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The structure of this course and the notes are based on the lecture notes written
by Ben Hambly and the previous lecturers. Useful references for further readings
include:

1) N. I. Ikeda and S. Watanabe, Stochastic Differential Equations and Diffu-
sion Processes. 2nd Edition, North-Holland, Kodansha (1989). This is the main
reference I have used for preparing this course. [Chapter 1 (Sections 5, 6 and 7),
and Chapter 2 (Sections 1, 2, 4 and 5)]

2) I. Karatzas and S. Shreve, Brownian motion and stochastic calculus, Springer
(2nd ed.), 1991, Chapters 1-3.

3) B. Oksendal, Stochastic Differential Equations: An introduction with appli-
cations, 6th edition, Springer (Universitext), 2007. Chapters 1 - 3.

4) S.N. Cohen and R.J. Elliott, Stochastic Calculus and Applications, Birkhouser,
2015, Chapters 1-5, 8-12

5) C. Dellacheris and P. A. Meyer, Probabilités et Potentiels, 2e édition, chapitres
V-VIII. Hermann, Paris (1980). [Of course, there is no better place to learn the the-
ory of martingales and stochastic integration than the work of P. A. Meyer].

To revise material from B8.1, you might want to look at

i. D. Williams, Probability with Martingales, Cambridge, 1991.

ii. Lectures Notes for B8.1.

1 Introduction

Our topic is part of the huge field devoted to the study of stochastic processes.
Since first year, you have had the notion of a random variable. In this course, we
want to think of random processes, that is random variables that evolve in time.
When we model deterministic quantitities that evolve with (continuous) time,
such as particles moving under gravity or some other force, we often appeal to dy-
namical systems (in discrete time or in continuous time) as models. In this course



we develop a calculus necessary to develop an analogous theory of random dynam-
ical systems in continuous time, i.e. a theory of stochastic (ordinary) differential
equations (SDEs). These can be used to model quantities such as the prices of
assets or particles moving in turbulent fluids, where the randomness is a key part
of the evolution.

An ordinary differential equation might take the form

dX(t)
dt

for a suitably nice function a. Thinking of this as an infinitesimal evolution equa-
tion we could write

=b(1,X(1)),

dX (1) =0b(t,X(1))dt,

to describe how the quantity X changes in an infinitesimal amount of time df. A
stochastic differential equation is often formally written as

dX(t) =b(t,X(t))dt+o(t,X(t))dB;,

where the second term on the right models ‘noise’ or fluctuations, through a func-
tion o and a noise dB which we can think of as the infinitesimal change in a random
process B, that is an ‘infinitesimal normal distribution” with mean 0 and variance
dt. In order to try to make sense of this we can write it equivalently in an integral
form:

X() :X(O)+./()tb(s,X(s))ds+/0tG(s,X(s))st.

Here the random process (B;);>o is a fundamental object that we call Brownian
motion. The punchline of the course is that we can give a rigorous meaning to the
last term in the equation and although we will consider what appear to be more
general driving noises, under rather general conditions they can all be built from
Brownian motion. Indeed if we added possible (random) ‘jumps’ in X (), we would
capture essentially the most general theory. We are not going to allow jumps, so
we will be thinking of settings in which our stochastic equation has a continuous
solution ¢ — X;.

2 Stochastic processes

In this course we shall handle random variables, which means we have a probability
space (Q,.%,P), and by a random variable we mean a mapping X : Q — E, where
E is called a state space, which is equipped a c-algebra &. It is required that X is
a measurable mapping with respect to .% and &, in the sense that for each U € &,
X~ (U) € .#. Hence we can assign a probability to the event that X € U. Often
(E,&) is just (R, Z(R) (where Z(R) is the Borel o-algebra on R, the c-algebra
of all Borel measurable subsets) and this just says that for each x € R we can
assign a probability to the event {X < x}. By definition, the distribution of X is the
probability measure uy on (E, &) defined by px(A) =P[X € A] forevery A € &.



A stochastic process, indexed by some set T!, is a collection of random vari-
ables (X;);er defined on a common probability space (Q,.%#,P), taking values in
a common state space E (equipped with a o-algebra &). We also use {X; : t € T}
or X; for t € T, or simply by X (if the time parameter is clear) to mean a process
(X¢)rer. For us, T will generally be either [0,00) or [0,7] and we think of X, as
the state of the random evolution at instant # € T. For each sample point ® € Q,
the mapping ¢ — X;(®), represents a realisation of our stochastic process?, called
a sample path or trajectory.

We will work with real-valued or R¢-valued processes, i.e. the state space
E = R? with the o-algebra & = %(R?), the Borel -algebra on R?, which is the
smallest c-algebra containing all open sets.

An R¢%-valued process X = (X;),>0 is continuous (resp. right continuous; resp.
left continuous) if for almost all @ € Q, the sample paths ¢ — X;(®) is continuous
at any ¢ > 0 (resp. right continuous at all # > O; resp. left continuous at every
t>0)3.

In discrete time, we often made statements which held ‘almost surely’, that is,
up to a set of measure zero. In continuous time, we need to be more careful with
what this means:

Definition 2.1. Ler X = (X;),;>0,Y = (¥;)r>0 be two stochastic processes defined on
a probability space (Q, % ,P) .
1) We say that X is a modification of Y if, for all t > 0, we have X, =Y, a.s.*;

'n this course, T C R which is a ordered one dimensional subset. If Tis finite (studied in the
elementary probability theory, Prelims and Part A Probability) or countable infinite, then a stochastic
process is also called a random sequence (paper B8.1).

2 A realization of a stochastic process X = (X;)r>0, is therefore an element of the space of paths in
E. Letus use ET to denote the collection of all mappings (paths in E), w : T~ E, then X = (X;);>0
can be considered as a mapping from Q to ET by sending each sample point @ to the trajectory
t € T+ X;(w). In the discrete time case, i.e. T is finite or countable infinite, ET can be equipped
with the product -algebra € ®---® & ®- - -, and X can be regarded as an E T -valued random variable.
In the case where T = [0,0) or any interval of R, ET is a huge infinite dimensional space (and in
general too big to be useful), and we shall later on define a proper -algebra on ET, but in general
X is no longer an ET-valued random variable. This is the complication in the uncountable time
parameter setting.

3Let C([0,00);R?) denote the space of all continuous functions w : [0,e0) — R?, called the con-
tinuous path space (or just path space). Then each trajectory of a continuous process X = (X;);>0
is an element of the path space C([0,%0);R?), i.e. an R?-valued function on [0,), sending ¢ to
X;(w) for each sample point @ € Q. This point-views applies to right- resp. left-continuous pro-
cesses with obvious modifications. Therefore a continuous process can be regarded as a random
function taking values in the continuous path space C([0,%0);R?). There is a substantial advan-
tage of the continuous path space C([0,00); R?) over the (total) path space E[%*) (where E = RY
with its Borel o-algebra), that is, there is a natural c-algebra on C([O,oo);Rd). Define a metric
dw,w') =Y 27" (sup,, |w(t) —w'(r)| A1) as we did in Paper A2, which is the metric defining
uniform convergence over any compact subset, and equip C([0,0);R¢) with the Borel c-algebra
defined by the metric.

“Note that {X, = ¥;} is measurable for each . In general for any countable subset D C [0,0),
{X; =Y, fort € D} is measurable.



2) We say that X and Y are indistinguishable if
PX; =Y forall 0 <t <eo| =1,

or equivalently, there is N € .F with P(A) =0, such that X;(®) = Y;(®) for all
t and forall & N .

By definition, if X = (X;);er and Y = (¥;);er are modifications of one another
then, in particular, they have the same finite dimensional distributions®,

Pl(X;,,...,X;,) €Al =P[(Yy,....Y;) €A]

for any finite collection of times {#,1,,...,7,} C T, and all measurable sets A, but
indistinguishability is a much stronger property.

Example 2.2. Let T ~ U([0,1]) be a uniform random variable, and take the ran-
dom process X, = 1;7—yy. Then Y, := 0 is a modification of X,, as Y; = X; a.s. for
each t. However, Y and X are not indistinguishable, as X # Y for some t with
positive probability (in fact, with probability 1).

3 Theory of martingales in continuous time

The good news is that, there is essentially no new martingale theory in continuous
time’, what you have learned in the paper B8.1 is still valid for continuous param-
eter martingales with proper modifications. Doob’s maximal inequality, Doob’s
up-crossing lemma and etc. can be generalized to continuous time setting with-
out any additional work. The only new result® is the regularity of sample paths
of martingales, which can be considered as a continuous time version of Doob’s

> A difficulty arises here: in general G := {X; =¥, for all 7 € [0,0)} is not measurable. Some care
is needed here: that X and Y are indistinguishable really meant that G is a null set with respect to the
outer measure associated with IP, in other words, for every € > 0, there is a sequence A, € .% such
that ;1 A, D G and ¥;»_ | P(A,) < €. If the underlying probability space (,.#,P) is complete
(see the Appendix), then (X;);>0 and (¥;),>0 are indistinguishable if G := {X; =¥, forall € [0,00)}
is measurable and P[G] = 1.

OThis allows us to introduce the following concept. If X = (X;),cr is a process on (Q,.7,P)
valued in E, and ¥ = (¥;),cr is another process on maybe a different probability space (€, Z, Iﬁ’) but
valued in the same state space E. Then we say X and Y have the same finite dimensional distributions
ifP[(Xy,...,X,) €Al =P[(Yy,,...,Y;,) € A] forany n, A € &*" and any finite many distinct indices
tieT.

7Good references include: 1) Ikeda and Watanabe (Chapter 1, Section 6), Karatzas and Shreve
(Chapter 1), see Appendix for a summary.

8For continuous time T = [0,00) we can speak of the possible limits of a stochastic process X =
(X;)r>0 at any finite time 7y € [0,0), in addition to the limit of X; as r — co. While in discrete time
setting for a random sequence (X,),>o we can only talk about the possible limit of X, as n — oo.
The “convergence theorem” of martingales (or super-martingales) as ¢ — #; at finite #y (rather than
t — o) leads to “the regularity theorem” of super-martingales, which is somehow new material in
this course, as it is not needed in discrete-setting, Paper B8.1.



martingale convergence theorem. On the other hand the sample path regularity of
martingales follows from Doob’s crossing lemma.

The results in this section will to a large extent mirror what you proved in
B8.1 for discrete parameter martingales (and we use those results repeatedly in our
proofs).

Let (Q,.7,P) be a probability space. A family (.%;);>0 of o-algebras of sets
in % is a filtration if F; C %, for any s < t. (Intuitively, .%; corresponds to the
information known to an observer at time 7.) (Q,.%#,P) equipped with a filtration
(% )i>0 is called a filtered probability space.

A stochastic process X = (X;),>0 is adapted (to filtration (.%),>0) if X; is .%;-
measurable for every ¢ > 0.

For a stochastic process process X = (X;),>0 we define ZX = o{X(s) : s <t}
(that is .ZX is the information obtained by observing X up to time #) to be the
natural filtration® associated with the process X.

Given a filtration (.%;);>0, we set %y = Ny % for any t > 0, Fy_ = Fy
and .%#_ = 0{%;:s <t} fort > 0. The filtration (.%;),>¢ is right continuous if
F = Fy fort > 0. As usual Zo. = 6{.% :t > 0}.

We assume throughout that a filtered probability space (Q,.#,(.%;);>0,P) is
given, unless otherwise specified.

Definition 3.1. An adapted'® (real valued) stochastic process (X;);>o such that
X, € LI(P) (i.e. E[|X;|] < o) for any t > 0, is called

1) a martingale if E[X;|.%;] = X; for all 0 < s <1,

2) a super-martingale if E[X,|.%,] < X forall 0 < s <1,

3) a sub-martingale if E[X;|.%s] > X; for all 0 < s <t.

Remark. 1) If X = (X;);>0 is super-martingale, then 7 — E [X;] is non-increasing,
and it is sub-martingale, then 7 — E[X;]| is non-decreasing, like in the discrete-
setting.

2) If X = (X;):>0 is a super-martingale (resp. sub-martingale; resp. martingale),
and D C [0,c0) is a finite subset so that the elements of D can be ordered as 7y <
| < --- <ty for some N. Define ¥, = .%, and M, =X, (forn=20,---,N), then
M = (M,),>0 (for n > N, we can set ¢, = ¥y and M,, = My trivially) is a (¥,)-
super-martingale (resp. sub-martingale; resp. martingale) in discrete-setting.

Exercise 3.2. Suppose {Z, : t > 0} is an adapted process with independent incre-
ments, i.e. forall 0=ty <t; <---<ty, Z,—72; , (i=0,1,--- ,n) are independent,
and Zy = 0. The following give us examples of martingales:

1)ifVt >0, Z, € L', then Z, := 7, — E[Z,] is a martingale (with respect to its
natural filtration),

9Various notations may be used: if X = (X:)>0 is an E-valued stochastic process (where E is
equipped with a o-algebra &), then the natural filtration may be also denoted by (%O),ZO, or just by
(#t)s>0 if no confusion may arise.

101f no filtration is specified a priori, then the natural filtration is applied.



2)ifVt >0, Z, € L?, then th - E[th] is a martingale,

3) if for some 8 € R, and V't > 0, E[e%%] < oo, then % is a martingale.

Warning: It is important to remember that a process is a martingale with re-
spect to a filtration — giving yourself more information (enlarging the filtration)
may destroy the martingale property. For us, even when we don’t explicitly men-
tion it, there is a filtration implicitly assumed (usually the natural filtration associ-
ated with the process, augmented to satisfy the usual conditions).

Given a martingale (or sub-martingale) it is easy to generate many more.

Proposition 3.3. Ler (X;),;>0 be a martingale (respectively sub-martingale) and @ :
R — R be a convex (respectively convex and increasing) such that E[|@(X;)|] < e
foranyt > 0. Then (¢(X;));>0 is a sub-martingale.

Proof. Apply the conditional Jensen inequality, cf. Appendix. O

In particular, if (X;);>o is martingale with E[|X;|?] < oo, for some p > 1 and
all + > 0, then |X;|” is a sub-martingale (and consequently, 7 — E[|X;|?] is non-
decreasing).

3.1 Martingale inequalities

In this section we formulate the continuous parameter versions of Doob’s mar-
tingale inequalities, established in Paper B8.1. The generalization shall be done
without much additional work indeed, except for the sample path regularity of
martingales.

Theorem 3.4. If (X;);>0 is a martingale (or a non-negative sub-martingale) on
a filtered probability space (Q,.F ,.%;,P) and D is a finite or countable subset of
[0,00), then forand T >0, p > 1 and A >0,

1
< ﬁEUXTV)] (1

P| sup [%[>2
teDN[0,T]

(called Doob’s maximal inequality), and for any p > 1

p

E| sup [X|’ g(EYEHXTV’}. @)

teDN[0,T]

This is called Doob’s LP-inequality.

Proof. If X; is a martingale, then |X;|? (for every p > 1) is a non-negative sub-
martingale. Let Dy (k=1,2,---) be an increasing sequence of finite subsets of D
such that Dy T D. List Dy N [0,T] ={0 =1y <t; < --- <t, < T} for some integer
m. Then (X, ) is a martingale (or non-negative sub-martingale in discrete-time.



Applying Doob’s maximal and L”-inequality (in the discrete-parameter setting) to
(X;,) with terminal m to obtain that

1 1
Pl osup X[ > 4] < —E[|X,|7] < —E[|Xr|’]
teDyN[0,T] t AP t AP
and for any p > 1
p P
E| s x| < (-25) El%, 17 < (<25) Bl ).
t€DyN[0,T] p—1 p—1

Letting k 1 o0 and applying MCT (Monotone Convergence Theorem) to deduce (1)
and (2). In fact, since Dy T D, sup,ep,njo.7] [Xe| T Supsepno,r) [Xe[, which implies
that 1 { >} as k — oo, thus, according to MCT

1
SUPsep, [o,7] \Xr\zl} T {suprcprio 1%

ke epen[o,T)

P| sup |[Xi|>A
teDN[0,T]

. 1
= limP [ sup | X;| > A] < EEUXTW'

Similarly we prove the second inequality. O

Exercise 3.5. If X = (X;);>0 is a right-continuous martingale (or a right-continuous
and non-negative sub-martingale), then

]P’!sup 1X;| > A

1
< —E||Xr|?
t€[0,T] AP “ T| ]

foranyp>1,A>0and T >0, and

p
E | sup %7 < (-2-) E[xr 1]
t€[0,T] p—1
and
e
E| sup |X[|| < (1+E [|Xr|In" |X7|])
1€[0,T) e—1

for any p > 1 and T > 0. [Hint: Let T > 0 be any but fixed. Apply Doob’s
inequalities above with D = QU {T'}].

Exercise. Suppose X = (X;);>0 is a super-martingale, then

P [ sup |X;|>A| < % (E[Xo] +2E [X,])

DN[0,7]

for any A > 0 and for any countable subset D C [0, o).
Hint: This is the super-martingale version of Doob’s maximal inequality.



Next we state Doob’s up-crossing lemma'', which is again a consequence of
the corresponding up-crossing lemma for discrete time setting we did in the paper
B8.1. Nevertheless let us state and prove it carefully.

