An Introduction to
Mathematical Physiology

Mlichaelmas Term 20as
Christiang Mav royiakoumou




GQm_g:a! wourse information-

lectures take ploce on Wednesdays 13- CL5) ond Tharsdays 11-13 (L4)
There will be 4 problem sheet dasses. Gach tutor will do 4 clusses , each 90 mins
and each covering L problem sheet.

Geargina Ryan = Mondey 3:30-1  Wesks 3,5, %, HT! " &

Callom Massh: Tugsday 11-12:30  Vdeeks 4 6.6in €5, HT i (3

Ramon Navtallo -Kaluasrachchi : a)ednesdqy 10:30-12 (Jecks 4.6.8 :n C2
HTL in 3 (/01/2)

MJ email is maUmﬂiakoum@mcrrhs.ox.ac.uk
Office number: $3.4

(roblem Sheets - - Sowtions do the B questions of froblem Sheet ! and 3 showd be
Submjtted on  Moodle by Fridog 9 am on Weeks 2 and G.

- Model answers will be provided 1o all quesiions and we'll q0 through these in
The dasses.

special Topics : Fof thse altending who need o wrie a special fopic on This urse.
dhese is @ list of possible topics on the course Website.

Lectures = -Typeset lecture notes are detuiled . But, evenything you need will be wyered
in the lectures. Semetimes I'f point doThe lecture motes for additionol. proofs.

~ In this wurse there © Jusk as much emphasison Coming up I/ the apprepriate
mathematical 4y odels as there is en solving Fhem.

~ Some Guest appearances fiom research experts in the fieid (in brain modelling ,
aldvm dynamics, . ..)



[ Notes based on those of Prof. len Griffiths ]

Chapter 1. €nzyme kinelics

Entgmes are wialysts , ’fhes help wrvert other Molewles known, as Subsiretes nfo

products | put are not used up in the Yeachion themselues,

Prpplications - digestive sysiem ,  ONA- replication , Liver emzlmes
(glocose breakdown) [de\sfm\g toAins)

Considesr ehemicals A and B )mdina on wllistamm W form Ghemicol C with
e k- a44R K C

This rate |k depends m The moleude sizes, Sha,oe.s, and the temperature.

Then we wn wile [ dC _ 4 p The rate aiowhich the reaction ta{«e“s place is
dt proportinal <o the number of sufficiently energetic
Collistons bet" molecadeés A & B o  concentrations

of Aand B.
I—IF you double the number of A you (oould expert the rate 0f readion to doyble

Note this means that 34 +B E>Cl is d¢ _ kAR
dt ~ N

More on fphis o proklem sheet 1 @2

This is walled  dhe  faw of mass ackion [ The way in which chemical, roactims
3 the consequent euowing concent. Of
their reactants qre Yuantified)

Asumption: dhe mixiure is wel-stined (.o, oncentrotims of reactants uniform in spae)
Mithaelis -Menten kinetics (Section 1.2)
An eniyme reackion (ooks fike s -

g o-complex, Which breaks down
*qu., So.c,s K, ( nbo the enyme and a product
\& 2
SIREIN StE & ¢ S E+ P (two-step proeess)
e k_ \
SWhs traje 1 ' iﬁ%ﬁs o product-
en “heﬂ 'H')QJ
e \' : com plex braaks
e~ rRvenible

‘ down irdo the producr
Raction



: 3
overal) reachm rate

The overah readion Ig S -@7 P, This looks fike a simple reaction, but we

Kknow there are internal rate skeps. Jou wud just  model the single readion
ad wpiure ) the intermedicde Steps  with +hs overal rancion This is the

e nS"

K+ S"

But better o wsethe law of mass action:

_g_s =k,C - k, SE ) Michaelis -Menten K petics

dE
dt
dc
at

af = ¢ ®
dt

Con we simplify ) Tes - T only agpears 'h @ s decouples, ,
l-e. it can be {ound b:; direct integration once the other 3eqws fovy €, C)' S hawe

(k,""kz)c -k @

[9)

n

kK SE - (k,t+k)C @

been so |ud. initiad value of E
[ sinee C=0
Ml @40 to cee thar dE +?TQ= 3 EtC = wnstant = 5 initially
dt t

This reduces the system o two Opes

ds ) )
at = kG ok S(E-C)

éd_‘té - kS (EC) -tk ) C




which (o be solved Subjet o Suitable initial Conditims: $=&,C<0 at t=0.

