
Mathematical Physiolog
Weeks 5 - 8

, Michaelmas Term
2025

Carles Falco

falcoigandiaemaths . ox .ac.ul

office : S4 . 23

https://goodnotes.com/


4 .2 wave propagation
- i = v -kc - F

two pool model :

is = F
intracellular

+ diffesion of sarcoplasm calcium matrixI sid
0c = n - kc -

F + DoxC

OtCs = F

upon nondimemioalisation t = E/k
X = e

and the leythscale 1 is fixed by diffusion
:

Doc = De OC

O+ c = k OEC

in particular, space gives one
additional degree

of freedom so we can set & such that :

De-k = 1

C = UTTh' diffusion-to-decay
lathecel

https://goodnotes.com/


hence, the
modd become :

(u+vv)+ = u
-u + uxx

& [vt = f(u ,v)

next we look for travelling wave solutions :

u = u(5)
whe 3 = x +o

v = v(5) ->
x

in TW coordinates ()1 =
#
dS

I
o(u +vo)) =y - u + u

5001 = f(u , 0)

- f(ur) = 0

- O=
-Thatchofthewareis
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the wave would look somethin like
A

#
=-

3

recell E-K , so smaller E meals shower

decay of sarcoplasm
concentration

,which

will lead to a faster wave
.

21 04

B>A Wave speed selection

this occurs over a thin region : 5 = Can
-a (u + VV)) =

u
- n + 2

-2ay'
I& 05-* = - u , 2)

,
(we still need to find I
o = o(E) !

1 o- "(u +Vr)) = ((a -u) + el
- 2am"

o (1
-

av) = f(u , v)

there can be balancedif= 1 ,
0=

(note on
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to give : S(u +0V)' = <(M -u) + u

& so = f(u , 0)
L

which at zeroth order in E
, gives :

S(u +Vv)) = u"

& SV' = f(u , v)
O(A)

then : S(1 +Ve)-s(Mp+Vp) =-
now simply define N

= -up
to get :

V = v- Va

u = s(u +vr)
II r = F(undYtem !

Wa

/adde↳ Yisaddle ![

E

u = 0
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does a heteroclinic sol
. from D to A

exist ? I saddle - saddle

only for a specific value of !

assuming monotonicity of Vi

=
near M = 0

,
and on the stable

saddle

separatrix Tw Kl
where k satisfies !

k = lim &
M-0

=+ lim
E+FulUE(0)

uUl

521-5

=Frk ,

Floo w

sk (1 +Vk) = Fu - 1Fu/k

↳x + k(s + 1F1) -Fuzt
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determinant= A = [s2+ 1Fr1]" + 4 FnUs2

which is 0 => one positive root

k
=[- (s+ 1F-1) +r]

- > motion along U-melle
until 0 (stable mode)

- 0 - Vn0

S4 + A formally s = +x

= =0= 0
.

so by continuity 7s)0 s .t Theteroclinica

orbit

is it unique ? If trajectories variations were

montonic
,
then yes ! (see lecture votes-

=> s (and hence of is selected by the front!
L

end of D-A
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A-B

this a slow phase , reall he had :

S o (n
+vo)) =u

= n + u" recall !
·

with 0=
>

Ev1 = f(u ,v) E

D -> A occured on3

A

AD
c+ 1- b
E ? E ? bo

what about A-D ? here v'n o

and we look for possible balances

5 = E
- b3

si +b(u +Vr))=u - u + 22u"

S sy +bp) = f(u , v)

which can be balanced ifo
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then the wave has a width + O(t)

and we obtain :

S(u+ 2v)) =u
- n + Su

Y ssv) = f(m , v)

so at zeth order in Ei

I
f(n , v) = 0 = v = g(x)

OCA)
us (1 +ug'(us) =

u
- u

T
Su = 1- v

-

[ 1 + ug'(u)
u-

u
and g's 0 inthis region so :

u 0

anda decreases fromMa to Mr
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B- C

this region is similar
to ASD

,
and also

has width re
,
to odr 011) in a we get:

u = s[u -us +V(v- vs)]

E sol = f(u , v)

Ms is determined by a similar argument to

s
, connecting B-C .

Sea Lecture notes

for more details.

NOTE : Therondimensional diffesion

coefficient in the Lecture notes is v =E.