Let us recall the number of up-crossings. If {xp,xi,---,xy} is a ordered finite
subset of R, and a < b. Let Ty = inf{i : x; < a} with the convention that inf@ = oo,
T\ = inf{i > Ty : x; > b}, then inductively define T5; = inf{i > T»j_; : x; < a} and
T»j+1 = inf{i > T : x;.b}.. Then the number of up-crossings of (x;) through [a, b]
is denoted by U? ((x;)), and

UL ((xi)i<n) = max {j: Toj—y <N}.

Suppose (x;)i=o.1.... is a sequence of real numbers, then clearly N +— U ((x;)i<n)
is increasing, and U ((x;);>0) = limy_se U? ((x;)i<y) exists (which may be o).

Suppose f : [0,0) — R is a real-valued function, and A is any finite subset of
[0,00). List A={0<1t <ty <---<ty}. Leta<b. The up-crossing number
of the sequence f(t1), f(t2), ---, f(t,) through the interval [a,b| is denoted by
UP(f,A). If D C [0,0) is any subset, then we define the up-crossing number of the
real function f on [0,0) through [a,b] by

U(?(va) = sup Uf(faA)
ACD,A is finite

which of course may be infinite.

If X = (X;)r>0 is a process, then

UP(X,D)(®) = UP((X;(®)),>0,D) forevery o € Q.

Exercise 3.6. If D is countable, Dy, is an increasing sequence of finite subsets such
that Dy 1 D, then U (f,D) = limy_,o. U2(f,Dy). If X = (X;)1>0 is a real valued
stochastic process, then U? (X, D) is non-negative (but may be ) random variable,
and

E [U,f(X,D)} = limE [Uf(X,Dk)}

[Hint: use the fact that k +— U”( f, Dy) is increasing. Use MCT for the second part].

We are now in a position to state a version of Doob’s up-crossing lemma.

Theorem 3.7. (Doob’s up-crossing lemma) Let X = (X, ),>0 be a super-martingale,
D C [0,0) be a countable dense subset, and a < b. Then for anyt >s >0

E [U2(e,pnfs. )] < bl

—a

E [(X, —a)f] )

"The notion of up-crossing numbers is used to characterize the convergence of real sequences.
More precisely, a real sequence (a,) has the same upper limit limsupa, and lower limit liminfa,
(including the case the lower / upper limit may be oo, and —oo) if and only if the up-crossing number
UL ((ay)) < oo for any a < b (where a,b are rationals). This statement should be a theorem (or an
exercise) in Prelims Analysis I, but unfortunately in Oxford, the upper limits and lower limits of
sequences are not covered in Prelims Analysis ! Of course, the up-crossing numbers can be replaced
by the down-crossing numbers of a sequence, and the same statement is still true. We count up-
crossings only as a convention.



In particular'?, U?(X,D N [s,t]) < oo almost surely for any a < b andt > s > 0.

Proof. Let 0 <5 < t. Let Dy be an increasing sequence of finite subsets such that
Dy 1 D. List
DiUN[st]={s=to<t; <--- <ty <t}

and applying Doob’s up-crossing lemma for discrete case (Paper BS.1) to the super-
martingale (X;, ),>0, we obtain that

1
E [Uf(X,DkUﬂ[s,t]} <—

E [(X,m —a)f] < !

< b—aE [(X, —a)f]

(the last inequality is due to the fact that (X; —a)~ is a sub-martingale), letting

k — oo, by MCT we have

1
b—a

E[U;’(X,Dum[s,z]} < E[(Xi—a)”]

and therefore
E [Ué’(&Dﬂ [s,t])} <E [U;’(X,Du ﬂ[s,t]}
1
b—a
The proof is complete. 0

IN

E[X,—a)].

Exercise 3.8. Suppose X = (X;);>¢ is a right-continuous super-martingale'3, then
forany 0 <s <tanda <bwe have

E [U2(X [s.])] < bl E[(X,—a)].

—a
[Hint: Use the fact that, for right continuous path X, for any a < b we have
UL(X,[s,t]) = UL (X,QN[s,1]). ]

As a consequence we have the following regularity of super-martingales.

Lemma 3.9. Let X = (X;),>0 be a super-martingale on (Q,.% ,P) and D C [0, )
be a dense and countable subset. Then for almost all @ € Q, limyep 5 Xs(®) for
allt > 0, and limgep 514 Xs(@) for all t > 0, exist'®,

If in addition X is right-continuous, then for almost all ® € Q, the left-limit
Xi— (o) = limgy, X, (@) exist for all t > 0.

12You may recall that in the discrete-time setting, the almost sure boundedness of the up-crossing
number of a super-martingale is ensured if the super-martingale is bounded in L!. Here we do not
require a similar condition as [s,] is bounded.

13A process X = (X;);>o is right-continuous, if for all most all @ € Q, limy |, X;(®) = X; () for
all + > 0. Note that here we demand that there is a single null set works for all # > 0. More precisely,
there is a null set .4 C Q, such that limg, ;|, X;(®) = X; (o) for all 7 > 0 and for all @ € Q\ 4.
Similarly we define the notion of continuous processes, left-continuous processes. We shall return to
this notion later on in lectures.

14This is indeed the continuous-time version of the convergence theorem for super-, sub- and
martingales: martingale convergence theorem not at o but at a finite time. You should appreciate
that here the boundedness condition in L! is automatically true.

10



Proof. The proof is quite similar to the proof of the martingale convergence theo-
rem in Paper B8.1. For¢ > 0 and a < b, let

Wiachp =@ €Q: sup [X(@)] =0 or Uy (X(@),DN[0,1]) =0 .
s€DNI0,¢]

Since X; is super-martingale, so that (see Theorem 7.6, Appendix)

IP’[ sup [ X,(o)] zA] s%(E[XoHZE X7 ])
s€DN[0,7]

for every 4 > 0, which implies that sup,cpnjo] |Xs(@)| < o almost surely, and,
according to Doob’s up-crossing lemma (above), P (W; ,<p,) = 0. Clearly W, .}, €
F1, Let W = Uycpiapeq Wra<o- Then P(W,) = 0. Now we notice that t — W,
is increasing so that W := ;5o W; = U, W, is measurable and P(W) = 0. For
o € Q\ W, the limits limscp 5, Xs(@) for all + > 0, and limgep o, Xy (@) for all
t > 0, exist.

We shall now prove the second part. Since ¢ — X; is a right continuous martin-
gale, then, according to Doob’s up-crossing lemma,

Wiach = {w €Q: sup |X,(0)| = or U7 (X (w),[0,1]) = °°}
5€[0,1]

is a null set, so that W := Utzth is null too. For every @ € Q\ W, the left limits
limgep o, Xy () for all £ > 0 exist. O

We are now in a position to prove the regularity result about martingales. To
this end, we need the following fact.

Lemma 3.10. Let X = (X;);>0 be a super-martingale. Lett > 0 and a sequence
rp>tandr, —tasn— oo Then {X,, :n=1,2,---} is uniformly integrable.

Proof. X is a super-martingale, s — [ [X;] is non-increasing and bounded below
by E[X;] (for s > ). Hence lim,, E [X,] = [ exists. For every € > 0, there is so > ¢
such that 0 </ —E[X|] < %8 for any s € (¢,s0]. Since r,, | t, there is N, t < r, < 59
for all n > 1. For every C > 0 and n > N we have

E[X, |:|X,|>C]=E[X, : X, >C]-E[X, :X, <—C]
X, -E[X,, : X, <C|-E[X,, : X,, < —C]

E
EX,|-E[X, : X, <C|-E[X,, : X, < —C]

EX, ] -E[X,] +E[X,, : X, > C]—E[X,, : X, < —C]
€

2

n

+EHXYO| : |Xrn‘ > C]
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for all n > N, here the first inequality due to the super-martingale property: since
rn <0, E[X;, : A] > E[X;, : A] for any A € .%,,. Moreover

1 1 _

P[’Xrn’ > C] S EEHX"nH = EE [er: +XI’,,:|
1 _
=-E X, +2X, ]

11 -
<l GE 22X, ]

(note that X~ is a sub-martingale), so that P[|X,,| > C] — 0 as C — oo, uniformly
in n. Since Xy, is integrable, there is Cyp > 0 such that

E[|Xs,| : |X,| >C] < g for any C > Cy
and for all n > N, and therefore

E[|X,,|:|X,,|>C]<e foranyC>Cy

foralln > N. Since {X,, : l =1,--- ,N — 1} is uniformly integrable, so that there is
C1 > 0 such that

E[X,,|:|X:|>C]<e forany C>C
forn=1,...,N — 1. Therefore we may conclude that

lim supE|[|X, | : |X,,| > C]=0.
C—oo

Thus {X,, : n > 1} is uniformly integrable. O

Theorem 3.11. ' Let X = (X,);>0 be a super-martingale (resp. martingale) on a
filtered probability space (Q, F ,%;,P), and D C [0,) be a countable dense sub-
set. Then there is a process'® Y = (Y,),>o which possesses the following properties:

1)Y is adapted to the filtration (Z,..), i.e. Y; is F;-measurable for eacht > 0,
the sample paths of Y, i.e. t — Y; are right-continuous, and for almost all ® € Q,
Y (@) = limep 41, Xy () for all t > 0;

2) for almost all ® € Q, the left-limit

Y_(w)= lim Y(w)= lim X,(®
! ( ) SGIDI?'Tt S( ) SG})TTI S( )

exists for all t > 0, so that Y = (Y,) is right-continuous with left limits;

3) for every t > 0, X; > E[Y;|.%;| almost surely (resp. X; = E[Y;|.%] almost
surely);

4)Y = (Y;)i>0 is a super-martingale (resp. martingale) on (Q, ., F;,P).

I5This is a classical result, and this version (without assumption of “usual conditions”) was proved
by H. Follmer: The exit measure of a supermartingale, Z. f. W-theorie, 21 (1972).

16The “right limit” process ¥ of a super-martingale X constructed in this theorem depends on the
countable set D.
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Proof. [The proof is not examinable.] We shall use the notations established in the
proof of the previous lemma. Let W, = (-, W;. Then W, € %, for any r > 0
and P(W;4) = 0. Suppose @ € Q\ W,, then there is r > ¢ such that @ € Q\ W,, so
that the limit limsep 5, X (@) exists. Set

_ hmsED,su Xs(w) if weQ \ Wit
hi{w)= { 0, e W,

which is therefore .%, -measurable. Let r > 0. By definition s — W, is non-
decreasing, which in particular implies that Y;(®) = 0 for any s > ¢ and ® € W;.
Therefore Y (w) is right-continuous at ¢ for every @ € W;,.. Suppose ® ¢ W, .
Since Wiy = (o Wi = o Wiy, there is rg > ¢ such that @ ¢ W, ;. and therefore
® ¢ W, for r € (t,ro]. For every € > 0, choose 0 < & < ryp—t, such that for any
s€D,0<s—t <3, wehave |Y;(w) — X;(w)| < €. Therefore for any r such that
0 <r—r <6 we have
Yi(w) -Y(0)| = lim [¥,(0)-X(0) <&,
seD,s|r

by definition ¥;(w) = limy, ¥;(@) for every @ € Q\ W;.. Thus Y is right continu-
ous at t > 0. Similarly we may prove 2).

Proof of 3) for a super-martingale X. Let# > 0. Choose a sequence r, € D such
that r,, >t and r, — t. Then for every A € .%,

E[X,:A] > E[X,, : A]

for every n. Since (X,) is uniformly integrable (Lemma 3.10), by Doob’s conver-
gence theorem, so that X, — Y, in L!. Letting n — oo,

E[X;:A] > E[Y; : A].

The proof of martingale case is similar.

Proof of 4) for a super-martingale X. Let 0 < s < t. Choose two sequences
Snytn € D such that s < s, <t <t, such that s, | s and ¢, | . Then for every
A € F;, we have

E[X,, :A] > E[X,, : A].

As in the proof of 3), both sequences (Xj,) and (X;,) are uniformly integrable
(Lemma 3.10), so that X;, — Y; and X;,, — Y; in L' Letting n — oo we obtain

E[Y;:A] > EY; : A]

for every A € %,,. Hence by definition, ¥ = (Y;),>0 is a super-martingale with
respect to the filtration (% );>0. O

Remark 3.12. In the proof we have used the following fact which was proved in
BS8.1: Suppose & — & in probability, then & — & in L' if and only if the family
{&k} is uniformly integrable.

13



As a consequence we have the following corollary.

Corollary 3.13. If X = (X;),>0 is a right-continuous super-martingale (resp. mar-
tingale with right-continuous sample paths) with respect to the filtration (%;);>0,
then it is also a super-martingale (resp. martingale) with respect to the filtration
(3Z t+)t20-

Proof. Since t — X; is right continuous, so that X and Y, constructed in the previous
theorem, are indistinguishable. Thus the conclusion follows 4) in the previous
theorem. [

Theorem 3.14. Let (.%,),>0 be a right continuous filtration on a probability space
(Q,.#,P), and X = (X;)i>0 be a super-martingale with respect to (%#;). Then
there is a right-continuous and adapted modification of X = (X;),>¢ if and only if
t — B [X;] is right-continuous on [0, ).

Proof. Choose a countable dense subset D in [0,00). Let ¥ be constructed in The-
orem 3.11. Since %, = % for every t > 0, Y is a super-martingale with respect
to (.%)i>0. By 3) in Theorem 3.11, we have X; > ¥; almost surely, for each > 0.
Therefore X; = Y¥; almost surely if and only if E(X; —Y;) =0, i.e. if and only if
E(X;) = E(Y;). On the other hand, for r > 0, choose a sequence r, € D, r, >t
and r, | t. Since (X,,) is uniformly integrable, so that X, — ¥; in L', therefore
E(Y;) = lim,_,. E(X,, ). Therefore the condition that E(X;) = E(Y;) if and only if
E(X;) = lim, e E(X, ), that is, if and only if 7 — E(X;) is right continuous. O

Corollary 3.15. Let (.%;);>0 be a right continuous filtration on a probability space
(Q,.#,P), and X = (X;)i>0 be a martingale with respect to (%;);>0. Then there is
a right continuous and adapted modification of X = (X;),>0.

Remark 3.16. Let’s make some comments on the assumptions. The assumption
that the filtration is right continuous is necessary. For example, let Q@ = {—1,+1}
and P[{1}] =P[{—1}] = 1/2. We set

0, 0<r<1,
Xi() = o, t>1

Then X is a martingale with respect to its natural filtration (which is complete since
there are no nonempty negligible sets), but no modification of X can be right contin-
uous att = 1. Similarly, take X; = f(t), where f(t) is deterministic, non-increasing
and not right continuous. Then no modification can have right continuous sample
paths.

3.2 Martingale convergence theorem

As another consequence of Doob’s up-crossing lemma, we can establish a contin-
uous parameter version of Doob’s convergence theorem (as ¢ — o), whose proof is
completely similar to that of the discrete parameter version we have done in Paper
BS8.1.
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Theorem 3.17. Let X be a super-martingale with right continuous sample paths.
Assume that (X;);>0 is bounded in L', i.e. sup,oE[|X;|] < e (or more equivalently
sup,~o E[X;"] < o). Then there exists X., € L' such that lim,_e X, = Xe almost
surely.

Under the assumptions of this theorem, X; may not converge to X., in L'.

Exercise 3.18. Let X = (X;);>0 be a non-negative super-martingale. Prove that
{X, :t >0} is bounded in L' and X, converges almost surely to an integrable ran-
dom variable X ast — . Prove that X = (X;),c|0.-s| is a super-martingale.

The next result gives, for martingales, necessary and sufficient conditions for
L'-convergence.

Theorem 3.19 (Martingale Convergence Theorem). Let X = (X;) be a uniformly
integrable super-martingale (resp. a martingale) with right continuous sample
paths. Then there is an integrable random variable X, such that

1) X; — X.. almost surely and in L' as t — oo,

2) X is closed in the sense that (Xt),e[o’w] is a super-martingale (resp: a mar-
tingale): E[X;|. %] < X (resp. E[X;|.Z5] = X;) for all 0 < s <t < eo. In particular
E[Xw|-Z:] < X; (resp. X = E [Xo|-F]) for every t > 0.

Proof. Since {X; : t > 0} is uniformly integrable, {X; : ¢ > 0} is bounded in L',
hence X; — X. almost surely as ¢t — co. Due to again the uniform integrability
of {X; :1 € [0,00]}, E[|X; —Xw|] — 0 as t — oo which proves 1). Since X is a
super-martingale, E [X;|.%] < X; for any ¢ > s > 0, by letting t — oo to deduce that
E [X|-Z;] < X, which completes the proof of 2). d

Theorem 3.20. Let X = (X;),>0 be a martingale (or a non-negative sub-martingale)
with right continuous sample paths. Suppose sup,~, E [|X;|P] < e for some constant
p > 1. Then (X;);>0 is uniformly integrable, and X, — Xoo almost surely and in LP
ast — oo. Moreover || Xa||, = sup; [| X[ -

Exercise 3.21. Let (.%;);>0 be a right continuous filtration on a probability space
(Q,.#,P), and & be a real random variable. Let X = (X,),> be the right contin-
uous modification of the martingale E[E|F], t > 0 (Corollary 3.15). Prove that
X, — E[&|.Z.] almost surely and in L' as t — o, where Fo, = 6{F; 1t > 0}.
[Hint: Note that the martingale {E [§].%;] : t > 0} is uniformly integrable].

