to the function g(t) = sin(t) with z = 0
and y = 7/2 we see that sin(t) > 2t for ¢ € [0,7/2]. Similarly we have
sin(m —t) > 2(m —t)/7 for t € /2, x]. Thus we have

e—20Rt/x tel0,m/2,

iz o ,—aRsin(t)
e <e = {emR(wt)/Tr t € n/2,m.

But then it follows that

[m f(2)e**dz

This proves the first claim.
Next, fix some € > 0. Since f — 0 as z — oo and S is finite, there is Ry
such that Mg < € for all R > Ry. This immediately implies that

/7 ) f(2)e**dz

Since € is arbitrary, this proves the second claim. ]

/2 —2aRt/m T —aR m
< 2RMg e dt = Mg (1—6 )<MR*.
0 (6%

«

™
<e—, R > Ry.
o

Remark 3.6.12. If ng is an arc of a semicircle in the upper half plane, say
nr(t) = Re' for 0 <t < 2m/3, then the same proof shows that

(2)e'**dz -0 as R — oo.
R

This is sometimes useful when integrating around the boundary of a sector
of the disk (that is a set of the form {re? : 0 <r < R,0 € [01,62]}).
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It is also useful to note that if a < 0 then the integral of f(2)e’®* around a
semicircle in the lower half plane tends to zero as the radius of the semicircle
tends to infinity provided |f(z)| — 0 as |z| — oo in the lower half plane.
This follows immediately from the above applied to f(—z).

Example 3.6.13. Consider the integral f > Md:p This is an improper

integral of an even function, thus it exists if and only if the limit of f R Sm(m) dx

exists as R — oco. To compute this consider the integral along the closed
curve ng given by the concatenation ng = vg * ygr, where vg: [-R, R] — R
given by vg(t) = t and Yg(t) = Re (where t € [0,7]). Now if we let
f(z) = e”z—l’ then f has a removable singularity at z = 0 (as is easily seen
by considering the power series expansion of e"*) and so is an entire function.
Thus we have [, f(2)dz =0 for all R > 0. Thus we have

0:/17Rf(z)dz:/j;f(t)dt+/mejdzLRCZZ.

Now Jordan’s lemma ensures that the second term on the right tends to zero

as R — oo, while the third term integrates to f r ’gen dt = im. It follows

that f f(t)dt tends to im as R — oo. and hence taking imaginary parts

> Sm(x) dx is equal to .

we conclude the improper integral f
Remark 3.6.14. The function f(z) = ! might not have been the first
meromorphic function one could have thought of when presented with the
previous improper integral. A more natural candidate might have been
g(z) = % There is an obvious problem with this choice, however, which is
that it has a pole on the contour we wish to integrate around. In the case
where the pole is simple (as it is for e¥*/z) there is a standard procedure
for modifying the contour: one indents it by a small circular arc around the
pole. Explicitly, we replace the vg with v % e % yg where Vf.tf(t) =t and
t € [-R,—€] for v, and t € [¢, R] for v}, (and as above 7.(t) = ee!™) for
t € [0,7]). Since % is bounded at z = 0 the sum

e . R . R .
/ s1n(x)dx+/ sm(ac)dx _)/ sm(:v)dx’
R T . x _R X

as € — 0, while the 1ntegral along 7. can be computed expllcltly by the
Taylor expansion of e** we see that Res,— 0— = 1, so that € — 1/z is
bounded near 0. It follows that as € — 0 we have f% ez —1/2)dz — 0.
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On the other hand
d T _ s i(m—t)
/Zze/ Ldt:—iﬂ,
e z 0 Eez(ﬂ—t)

eiz
/ —dz — —im, e — 0.
z

€

so that we see

Combining all of this we conclude that if I'c = vy * 7. * I/E * g then

—€ _iT 1z R _ix iz
0= f(z)dz:/ € odr+ edz—i—/ edx—i—/ C .
Le - € YR

R T e Ry z

z
R iz iz
—ai [ sin(@) | o[ Za
€ x Z v %

€

R
R _; iz
— 2@'/ Mdm —m+ / e—dz.
0 L YR %

as € — 0. Then letting R — oo, it follows from Jordans Lemma that the
third term tends to zero so we see that

o T x
as required.

We record a general version of the calculation we made for the contribu-
tion of the indentation to a contour in the following Lemma.