I've chosen this value to 1 ,
and

discussed the dependance of each

region's width ,
and of the speed on

E
.

These two approaches are equivalent,
withS = Er = 0(1).
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Wavesinhigher dimminatous & spie
wave can occur

D
common framework :

u(X, t) = u(n ,0,t)

=u(tt +mo - y(r)
m = 0, target pattern + 41 > 0

20

m + 0 , Spiral wave

↓

mo = -(r)
spiral waves have been observed
in frog developing eggs.
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#the heart /electrochenied action)

two main parts to the heart function :

(1) electrochemical action : creates muscle

contraction to pump
blood around the

body
(2) mechanical action : enables unidirectional

circulation via a system of values

we begin studying (1)

the heart has fourchambersitRA : right atrium

LA : left atrivom

RV : right ventricle
LV : left ventricle

· blood flows into the RA from the venous system
(superior and inferior vena cava), then flows
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to the RV and from there perfuses through

the luys to gain oxygen.

o blood returns to the heart into the LA ,
there

to the LV and the LV pumps oxygenated
blood out to the body through the

aorta.

· Cardiac cells are electrically active :

->ino-atrial mode cells ,
located at the

RA , act as pacemakers with a periodic
action potential.

-> therewre also other types ofalle
that are excitable Jatrio-ventricularmode cells,
ventricular myocytes , Purkinje fishes) but
with a different action potential .↳
compose the muscle of the ventricle
the ventricles contract when all the myocytes
contract simultaniouty.
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electrocardiogram (ECG) : body surface measurement

of the electrical signds that
stimulate the

contraction of cardiac cell
membranes and

cause the depolarisation of the membrane

potential , and the subsequent repolarisation
.

(cell members are electrically poleised)
· different electrical sinds can came the

membrane to depolariz .
ECG meanes there

: a second electrical signal repoleizes the
membrane

ECE
Va R

-TwaveiHop
QRS complex

P = depolarisation of the atrie

QRS = depolarisation of the ventricles
T = repolarisation of the

ventricles
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thee are ~20 waves propagating through
the heart from the sino-atrid mode (RA) .

the heart is not Ad ! blockage of conduction

paths can lead to "re-entrant"spriral
waven ,

which cycle around the diseased tissue

this can carse ventricular tachycardia.
-

or if they become chaotic venile

fibrillation
-

our goal : study the action potential of
cardiac cells .

in particular : ventricular

myocytes and SA mode cells.
~

V
n

#
t imar myocytes" -

or-gomut
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TheNoblemodel19om potential of ventricular
myocytes

· similar to Hodgkin-Huxley butmore variables

due to the greater number of currents involved.

ionic current = Na + k + leakage
wreuts

Cm = -Fi ① Noble model is

lar basedvolserimental
on ex1

Ii = Ina +Ik +IL results.
residech
-

Iwa = [go + gu] (V - Una)

↳ I switching offswitchi gate
on gate

Ik = (fx + gani) (V - Un)
2 -

instant long-lasting
-

cond of t
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In = gz(V - V)
/

in the Noble
model , guis very

L constant leakage
small conductivity.

↓ and the gate variables satisfy :

in fect with
gr = 0 ,the emhi = mr-m,
model shows

self-sustained Inli = no -h

priodic
behaviou Invi = no - n

where 2m~0. 25 mS

zn -8 ms

~ 500ms ! much loger
---- 1

W

b- remember graph
·

Mfor up !
com~

-- 100mV our
↳ experiments !

mis
,
ha

, no depend on V !
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four eqs . to solve (V , mim ,k)

· to reduce the system we observe

that In>> [m) Im

↳ successive relaxation of the
gates .