U\)B Tww mon-dimensimalsze the Sds‘rem to analy?e it:

§=Ss, C=Re, t=X
kleo
Thus,
dS . g ds, dc '
- 25 A fde gr-d¥ L4
dt d¥ t dt WG e I,‘E:E(Ft,
» The 3% €quation bewomes .
d
kso o Oli = k o C -k,gs(é/-%C)
=> 14‘5 dS =k C"kSg(; C)
Divide -lbmuqh by kS, +o obtnin ds - Kk
1 Vo 1ot - _c¢ - s(I-¢) = ko -
it 13 )=l k&,) 5
: A
5 C |‘i_‘ ~ )
dt (S+—:—S-°+izso_|1,._>—s= ~s +—c(s+l/1-2>
kl| kISO
h
l‘)ele K“' L‘_'i-‘(,_ Qﬂd A= Ez_
k|so le°
' The dc

equation bevomes:

FolhBe e - iS5 (f Fd - Utk DBtc

LE. de

dtl = klgos(l-c) —(kz+k-|§C‘

N



We divide ow hy kS gain: r7\10+e= the remarkable effecijveness of
enzymes as Catalysts is  refleced iu
1he extremely small wncentrations
Neecked inL Lompayistn 4o the subsfrais_l

Z‘%ﬁ- =5 (1-¢0) - (kytky) ¢

> K 8o _
p —— = E<«|
KI
=
'sg':?f =8~ (s+k")c , where |6 = Bo | <<1 beouse we iy need a
Se b} of enzyme.
Thus, the dimensionless system of equations beomes
de
- -§tC (
at’ (s +K'=2) | i inital, condifios S(a) <
6@__:: = §-(st K Clo)=0

€< mens we wan Meglect the time derivafive n the c-equa fim.

“This makes a > S eyolves 1hmu.3/) a Hme derdvative
c evolves +hms5)\. o algebraic equation.

me 6_70 : O = S_(S_I_Hl)c :) C= S

(Sg—:—, -—-ao) sth!
Thus, if we plug fhic into the (st @quahon, ke get, ds - -g+ S (sth'

dt’ Stk’
> 8 s sl ) L

.\,))

Sth’ sm'
d_ﬁ_ = — AS
ot stp|

) is known og the M dhaelic- Menten law (and is for envyme ceadions)
(rate of bransfoymation of the substraie)



: - ?

What @ e reagion rafe e e stoie of depletton
This is ¥ op K
= = ‘SE kgs? (mn—dimensﬁmaﬂi?ing)

= —-dS
oIt
/\
= - SBk | Sﬂ() (vsing &)

Now I6E% subst. =S5 and A=k

to obtain
Y= 4 Ealy( ’iz_ Sy
P_go —S‘_+E: = Bk S . Ek S
' S e+SK $+SH'
= [(LE:, S

Sy 3/“/ k-|+k1.>

So, teaction rafe is

E = sz-OS
t
S+K

Y <

g el

This i¢ the Micha.elis constant

It' difiadt to meosure individual reaton rates  experimental)y.

Bl wean meusyre the oveail reactin rate r and concentrations. So, i we Lok
ot theimtal mte of raackon S, -

Thue T'_— s linaar in 1.
° S

We tan Pt experimenta) dato of -‘: versus — and the Slope s B ond

So kG
inter@pt s _1:7? which allows us ®  exiract J and k,G, . z

LO



These pl,ots are Lineweaver - Burk plots.