Lemma 3.6.15. Let f: U — C be a meromorphic function with a simple
pole at a € U and let v¢: [a, B] — C be the path v (t) = a + ee®, then

lim / F(2)dz = Resa(F)(5 — a)i.

e—0

Proof. Since f has a simple pole at a, we may write
c
f(z) = “—a 9(z)

where ¢(z) is holomorphic near z and ¢ = Res,(f) (indeed ¢/(z — a) is
just the principal part of f at a). But now as g is holomorphic at a, it is
continuous at a, and so bounded. Let M,r > 0 be such that |g(z)| < M for
all z € B(a,r). Then if 0 < € < r we have

[ otediz| < M = (5 - e
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which clearly tends to zero as e — 0. On the other hand, we have

/ € dz /ﬁ € ieettdt /B(z’c)dt ic(f— )
= — 1€ = = — ).
Y Z—a o €€t o

Since f% f(z)dz = f% c/(z—a)dz + f% g(2)dz the result follows. O

3.6.4 Summation of infinite series

Residue calculus can also be a useful tool in calculating infinite sums, as we
now show. For this, we use the function f(z) = cot(nz). Note that since
sin(7z) vanishes precisely at the integers, f(z) is meromorphic with poles at
each integer n € Z. Moreover, since f is periodic with period 1, in order to
understand the poles of f it suffices to calculate the principal part of f at
z = 0. We can use the method of the previous section to do this:

We have sin(z) = z — ‘g—? + %T + O(27), so that sin(z) vanishes with

multiplicity 1 at z = 0 and we may write sin(z) = z(1 — zh(z)) where
h(z) = 2/3! — 23 /5! + O(2%) is holomorphic at z = 0. Then
1 1
1—zh - (1 Z"h(z =+ h(z) + O(z?).
)~ e +;; ~+h(2) + 0()

Multiplying by cos(z) we see that the principal part of cot(z) is the same
as that of 1 cos(z) which, using the Taylor expansion of cos(z), is clearly 1
again. By periodicity, it follows that cot(7z) has a simple pole with residue
1/7 at each integer n € Z.

We can also use this strategy to find further terms of the Laurent series of
cot(z): Since our h(z) actually vanishes at z = 0, the terms h(z)"z" vanish
to order 2n. It follows that we obtain all the terms of the Laurent series of
cot(z) at 0 up to order 3, say, just by considering the first two terms of the
series 1+ o, 2"h(2)", that is, 1+ zh(2). Since cos(z) = 1 —22/2!+ 21 /41,
it follows that cot(z) has a Laurent series

22 1 z z

m@:u—§+m)mzﬂi—§+wﬂn
:%_§+0@%

The fact that f(z) has simple poles at each integer will allow us to sum
infinite series with the help of the following:

Lemma 3.6.16. Let f(z) = cot(mz) and let T'y denotes the square path
with vertices (N + 1/2)(£1 £ 14). There is a constant C independent of N
such that |f(z)] < C for all z € T'y.
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Proof. We need to consider the horizontal and vertical sides of the square
separately. Note that cot(nz) = (e 4 =) /(e"™ — e~"%). Thus on the
horizontal sides of I'y where z = o £ (N + 1/2)i and —(N +1/2) < z <
(N +1/2) we have

6i7r(x:|:(N—|—1/2)i) +e—i7r(x:|:(N+1/2)i)
eim(@E(N+1/2)i _ p—im(z£(N+1/2)7)

| cot(mz)| =

€W(N+1/2) +677T(N+1/2)
— e7r(]\7—i—1/2) _ e—7r(N+1/2)
= coth(m(N + 1/2)).

Now since coth(z) is a decreasing function for = > 0 it follows that on the
horizontal sides of I'y we have | cot(mz)| < coth(37/2).
On the vertical sides we have z = £(N + 1/2) + iy, where —N —1/2 <
y < N + 1/2. Observing that cot(z + N7) = cot(z) for any integer N and
that cot(z + 7/2) = —tan(z), we find that if z = £(N 4+ 1/2) + iy for any
y € R then
|cot(mz)| = | — tan(iy)| = | — tanh(y)| < 1.