3.3 Stopping times

We now wish to establish a continuous parameter version of Doob’s optional stop-
ping time theorem. To this end we need to generalize a few notions about stopping
times. The notion of stopping times can be generalized to the continuous setting.

Definition 3.22. Ler (Q,.7,.%#,,P) be a filtered probability space. A random vari-
able T : Q + [0,00] is called a stopping time (relative to filtration (F);>0) if
{T <t} € % foreveryt > 0.

15



Stopping times are sometimes called optional'” or Markov times'® (for exam-
ple, in the optional stopping theorem).

Exercise 3.23. A random variable T : Q +— [0,00] is an {.Z, : t > 0} stopping time
ifand only if {T <t} € % foreveryt > 0.
[Hint: Use the following relations

{T<t}:O{T<T—,1,l}

n=1

foranyt >0, and
= 1
T<t}= —
{T<t}=) {T <t+ n}
n=1
foranyt > 0].
With a stopping time we can associate the information known at time 7.

Definition 3.24. Given a stopping time T relative to (%,),>o we define c-algebra
atT
Fr={A€ Zu :AN{T <t} € % foranyt > 0}.

Applying the definition to the filtration (%, );>0 to define
Fry ={A € Fou: AN{T <t} € F foranyt > 0}.

One can verify that .%7 (and therefore %7, as well) is a o-algebra [Exercise].
Let us state a few important facts about o-algebras at stopping times.

Proposition 3.25. Let T be a stopping time. Then

1) T is Fr-measurable.

2) Fr C Fry.

3) If T =t is a deterministic time, then Sy = %.

4) If T and S are stopping times then so are TAS, TV S and T + S, and
{T < S} € Zrps. Further if T < S then %1 C Fs.

5) If T is a stopping time and S is a [0,0|-valued random variable which is
Fr-measurable and S > T, then S is a stopping time. In particular

)
= Lol garcty Toli= 3)

(k=1,2,...) is a sequence of stopping times with T®) | T as k — oo.

TFor example, K. L. Chung: Lectures from Markov Processes to Brownian Motion, Springer
(1982). This book has a new and merged version by K. L. Chung and J. B. Walsh: Markov Processes,
Brownian Motion, and Time Symmetry (Second Edition), Springer (2005).

18For example, in K. Itd and H. P. McKean: Diffusion Processes and their Sample Paths. Springer-
Verlag (1965, 1974). This is a classic written by the father of the subject, known today as Stochastic
Analysis.
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Proof. Note that {S <t} ={S <t} N{T <t} € .% for every t > 0, since S is
ZFr-measurable. Hence S is a stopping time. We have T®) | T by definition,
and clearly T7® is Fr-measurable since T is .%#7-measurable. Hence all T7® are
stopping times. O

Lemma 3.26. Let S and T be two stopping times. Then

1)IfS <T, then s C Fr;

2) Fspr = FsNFr;

3)IfAE€ Fgyr, then AN{S<T} e Fr, AN{S<T} € Frand AN{S=T}¢€
FSATS

4) Fsyr = 6{Fs,-Fr}. Moreover, if A € Fsyr, then there are A\ € Fs and
Ay € Fr suchthat A=A UAy and Ay NA, = Q.

Proof. 1) Suppose S < T, and A € Zs. Then
AN{T <t} =(AN{S<t})N{T <t} € F#

for every ¢t > 0, so by definition A € %, which proves that #g C Zr.
2) We only need to show that 3N .Fr C Fsar. Let A € FsN.Fr. Then

AN{SAT <t} =(AN{S<r}HUAN{T <t}) e %

for every t > 0, which implies that A € Fgur.
3) Since A € Fgyr and S, T are Fg, p-measurable, sothat AN{S < T} € Fgyr.
It follows that

AN{S<TIN{T <1} =(AN{S<THN{SVT <1} € 7,

for every t > 0, which implies that AN{S < T} € .%r. Similarly we have AN {S <
T} € Zr. Therefore AN{S =T} € %r and by symmetry AN{S =T} € .Fs. This
proves 3).

4) We only need to prove the decomposition for every A € .Zgyr, and the others
will follow immediately. Indeed A} = AN{T < S} and A, = AN{S < T} satisfy
4). O

Lemma 3.27. Let S and T be two stopping times.
1{S<T}, {S<T}and{S =T} belong to Fsur.
2) If & be Fsyr-measurable. Then &1 s<ry, &1 s 1y are Fr-measurable and
Elys—ry is Fspr-measurable.
3) We have
{SS T}ﬁySvT = {SS T}ﬂgiy‘,
{S < T}ﬁgg\/T = {S < T}ﬂfT

and

{S: T}ﬂys\/T = {S: T}mySAT = {S: T}ﬁfT = {S: T}ﬂﬂ’g.
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4) Similarly we have
{S<TINFsnr ={S<T}NFs

and
{S< T}ﬁgqg/\T = {S< T}ﬁgzs.

Proof. Let us prove 4). We only need to show that {S<T}N.Zs C{S<T}N
Fspr- Let A € Fg. Then AN{S < T} € Fs. Since for every t > 0

AN{S<ST}IN{T <t} =AN{S<t}HN{T <t} N{SAt < T At} € %
which yields that AN {S < T} € Fr as well. Therefore AN{S < T} € Fspr. O

Exercise 3.28. Suppose & is an integrable random variable, and S, T are two stop-
ping times, then
Lis<r)E[§|Fs] = 1(s<1} E[] Fsar].

[Hint: By the previous lemma {S < T} € Fspr, and Fspy C Fs, so that

Lis<ryE[X|Zsnr] = E [15<r)E[X|Zs]| Fsnr]
= 1s<n E[X|.F]

where the second equality follow from 4) in the previous lemma, 1{s<\E[X |Fs] is
Fsar-measurable].

3.4 Optional stopping time theorem

It is often useful to be able to ‘stop’ a process at a stopping time and know that
the result still has nice measurability properties. To this end we need a definition.
Recall that adaptedness tells us about measurability in @ at each time #, but nothing
about regularity in time. Measurability of a process tells us about regularity in time
and space, but not about adaptedness.

Let (Q,.%#,(.%)>0,P) be a filtered probability space.

As we have pointed!®, an R¢-valued process X = (X;);>0 give rise to a map-
ping X : [0,00) x Q — R? which sends (1, ®) € [0,0) x Q to X;() (i.e. X(¢,0) =
X;(w)). This consideration leads to several notions about measurability of a pro-
cess.

First, we say X is a measurable process (also called Borel measurable?”), if X
is a measurable mapping from ([0,0) x Q, %([0,)) ®.%) to (R?, Z(R?)), that is

19Recall that the three view-points when we say a process X = (Xt )r>0, first as a parameterized
(ordered) family of random variables {X; : ¢+ > 0}; second as a random function X : Q — E [0.)
taking values in the path space (where E = R?); thirdly as a mapping X : [0,00) X Q R? sending
(s,) to X;(®). The last point-view induces several concepts of measureabilities, where [0,0) X Q
ie endowed the product c-algebra Z([0,o0)) ® .#, as long as .#is a c-algebra on the sample space
Q.

20¢f, K. L. Chung: Lectures from Markov processes to Brownian motion.
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for every Borel measurable G € Z(R?), {(t,0) : X;(®)} € B([0,)) ® .F. This
measurability is more or less the least condition we shall assume when dealing with
stochastic processes.

Second, we say an R?-valued process X = (X;);>0 is (.Z;)i>0 progressive (or
progressively measurable) if, for each r > 0, the mapping X restricted on [0,¢] X
Q, is a measurable mapping from ([0,¢] x Q, Z([0,1]) ® %) to (RY, B(R?)). By
definition, an (.%;) progressively measurable process must be adapted to (.%;);>0.

If X is (% )i>0 progressive, then it is (.%;);>0 adapted, but the converse is
not necessarily true. One can show, with difficulty, that any adapted and measur-
able process has a progressive modification?!. However, every right continuous
(%1 )i>0-adapted process is (-#; );>o-progressive and since we are interested in con-
tinuous processes, we will not need to dwell on these details.

Proposition 3.29. An adapted process (X;) whose paths are all right-continuous
(or are all left-continuous) is progressively measurable.

Proof. We present the argument for a right-continuous X. Fort >0,n> 1, k=

0,1,2...,2" — 1 et X" () = Xo() and X," (@) := Xy, (@) for & <5 < K5lr.

Clearly (Xs(") : 5 <1) takes finitely many values and is %([0,]) ® .%,—measurable.

Further, by right continuity, X;(®) = limn_me(") (w), and hence is also measurable
(as a limit of measurable mappings). O

Theorem 3.30. Let X be an R?-valued progressively measurable process and T
a stopping time. Then X717« is Fr-measurable. The stopped process X1 =
(X7 1)i>0 is progressively measurable (where X717 oo} (©) = X7(0) (@) 1{7() <o0} -

Proof. Since X = (X;) is progressively measurable, so that for every r > 0, the
mapping f : (s, ®) — X;(®) is a measurable mapping from ([0,7] x Q, %([0,1]) ®
Z;) to (R4, 2(R%)). Since T is a stopping time, so that f> : @ +— (T(®) At,®) is
a measurable mapping from (Q,.%;) to ([0,7] x Q,%([0,1]) ® .%;). Therefore the
composition fi o f2 : @ = Xy () (®) is a measurable mapping from (Q,.%) to
(R4, 2(R)). Therefore for every A € Z(R9)

{Xrljrew €A} {T <1} ={Xr € A,T <t} ={Xyn, €A, T <t} € F

which implies, by definition, that {X71(7..) €A} € Fr for every A € B(RY).
Hence X7 1{T<oo} is .#r-measurable. ]

Exercise 3.31. Let Z = (Z;),>0 be a stochastic process such that Z, — Z.. in prob-
ability. Then for every stopping time T, we define

Z7(0) = 1{7(0) <0} Z1(0) (@) + 1 {7 (0) =00} Zoo ()

2Ip. A. Meyer: Probability and poentials. Blaisdell Publishing Company, Waltham, Mass. (1966).
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for every @ € Q. If Z = (Z;);>0 is progressively measurable, then Zr is Fr-
measurable. The proof is exactly the same, as

{Zr e A} {T <t} ={Zr {7} €A} N{T <1}
foranyt > 0.

The important examples of stopping times are those associated with adapted
processes. That is, those stopping times that ‘first time a certain phenomenon
occurs’. Our fundamental examples will be first hitting times of sets. If X = (X;),;>0
is an R¢-valued stochastic process and I' € Z(R¢), then

Hr(o):=inf{t >0 : X;(w) €T’} 4)

(with the convention that inf of empty set is o) is called the first entry time of X in
I (or called the hitting time). Similarly

Tr(w) =inf{t > 0: X;(w) €'}
which is called the first hitting time of the process X onT".

Exercise 3.32. Show that

1) if X is adapted to (F;),;>0 and has right-continuous paths, then Hr, for I an
open set, is a stopping time relative to (F;.)r>0,

2) if X has continuous paths, then Hr, for I" a closed set, is a stopping time
relative to (F;);>0.

One can show that the hitting time Hr of any Borel set I' of a progressively
measurable process X = (X;);>0 is a stopping time, assuming that (% ),>¢ satisfies
the usual conditions, but this is surprisingly difficult!

We shall now establish conditions under which we have an optional stopping
theorem for martingales in continuous time. As usual, our starting point will be the
corresponding discrete time result and we shall pass to a suitable limit. Let us first
recall the optional stopping time theorem (Paper BS.1).

Theorem 3.33 (Optional stopping for uniformly integrable discrete time martin-
gales). Let (Y,)n>0 be a uniformly integrable super-martingale (in discrete time)
with respect to the filtration (9,),>0, and Y. be the a.s. limit of Y, when n — oo.
Let S, T be two stopping times S and T such that S < T. Then Yr € L' and

Ys > E[Yr|%s),

where
Ys={A€Y.: AN{S=n} €9, for every n > 0},

with the convention that Y = Y., on the event {T = oo}, and similarly for Y.
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Theorem 3.34. (Optional stopping time theorem) Let (.%;);>0 be right continu-
ous filtration, and X = (X;);>0 be a uniformly integrable super-martingale®* (resp.
martingale) with right continuous sample paths on (Q, % ,(%#);>0,P). Then X, —
X.. almost surely and in L' as t — o (Doob’s martingale convergence theorem).
Suppose S, T are two stopping times with S < T, then

1) both X and Xt are integrable,

2) E[Xr|-Fs] < X (resp. E[Xr|Fs] = Xs).

Proof. Let us prove the theorem for super-martingale case. For each k =1,2,---,

let D, = {t,(,k) = 2"7 n=0,1,2,--- }, and read X along the dyadic times t,(,k). That

is, for each k, XK = (X,Ek))nzo and ﬁék) = ﬁi ®, where X,Ek) =X . Then X*) =
(X,Ek))nzo is a uniformly integrable super-martingale with respect to the filtration

(ﬁn(k))nzl. We shall apply the optional stopping time theorem to each X ¥), and let
k — oo. To this end we define

and

Then S® | S and T®) | T as k 1 o, and clearly S®) < 7W for each k. Since X
is right continuous, we also have X4 — Xg and X — X7 almost surely when

k — 0. Observe that 2£S®) and 27 are (9’,Sk))-stopping times and

k k
Xz(k ;(m =Xgw and Xz(k)T<k) = Xrw
and similarly
k k
yz(k;(k) =Fsw and Lgaz(k])"(k) =T

for each k =1,2,---. Applying the (discrete parameter setting) optional stopping
time theorem to X ®) with stopping times 2ksk) < 2k7®) poth Xgw and Xy are
integrable and

E X7 ‘fs(/{)] < Xgw-

In particular, for every A € %5 C F (for every k)
E [Xrw : A] <E[Xgw : A]. (5)

In order to take limit under integration as k — oo, we show that {Xqu :k=1,2,---}
is uniformly integrable (and similarly {X; : k= 1,2,---} is uniformly integrable

22This theorem holds for right-continuous super-martingale, closed at right-hand side, {X; : r €
[0,0]}, i.e. for a right-continuous super-martingale X such that X; > E [X..|.%] for some integrable
random variable X...
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t0o). By definition S®) > §*+1) 5o by applying the optional stopping time theorem
to X *+1) with S® > §*+1) we obtain that

E [Xs<k> |=9 S<k+1)] < Xs<k+1>

fork=1,2,---. LetY_, = X¢w and ¥_, = F 4 (wheren =1,2,--- ). Then (Y_,)
is a (backward) super-martingale with respect to (¢_,), and E[Y_,] = E [X¢u] <
E [Xo], hence (Y_,) is uniformly integrable (see the appendix for a proof). There-
fore both (Xgu) )i>1 and (X )i>1 are uniformly integrable. Therefore Xgu — Xg
and X4 — Xr in L' By letting k — oo in (5) we deduce that

E[XT 2A] SE[XsA]

for every A € .F5. Under our assumptions, X is .%g-measurable, we therefore have
E [Xr|Zs] < Xs. O

Remark 3.35. The proof of the martingale case can be simplified. Indeed, if X =
(X;):>0 is a uniformly integrable martingale, then

E [Xpn|Fsw] = Xsw

and

E Xrw : Al = E [Xgw : A (6)
for every A € Fg C Fqu (for every k). Since we also have Xgu = E [Xoo| F g,
so that {Xgu : k > 1} is uniformly integrable. So for this case we do not need to
consider the backward martingale.

Corollary 3.36. Suppose X = (X;),>0 is a martingale with right continuous paths
with respect to a right continuous filtration (%;);>0, and suppose S,T are two
bounded stopping times with S < T, then Xs, Xr € L' and Xs = E [Xr|Zs].

Proof. Let a be such that S < T < a. The martingale (X;»,),>0 is closed by X,,
hence (X;nq):>0 is uniformly integrable. We may apply our previous results to
Xt/\a~ ]

Exercise 3.37. Let (:#;) be right continuous, and X = (X, ),;>0 be a right continuous
super-martingale on (Q, % ,.%,,P). Then for every stopping time T

E [|Xr[1{7<w} ] <3supE[|X,]].
t>0
[Hint. For every a > 0, the stopped super-martingale X = (X;,) is a uniformly
integrable, right continuous super-martingale with X2 = X, so that
E UXTAa‘ 1 {T<oo}] <E HXT/\aH =E [XT/\u] +2E [XE/\Q]

where X;” = (—X;) V 0 the negative part of X; for every r > 0. Then using op-
tional stopping and the fact that X~ = (X, );>0 is a sub-martingale to prove the
inequality./
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Corollary 3.38. Suppose that (X;);>0 is a martingale with right continuous paths
with respect to a right continuous filtration, and T is a stopping time.

1) XT = (X;a1)s>0 is a martingale.

2) If in addition {X; : t > 0} is uniformly integrable, then X' = (X,n1)1>0 is
uniformly integrable and for every t > 0, X;ar = E[X7|.%].
Proof. We know XtT = X;nr = X}, and that X; is integrable. Hence, by the optional
stopping theorem applied to the stopped process X', we see that X/ is integrable
for every t. Furthermore, for any s < ¢, as T As and T At are bounded stopping
times, by the optional stopping theorem

X! =Xrns =B [Xrn| Fras) = Ve Xr + 1z B Xra | Fra)
= lir < Xr + 150 E[Xra Fs] = E[XT 0| T4
Therefore X7 is a martingale. O

Next is a general form of the optional stopping time theorem.
Theorem 3.39. Let (.%;);>0 be right continuous. Suppose X = (X;);>0 is a uni-
formly integrable (:#;) super-martingale (resp. (%;) martingale) with right con-
tinuous sample paths. Then E[Xr|Fs| < Xrps (resp. E[Xr|-Fs| = Xras) for any
stopping times S, T.