Now, gur quasi-steady approximatin = S

s+K’
conditims $=% ,
= $(0)=|

o oes nat Salisfy our initial

when = 0(g), during whichhe quosi-stead ly state approx. daes not hold.
We gee thet b\y rﬁﬁmﬁhe t'=€t give
ds .
T

de

I S5tk > djc =g - (s, th)e

€(~Stc (St K'=A)) zo to leading oder 9 =g,

We golve this |8t ovder one de

ac (seth') C =g,
Ne vse the ‘meihod of INTEG RATINGe FACTOR. ,'4-= e(go'H'{l)E

So

e(SO'H(’)t c = _\S_a__ e(soﬂ{r)t
Stk' + A

C= So , a,-(Stk)T
srk T Ae

Usiha_ the iniHal cond (K C(,O):O : 0= éL__ 1—A

= = - s’_
Sotk! R~

C= S -(s "'H')C
aew(ime )

I we vse that S(0) = So=|, +han +hic betomes,

c= _\ _ . ‘(H‘K')C
H—K'(' ¢ )

This takes

S v £<0 ok beo 4o Hhe intial - quasi-static value, qnd,
C o~ -LI-«' aS we move out of the looundavy lager a6 t~o.
I+

c=0,sihne C(o)=J-P’-r-¥0.7b"5 is bewwse fhere s o rapid tronsient,
I+

/s



nhibitors ane substances that inhibit the wtalytic reactims of an enayme.

@ ComPETITIVE INHIBITIDN) — when +he Substrate Gan't bid if +he inhibitor s bound 10

an enq,\s me
ky
StE = ¢ —l:z E+P ™~ Towwn do LAW OF MASS ACTION]
ka2 or the sg and ana ly¥e the readtim
and E+ I ?k_z c Tate h a Similor Wiy b a prasious
‘(.3 1 / se (SQ& 'HIQ '('AJPed Led-ure notu)

@ ALLOSTERIC INHIBITIQN — As well ag the previous wo reactims we can also have
the inhikitov bv‘ndinj o G to make a different prooucct
k

Gt+I ~k=* C;tS

COOperaﬁVG 8\js+ems - more than one bindu‘ng site
enygmc W oo active sited

ks
S+e=~ C — ETt°P

k k
ste = G ¢, +P

-3

“You can then do the law 0f muss action analysis in this wse and find that »ow

r= (ka.HJ_ fqu) E,,S
K h,+ K, S +52

where K. = k_-1+kl— and KJ T kq_ +k_3
k
) ks

SPECIAL CASE : |F the b€ of binding of the first substrate molew)e is small but the rate of
binding of the Setond moieude is large, thers k — 0, by~ oo with kky finite . 9ives



Y = kq. Eo Sz
K K, t5*

Which is o. Hill eguation wih expoment 2.

CHAPTER 2 : [rans -membrane lon transpart

Cells are bags of waler.
The water containg dissolved salts: Nall and KCL yhich dissove into Nat, €7, Kt igns
These exist both inside and outside the cell, &eoting o. potential difference .

The /! walls are permeable —ions yay be pomspovted through the 1) membrane, passing
ihvoqgh poreS Wlled channels or gades .
Osmosis s the mechanrism @ which water ’s transppriad across e cel) membrane.

Carier mediated diffusion- a. mojewe hitches @ ft by binding to a wurier molewde
whidh is o lipid soluble ond can move through the membrane.