Thus we may set C' = max{1, coth(37/2)}. O
We now show how this can be used to sum an infinite series:

Example 3.6.17. Let g(z) = cot(rz)/z2. By our discussion of the poles of
cot(mz) above it follows that g(z) has simple poles with residues # at each
non-zero integer n and residue —7/3 at z = 0.

Consider now the integral of g(z) around the paths I'y: By Lemma
we know |g(2)| < C/|z|? for z € T, and for all N > 1. Thus by the

estimation lemma we see that
</ g(z)dz> < C(4N +2)/(N +1/2)* =0,
I'n

as N — oo. But by the residue theorem we know that

/Fg(z)dz:—ﬂ/3+ Z #

n#£0,
~N<n<N

It therefore follows that
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Remark 3.6.18. Notice that the contours I' y and the function cot(wz) clearly
allow us to sum other infinite series in a similar way — for example if we
1

wished to calculate the sum of the infinite series ), -, 7277 then we would

consider the integrals of g(z) = cot(wz)/(1 + 22) over the contours I'y.
Remark 3.6.19. (Non-examinable — for interest only!): Note that taking
g(z) = (1/22%) cot(7z) for any positive integer k, the above strategy gives a
method for computing >°°° ; 1/n% (check that you see why we need to take
even powers of n). The analysis for the case k = 1 goes through in general,
we just need to compute more and more of the Laurent series of cot(nz) the
larger we take k to be.

One can show that ((s) = >_.°, 1/n® converges to a holomorphic func-
tion of s for any s € C with Re (s) > 1 (as usual, we define n® = exp(slog(n))
where log is the ordinary real logarithm). As s — 1 it can be checked that
((s) — oo, however it can be shown that ((s) extends to a meromorphic
function on all of C\{1}. The identity theorem shows that this extension is
unique if it existsﬂ (This uniqueness is known as the principle of “analytic
continuation”.) The location of the zeros of the (-function is the famous Rie-
mann hypothesis: apart from the “trivial zeros” at negative even integers,
they are conjectured to all lie on the line Re (z) = 1/2. Its values at special
points however are also of interest: Euler was the first to calculate ((2k)
for positive integers k, but the values ((2k + 1) (for k a positive integer)
remain mysterious — it was only shown in 1978 by Roger Apéry that ((3) is
irrational for example. Our analysis above is sufficient to determine ((2k)
once one succeeds in computing explicitly the Laurent series for cot(mz) or
equivalently the Taylor series of z cot(rz) = iz + 2iz/(e?* — 1).

3.6.5 Keyhole contours

There are many ingenious paths which can be used to calculate integrals via
residue theory. One common contour is known (for obvious reasons) as a
keyhole contour. It is constructed from two circular paths of radius € and R,
where we let R become arbitrarily large, and € arbitrarily small, and we join
the two circles by line segments with a narrow neck in between. Explicitly,
if 0 < € < R is given, pick a 6 > 0 small, and set ny(t) =t +id, n_(t) =
(R—t)—1d, where in each case ¢ runs over the closed intervals with endpoints
such that the endpoints of 7+ lie on the circles of radius € and R about the
origin. Let yr be the positively oriented path on the circle of radius R

8Tt is this uniqueness and the fact that one can readily compute that ¢(—1) = —1/12
that results in the rather outrageous formula > >°  n = —1/12.
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YR

Ve

Figure 3.3: A keyhole contour.

joining the endpoints of 771 and 77— on that circle (thus traversing the “long”
arc of the circle between the two points) and similarly let v, the path on the
circle of radius € which is negatively oriented and joins the endpoints of 4
on the circle of radius e. Then we set I'p ¢ = 14 * Yr * — * Ve (see Figure
3.3). The keyhole contour can sometimes be useful to evaluate real integrals
where the integrand is multi-valued as a function on the complex plane since
it avoids a straight branch cut. We can see it in the next example:

Example 3.6.20. Consider the integral [;° lﬂig dx. Let f(z) = 2Y/%2/(1 +

22), where we use the branch of the square root function which is continuous
on C\Rs, that is, if z = e with ¢ € [0,27) then z1/2 = 1/2¢/2,

We use the keyhole contour I'r . On the circle of radius R, we have
|f(2)] < RY?/(R?—1), so by the estimation lemma, this contribution to the
integral of f over I' . tends to zero as R — oo. Similarly, |f(z)| is bounded
by €!/2/(1—€?) on the circle of radius €, thus again by the estimation lemma
this contribution to the integral of f over I'g  tends to zero as € — 0. Finally,
the discontinuity of our branch of z1/2 on R+ ensures that the contributions

of the two line segments of the contour do not cancel but rather both tend
oo pl/2