Proof. Since (%#;),>0 is right continuous and the sample paths of X are right con-
tinuous, Xy is .#r-measurable, and by Lemma, X7 1 (T<S)} is .‘Zg-measurable, hence

E[Xr|Fs] = E [Xr1r<s| 5] +E [Xrvs1(r-sy] Fs]
< Xrlir<sy +Xslirssy = Xoar
which completes the proof. O

A converse result is also possible.

Theorem 3.40. Suppose M is a right continuous process defined for t < oo, and
adapted to a right continuous filtration (%;);>0, then M is a martingale if, and
only if |My| is integrable and E [M7| = E[My) for every bounded stopping time T.
Proof. By considering the process (M; — My),>0, we can assume without loss of
generality that My = 0. If M is a martingale, then M7y is integrable My = E [M7|.%]
for any bounded stopping time (by the previous optional stopping time theorem).
Conversely, fort >s>0and A € .F. Let T = slg +tlsc. Then T is a bounded
stopping time. Hence

0= E[MT} = E[lAMg] —I—E[lAth}

and
0=E M, = E[1sM;] + E [14M;]
which yields that
E[1aM,] = E[14M;]
for every A € .%,. Therefore M is a martingale. O
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3.5 Local (super-, sub-) martingales

In other areas of analysis, we often prove results by showing that a statement holds
‘locally’. This is made difficult for stochastic processes by the fact that these de-
pend on the random sample point @ € Q, for which we have no topology. One
useful way around this challenge is to use stopping times, which helpfully ‘local-
ize’ in both time and space.

We say a sequence of stopping times, 7, (n =1,2,---) a localizing sequence if
T,41 > T, foreveryn=1,2,---,and T, — o0 as n — oo,

Definition 3.41. We say that a process X locally has some property C if there exists
a sequence of stopping times T, (where n = 1,2, ...) such that the stopped processes
X have property C for every n, and Ty, T oo almost surely. The sequence Ty, is said
to localize or reduce X.

When we work with processes locally, it is then useful to reconstruct the ‘global’
process from its local versions.

Exercise 3.42. Suppose given a sequence of stopping times T,, 1T oo and a sequence
of processes {Y") :n=1,2,...} such that, for all n < m,

YW =ym  on{t<T,}

up to indistinguishability, there exists a process Y such that Y =Y ™ on {t<T,}
for all n. [Hint: Let Ty = 0. Check that ¥ := 1,_o¥] + Yoo o 17,</<7,,, ¥ do the
job./

We say X = (X;),;>0 is a local super-martingale, if there is an increasing se-
quence of stopping times 7, such that 7, T oo and X T — (Xint,)i>0 1s a super-
martingale for every n = 1,2,.... We define the notions of local sub-martingale,
local martingales in a similar way. Any martingale is a local martingale, but the
converse is false.

Proposition 3.43. Let M = (M,),>0 be a continuous local martingale.

1) If M is non-negative and My € L', M is a super-martingale.

2) Suppose there exists a random variable Z € L' with |M,| < Z for everyt > 0,
then M is a uniformly integrable martingale.

3) Let T, = inf{t > 0: |M,| > n} (forn=1,2,---). Then T, 1 o and M™ is a
bounded martingale for every n.

4) If T is a stopping time, then M is also a local martingale.

Proof. 1) By definition, there exists a sequence 7;, of stopping times such that
T, T o and M™ is a martingale for every n. Then M.z, = E[M,,7,|.%;] for any
t > s > 0 and for every n. By Fatou’s lemma we have

]E[M[|gs] S hl'glnfE [M,/\THLQS] :Ms
n (e}
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for every r > s > 0. In particular, E [M;] < E[M)] < oo, so that M, is integrable for
all t > 0. Therefore M = (M,);>¢ is a super-martingale.

2) Use Dominated Convergence Theorem.

3) Since M, are real random variable and ¢ — M, is continuous so that |M;| < e
for every ¢ almost surely, therefore 7, 1 co. For each n, |[M7,5;| < n. On the other
hand, by assumption, there is a sequence of stopping times S,, T o (m=1,2,...)
such that M is a martingale for every m. Hence E [Ms, ,|-%;] = Mg, s for each
m. By optional stopping to obtain

E [Ms, a1,0¢|-F 5] = M, aT, As-

Letting m — oo, using Dominated Convergence Theorem, we obtain E [M7, r,|.%;] =
Mr ps. That is M™isa martingale for each n. J

Remark 3.44. In the definition of a local sub-, super- or local martingale, M(? =
Mzt o = My should be integrable, which forces My is integrable. Some authors pre-
fer a constant random variable is a local martingale, so that a local martingale to
them means 17, ~oyMt, (for t > 0) is a martingale. We do not use this convention.

3.6 Square integrable martingales

In this section we establish the major tool, namely the quadratic variation pro-
cess associated with a continuous local martingale, for establishing It6’s theory of

stochastic integration®?.

3.6.1 Functions with finite p-variation

There are two ways, but equivalent, to define the various variations of a function
p : [0,00) — R, which we shall give a quick review. These notions and notations
later on shall be applied to sample paths of stochastic processes.

First some notations. Let &2 denote the collection of all partitions D : 0 = £y <
fy < -+ <t <--- such that t; — o as [ — . An element of Scan be identified
with the collection of strictly increasing sequence {z;: i =0, 1,...} such that o =0
and #; — co. We simply denote a typical element D = {z; : i =0, 1,...}. The mesh
of D is defined as |D| = sup;~ (#; —t;_1) (which can be oo).

Similarly, for any b > a > 0, we shall use 2 ([a, b]) to denote all finite partitions
D:{a=1<t < <t,=>b} (for some m = m(D) € N), and similarly the mesh
‘D’ = maxi(ti — l‘,'_l).

Let p : [a,b] — R be a function, and p > 1 be a number. The p-variation of
p (over bounded interval [a, b]) with respect to a finite partition D : {a =1y < t; <

231td’s integrals were first defined against Brownian motion in K. Itd: Stochastic integral, Proc.
Imp. Acad. Tokyo, 20 (1944), 519-524. It was recognized that the key to extend Itd’s theory to other
martingales is the existence of the quadratic variation process of a martingale, in H. Kunita and S.
Watanabe: On square integrable martingales, Nagoya Math. J., 30 (1967), 209-245.
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-+ <ty = b} is defined by

m(D)
VPP ) = X o) = p 1)l

i=1
We say that p has finite p-variation over |a, b] if

) I (D)
V(Pliap) Def/([al,iﬁ\D\—wV (Pliap)

exists, in the sense that for every € > 0, there is 8 > 0 such that
V{D’p}(P\[a,b]) *V{p}(P\[a,b]) <e

for any finite partition D of [a,b] with |D| < §.

If p : [0,00) — R is a real valued function (i.e. a path in R), then we define
V,{D’p} (p)= V{Dvp}(p|[07t]) for ¢t > 0. We say p is of finite p-variation if V,{p}(p) =
V{p}(p|[oyt]) exists for every + > 0. We say a function p : [0,00) — R is of finite
variation, if it is of finite p-variation with p = 1. We shall use V;(p) to denote
V,{l} (p) for simplicity. V(p) : t — V;(p) is called the total variation (function).

Since we shall deal with processes of finite p-variation (for us there are two
interesting cases: p = 1 and p = 2), and their associated p-variation processes, it
will be useful to use partitions independent of 7, i.e. those partitions in &?. Namely,
ifD={t:i=12,..} € Psothat 0 =19 <1} <--- <1; <--- with t; — oo when
i — oo, then define

L7 (p) = Y p(tin A) = (AP fort = 0.
i=0

The right-hand side is indeed a finite sum since #; — oo when i — oo,

Lemma 3.45. Let p > 1 and p : [0,00) — R be a path in R.
1) p is of finite p-variation if and only if for everyt > 0, limpc » p| 0 TI{D’p} (p)=
T,{p }(p) exists, in the sense that for every € > 0, there is 6 > 0 such that

T () -1 (p)| < €

for every D € & with |D| < d. In this case Vt{p} (p) = T,{p} (p) for everyt > 0.

2) Suppose p has finite p-variation, and if D) = {ti(n) ti=1,2,---} is a se-
quence in P, wheren =1,2,..., such that D™ | converges to 0 when n — oo, then
tim, "7 (9) = V") (p) for every 1 > 0.

3) If p is a continuous path with finite p-variation, then t — V,{p}(p) is contin-
uous, non-decreasing, with initial value zero.
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Remark 3.46. If p is of finite variation, then t — V;(p) is non-decreasing with
initial value zero. If in addition p is continuous, then t — V;(p) is continuous too.

Next we assume that p is of finite variation. Let p*) () = T(Vi(p)£p(t)) for
t > 0. Then both p(*) and p(~) are non-decreasing on [0,e0), and p () = p(+)(r) —
p(_)(t) for any ¢ > 0. Moreover if p is continuous, then both p(+) and p(_) are
continuous too.

Exercise 3.47. Ifp(t) = p1(t) — p2(t) for any t > 0, and p,, pa are non-decreasing,
then p has finite variations (over finite intervals).

Therefore in order to definite integral like | f(¢)dp(t) against p which is of fi-
nite variation, we only need to do define integrals against p which is non-decreasing.
This is however done in Paper A4 via Lebesgue’s theory of integration.

For the propose of applications later on, let us consider a function p : [0,0) —
R which is non-decreasing and right continuous on [0, ), with p(0) = 0. Accord-
ing to the standard theory established in Lebesgue’s integration, there is a unique
measure>*, denoted by mj, on (R, %(R.)) such that

mp((a,b]) = p(b) —p(a)

for b >a >0, and m, ({0}) = 0.
As a consequence, if f is a function, such that 1 f is integrable with respect
to the measure m,, then the integral

(-p)0) = [ 6)apls) = [104(6) 56 mp(as)

where the first two are the notations we shall use and the last one is the Lebesgue
integral defined in Paper A4. If p is of finite variation, then p = p(*) — p(~), where
p*) and p(~) are non-decreasing, we naturally define the integral

[ #6)dp(s) = (5-p ) i0) ~ (7P )0

as long as 1, f is integrable with respect to both measures m ) and M) Fi-

Pt
nally we shall use [ f(s)|dp(s)] to denote the integral of f1 o, against the measure

my ), the Lebesgue-Stieltjes measure associated with the total variation function
V(p).
Remark 3.48. A function p € C! (i.e. differentiable with continuous derivative) is
of finite variation and [ f(s)dp(s) = [ f(s)p’(s)ds.

If p is non-decreasing and right-continuous (or with finite variation over any
finite interval), and if f is left continuous, then

[ rspt)=_ tim ¥t (o)~ pln 1)

([0.])D] 04

where the limit is taken over finite partitions D of [0,7]: 0 =1p <t; < --- <t,, =1.

24This is the Lebesgue-Stieltjes measure associated with an non-decreasing function p, con-
structed in Paper A4.
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Exercise 3.49 (Associativity). Let p be right continuous with finite variation, f be
Borel measurable functions, and f be integrable with respect to my,. Prove that
f - p is of finite variation.

Suppose g is integrable is integrable with respect to m(y.p,. Prove that gf is
integrable with respect to mp, and

/otg“)d(f DOEY (5)7(5)dp(s).

Exercise 3.50 (Stopping). Let p be right continuous withfinite variation and fix
t>0. Set p'(s) = p(t \s). Then p' is of finite variation and for any measurable
p-integrable function f

uNt

16)dp() = [ F)dp' () = [ £ 10(5)dp(s)
for everyu > 0.

Exercise 3.51 (Chain-rule). If F is a C' function and p is continuouswith finite
variation, then F(p(t)) is also of finite variation and

F(p) = Flp(0)+ [ F(p(s))dps).

[Hint. The statement is trivially true for F(x) = x. It is straightforward to check
that if the statement is true for F, then it is also true for xF (x). Hence, by induction,
the statement holds for all polynomials. To complete the proof, approximate F € C!
by a sequence of polynomials.

Proposition 3.52 (Change of variables). If p is non-decreasing and right-continuous
then so is its ‘right inverse’

p l(s):=inf{tr >0:p(t) > s},

where inf@ = +oo. Let p(0) = 0. Then, for any Borel measurable function f >0
on R, we have

. p()
| rwdp@ = [* ro7 9)as.
Proof. If f(u) = 1|9, (u), then the claim becomes
p(v) = /0 e(s)enyds = inf{s : p~1(s) > v},
and equality holds by definition of p~!. Take differences to get indicators of sets

(u,v]. The Monotone Class Theorem allows us to extend to functions of compact
support and then take increasing limits to obtain the formula in general. 0
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3.6.2 Martingale spaces
Now we shall apply the theory above to the study of square integral martingales.

Theorem 3.53. A continuous local martingale M = (M );>o with My =0 a.s., is a
process of finite variation® if and only if M is indistinguishable from zero. [The
continuity assumption is critical here.]

Proof. Suppose M is a continuous local martingale and of finite variation. Let
t
T, = inf{t >0: / |dMy| > n} =inf{r >0 : V,(M) > n},
0

which are stopping times, since V;(M) = [; |dMj| is continuous and adapted. Since
M has finite variation on [0,¢] for any ¢ > 0, so that 7,, T e. By definition

tA\T,
< ‘/ dM,
0

which implies that N := M’ is a bounded martingale. Lett >0 and D : 0 =ty <
1 <ty <...<ty=tbe any finite partition of [0,]. Then

tA\T,
[Min, < /O 1AM, < n

on

Il
—

I
(ngE

E[N?] EN; —N; ] =

i

. E[(Nfi _Nti—l)z]

1

<E

— =

1

(sup ’le _NIH D ’ Z ’Nli _Nfi—l‘ :|
i S—_————
<Vi(N)=Vinr, (M)<n
< I’IE[SQP ‘Nti _Nfi—l |]
1

for any partition D. Since N is continuous, so it is uniformly continuous on [0,7]
(for each @ € Q), so that sup;|N;, — N, ,| — 0 as [D| — 0. Moreover, sup; |N;, —
N,,_,| <V;(N) < nfor every D, thus by Dominated Convergence Theorem, E | sup; |V, —
N, ,|] = 0as |D| — 0. Hence E[N?] = 0, so that My, », = 0 for every n and t > 0.
Therefore M = 0. t

We shall use .#, to denote the vector space of all right continuous, square
integrable martingales 2° on (Q,.7,P) with respect to (% ),>0 and initial value
My = 0. .#5 denotes those martingales in ./, which have continuous sample
paths. .#; is a subspace of .#>.

Exercise 3.54. Let M = (M,);>0 € M>.
1) Prove that (M?),>¢ is a sub-martingale and

E (Mt2 _Mr2|§s) =K [(Mt _Ms)2|£fs]

25Naturally, a (real valued) stochastic process X = (X;);>¢ is a process of finite variation, if for
almost all @ € Q, sample paths ¢ — X; (@) are of finite variation.

26 A martingale M = (M;)r>0 is square integrable if E [Mﬂ < oo forall ¢ > 0. This is different from
a martingale which is bounded in L2-space.
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for any t > s > 0. In particular t — E [Mtz] is non-decreasing. Hint: use the
equality

E[(M, — M,)*| 7] = E[(M} — M? — 2M(M, — M;)|.F] .
2) More general, show the following equality holds:

E (M} —M2|.7,) ift>s>u>0
. 21z ] — t s u)> U=V,
E[(M, —M)"| 7] { E (M} —M2|.Z,) + (M, — My)?,  ift >u>s>0.

If M € 4> and T > 0 be any fixed time, then ||M||, ; = /E[|Mr|*] and

M= Y = (1alM]3,). (7)
H HZ \/n_l on ( H HZ,T>

Exercise 3.55. Prove that (M,N) — ||M — N||, defined in (7) is a metric on #,.

Lemma 3.56. .7, is a complete metric space under the metric (7), and /5 is a
closed subspace of M.

Proof. Suppose {M ®:n=1,2,.. .} is a Cauchy sequence in .#,. By Kolmogorove-
Doob’s inequality?’

1

P sup " | 22] < = [aay—aa]

for any 7 > 0 and A > 0, which tends to zero as n,m — oo. Therefore there is a
process M = (M,),>0 such that

sup M,(n) - M,

0<t<T

— 0 in probability

—

asn — oo, forevery T > (. Hence there is a sub-sequence M (%) such that SUPg<;<T ’M,("k) — M,
0 almost surely. Hence there is a null set A7, such that supy, < M,(”") () — M, (o) ‘ —

0 for every @ € Q\ A, that is M,("")(a)) — M;(®) uniformly on [0,7] as k — e
for every @ € Q\ Ar, and therefore M = (M, );> is right continuous almost surely
on [0, T]. If M) are continuous, so is M on [0, T] for every T > 0. Since [0,c0) =
U,—1[0,n], M is right continuous almost surely on [0,c0). Since for every 7 > 0,

2
EUM,(")—M, }—>Oasn—>oo,M6///2. O

Definition 3.57. Let 57 be the space of right continuous square integrable mar-
tingales bounded in L?, that is, the vector space of all right continuous martingales

2TThis is the name for Doob’s maximal inequality with p = 2, which was proved by Kolmogorov
for random walks. Here we apply the maximal inequality to martingale M (m) — pg(m),

30



M = (My);>0 on (Q,.7 ,P) with respect to (F)i=o such that sup,oE [M?] < eo®.
H*€ denotes those M € 5% which are continuous, and %%2"" the subspace of all
those M with initial My = 0.