Cosvier mediaked transport = g molewle binds b o protein that has an adive site that may

be exposed to the interior ov exferior of the Cll (eg. 9lutase or amino acid transport)

e 2y 0>

wall
Rumps - these exchange one ion for another eq. Natand Kt or Nat ond G2t

cAﬁ-‘l'

~wurier moleud @

Nat



it G tarrier protein
—| > R
A model for courrier mediated transpori in - ""(“}— swikches from

Ci
G = stale with binding site expased to the intenor

Ce = stade Wwith bfndfn9 sife exposed to the exterior an either be exlposed tn the
interi oy ov exterior)

(e tan bind with a substrode molecle in the exterior Se to make o pwduct £ ()

C; @n bind with o substiate melewle inthe intertor S; o make aproduct P; (with
Sume rates as in the extenor) ()

Further ﬁ wn turn into P, and vice vcrsa,.("rhis (s the toumer dcu‘ing \'i'S'thQﬁm’> A

[ See below for pndw&s]
The reaction <cheme is :

k.

Ky k
i+ = P = P, = St
|§| +C‘ k' ‘\ ql; f k+ & (;Q @
(2) M M
K (3)
and Cif C, @ This is the camier Site rotating withoup any substraie on ¢t

I —we assume this occurs at the sume Talre 9f the rotafim
Cqually

likely wHh o substrate on it.
\ .
cal 0% exeniol ’:"
Q. = —O—
binding ade K
o G - 8 P
i nerie’ You wan be on the nside
F or oudside of the Cell
k “’ k wall waiting fo7 sthuto

bi'nd *

%o d_‘)Q i &Pe exterioy
_ — ==

kT in teoy

&

G
k Ce
O— = -0

‘CC

3

Ce binding-siie -outwords to
birding-site- inwardS

(binding [ective site of the membrane

3D



Using the law of mass action we have

Qf: k.,.Q;C‘- = lA_P,;
Re = k.SeC, -hp,
F= kP;‘LPe
G=kC£ 'lLCe

d taken away
i j terior a 0. Gonst. rode J an

Finallg , suppose that subsiraje is supplied from the ex . _

rr:my +he’i',:)tedar at dhe same rate. This is to avoid the sgstem simply se.ﬁiwy down to e
Standy stode W/ ey Hux.

- ‘i—stf'=-0"9i 0]
%%‘: Tt Re )
®or g
i—%=-&-ﬁ?\ 5]
et 6 1re ®

If T is wnknown then this ¢s six equations or seven unknow ns.

Addima @-\- @+@+@ sfues_.
ngP,- tht G+Q) <o

= P +Pe t C;+ Cy = Constant This is conservation of (arrier

And ®+0 +@ 1@ aiueG 5‘|-+Se1-,>‘. + Pe =constant. This (s wnservation o} substrate.



Dne wn sove ©-©@ in steady state to find
~/
= k.KG s
—J— k e Se EYi where Km' l(-f,(+. Rd=£
Ty (Knt5i) (hutsD) K ke i,
) T

S his tells us the Hux of ims transpamred acras the ce)) Membrane in Steady state.

Note the m‘milaﬂ@ m strudurs 4o fhe  Miduelis-Menten flun we derived.

Adive transpoTi ¢ the sodium- pola ssium pump

The carrier-mediatesl  bransport described above moves moleades cbwn chemical gsadients.

To move woleades aaainst a demical 9rudienb requires energy.This js knowh as o

One of 1ha most impovtant active ranspmst mechanisms is
the  Na* - K pump [ Svdwm igns pumped out of the cell against 1€ electnchemical gradienf-]
| polmssium ioms purped in
Thue, the important distindim here to Pay. atten tion to s -

This is ke the camer madiaied Wanspoil , bat mow there s a chemical reacton, Which
requires enemy. This allows chemicals to move a&m’nst nntradion gradients,

The Nernst potential and the resiing potential

The Nernst potential is tha obtainad when all gajes are opn  aid there 1S @ balance
betweon diffusive flux and eletic flux.The system i5 in equilibriom,

The vesting pofential (s the diffeence between +be potential outside and far {from +he
o) and inside the cell , which mas be different 40 the Nernsy potential bewayse gates

open and clo® and fons are MV wider different jmic and <oncentration gradimis,