0 @d:c as 0 and € tend to zero.

to

0o p1/2

To compute [, 152

dx we evaluate the integral fFR f(2)dz using the
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residue theorem: The function f(z) clearly has simple poles at z = +i, and

their residues are %e‘“i/ 4 and %e_?m/ 4 respectively. It follows that
(1 —7i/4 1 —3mi/4
f(z)dz =2mi | =e + e = mV2.
Th. 2 2

oo gl/2

Taking the limit as R — oo and € — 0 we see that 2f0 1722

that
/OO 21/2dz T
o 1+a? V2

dxr = m/2, so
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All appendices are non-examinable. They are here for the sake of com-
pleteness and do not form part of the syllabus.
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Appendix A

On the homotopy and
homology versions of
Cauchy’s theorem

In this appendix we give proofs of the homotopy and homology versions of
Cauchy’s theorem which are stated in the body of the notes. These proofs
are non-examinable but are included for the sake of completeness.

We will need the following theorem that shows that certain functions
defined by integrals are holomorphic.

Theorem A.0.1. Let U be an open subset of C and suppose that F': U x[a, b
s a function satisfying

1. The function z — F(z,s) is holomorphic in z for each s € [a,].
2. F is continuous on U X [a, b]

Then the function f: U — C defined by

() = /abF(z, s)ds

is holomorphic.

Proof. Changing variables we may assume that [a,b] = [0, 1] (explicitly, one
replaces s by (s —a)/(b—a)). By Theorem it is enough to show that
we may find a sequence of holomorphic functions f,(z) which converge of
f(2) uniformly on compact subsets of U. To find such a sequence, recall
from Prelims Analysis that the Riemann integral of a continuous function is

95
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equal to the limit of its Riemann sums as the mesh of the partition used for
the sum tends to zero. Using the partition z; = i/n for 0 < ¢ < n evaluating
at the right-most end-point of each interval, we see that

n
Falz) = % S F(zi/n),

i=1
is a Riemann sum for the integral fol F(z,s)ds, hence as n — oo we have
fn(z) = f(z) for each z € U, i.e. the sequence (f,) converges pointwise to
fonall of U. To complete the proof of the theorem it thus suffices to check
that f, — f as n — oo uniformly on compact subsets of U. But if K C U is
compact, then since F' is clearly continuous on the compact set K x [0, 1], it
is uniformly continuous there, hence, given any ¢ > 0, there is a § > 0 such
that |F(z,s) — F(2,t)| < e for all z € B(a, p) and s,t € [0,1] with [s—t| < 4.
But then if n > 6! we have for all z € K

n

1) = £l = | [ Pz =30 FGecifo)

i=1

n i/n

F(z,s8)— F(z,i/n))ds
S [ (P~ Flaim)
33 /@-_W [F(2,5) — F(,i/n)|ds

< Zn:e/n =e.
i=1

Thus f,(z) tends to f(z) uniformly on K as required. O

Theorem A.0.2. Let U be a domain in C and a,b € U. Suppose that
and n are paths from a to b which are homotopic in U and f: U — C is a
holomorphic function. Then

L F(2)dz = /77 f(2)dz.

Proof. The key to the proof of this theorem is to show that the integrals of
f along two paths from a to b which “stay close to each other” are equal.
We show this by covering both paths by finitely many open disks and using
the existence of a primitive for f in each of the disks.

More precisely, suppose that h: [0,1] x [0,1] is a homotopy between ~y
and 7. Let us write K = h([0,1] x [0,1]) be the image of the map h, a
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Figure A.1: Dissecting the homotopy

compact subset of U. Since K is sequentially compact there is an € > 0 such
that B(z,e) C U for all z € K (Lemma 8.2.3 of the metric spaces part of
the course).