We note that the space %2 is also sometimes denoted .#Z>. If M = (M,),>¢
is an L?-bounded right-continuous martingale, then {M; : ¢ > 0} is uniformly inte-
grable, M; — E [Mtz] is non-decreasing, and M, — M., almost surely and in L? as
t — oo. Moreover
supE [M7] = limE [M}] = E [MZ)]
>0 t—ro0
and M; = E [M..|.%;] for t > 0. Therefore there is a one-to-one correspondence be-
tween 7% and L?*(Q, .., P), so that 5#? is a Hilbert space?® under the following

norm
11|z = \/E (2] = ¢supE M7

>0

Doob’s L? inequality implies that
\|M||2}fz <E [supr} < 4|]M||§fz for M € 4.
>0

Exercise 3.58. .77 is a closed subspace of 7. [Hint: use Doob’s L*-inequality
as in the proof of Lemma 3.56]

3.6.3 Quadratic variation processes

It6 made use of two facts to define his stochastic integrals for Brownian motion,
namely, 1) A Brownian motion B = (B;);>0 is a continuous martingale, and 2)
{B? —t :t > 0} is a continuous martingale too. In order to generalize Itd’s the-
ory of stochastic integration for Brownian motion to a continuous local martingale
M = (M,);>0, we shall construct a continuous, non-decreasing and adapted process
(M, M), called the quadratic process associated with M, such that M? — (M, M),
(for t > 0) is a martingale.

To this end we shall first introduce some notation. If D = {t;} € &7 is a partition
of [0,00): 0 =10 <t} <---<t; <--- such that#; — oo, and if X = (X;);>0, then define
TP(X) to be a process defined by

TP(X) = Y (Xyooni — Xine)® fore >0.
i=0

If X is adapted, so is TP (X), and if X is continuous (right continuous), so is
TP (X)%, for every partition D € 2.

28Since {M?;t > 0} is a sub-martingale, so that t — [E [Mtz] is non-decreasing, and therefore
sup;>o E [Mﬂ =lim; e |E [Mtz]

2A complete normed space whose norm ||M|| ;2 is defined via an inner product (M,N) =
E [MeoNoo).

30However, we should emphasize that 7 — T;”(X) is in general not non-decreasing!
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In what follows, we shall work with a complete probability space (Q,.7#,P) and
a filtration (.%;);>0 which satisfies the usual conditions. In particular, %, = .%,
for every t > 0.

Let M = (M;);>0 be a continuous local martingale. By using reducing stopping
times T, = inf{t > 0 : [M,| > n}, M™ is a bounded and continuous martingale
for each n. Therefore we shall first construct quadratic processes for continuous
bounded martingales.

Lemma 3.59. Suppose M = (M,);>¢ is a square integrable martingale, and D : 0 =
fo <t <---<t;<--- is a partition of [0,00) such that t; — oo when i — oo, then
{M? —TP (M) :t >0} is a martingale’'.

Proof. Since t; — oo, T,?(M) is integrable for each ¢ > 0. For ¢ > s > 0, there is a
unique k such that #;, < s < #;11, by Exercise 3.54,

E [TID(M)LgZS] = Z(Mfiﬂ _Mti)2 +E [(Mtk+1/\t _Mtk/\f)2|‘g.s]

i<k
+B | Y My n — Myi)*| F
i>k
=TP(M)+E |(M,,, —M,)*+ Z],((Mzmt M2
>
= TP (M) +E[M] — M} |.7)]

which implies that {M? — T.°(M) : t > 0} is a martingale. O

)
(
Lemma 3.60. Suppose M = (M;),> is a bounded martingale, then B [T, (M)] =
E [M? — M}] and E [(T,”(M))?] is bounded uniformly int > 0 and D € 2.

Proof. Suppose |[M;(®)| < K (for all + > 0 and @ € Q) for some constant K. The
equality E [T,°(M)]| =E [M? — M} follows immediately from Lemma 3.54 which
is bounded uniformly in ¢ and the partition D. The variance of T,°(M) may be
calculated as the following. Choose j such that 7; <7 <7;;1, so that

) 2
j
var(T,D(M)) =E (Z(MtiJrl/\l —M,,./\t) (Mzimt Mr%z))
/ 2 2 2 )2
=E Z ((th/\l - Mfi/\t) - (Mt,ur]/\t _Mt,-/\t))
i=0

J
=4E Z Mt%/\z (Mi i — M’l'm)z
i=0

J
S 4K2E Z(Mfi+l/\t - Mti/\l)2 = 4K2E [T;D(M)]

i=0

31AS we have indicated, TP (X) for this case is adapted, continuous with initial zero, but in general
fails to be an increasing process.
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which is therefore bounded uniformly in# and D € £2. O

Suppose D = {t;} € Z is a partition of [0,), then |D| = sup,~ (f; —#;_1) de-
notes the mesh size. If Dy = {;} and |D|, = {t/} be partitions with fy = ) = 0
and #; — oo and t; — oo, then D LU D, denotes the partition by merging the two se-
quences {#; : i > 0}U{z/ > 0} and list the union in an order to form a new partition
of [0,00) Then D; LD, € &2, and ‘D] |_|D2| < l’IlaX{|D1|7 ‘Dz‘}

Lemma 3.61. Let M = (M,);>0 be a bounded martingale. Suppose Dy = {t; : i >
1} € P and Dy = {s;:i > 1} € & such that D\ C D, (i.e. D, is finer than D).
Let X = TP (M). Then for everyt >0

TP (X) < T2 (M) sup (Mo Mg — 2V )
i>0

where | = [(i) is the unique non-negative integer such that
f <5 < Siy1 SZ‘H_]fOri:O,l,....
Proof. In fact, for every i we have
Ts,-D+11/\t (M) - Tsﬁll At (M) = (M5i+1/\t _Mll(,'>/\l)2 - (Msi/\l _Mll<;)/\l)2
= (MSi+1At _Ms,-/\t)(Ms,-H/\t ‘|‘Ms,-/\t - Mz,(,-)/\z)

and therefore it follows immediately that

17:(x) = X (T2 0) T2 00))

1

< TtD2 (M) sup( Sip 1\t +M5i/\f - 2Mll(i) /\1)

for any ¢ > 0. The proof is complete. O

Lemma 3.62. Let M = (M,);>0 be a bounded and continuous martingale, and

" e P (forn=1,2,...) be a sequence partitions such that |D(”)| —0asn—
oo. Then M? — TP" (M) (for n=1,2,...) is Cauchy sequence in .#y5. Therefore
(M, M), = lim,_,. T,D(”) (M) (in probability) exists. (M,M) is continuous, non-
decreasing with initial zero, such that {M? — (M, M), :t > 0} is continuous square
integrable martingale.

Proof. We shall use the following notations. Let D" {t :i>1} and
D(n,m) _ D(n) uD(m) — {ti(n,m) ci> 1}

Similarly, X\ = = 70" (M) which are adapted, continuous, non-decreasing with
initial zero. Let X (") = X (") — x (") Then X ") are continuous martingales with

initial zero, and bounded on [0,7] x Q. We shall show that E []Xt(n’m) |2} — 0 as
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n,m — oo which implies that N := M2 — TP (M) (forn=1,2,...) is a Cauchy
sequence in .#5 . All other claims follow then immediately.
Since X ") is a continuous martingale bounded on [0, 7] x €, so that (X () ) g

Db (X)) is a continuous martingale for every n,m, so that

E |:<Xl(n,m)>2] _E {TID(n‘,m) (X("’m))}

for every t > 0. Since (a+ b)2 < 242 4+ 2b2, we therefore deduce that

n.m)

E[ED(”-M)(X(n,m))} <2E [Ttmn.m) (X(n))] LR |:T;D( (X(m))}

for every t > 0. Let us show that E [TZD("M) (X ("))} —0and E {T,D“"") (X (m))} -0
as n,m — oo. By the previous lemma we have

(o) (o)
TP (x M) < TP (M) sup <M,<n.m> e T Mom = 2M, o N)

i+1 i (i
where

Since as n — oo, ti(f]m) - tl((”l.g < |D™| — 0 and tl.(f{") — tl(('g < |D™| — 0, therefore

Sl;p <Mt(”’m)/\t +Mt,.(””")/\t —2M f{i; /\t) —0

it !

for every r > 0, as M is continuous so it is uniformly continuous on [0,]. Hence

2
(n.m) n (n,m)
E [TzD (x ! ))} < \/ E [(TID (M))z} \/ Esup <Mtt_<rlm>m M, —2M0 N)

for every 1 > 0. By Lemma 3.60, \/ E [(ED(""”) (M))z} is bounded in n,m and 1, and

2
Sl;p (Mtl.(jl'") nT le.("'”’) A ZMI% /\z)

is bounded too. Thus by Lebesgue’s bounded convergence theorem (Paper A4),

2
E !Sup <Mt(”’m) At +Mti(""’")/\t - 2Mtl(("i§/\t> ] —0

i i+l

and therefore E [T,D("'m) (X (”))} — 0 as n — co. Similarly E [T,D("'m) (X (m))} — 0 as
m — oo which completes the proof. O

34



Exercise 3.63. Let M = (M;);>0 be a continuous and bounded martingale. Prove
that (M" ,M") = (M .M)" for any stopping time. [Hint: use the fact that, by the
optional stopping theorem, (MT)2 — (M,M)” is a martingale for every stopping
time. ]

Theorem 3.64. 3% Let M = (M,),>0 be a continuous local martingale. There ex-
ists a unique (up to indistinguishability) non-decreasing, continuous and adapted
process {{M, M), :t > 0} with (M,M), = 0, such that {M?* — (M, M), :t > 0} is a
continuous local martingale. The process (M, M) is called the quadratic variation
of M, or simply the increasing process of M, and is often denoted (M, M), = (M),.

Proof. LetT"™) =inf{t >0:|M,| >n} (wheren=1,2,...). Then T") 1 o0 and each
MT" is a continuous and bounded martingale, so its quadratic process <M LM T">

exists. If n > m, then
(M) = (0 ™

which implies that
(M . M™) = (M"™ . M™) on{t<T,}

for any n > m, so there is a unique process (M, M) such that (M, M) = (M™ M)
on {t <T,} forevery n = 1,2,.... Clearly (M, M) is continuous, non-decreasing
and adapted with initial zero, and (M, M)™ = (M™ M™), which implies that (M* — (M, M)) g
is a continuous martingale. The proof is complete. O

We next shall give further information about the quadratic variation process of
a continuous local martingale. To this end we introduce a few notations. Recall that
for every t > 0, £2(0,t] denotes the collection of all finite partitions D = {t; : i =
0,...,m} where 0 =1y <1, < --- < t,, =t}, m = m(D) is an non-negative integer,
and |D| = max;(t; —t;_1).

Proposition 3.65. Let M = (M,),>¢ be a continuous local martingale. Then for
every t > 0, and for any sequence of finite partitions D™ (1) = {tl.(")} of [0,t], we
have®
m(D") (1))
(M,M),=1lim Y (Muy—-M

n—eo = I !

w)?  in probability.
i—1

Proof. Let T =inf{r >0: |M;| > n}. Then for any sequence of partitions D) =
{s"") i >0} of [0,00) such that s\") — o as i — oo, and [D(| — 0, then for every
n=12,...,

TP " (MT(n)) — <MT(”) >z in probability

32This theorem is a consequence of Doob-Meyer’s decomposition for sub-martingales, which says
that every “class D” right continuous sub-martingale is a sum of a right continuous local martingale
and a “predictable” non-decreasing process.

33 Therefore ¢ — (M, M), is increasing !
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as m — oo, for every t > 0. Hence for every 0 > 0 and forevery n =1,2,...

P[ D" () — (M), >5] gIP’[ D (M) — (M), >5,t<T<">}
+P [t > TW}
<) ()3
TP [r > T(”)}

By letting m — oo first we deduce that

limsupP [ " (M) — (M),

m—yoo

> 5] <P {z > T(”)]

for every n. Since T 4 oo, so that P [t > T™] — 0 as n — o for every ¢ > 0.
Therefore

. DM . .
Tim P| |72 (M) — (M), | > 8] =
for every 0 > 0 and ¢ > 0, which completes the proof. O

Proposition 3.66. Let M = (M,);>¢ be a continuous, square integrable martingale,
ie. E [MZ] < oo for everyt > 0. Then M> — (M, M) is a continuous martingale.

Proof. According to Doob’s L?-inequality E [supsq 2] <4E [M}] < e for every
t >0, that is, sup,, M7 is integrable. Let T =inf{r > 0: |[M,| > n}. Then
(M, ,7))* — (M), .7 is a square integrable martingale (cf. Lemma 3.62), so that

s<t

E[<M>t/\r<n)] =E [(Mt/\T ) ] <E {supMz} < oo
for every n. Letting n — oo, by Fatou’s lemma

E[(M),] <liminfE[(M),,;m] <E {supMz} < oo

n—yoo s<t

and therefore M? — (M), is integrable for every ¢ > 0. Moreover for t > 5 > 0,

2
E [MtAT(” - <M>t/\T(”) ‘ﬁ\ :| M?/\T <M>SAT(")
for every n. Since
’ (AT t/\T <M>, for any n

and sup,, M?+ (M), is integrable, so by Dominated Convergence Theorem (Paper
A4) and the fact that we obtain
E M2~ (M),|7,] = M2 — (M)

s

Therefore M? — (M) is a martingale. O
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Exercise 3.67. Let M = (M,);>0 be a continuous local martingale. Prove that M
is a square integrable martingale if and only if (M), is integrable for every t > 0.

We can see that the quadratic variation of a martingale is telling us something
about how its variance increases with time. We also need an analogous quantity for
the ‘covariance’ between two martingales. This is most easily defined through po-
larisation. The quadratic co-variation between two continuous local martingales
M, N is defined by

(M,N) = %(<M+N,M+N> (M, M)~ (N,N)). ®)

It is often called the (angle) bracket process of M and N. The following properties
about the mutual quadratic variation process can be derived immediately.

Proposition 3.68. Let M,N be two continuous local martingales.
1) (M,N) is the unique continuous, adapted process with finite variation and
initial zero, such that MN — (M ,N) is a continuous local martingale.
2) Let D) = {ti(n)} € P be a sequence of partitions of [0,0) with |D™| — 0
as n — oo. Then
(M.N), = lim Z(Mrfﬂ Mo, ), 0 p =N w,,) inprobability, (9)
l

%

foreveryt > 0.
3) [(M,N),|* < (M), (N), for any t > 0.

Exercise 3.69. Let M, N be two continuous local martingales, and T be a stopping
time. Prove that

(M ,N"), = (M",N), = (M,N"), = (M,N)7 (10)

for every t > 0. Hint: By applying the sequence of stopping times T™ = inf{r >
0: |M;|+ |N;| > n}, we only need to verify these equations for bounded and con-
tinuous martingales M and N. Then, by optional stopping, M' NT — (M,N )T isa
martingale, so that <M T,NT> = (M,N >T. Next show, again by optional stopping,
MTNT — <M,NT> is a martingale, which shall gives that <MT,NT> = <M,NT>
which however follows from (9) immediately.

Theorem 3.70 (Kunita—Watanabe inequality). Let M,N be continuous local mar-
tingales and K, H two measurable processes. Then for all 0 <t < oo,

1/2

[Ny, < </OIH3d<M>S>l/2 (st s

We shall introduce a large class of stochastic processes with which It6’s stochas-
tic integrals may be defined, which is on the other hand rich enough for defining
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stochastic models in applications in various scientific areas such as quantitative
finance, turbulence modeling and etc.
A continuous, adapted process X = (X;),>¢ is called a continuous semimartin-
gale if
X, —Xo=M;+A4A,, t>0 (12)
where M = (M,),>0 is a continuous local martingale with initial My = 0, A =

(A¢)r>0 is a continuous, adapted process of finite variation with initialAg = 0. M is
called the martingale part, and A is the variational part of X.

Exercise 3.71. The decomposition is unique (up to indistinguishability).

Proposition 3.72. Let X be a continuous semimartingale with its martingale part

M and variational part A. Let D) = {ti(")} € & be a sequence of partitions with
ID")| — 0 when n — co. Then

m(D™)
. 2 . L.
I}E;Iolo ; (th@ v —Xti@l At) = (M,M), in probability,
for every t > 0. Therefore a continuous semimartingale is of finite quadratic vari-
ation®* and (X,X) = (M,M).

Proof. Foreveryt >0

Z(Xli _X[i—l )2 = Z(Mfi _Mti—1)2+Z(Ati _AIH)Z +ZZ(MU _Mli—l)(Ati _AIH) .