· we further asome giw so that

themodel reduces to : lammy Tm+0

Inh = ho(V)-h

& CmV = -[1g0 + gramo (v) h)(V-ral +f(r) (v-rn)]
↳
fast phase of Noble

model
,
timescale ~ Ete

-

whe f(r) = fr(V) + gan't
on this phase In w constant (reall En -500ms)

then we could look in the phase plane for

a trajectory connecting two fixed equations
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the phere plane looks like :

i = 0

⑭
more formally , we would Wa

rescale time by It : t = ThE to get :

Im
-

in = my - m I1
Zh

&

M = ho - h

zu - M& - i = mo =Zh

↳ i = <(no - u)

on the fast phase naua

we also nondimensionalise V -> I
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the full equation for E would become :

E = - G([Th , m) (see Lecture Notes
for yell mondin . I

where I
0 =-[V+ Unamth] (Nia -E)

+N+ 1) + U(v +E)

Pu(V)+ ranY [Noble took U =0 to

begin with . (lockage part)

- slow variations in n in = <(no - u/!solutions starts at the left fixed point, whereV is low no is low = goes down

=> & goes down => milldine goes down

=plo Dulcine
more ona

the two stody states mege auch
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become unstable so we jump to the right

stedy state

from here , no is now high so Mp-t >o

= M goes up
so the wulldine (v= 0) goes

back up again until the left steady state

reappears and we jump back there again.

I the two fixed points on the right
hand side muge aswell!

*

drawing from Metre !

waves in two or three dimensions
-

waves propagate through the leat in~ two

spatial dimensions.

· heart muscle is compared of billions of interconnected

VMS

· gap functions form
electrical connections between

als

in practice , homogenisation techiges
allow us to
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derive continuum effective descriptions of
electrical activity in the tissue.

we will consider the simplest possible model
where we IRV is a rector of reactants

e.g. w = (v ,m , m , h)
and the reaction Kinetics are given by

W

f(w) ,
where f : /"-IR

,
and spatial

transmission is modeled via liver differin :

Otw = f(w) + E Aw

· all reactants have sawe diffusivity : E

· f(u) is such that i = f(w) has a

stable limit cycle behavior with priod
T -> we call this sol .

W =Wolt)

· spatial transmission occurs on a slow

timescale

the slow time is z = et
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idea : becausea is small , diffrent cells
-

will oscillate with the same prod ,
butwith

different place .
Also , spatial variations

of the place
will evolve on a slow timescale

(2 = et) !

↳ method of multiple scales .

we seek a solution w = W (X , tiet) = wixtiz)

then the reaction - diffusion eq .
become :

&+w + 20 zw = f(w) + EAw

we seek a perturbative sol : w = Wo +Wit. . -

at order zero :

& Otwo = f(wo) limit cycle oscillation

↳
Wo = Wo(t + + (x , 2))
/ ↓

period, [ slowly varying phase
this is a constant of integration

= Jdt = t +G
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atorde OJE) we have :

&+Wa + OzWo = Df(w . ) w
,

+ Awa

ES

Otw ,
- Df(wo) wi = - Oz wo + Awa

in tens of wo=o (t + 2(x , 2 4)
we have :

↑

J = D(To)

&zWo = 024 Nol

* Wo = - : [4Wo'] = 14Wol + 1541wo"

so putting everytery together :

&+wi - Jwi = (- 024 + A4)Wo' - 141w.

"

this is a non-homogeneous equation !

Premember DEsIt)
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now use Fredholm's alternative :

u is a solution of Lu = f
↑

if Frenull(L) (i . e. (v = 0) we

have < fiv > = 0

Sev = 0
.

-

in our case we need the integral our

one pood I = 0.

so
,
take v such that NV-5v = 0

.

and then :

T

0 =/ v [Wol- 024 + A4) +Wo"( -y)2]dt
= (- &24 +A4))Two'd + 152)]wodt
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so we obtain the solvability condition :

1024 - A4)/Wo = 15412/wo"
define:widso :

SvWoldt

024 = A4 + 21-4)2

which gives the eg . for the phase

summery : OtW = f(w) + &Aw.
-

to order zeo we get :

w(X,t) - Wolt + 4(x , z))
c = Et

whe
&= 4=4+ 1542

and Wolt) is the limit cycle of OtW
= f(w).
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some notes on : 024 = A4 + 11541"
· both spiral and target patterns !
· integrated form of Burgers' equation

set u = - U
+

-4 and then

&2 ((4) = =Ay + 2154)2

· note v . u = -r x4
so (v . u) = -VEA4-

and this is related to the rector Laplacian
Luste different from
Scaler Laplacian)

An = v(v - u) - Vx(Vxu)

for UK-4 gradient field Ex = 0
-

so (t . u) = Al
.