Next, we use the fact that, since [0, 1] x [0, 1] is compact, h is uniformly
continuous. Thus we may find a 6 > 0 such that |h(¢1,s1) — h(t2, w2)| < €
whenever ||(t1,s1) — (t2, s2)|| < . Now pick N € N such that 1/N < § and
dissect the square [0,1] x [0,1] into N? small squares of side length 1/N.
For convenience, we will write ¢t; = i/N for i € {0,1,...,N}

For each k € {1,2,..., N — 1}, let v be the piecewise linear path which
connects the point h(t;,k/N) to h(tj11,k/N) for each j € {0,1,...,N).
Explicitly, for ¢t € [t;,t;41], we set

V() = h(ty, k/N)(L = Nt = )+ h(tjsr, k/N)(Nt — j)

We claim that

/Vf(z)dz:/ylf(z)dz:/llzf(z)dz:...:/VN 1f(z)dz:/nf(z)dz

which will prove the theorem. In fact, we will only show that fv f(z)dz =
fw f(2)dz, since the other cases are almost identical.

We may assume the numbering of our squares S; is such that Sy,..., Sy
list the bottom row of our N? squares from left to right. Let m; be the
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centre of the square S; and let p; = h(m;). Then h(S;) C B(p;,€) so that
Y([tis tix1]) € B(pi,€e) and v1([t;, tir1]) € B(ps,€) (since B(p;,€) is convex
and by assumption contains v (¢;) and v;(t;+1)). Since B(p;, €) is convex, f
has primitive F; on each B(p;,€). Moreover, as primitives of f on a domain
are unique up to a constant, it follows that F; and F;1 differ by a constant
on B(pi,€) N B(pi+1,€), where they are both defined. In particular, since
v(t:),v1(t;) € B(pi,€) N B(pit1,€), (1 <i< N —1), we have

FZ(’Y(tl)) - Fi+1(7(ti)) = Fi(Vl (tz)) - Fi+1(V1(ti)). (A.O.l)
Now by the Fundamental Theorem we have
f(2)dz = Fi(v(tiy1)) — Fi(n(t)),

Vltirtig]

/ [(2)dz = F(n(tis)) — Fi(n (1))

[t ti41]

Combining we find that:

/ e / G

titit1]

=z

||
I

N-1
= (Fis1(v(tis1)) — Fisr(v(8)))
= N— 1
:FN(’y(tN)) +' - 2+1(’7(t )))
N 1 .
— Fy(b) (tit1)) = Fi1(vi(tivn))
o 1:0

(Fip1(ni(tinr)) — Fira(n (1))

Il
1

N-1
= / 2)dz = / f(z)dz
i=0 Y V1[t;,t541] g
where in the fourth equality we used Equation (A.0.1]). O

Remark A.0.3. The use of the piecewise linear paths v, might seem unnat-
ural — it might seem simpler to use the paths given by the homotopy, that
is the paths i (t) = h(t,k/N). The reason we did not do this is because
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we only assume that h is continuous, so we do not know that the path 4 is
piecewise C'' which we need in order to be able to integrate along it.

The proof of the homology form of Cauchy’s theorem uses Liouville’s
theorem, which we proved using Cauchy’s theorem for a disc.

Theorem A.0.4. Let f: U — C be a holomorphic function and letv: [0,1] —
U be a closed path whose inside lies entirely in U, that is 1(y,z) = 0 for all
z ¢ U. Then we have, for all z € U\v*,

[r@ac=0 [ Lac—omirt250), veevyy
v v G =%

Moreover, if U is simply connected and ~y: [a,b] — U is any closed path,
then I(,z) = 0 for any z ¢ U, so the above identities hold for all closed
paths in such U.

Proof. We first prove the general form of the integral formula. Note that
using the integral formula for the winding number and rearranging, we wish
to show that

F(z) :/dezo
Y

for all z € U\~r*. Now if g(¢,2) = (f(¢) — f(2))/(¢ — z), then since f
is complex differentiable, g extends to a continuous function on U x U if

we set g(z,2) = f/(z). Thus the function F is in fact defined for all z € U.
Moreover, if we fix ¢ then, by standard properties of differentiable functions,
9(¢, z) is clearly complex differentiable as a function of z everywhere except
at z = (. But since it extends to a continuous function at ¢, it is bounded
near ¢, hence by Riemann’s removable singularity theorem, z — ¢((, 2) is in
fact holomorphic on all of U. It follows by Theorem that

1
F(z) = / 9(1(1), 2) (D)t

is a holomorphic function of z.