1 1 l

(0 (i) (i)

It follows from the properties of M and A that, as the partition mesh |D| — 0,

(i) = (M, M),,

(ii) < sup |A,—A; ,|-Vi(A)—0 as.,
1<i<ny,

(iii) < sup |My —M, ,|-V;(A) -0 as..
1<i<ny,

O]

If X,Y are two continuous semimartingales, we can define their co-variation
(X,Y) via the polarisation formula that we used for martingales. If X, = Xo + M, +
A[ and th == Y() +Nt +‘/t’ then <X,Y>[ = <M,N>[

4 Brownian Motion

In this section we give the definition and the construction of Brownian motion, and
discuss several important aspects of Brownian motion.

3 Here we use the convention that (X,X), = limypp o X (Xeine — X, a)? as long as the quadratic
variation exists.
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4.1 Definition and finite dimensional marginal distributions

Our fundamental building block will be Brownian motion. It is often described as
an ‘infinitesimal random walk’, so to motivate the definition, we take a quick look
at simple (discrete time) random walk.

Exercise 4.1. The symmetric random walk {S, : n > 0},>0,where Sy =0, S, =
Yo &iforn>1, & iid with distribution given by P[§; = —1] =1/2 =P[§; = 1].
Then cov(Sy,Sy) =nAm. Since E§; = 0 and var(&;) = 1, by Central Limit Theorem

S, /x 1 _2pn
P|l—<x|— eV 2dy as n — oo
[\/’7_} —= /21 Y

and

S, ]
v [\[/ﬁ} Sx} %/_m \/Tmﬂz/z’dyasnﬁoo,

where [nt] denotes the integer part of nt for every t > Q.

Heuristically at least, passage to the limit from simple random walk suggests
the following definition of Brownian motion.

Definition 4.2 (Brownian motion). An R?-valued continuous process B = (B;);>0
on a probability space (Q,.% ,P) is a Brownian motion, if it has independent in-
crements: for any 0 =ty <t; <ty < --- <ty,, the random variables B;, — B;, , (for
i=1,---,n) are independent, and the increment B, — B for any t > s > 0, has a
(d-dimensional) normal distribution N (0, (t — s)I). Suppose the distribution of By
is W, a probability measure on (RY, B(RY))then B is called Brownian motion with
initial distribution p. If By = & almost surely for some & € RY then B is called
Brownian motion started from &. A standard Brownian motion is a Brownian mo-
tion started from 0.

If B= (B',---,B%) is a d-dimensional Brownian motion started from & =
(&1,--- ,éd ), then B',--- B? are independent one dimensional Brownian motion
started from E', ..., £4 respectively. This can be verified by checking the finite

dimensional distributions of Brownian motion.

Lemma 4.3. Let B={B, :t > 0} be a d-dimensional Brownian motion with initial
distribution . Then for D : 0 < t] <ty < ... <ty,, the joint distribution Pp of
(Bty, By, - -, By,) (withtg = 0) is given by

PD[BtiEA,-:izo,l,m,n]:/A /A u(dxo)pp(xi, ..., xn)dxy - --dxy,
0 n

for any A; € B(RY), where

n 1 |y —x|?
PD(xlw-,xn):jEIlP(fj_fj—l7xj—1,xj)7 P(LX,J’):WCXP Y .

We shall show the existence of Brownian motion for a given initial distribution
u.
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4.2 Constructing distributions on path spaces

For definiteness, we take real-valued processes, so E = R? in this section.

Let X = (X;);>0 be a process taking values in E. Indistinguishability takes the
sample path as the basic object of study, so that we could think of (X;(w),7 > 0)
as a path in E as a random variable taking values in the space EI*=) of all possible
paths, i.e. the space of all mappings from [0, o) into E. This sample space E [0:00)
the path space, then has to be endowed with a ¢-algebra of measurable sets.

Definition 4.4. An n-dimensional cylinder set in E 0) is a set of the form
C={wcE") : (on),...,0()) €A}
forsome 0 <t <ty...<t,and A € B(RV™"),

Let % be the family of all finite-dimensional cylinder sets and Z(E*)) the
o-algebra it generates. This is small enough to be able to build probability mea-
sures on A (E!%)) using Carathéodory’s Theorem (see B8.1). On the other hand
AB(E [0’”)) only contains events which can be defined using at most countably many
coordinates. In particular, the set

{w € E®) : w(r) is continuous }

is not Z(E">))-measurable.

We will have to do some work to show that many processes can be assumed to
be continuous, or right continuous. The sample paths are then fully described by
their values at times ¢ € (Q, which will greatly simplify the study of quantities of
interest such as supy,, |X| or 7o(@) = inf{r > 0: X;(®) > 0}.

A monotone class argument will tell us that a probability measure on A(E [O"”))
is characterised by its finite-dimensional distributions — so if we can take continu-
ous paths, then we only need to find the probabilities of cylinder sets to characterise
the distribution of the process.

In this section, we are going to provide a very general result about constructing
continuous time stochastic processes and a criterion due to Kolmogorov which
gives conditions under which there will be a version of the process with continuous
paths.

Let .7 be the set of finite increasing sequences of non-negative numbers, i.e.
D e Z if and only if D = (t1,12,...,1,) forsome nand 0 =0 <1, <1, < ... <1p.

Suppose that for each D € 7 of length n we have a probability measure Pp on
(E",%(E")). The collection {Pp : D € .7} is called a family of finite-dimensional
(marginal) distributions.

Definition 4.5. A family {Pp : D € F} of finite dimensional distributions is called
consistent if for any D = (t1,t2,...,t,) € T and 1 < j<n

Pp(A1 x Ay X ... xAj_ | xRXAj1 X...xXAy)
=Py (A1 XAy X ... XAj_1 XAj1 X...XAy)

where A; € B(R) and D' = (t1,tp,...,tj_1,tj+1,...,1y).
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(In other words, if we integrate out over the distribution at the jth time point
then we recover the corresponding marginal for the remaining lower dimensional
vector.)

If we have a probability measure P on (D), (D)) then it defines a
consistent family of marginals via

Pr(A) = P({w € D) - (0(1y),..., 0(t,)) € A})

where D = (11,t2,...,t,), A € B(E"), and we note that the set in question is in
PB(E [0’“’)) as it depends on finitely many coordinates. But we would like to have a
converse — if I give you Pp, does there exist a corresponding measure P?

Theorem 4.6 (Daniell-Kolmogorov Extension Theorem). Let {Pp : D € T} be a
consistent family of finite-dimensional distributions. Then there exists a probability
measure P on (E[0=°°),,%(E[O*°°))) such that for any n, D = (t1,...,t,) € J and
A€ B(E"),

Pp(A) =P Hw c EO: (o(n),...,0(n)) GAH . (13)

We will not prove this here, but notice that (13) defines P on the cylinder sets
and so if we can establish countable additivity then the proof reduces to an appli-
cation of Carathéodory’s extension theorem [Paper A4, Paper B8.1]. Uniqueness
is a consequence of the Monotone Class Lemma.

This is a remarkably general result, but it doesn’t allow us to say anything
meaningful about the paths of the process. For that we appeal to Kolmogorov’s
criterion.

Theorem 4.7 (Kolmogorov—Centsov continuity criterion). Suppose that a stochas-
tic process (X; :t < T) defined on (Q,.7 ,P) satisfies

E[|X, — X,|%| <Clt—s|'"tP, 0<s<T (14)

for some strictly positive constants ., B and C. Then there exists X, a modification
of X, whose paths are y-locally Hélder continuous ¥y € (0,B/a) a.s., i.e.
X, — X,
sup M <oo a.s. (15)
s,1€[0,T] st |t —s|Y

In particular, the sample paths of X are a.s. continuous (and uniformly continuous
on [0,T]).

Remark 4.8. Many more results and conditions in this direction are possible. See
for example Cramér and Leadbetter, Stationary and Related Stochastic Processes,
Wiley, 1967.
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4.3 Construction of Brownian motion

We are now in a position to demonstrate the existence (construction) of Brownian
motion.

We shall take Q = E[0*) (where E = R? with its Borel 5-algebra) as the sample
space, with the G—algebra . generated by the cylinder sets. Let u be a probability
measure on (R, Z(R?)), and define the family {Pp : D € .7} of finite dimensional
distributions

PD[X,ieA,-:i:O,l,---,n]:/A /A w(dxo)pp(xi, ... xn)dxy - --dx,
0

ifD:0=1ty <t <--- <ty forany Ag,---,A, € B(RY). Here {X; :t > 0} is the
coordinate process on the path space Q. Then clearly {Pp : D € 7} is consist, by

Daniell-Kolmogorov Theorem, there is unique probability measure, denoted by
P, on (Q,.7), such that

PHX, €Ai:i=0,1,--,n|=Pp[X, €A;:i=0,1,--- ,n]

forany D:0 =ty <t; <---<t,and any A; € Z(R?). This is equivalent to say that,
for any non-negative or bounded measurable f and for any 0 =1y <t < --- <t
we have

]P)u [f(Xtoath)"'u /A / fX(), 3 X (de)Pt(xh .y n)dx1-~dxn.
0

In particular, forany t > s >0
“x=x = [ ] r=auidxo)plssox)pl—s.x.y)dvdy
RY JRI JRE

:/Rd /]R" /Rd v|* i (dxo) p(s,x0, ) p(t — 5,x,y +x)dxdy

= [, [ b u@)p(c - 5.0.9)dy
=Clt —s|?

where
= [ If*p(1.0.9)dy
R4

is a constant depending only on d. According to the Kolmogorov continuity crite-
rion, ¢t — X; is continuous almost surely. Therefore P* is supported on the space
of continuous paths, C([0,0),R?), that is, the restriction of P# on C([0,),R9) is
indeed a probability measure, denoted still by P“.

By construction, the coordinate process X = {X; : ¢ > 0} on the continuous path
space C([0,0),R?) under the probability measure P* is a d-dimensional Brownian
motion with initial distribution . This construction gives the canonical realization
of a d-dimensional Brownian motion with initial distribution .
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We shall use P to denote P% (where x € R?) for simplicity, which is the law of
d-dimensional Brownian motion started from x. Then, by Monotone Class Lemma,
one can easily show that

PA() = [ P ()

The law of d-dimensional Brownian motion started from the origin 0, PO, is called
the (d-dimensional) Wiener measure, denoted by some authors as W.

4.4 Lévy’s construction

This will be not covered in lectures, for your readings [Not Examinable].

There is a beautiful direct construction of Brownian motion by Lévy, improved
by Ciesielski.

The following lemma establishes some classical and useful properties of nor-
mal distributions. Its proof is left as an exercise.

Lemma 4.9. i. Let Z,7' be independent random variables with Z ~ N(u,X),
Z'~NW,X). ThenZ+Z' ~N(u+u',L+Y'). Equivalently, their densities
satisfy the convolution property

” Oz (V)P ) (X = ¥)dy = Pt 545 (%)

ii. IfZ; ~N(W;,%;) is a sequence of independent normal random variables such
that W* =Y ey Ui and £F = Y ,cn X exist (i.e. the sums converge), then the
sequence of partial sums Y} Z; converges in ( L?, and hence in) probability
to a random variable with distribution

Y. Zi~ N E).
ieN

iii. If the pair (Z,Z') is a multivariate normal random variable, then Z and 7'
are normal, and are independent if and only if their covariance is zero, that
is, E[(Z—p)(Z' =) "] =0.

We begin with a countable family {Z,,} of identically distributed random vari-
ables with Z,, ~ N(0,1;) for all m. Let D,, = {k2™" : k,n € Z* }, so that D,, C D, 41,
Dy = Z* and U, D, is the set of Dyadic rationals. For simplicity of notation, let
{Z,,} be indexed by m € U,D,, and Z; := 0.

We proceed as follows: First, we determine the value of the nth approximation
X" (of Brownian motion) on the points D,. Second, we use linear interpolation to
define X" for all values of . This gives us a sequence of paths which we shall show
converge.

To fix the values of X for t € D,,, we define

xX= Y z.
{keDy:k<t}
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Next, for every n > 0, define X" = Xt’“1 forallt € D,_y. Fort € D,\ D,_1, let
X' =x""" 42 2z, (16)

We now linearly interpolate between these points {X;' };cp,. Formally, we can

write the interpolation step as
t— |t
WZXm+ﬁhlﬁf&m—&m%

where |7 |, = max{s € D, :s <t}, [t], =min{s € D, : s > t}. The use of linear in-
terpolation is not vital to the construction, as we shall see (taking right-continuous
step functions X" := X|] . would work just as well for proving the existence of a
limit, but would not immediately give continuity). We now seek to show that these
paths converge, in a sufficiently strong sense, to a Brownian motion.

1 _v2 _ v3
X X2 _X3 X1 _Xl —Xl
1/2 =212
3 _ ,/
X1/4 BPES RN L
e AN /
7 T 7/
’ N W
4 \ ’
// \V/
. 3
4 X34
Time

Figure 1: Three steps in Lévy’s construction

Lemma 4.10. Let {X"},cn be a sequence of a.s. continuous functions which con-
verge uniformly on compacts in probability to a process X, that is, for any € > 0,

IimP | sup ||X!—X|| <e| =1
n s€[0,1]

forallt. Then X is also continuous.

Proof. For fixed t, taking a subsequence in n, we can assume that the convergence
is almost sure, that is,

P [lim sup || X! —X||=0| =1
" sel0y]

Fixing o, this is a statement of uniform convergence of X"/ — X, and the continuity
of the limit is classical, as for any € > 0, we can find §,m > 0 such that

[1Xs = X5l < X5 = Xoll + X0 — X |+ 165 — X5l

<2 sup [IX7 X, 41X X!
ref0,]

< 3e.
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Remark 4.11. The uncountable supremum in the statement of Lemma 4.10 is mea-
surable, as our functions are continuous (so the supremum could equally be taken
over the rationals, and suprema over countable sets are always measurable).

Theorem 4.12. The processes X" defined in (16) converge a.s. uniformly on com-
pacts to a process X. In its natural filtration, the limit is a Brownian motion starting
at zero.

Proof. Convergence. We first show that the processes converge. We consider the
case where X is a Brownian motion in two dimensions, as this implies all other
cases by the triangle inequality, and is notationally simpler. From our construction,
we can see that

sup X2 XI = max 27z

s€[0,1] {s€Dy41\Dy:s<t}
The set {s € D1 \ Dy, : s < t} contains at most #2" elements, and the Z; are inde-
pendent N(0,1;) random variables. It is standard that ||Z;||> has a y2-distribution
with d = 2 degrees of freedom, so if F(x) :=P [||Z||* < x] is the distribution func-
tion of ||Z;||> we have

P | sup X7~ X1 > e =P[ max |z > 27 e
s€[0,] {s€eDys1\Dy:s<r}
< ¥ Pzl 2] =201 - F ).

{SEDnJrl \Dp,
s<t}

By changing into polar coordinates, it is easy to show that F(x) =1 — e*/2 (this
simple form is the reason we chose d = 2). Therefore,

P | sup X)X > e| <i2"exp(—2""'e?).
s€[0,1]
In particular,
P ! sup [|X" — X" > n3] < 12"exp(—2""n79).
s€[0,1]

Taking N large enough that Nlog(2) —2V*!N=6 < —N, for all n > N we have

P [ sup ||XP =X >3 | <te .

s€[0,1]

By the Borel-Cantelli Lemma, as this sequence is summable we have

P

sup ||X" —X"™|| > n~3 for infinitely many n] =0.
s€[0,¢]
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In particular, with probability one, taking N sufficiently large, for all n > N,

sup X! — X! <n”?
s€[0,¢]

and by the triangle inequality, recalling that Y,,n=? = 12/6, for N < n < m,

m—1 ) - 7172
sup [|XJ' = X"l < ) sup [IX} —x/T| < =
s€[0,1] Jj=n s€[0,]

Therefore, with probability one, the processes X" are converging uniformly on the
interval [0,7]. By Lemma 4.10, X is a continuous process.

X is a Brownian Motion. We now need to show that X is a Brownian motion in
its natural filtration, that is, that the increment X; — X; is normally distributed and
independent of .%; = o(X,,,u < s). First note that for s,z with t € D, \ D,,+; and
[s]n < t, the random variable Z; is not involved in the construction of X;. Hence,
as X generates the filtration and the {Z,},c,p, are independent, we see that Z; is
independent of .%;.

It is clear that if s, are integers with s < ¢, then

X -X=X'-X= Y Zi~N(O,(t—5)).
{keDy:s<k<t}

Furthermore, in this case X; — X is independent of .%, as Z;, = Z k], 18 independent
of %, forall s < k.

Now suppose that the result holds for s, € D,.Then we see that for any u €
Dn+1 \Dm

Xu _Xu _ _
Xu_XLMJn = - 2 Ltls +2 (n/2+l)Zu NN(O>2 (n+l)ld)

which is independent of .7 |,,|,. Similarly,

; —Xu = ";)(\-MJ” _2*("/24’1)2” ~ N(O,Zf(,H,l)Id)

)

which is the sum of three independent normal random variables, so
X, — Xy ~N(0,(t—5)1y).

The first two terms are independent of [, 2 #;. We know the last term is
independent of .%, |s],» and we can compute

E[(Xy), —Xs) (X5 — X)) '] =0
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so (X 5] — X;) is independent of the increment X; — X |s],» as uncorrelated Gaussian
random variables are independent. As we can write

Gy = ﬁwn Vo (X _XLSJn) \/G(Zu;u € } LSJn,S[),

we see that Xig1, — Xs is independent of .%;. Therefore X; — X; is normally dis-
tributed and independent of .%;, as desired.