-> Messian of 4
· also /V412 = ID2454

=282(u)u

=2V" (n .V)u (convective
form)
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so we get :

VOzu +2 V (n. )u = VAU

choose V=

&zu + (u . v)u = Au

Viscous Buyers' equation ,
which is

known to develop "shocks" (only for smalldiffusion)
=> jumps of the phase gradient

-getpatterns and spiral wave

we focus on &24=4 + 215412

relevant situation for the let;

SA cell acting as a pacemate

located at the origin
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these originate target patterns

so assume (as a result of cells near no

2(2 , X) = T

if (x) = n = b

↑ radius in polar
coordinates

these are BC's ! 4 is prescribed

we look for aroution 1x1 = b
.

that decays radially :

4 (2 , x) = 4(z, r) = e - f(r)

with f(b) = 0 and limfir = 0

n-+w

we obtain

1 =
- (nf)) + x(f1)2

E f" + + f) - x(2) + 1 = 0
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this resemble some sort of Bessl eq.
but not quite yet !
Denote g = e-cf , then :

g = - xf 'g
g" = (x22) - xf")g

= cg(c())2- 2")
= (g) + 21 + 1)

= (g - 2
↳ g" + y - cg

= 0

and set v =/ so : <g"tg xg = 0

=> g"+gl- g = 0 Modified Bessel

equation :

g(s)= (s) + Bko(s)
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Io(s) - +5 ass -- + y

hence f = log (Io) is not
admissible

A= 0

and f(n) =- log[Bko(vrl]
B = Ko(b)

-
for BC at r = b .

=> f(r) =- log[
Q :What happens if a < 0 ?

m + =4vz-
F

=- - raz)
=> propagation speed = v
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Spiral waves also exist , but

are associated with a core which allows

the maintenance of a travelling wave

circulating (this makes it slightly les
exciding ?! )

assume BC atthe core is given by :

r= b = 4 = xe + mo

now use the auxatzi

4 =2z +mo- g(r)

to find the solution :

g
= - Ilg[]

s Yuz + mo -Jan + + 0.

this is an Archimedean spiral !

https://goodnotes.com/


in general , these aise when electrical

signals propagate unevenly through
heart tissue due to heterogeneity ↓

latial or ventricler

Sfibrilation

credfrontpropagation

consider a wave in which the phase 4 of the

potential varies rapidly within a thin region

(wave front) which curve more slightly in

other directions

T
we will work with the general equation :

0
=

V = f(v) + AV(A)

assuming
that it has a ID travelling wave solation

v=(5)
, 3 = ct - x

,
x0,(b)= 1,-a) = 0
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=> cV = f(v) + V
"

let of denote the phase of the ware

and the location of the ware front is given

asf(x,t) = 0

XIR#, d= 2, 3 .

we want to describe the evolution of the

front ,
which is slowly verying in the directions

transverse to the direction of propagation.

curvilinear coordinate , so that I meacres

distance along the normals of 4(xt) = ct

normal is n =-F AH's
4= ct

we look for a solution to (A) of the form

of v= /21xt) so that

#10-4 = A4E + 104/'t" + f(t)
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next we take a "quasi" ID approximation

assuming the front is their

thos ,
in the curvilie coordinate 5 we have:

=V 14) I

this follows from : * Yest,
-V = V'(4) % 4
~

Y=et
2

and OV is the drivative of V in the 5 directionn

so=.V = v(4) . 54
↑ = v1(4)(54/directional

deintive I
then he abo have Il

Ov = V" (4(1541" + # (4)03154/
so we obtain

=+ f(v)
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and we already know :

cOgF = f(v) + &g
so we obtain

= + c-
or equivalently :

04 = A4 + cu4) -O
L
remember &34 =G . n for y = G(x)

s A4 -031541 =- (4)) - (4)
= 154/v.-

"
- M

=

- (4)v .
i

So we could rewritte it as :

T
- eikonal

[ := = -E
equation

↓ normal velocity of the surface
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this equation relates On
,
the normal velocity

of the surface ,
to the curvature F.

why is I
. related to the curvature ?

if it is flat /perfect front

them # = CE and t.n = 0

if 4 = at looks like concentric rings

of ~ circular shope

in
and .= curvature

or in 3D :

mean correcture -Ear
=
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