Now let ins(y) = {z € C: I(v,2) # 0} be the inside of v, so by assump-
tion we have ins(y) C U, and let V = C\(v* Uins(y)) be the complement
of v* and its inside. If z € U NV, that is, z € U but not inside v or on ~*,
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then
e = [T9% g [ 2
- [H9% 6
i
(19K g,
2l

since I(y,z) = 0. Now G(z) is an integral which only involves the values of
f on v* hence it is defined for all z ¢ +*, and by Theorem m G(z) is
holomorphic. In particular, G defines a holomorphic function on V', which
agrees with F on all of UNV ;| and thus gives an extension of F' to a holomor-
phic function on all of C. (Note that by the above, F' and G will in general
not agree on the inside of y.) Indeed if we set H(z) = F(z) for all z € U and
H(z) = G(z) for all z € V then H is a well-defined holomorphic function on
all of C. We claim that |H| — 0 as |z| — oo, so that by Liouville’s theorem,
H(z) =0, and so F(z) = 0 as required. But since ins(y) is bounded, there
is an R > 0 such that V'O C\B(0, R), and so H(z) = G(z) for |z| > R. But
then setting M = sup¢c,- | f(¢)] we see

/ F(Q)d¢
v (=2
which clearly tends to zero as |z| — oo, hence |H(z)| — 0 as |z| — oo as
required.

For the second formula, simply apply the integral formula to g(z) =
(z—w)f(z) for any w ¢ ~*. Finally, to see that if U is simply connected the
inside of v always lies in U, note that if w ¢ U then 1/(z—w) is holomorphic
on all of U, and so I(vy,w) = dz_ — () by the homotopy form of Cauchy’s

T Jy z—w
theorem. ]

<)M
~ =R

|H(2)| =

Remark A.0.5. Tt is often easier to check that a domain is simply connected
than it is to compute the interior of a path. Note that the above proof uses
Liouville’s theorem, whose proof depends on Cauchy’s Integral Formula for
a circular path, which was a consequence of Cauchy’s theorem for a triangle,
but apart from the final part of the proof on simply connected regions, we
did not use the more sophisticated homotopy form of Cauchy’s theorem. We
have thus established the winding number and homotopy forms of Cauchy’s
theorem essentially independently of each other.



Appendix B

Remark on the Inverse
Function Theorem

In this appendiz we supplﬂ the details for the claim made in the remark
after the proof of the holomorphic version of the inverse function theorem.
There is an enhancement of the Inverse Function Theorem in the holo-
morphic setting, which shows that the condition f’(z) # 0 is automatic (in
contrast to the case of real differentiable functions, where it is essential as
one sees by considering the example of the function f(x) = 23 on the real
line). Indeed suppose that f: U — C is a holomorphic function on an open
subset U C C, and that we have zy € U such that f'(z9) = 0.
Claim: In this case, f is at least 2 to 1 near 2y, and hence is not injective.

Proof of Claim: If we let wyg = f(z0) and g(z) = f(z) — wy, it follows g has a
zero at zg, and thus it is either identically zero on the connected component
of U containing zy (in which case it is very far from being injective!) or
we may write g(z) = (2 — 20)Fh(z) where h(z) is holomorphic on U and
h(zo) # 0. Our assumption that f’(z9) = 0 implies that k, the multiplicity
of the zero of g at zp is at least 2.

Now since h(zg) # 0, we have € = |h(zp)| > 0 and hence by the continuity
of h at zp we may find a 6 > 0 such that h(B(z0,6)) € B(h(z0),€). But
then by taking a cut along the ray {—t.h(z0) : t € Rso} we can define
a holomorphic branch of z — z!/% on the whole of B(h(z),€). Now let
¢: B(z,9) — C be the holomorphic function given by ¢(z) = (z—z9).h(z)"/*
(where by our choice of § this is well-defined) so that ¢'(z0) = h(z)/* # 0.
Then clearly f(z) = wg + ¢(2)F on B(zp,6). Since ¢(z) is holomorphic,the

'For interest, not examination!
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open mapping theorem ensures that ¢(B(zp,d)) is an open set, which since it
contains 0 = ¢(z), contains B(0,r) for some 7 > 0. But then since z  2*
is k-to-1 as a map from B(0,7)\{0} — B(0,7%)\{0} it follows that f takes
every value in B(wg,7%)\{wo} at least k times.
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