Finally, for any s < ¢ we can find sequences s, | s, t, Tt with s,,t, € D, and
so <to. Then X, —X;, ~ N(0,(t, —s,)I;), and by continuity of X we see

XI _XS - Xt() _XS() + Z (th _th—l _XSn +XS

n=1

) ~ N(O, (l — S)Id).

n—1

All the terms in this sum are independent of .%;, as required. As Xy = 0 by con-
struction, we see that X is a Brownian motion starting at zero, in its natural filtra-
tion. ]

4.5 Properties of Brownian motion

Although the sample paths of Brownian motion are continuous, it does not mean
that they are nice in any other sense. In fact the behaviour of Brownian motion
is unlike the usual functions one encounters. Here are just a few of its strange
behavioural traits.

i. Although (B;),>0 is continuous everywhere, it is (with probability one) dif-
ferentiable nowhere.

ii. Brownian motion will eventually hit any and every real value no matter how
large, or how negative. No matter how far above the axis, it will (with prob-
ability one) be back down to zero at some later time.

iii. Once Brownian motion hits a value, it immediately hits it again (uncount-
ably!) infinitely often, and then again from time to time in the future.

iv. It doesn’t matter what scale you examine Brownian motion on, it looks just
the same. The paths of Brownian motion are fractals almost surely.

The last property is really a consequence of the construction of the process. We
will formulate the second and third more carefully later.

Proposition 4.13. Let B be a real-valued Brownian motion started from 0. Then
i. —B, is also a Brownian motion,  (symmetry)
ii. Vc>0, cB,/Cz is a Brownian motion, (scaling)
i. Xo=0,X; .= tB'l is a Brownian motion, (time inversion)

iv. fort €10,1], X; := By — B1_,; is a Brownian motion,  (time reversal)
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v. Vs >0, B, = B,y — By is a Brownian motion independent of (B, : u <),
(simple Markov property).

The proof is an exercise.

Theorem 4.14 (Blumenthal’s 0-1 law). Let B = (B;),;>0 be a standard Brownian
motion on (Q,.7 ,P), and F = 6{By :s <t} fort > 0. Then for every A € F.,
P[A]=0or 1.

Proof. Let0 <t <tp---<trandletg: R¥ — R be a bounded continuous function.
Also, fix A € 9’8 .- Then by continuity and dominated convergence

E[lAg(Bt]7- . '7Btk)] = lgng[lAg(Btl —Bg7. .. ’Btk —Bg)]

If 0 < € <1y, the variables By, — B, ...,B; — B¢ are independent of 9,9 and thus
also of % It follows that

E[lAg(Bl‘”"'?Bl‘k)] = lgl\IL‘{)lE[lAg(Btl _BS7"'7Bl‘k_B£)]
— P[A]E[g(BtlaaBtk)]

We have thus obtained that .7 ', is independent of 6(By,,...,B;,). Since this holds
for any finite collection {r1,...,#} of (strictly) positive reals, .7, is independent
of o(B;,t > 0). However, 6(B;,t > 0) = o(B;,t > 0), since By is the point-wise
limit of B; when t — 0. Since Fy C 6(B;,t > 0), we conclude that .%., is inde-
pendent of itself and so must be trivial. O

Exercise 4.15. Use the Kolmogorov continuity criterion to show that Brownian
motion admits a modification which is locally Holder continuous of order 7y for any
0<y<l1/2.

Proposition 4.16. Let B = (B',--- | BY) be a d-dimensional standard Brownian
motion. Then

1) each B is a continuous square integrable martingale, and

2) the covariation process <Bi,Bj > = 0jjt.

Proof. E (|Bi|*) =1 for every i, so B is square integrable. Let % = 6{B,:s <1}
be the natural filtration of B. Then B, — By and .# are independent for every
t > s > 0 by the independence of increments of B over disjoint intervals. Therefore,
fort >s >0, E (B — Bi|.#?) = E (B! — B}) = 0. On the other hand
E((B)? — (B)*|.7)) =E (|B; - By|* +2B,(B; — B)|.7,)
=E(|B,—BJ’|7]) =E(|B; - B;|*)

=r—=s
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so that (B})? — 1 (for t > 0) is a martingale, which implies that (B’, B') , =1. Simi-

larly if i £ jand ¢t > 5 >0

E (BjB/ ~ BiBI|\7Y) = E (B — B)(B] — B]) + BL(B] — B) + BI(B| — B))| 7
E( (B~ B1)(B] - B))| 7))

—E ( (B B))(B] ~B])

= E(B] - B})E(B] - B)

which implies that B'B/ (for i # j) is a continuous martingale, hence <Bi,Bj > =0

fori# j. O

It follows the following sample property of Brownian motion.
Corollary 4.17. Let B = (B;);>0 be a one dimensional standard Brownian motion.

1) For every t > 0 the quadratic variation

D:0=ty<-- <t,,—1 |D|— OZ| v~ B '|2 =1 inprobability
2) Brownian sample paths are of infinite variation on any non-trivial interval
almost surely.
3) Brownian sample paths are almost surely nowhere locally Holder continu-
ous of order y > %

In fact, a very precise statement is possible.

Theorem 4.18. For B a Brownian motion,

li ’Bt - Bs‘ _
imsup sup —— =11 a.s.
el 0<s<t<lt—s<e \/2€log(1/¢€)
Consequently, Brownian sample paths are almost surely nowhere locally Holder
continuous of order y = 1/2, and the 2-variation is almost surely infinite.

Proof. [Lévy’s modulus of continuity (Not Examinable)] Omitted (proof is a care-
ful calculation with estimates of normal random variables, see, for example, H. P.
McKean: Stochastic Integrals. Academic Press (1969), Section 1.6, page 14.) [J

Proposition 4.19. Let B = (B',--- ,B%) be a d-dimensional standard Brownian
motion, and F) = 6{B; : s <t}.
1) For every E € R andt > s> 0
E [eifg.(B,—Bs)|ng — o 2(=9)IEP

2) Let & € RY. Define M, = o5 Bi—2l6 fort>0. Then M = (M,);>0 is a
continuous square integrable martingale.
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Proof. We know that B, — By is independent of .#? and has a normal distribution
N(0, (¢t —s)I) for any t > s > 0, so that

E {eia(B,—qu go} _E [eir:-w,—m} — o bR

which proves 1). To prove the second item, we notice that 1) still holds for complex
vector &, as both sides are analytic in &. Therefore by replacing & by —i& we then
obtain

E [eg'(B’*BS)],?SO] —e20)EP forany s >s5>0,

rearranging the terms to deduce that
E[Mtlﬁso]:Mq fort >s>0
which completes the proof. O

The martingales constructed in Proposition 4.19 are very useful tools in appli-
cations. We shall now give a trivial improvement over the previous proposition,
which is however very important.

Proposition 4.20. Let B = (B',--- |BY) be a d-dimensional standard Brownian
motion, By = 0, and F = 6{By : s <t} and FL, = N,y F for every t >0, so
that (F2.)i>0 is a right continuous filtration.

1) B\, B'B/ (fori # j) and (B})* —t (fort > 0) are all (F.)-martingales.

2) For every € € R, N, = B 311" (for t > 0) and M, = S B3 EP (for
t>0)are (ﬂ‘ﬂr)—martingales. That is,

E [ B8)| Z0, | = ¢ 298P forr> 5> 0.

Proof. All conclusions indeed follow from the previous Proposition and Corol-
lary 3.13 immediately. Let us give a direct proof. We prove that N is an (.7, )-
martingale, the proof of others is similar. Let # > s > 0, and for every € > 0 such
that # > s+ €. Then from the previous proposition, for every A € .7, SQJF C 55& es WE

have 1

E |:ei§-(B,—BS+g)1Ai| — e—j(t—s—8)|§\2P(A).

Since B¢ — B; when € | 0, by using the Dominated Convergence Theorem, we
obtain _ 1 ,
E {elé'wf—Bs)lA] — e 20IEPP(A)  forany A € T,

for any t > s > 0, which is equivalent to that N is an (.., )-martingale. O

Proposition 4.21. Let B = (B,),>0 be a one dimensional standard Brownian mo-
tion, Bo = 0. Let a € R and define v, = inf{t > 0: B, =a}. If a+#0, then
P[1, < oo| = 1 and E[e "] = e~V for any s > 0.
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Proof. The first hitting time 7, is a stopping time with respect to (37&),20. Since
—B s also a standard Brownian motion, so IP[t, < eo] =P[7_, < 0|, hence we may

2
assume that a > 0. For every real §{, M, = e‘SB’*%’ (where ¢t > 0) is a martingale, by
optional stopping theorem I [M; 7, ] = E [Mo] = 1. While for & > 0,0 < M7, < e%°

and
2

_e
Mz/\ra = eéB’M“ 7N 1{‘L'a<oo}e§a 7%

as t — oo. Apply Bounded Convergence Theorem, we obtain from E [M;z, | = 1
(letting t — o) that

2
E [l{r‘,<w}€5a€21"] =1
and rearranging the terms to obtain that
‘;:2
E {l{rﬂm}ezrﬂ] —e % for any & > 0.
Next using Bounded Convergence Theorem again but let & | 0 to obtain that P [, < oo] =

2
1. Thus E |:€_§27":| = ¢7%% and the Laplace transform of 7, follows immedi-

ately. O

In fact the converse of 1) in Proposition 4.20 is also true, which motivates the
following definition.

Definition 4.22. Let (.%,);>¢ be a filtration on (Q,.F ,P). AnR¢-valued continuous
process X = (X;)1>0 is called a d-dimensional (%;)-Brownian motion®, if X is
adapted to (%,),>0 and

E [gé-(xfxs)‘ g] — o 2(=9)IEP (17)

forevery E € R andt > s > 0.

The equation (17) is equivalent to say that eis"®—X0)+215P (for 1 > 0) is a
continuous martingale with respect to (.%;);>o.

Proposition 4.23. An (.%)-Brownian motion X = (X;);>0 must be a Brownian
motion, and X; — X; and F; are independent for any t > s > 0.

Proof. Lett >s>0. Then E [ei‘s'(xf_xﬂ} = ¢~ 2(=9I5 for every &, so X, — X; has
a normal distribution N(0, (¢ — s)I). Moreover, for every A € .%; and & € R¢

1

E [eifsmxﬁxs)u} = e 2P PA) = E [eié'(xf*"s)} P(A)

35We follow the definition given in Tkeda and Watanabe, which is different from that given in the
lecture notes written by the previous lecturers, but they are equivalent.
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which implies that X, — X and .%; are independent. Let .# = 6{X; : s <t} be the
filtration generated by X. Then .Z? C .%; for any s. Therefore X; — X, and . are
independent for any ¢ > s > 0, which implies that X has independent increments.
Hence X is a Brownian motion. ]

Proposition 4.20 implies that a Brownian motion B; = (B;);>0 is a Brownian
motion with respect to the right continuous filtration (%, ),>0, where .7 = 6 {B :
s <t}. Therefore, in the discussions of (super- / sub-) martingales related to Brow-
nian motion, the underlying filtration may be assumed to be right-continuous.

Theorem 4.24 (Strong Markov Property). Let (:%;);>0 be right-continuous, and
X = (X;)i>0 be a d-dimensional (%,),;>o-Brownian motion. Let T be a stopping
time with respect to (F;);>0 with P[T < eo| >0, Y, = Xr4, — Xr and 9, = Fry,
fort > 0. Let Pr denote the conditional probability on {T < oo}, that is Pr(G) =
P[G|T < o] forany G € .F. ThenY = (Y;)>0 is (¢);>0-Brownian motion started
from zero and is independent of Fr under Pr.

Proof. We may assume that Xo = 0 and P[T < o] = 1. Let & € RY and set M; =
S X318 for t > 0. Then M = (M;);>0 is a continuous martingale and |M;| <
ezlél , but it is not uniformly integrable unless & = 0. Lett > s > 0. Apply optional
stopping time theorem with T An+t > T An+ s we obtain that

E [MT/\n—H ‘yTAn—i—s] = MTAn—i—s
rearranging to obtain
E [eié‘(XT/\n+t_XT/\n+s)‘yT/\rH_s] — 6_%(t_s)‘é‘2

Therefore, if A € Frpis, then
E [ei‘g‘(X”"“_X””“)lA} = e_%(’_s)mz}P’(A) for any n > k.
Letting n — oo, and using Dominated Convergence Theorem we deduce that
E |:ei‘§'(XT+r*XT+s) 1A] — e*%(tfs)‘é‘ZP(A).
Since Fry = 6{Frprss - k > 1}, we thus conclude that

E {gé-(xm,—xm) | %H} — e 309EP forany 1> 5> 0.

Therefore Y; = X7, — Xr (for ¢ > 0) is an (Fr,)-Brownian motion started at
Zero. L]

The following result, the reflection principle, was known at the end of the
19th Century for random walk and appears in the famous 1900 thesis of Bache-
lier, which introduced the idea of modelling stock prices using Brownian motion
(although since he had no formulation of the strong Markov property, his proof is
not rigorous).
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Theorem 4.25 (The reflection principle). Let B be a Brownian motion and T a
stopping time with P [T < oo| = 1. Then the process B defined by

5 _ B, 1<,
"7\ 2B.—B, t>T1.

is a standard Brownian motion.

Proof. By definition B is a Brownian motion up to the stopping time . For ¢ > T
we write t = T+, and let By = B,y — Bz, which is a Brownian motion inde-
pendent of (7,B¢) by the strong Markov property. Using this and the symmetry of

Brownian motion, so that B = —B in distribution, for f > T we have
B, = By —B:+B;
= By+B;
= —By+ B (in distribution by symmetry)
- 2B‘L’ - Bl‘ == El’
Thus B has the law of Brownian motion as required. O

Theorem 4.26. Let B = (B,),>0 be a real standard Brownian motion, By = 0, and
St = supy<, Bs (for t > 0) be running maximum process. Then

1 [~ 2
P[S,zb,B,ga}:\/Tm/% e wdx (18)
—a

foreveryt >0,b>0and b > a.

Proof. Let 1, =inf{r >0: B, =b}. Forb>0andt >0, {S; > b} = {1, <t}, so
that

which leads to (18), here the last equality follows from the fact that, so {7, <7} C
{B;>2b—a}as2b—a>b. O

Remark 4.27. We have proved that P[S; > b,B; < a] = P[B, > 2b —a] for b >0
and b > a. For the last assertion of the theorem, taking b = a, observe that

P[S:>a] = P[Si>a,B;>a]+P[S; >a,B <d]
= 2P[B, >a]=P[B, > a]+P[B, < —a] (symmetry)
= P[|B| >d]

for every a > 0, which implies, for every fixed time t, S; and |B;| have the same
distribution.
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Together with Doob’s maximal inequality, we derive a useful bound for Brow-
nian motion.

Proposition 4.28. Let (B,);>0 be (one dimensional) Brownian motion with By = 0.
Then

o 1 »2 22
sup By >A| =2 e Tdx<e T

P
s€[0,1] LIVEN2T

foreveryt >0and A > 0.

Proof. In fact

2 o2
IP’[S,EQL]:IP[\BIIEA]:\/%/A e ¥ dx

2
e 2dx

2 oo
B V21 //l/\ﬂ

This estimate can be established by using the fact that M, = eOBi—a’t/ 2 t>0,
is a non-negative martingale. It follows that, for @ > 0, using Doob’s maximal
inequality,

P[S; > Af] = ]P’[Sup (eaBufazt/Z) > ea/lzfoczt/z}
u<t
< P[sup (eXBumu2) > e""“—azt/ﬂ
- u<t -
< e—oc)tt-i—ozzt/ZE [eaB,—azz/z] )
———
=1
The bound now follows since ming>g e~ QA2 _ ,=271)2 (with the minimum

achieved when o = ). O

Corollary 4.29. Let B be a standard real-valued Brownian motion, By = 0 and
S¢ = supy, By fort > 0.

1) Then S; > 0 fort > 0 (of course, almost surely), and therefore 1y = inf{t >
0:B,=0}=0.

2) For every a € R, let T, :=inf{t > 0 : B, = a} (the passage time), with the
convention that inf() = co. Then for each a € R, T, < co. Consequently, we have
a.s.

limsupB; = +oo, liminfB; = —co.
1—o0 f=reo
Proof. 1) P[S, > 0] =P[|B;| > 0] =1 for every ¢ > 0.
2) Write

lzP[ sup By >0} zlimIP’[ sup By > 5].
0<s<1 610 Lo<s<i
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Now, writing ¢ = 1/8 in the Brownian scaling of Proposition 4.13 ii, we have that
B? = 5B, 5 is a Brownian motion. Thus for any § > 0,

P[sup Bs>5]:}P’[ sup B§>1]:1P>[ sup B, >1].  (19)

0<s<1 0<s<1/62 0<s<1/82

If we let 6 | 0, we find

P[supB, > 1] :limIP’[ sup By > 1} = 1limP] sup B, > 8] = 1.
5>0 610 Lo<y<1/62 610 o<s<1

Another scaling argument shows that, for every M > 0,

PlsupB; > M| =1
5>0
and replacing B with —B,
PlinfB; < —M| = 1.
5>0

Continuity of sample paths completes the proof of 2). O

Corollary 4.30. The map t — By is a.s. not monotone on any non-trivial interval.

S Stochastic integration

At the beginning of the course we argued that whereas classically differential equa-
tions take the form
dX(t) = a(t,X(t))dt,

in many settings, the dynamics of the physical quantity in which we are interested
may also have a random component and so perhaps take the form

dXt - a(t,Xt)dt + b(t,Xt)dBt

We actually understand equations like this in the integral form:

t t
Xt—X():/ a(s,Xs)ds—}—/ b(s,X;)dB;.
0 0

If a is nice enough, then the first term has a classical interpretation. It is the second
term, or rather a generalisation of it, that we want to make sense of now.

The first approach will be to mimic what we usually do for construction of the
Lebesgue integral, namely work out how to integrate simple functions and then
extend to general functions through passage to the limit. We will then provide a
very slick, but not at all intuitive, approach that nonetheless gives us some ‘quick
wins’ in proving properties of the integral.

In this chapter we shall work with a filtered complete probability space (Q,.%,.%;,P)
where (.%;);>0 satisfies the usual conditions, and .Z. = 6{.%; : t > 0}. Recall that
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our original goal was to make sense of differential equations driven by ‘rough’ in-
puts. In fact, we will recast our differential equations as integral equations and so
we must develop a theory that allows us to integrate with respect to ‘rough’ driving
processes. The class of processes with which we work are called semi-martingales,
and we shall specialise to the continuous ones.

We are going to start with functions for which the integration theory that we
already know is adequate — these are called functions of finite variation.

Throughout, we assume that a filtered probability space (Q,.#,.%;,P) satisfy-
ing the usual conditions is given. By usual conditions we meant the followings are
satisfied.

1) (@, %#,P) is a completed probability measure. Let .4 be the collection of
all P-null events.

2) (%;)>0 is right-continuous, and .4~ C %, for every ¢ > 0.

A typical setting is the following. We are given a Brownian motion B = (B;);>0
on some probability space, where (% ),>¢ is the (completed) filtration generated

by Brownian motion B, and .# = .%... For this case the filtration (.%#;),>¢ is con-
tinuous.

5.1 Stochastic integrals for processes of finite variation

Recall that a filtered probability space (Q,.#,{.% };>0,P) satisfying the usual con-
ditions is given.

Definition 5.1. An adapted right-continuous process A = (A; : t > 0) is called a
finite variation process (or a process of finite variation) if Ag =0 and t — A, is (a
function) of finite variation a.s..

Proposition 5.2. Let A be a finite variation process and K a progressively measur-
able process s.t.

t
Vi >0, \mesz,/ 1K, (0)||dA, ()] < o.
0

Then ((K-A), :t > 0), defined as (K -A),(®) = [y Ks(@)dAs(®), is a finite varia-
tion process.

Proof. The right continuity is immediate from the deterministic theory, but we
need to check that (K -A), is adapted (and hence progressive, by Proposition 3.29).
For this we check that if # > 0 is fixed and 4 : [0,7] x Q — R is measurable with
respect to A([0,1]) ® F, and if

t
| 1nts,0)lldA (@) < =
for every w € Q, then

/0 (s, w)dA (@)
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is .%;-measurable.
Fix £ > 0. Consider first & defined by A(s, @) = 1(,,)(s) Ir(®) for (u,v] C [0,7]
and I' € .%;. Then
(h-A); = 1r(A, — Ay)

is #;-measurable. By the Monotone Class Theorem, (&-A), is .%#;-measurable for
any h = lg with G € %(|[0,1]) ® .%,, or, more generally, any bounded %([0,7]) ®
F;-measurable function h. If & is a general #([0,1]) ® .%;-measurable function
satisfying

t
[ s o)ljda(@) <= voeo,
0

then A is a point-wise limit, 2 = lim,,_,. h,,, of simple functions with || > |h,|. The
integrals [ h,(s, ®)dAs(®) converge by the Dominated Convergence Theorem, and
hence [; (s, @)dAs() is also .Z,-measurable (as a limit of .%,-measurable func-
tions). In particular, (K -A),(w) is .%,-measurable since by progressive measura-
bility, (s, @) — Ks(®) on [0,¢] x Q is A([0,t]) ® .%;-measurable. O

5.2 Stochastic integral with respect to continuous square integrable
martingales

Let us first define stochastic integrals with respect to a continuous square integrable
martingale M = (M,),>, so that E [M?] < eo. We shall define stochastic for simple
processes first. Let .4 be the collection of all simple bounded processes (adapted
to (% )i>0) of the form

o= 1{0} + Z o) L), 120, (20)

for some m € N, for some finite partition: 0 <1y <t < ... <f; <--- witht; —
oo, where (p(i) are bounded .#,-measurable random variables. The the stochastic
integral @ - M of ¢ in (20) with respect to M € %€ by

(¢-M), = Z‘P(i)(Mth — M), t>0. (21
i=0

We shall show that ¢ - M is a continuous martingale. Of course the continuity of
¢ - M is obvious as M is continuous.

Lemma 5.3. Let Mt() (p( )(Mm,,+l —M,py,) fort > 0. Then MY are martingales
(wherei=0,1,...), and ¢ - M is a continuous martingale with initial zero.

Proof. This involves a core (but simple) idea in Itd’s definition of stochastic inte-
grals: @) is F,-measurable, and therefore ¢ is an adapted process. For 7 > s > 0.
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If s <¢, then

=E [9OR [Miny,, — Mgl 7] 17,
—0=m".
If s > ¢;, then (p(i) € %, C .#5 and therefore
E [M|7,] = 0UE [Min., —Mini| 7]
= 0 (Mypy,,, — Myn,)
for any ¢ > s. This completes the proof. O

Lemma 5.4. ¢-M is a continuous, square integrable martingale, and the quadratic
variation process

(p-M), = /0, @7d (M), foreveryt>0.
Therefore
Eio-00r ] =2 [ o2a0n),] @
for every T > 0, which is called 1t0’s isometry.

Proof. For i # j the intervals (t;,t;1] and (¢;,2;4,] are disjoint, so that MM/ is a
martingale, hence (M',M/), = 0. Therefore

< < \2
(M) =Y (M) =Y (0) ()i = (M)ins) . 120, 23)
i=0 i=0
while the right-hand side equals [ @2 (M);. O

Lemma 5.5. Suppose N = (N;),>0 is another continuous square integrable mar-
tingale, and  is another simple process, then

t
<(P'M>N>t:/0 (Psd<M>N>s
and .
<(PM71I/N>IZ/O (pslllsd<M7N>s
foreveryt > 0.

The proof is similar. In fact

oo oo

<(P'M,N>[ = ;)<Mi7N>I = ZO(P(I) (<M7N>fi+1/\f - <M7N>li/\f)

which yields the conclusion.
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Exercise 5.6. Let M € 5. The mapping @ — @ -M is a linear map from % to
%Z’C. Moreover,

oM = | [ gtatn,). o

[Hint: The proof is easy — we just need to show linearity. But given ¢, v € %,
we use a refinement of the partitions on which they are constant to write them as
simple functions with respect to the same partition and the result is trivial. ]

We shall now extend 1t0’s integrals to a large class of integrands by using 1t0’s
isometry (22). That is, we shall extend the definition of It6’s integrals with respect
to a continuous square integrable martingale M to those in the closure of simple
processes under the distance induced by the It6’s isometry. Indeed the closure of
% preserving It6’s isometry can be identified.

To this end we should revel an important that every simple process is by def-
inition is left continuous on (0,0), and therefore a simple process is more than
progressive measurability. By taking closure, we expect this type of measurability
has to be maintained.

Definition 5.7. Let (Q,.%,.%,,P) be a filtered probability space satisfying the
usual conditions. The oc-algebra on [0,00) x Q generated by all adapted pro-
cesses which are left continuous on (0,0), is called the predictable c-algebra
on [0,00) x Q, denote by Z([0,0) x Q). A stochastic process ® = (®,),;>0
is predictable if the function ®(t,®) == &(®) on [0,00) x Q is F([0,00) X Q)-
measurable.

By definition, any left continuous, adapted process (hence any simple process)
is predictable. Any predictable process is progressively measurable.

Definition 5.8. Let 45 (M) denote the vector space of all predictable processes
D = (PD;)> such that

t
E[/ CPSZd<M>x] <oo foranyt>0.
0

For @ € £ (M), define

|

T
@l = ¥ o (1@l A1) here @] 7= \/E [ @aon,].

and its induced metric ||® —V||,.,, for any @,V € £2(M).
The key fact we need is the following fact.

Lemma 5.9. The space £ of simple, adapted and bounded processes is dense in
Z5(M) under the metric® || @ — ||, .

36The predictable -algebra by definition depends on the underlying filtration (Zt)i>0-
371n fact the metric may be a quasi-one, and we shall consider @ and ¥ as the same element in
Lo (M) i || ® = W]y = .
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Proof. [The proof is not examinable.] If ® € % (M), then H b — <I>1{|q,‘§mH2.M —
0 as m — oo. Therefore we prove this lemma for bounded @ € % (M). Further-
more, by a monotone class argument, we only need to prove that every bounded,
left continuous and adapted process @ = (<I>,)t>0 can be approximated by simple

processes. Choose a sequence of partltlons {t } with t(") — 00 asj— o
for each n = 1,2, ..., such that [D")| — 0 when n — oo. Define

" = Pyl (1) +Z‘1’ (o0

i H»l

for > 0 and n — oo. @ — P point-wise when n — oo, as @ is left contin-
uous. Since @ is bounded and & are bounded by the same bound of |D|.
Therefore by Lebesgue’s bounded convergence theorem, one can conclude that
H @ — CDHZM — 0 as n — oo, which finishes the proof. O

We are now in a position to definite stochastic integral of @ - M for ® € £ (M)
as the following.

Choose a sequence of bounded simple processes @) € % (n=1,2,...) such
that H @) — quz, v — 0asn— oo Then @) . M are continuous square integrable
martingales with initial zero, and, by It0’s isometry

2 1
M), ]:E[/ 1" — ™ 2 (M), | — 0
0

as n,m — oo for every ¢ > 0, and therefore {® .M :n=1,2,...} is a Cauchy
sequence in .#;. Therefore there exists a unique limit in .#;, denoted by @ - M,
which is the unique continuous, square integrable martingale with initial zero, such
that @) .M — & -M as n — oo. - M is called the Itd integral of & against the
continuous martingale M, which is independent of the choice of an approximation
sequence @),

The following facts follow immediately from the construction of Itd’s stochas-
tic integrals.

E “(qj(") M), — (qb(m) .

Proposition 5.10. Let D" {t } with t(") —ooasi—sooforeachn=1,2,...,a
sequence of partitions such that |D"| — O If @ = (P;),>0 is left continuous and
adapted, and

t
E[/ ]¢A¢|2d<M>S] < oo foreveryt>0.
0

Then

t
/0 DydM; = (P-M); = }1_{21024) Mti<,,>m) (25)

") At
in probability, for everyt > 0.

Proposition 5.11. [16’s integrals possess the following properties.
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1) If M = (M;);>0 and N = (N;);>0 are continuous square integrable martin-
gales, ® € 4 (M) and W € 45 (N), then @ -M and W - N are continuous square
integrable martingales with initial zero, and

t
<d>-M,'I"N)t:/ &Wd (M,N),  fort >0.
0

Moreover (®-M),(¥-N), — [y ®:d (M,N), is a continuous martingale.
2) Ito’s isometry holds

([ )

3) If M = (M,);>0 is a continuous square integrable martingale, ® € £5(M)
and ¥V € (P -M), then

E

_E [/0’ |b,|2d <M>A] fort > 0.

Y. (o-M)=(¥Y-P)-M.
As an immediate application, we have the following consequence.

Corollary 5.12. Let ® € 4 (M) and T be a stopping time. Then
D1z -M=M",
2) It holds that

(@-M)" =(Plygr) M=D-M' =Dl -M.

Proof. 1) follows from the previous proposition immediately. 2) We only need
to show this for left continuous and bounded @ € %4 (M). Then (by using the
notations in Proposition 5.10), we have

(P M)inr = ,}EELZ qbt}”) (le.@l NAT Mt,.(") pnt)
l

=lim )’ qst;,,) (Mt{n) = M7, )
1

N—y o0 hems i+l li( Nt

which gives that (@ -M)T = &-MT. O

5.3 Stochastic integral with respect to Brownian motion

The theory can be applied to Brownian motion with initial zero. Let B = (B;) be
a Brownian motion. Then (B;)? — is a continuous martingale, so that (B), = t.
Therefore @ € %5 (B) if it is predictable and

't
E[/ ]d?v\zds} <o foranyt > 0.
0

Then & - B is a continuous square integral martingale with initial zero. If @ =
(P;);>0 is left continuous, then

!
/0 o DiO:fo<---<tm:t,\DHoZ i (Bii., —By)

i
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for every ¢ > 0, in probability. Note we use the left hand value @, on the interval
[ti,ti+1]. This is the key idea in Itd’s original approach to ensure the resulted integral
is a martingale. If f is a Borel measurable function, then &, = f(B,) (for t > 0) is
progressively measurable, and is predictable with respect to the so-called Brownian
filtration. Then {f(B;) : t > 0} € % (B) if and only if

E { [ |f<Bs>|2ds} = [=lsm)P)as

| o0 ) 22
= x)e dxds < oo.
/0 \V27s /foof( )

The It6’s integral, in the case f is continuous, is defined by

/Otf(Bs)st lim Y F(B,)(By,, ~By)

D:0=ty<-+<ty=t,|D|—=0"5

for t > 0. In particular

t
/0 s s D10:[0<"'<tm:t,‘D|~>0; l,( tiv1 tz)

1 1 1
= lim Z |:_2(Bti+l _Bti)z +5 2 (Biﬂ - ZBt21>:|

D= t0<-+<tm=t,|D|—>0"
e 1
2702
In other words )
B?—tzz/o BydB; fort >0

which is a special case of 1t6’s formula. This is not what one would have predicted
from classical integration theory (the extra term, called the correction term, here
comes from the quadratic variation.

Even more strangely, it matters that in (25) we took the /eft endpoint of the in-
terval for evaluating the integrand. On the problem sheet, you are asked to evaluate

1 +Br,,
Y e A e )

Each gives a different answer.
We can more generally define

’ . f(B) +f(By..)
/0 f(Bg)odBs; = lim ( ) (Btj+1 —sz)-

|D|—=0 2

This is the so-called Stratonovich integral, and has the advantage that from the
point of view of calculations, the rules of Newtonian calculus hold true. From a
modelling perspective however, it can be the wrong choice. For example, suppose
that we are modelling the change in a population size over time and we use [t;,#;11)
to represent the (i+ 1)st generation. The change over (#;,#;41) will be driven by the
number of adults, so the population size at the beginning of the interval.
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5.4 Stochastic integration with respect to continuous local martin-
gales

We shall now extend Itd’s theory of stochastic integration to continuous local mar-
tingales.

Let M = (M;),>0 be a continuous local martingale with initial zero. Suppose
@ = (P,),> is a progressively measurable process such that

1
/ |®y|?d (M), < oo almost surely (26)
0

for every ¢t > 0. The collection of all such @ is denoted by % joc(M). Let
t
7 — inf{t >0: / | |*d (M) + M|+ (M), > n} ,
0

n=1,2,.... T are stopping times and our assumption above implies that 7(") 1 co
when n — o. For each n, QDT(") 18 bounded and MT(") is a bounded continuous
martingale and <MT(")> = <M)T(n). Therefore &7 € % (M T(")) and the stochas-

tic integral ®7" - MT" is a continuous square integrable martingale with initial
zero. According to the properties of stochastic integrals with respect to continuous
square integrable martingales, we have

(n) (n) T(m) (m) (m)
(ch ~MT) — ™" . MT

for any n > m. Therefore we may construct a process, denoted by @ - M, by (P -
M), = (@T" - MT"), on{t <T™} forn=1,2,.... Then (&-M)T" = T" . 7"
for every n = 1,2,.... Since T are stopping times and T 1 co, &-M is a
continuous local martingale with initial zero, and by definition

t
<CD-M>,:/O |®|°d (M),  almost surely

for every t > 0. It follows that condition (26) is also necessary indeed to ensure
that the resulted stochastic integral @ - M is a continuous local martingale.

Lemma 5.13. Let X = (Xt(")),zo (n=1,2,...) be a sequence of continuous
stochastic processes, and Ty, (k = 1,2,...) be a sequence stopping times such that
Ty T 0 as k — o0. Suppose for each k, the stopped processes (X (”))Tk converges to
zero in probability, uniformly on any bounded interval, as n — oo. Then X") — 0
in probability, uniformly on any bounded interval, as n — oo,

Proof. For every 6 > 0 we have

P | sup |Xs(n)| >0 <P| sup |Xs(n)\ >0, Ty >t| +P[Tx <{]
s€[0,1] s€[0,t]
<P| sup |(X")%| > 8| +P[T; <1,
s€[0,7]
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so by letting n — oo we obtain that

sup [X"| > 8
s€[0,1]

limsupP

n—yoo

SP[Tk<I]

for any k. Sending kK — oo we conclude that

lim P

n—oo

sup X > 5] -0

s€[0,¢]
for any ¢ > 0, which completes the proof. 0

Proposition 5.14. Let M = (M,);> be a continuous local martingale and & =
(Dr)r>0 € Z2.10c(M) be left-continuous on (0,00). Then

!
DdM, = li b (M., — M, ) babili
/0 2 D:02t0<n.1<ItI’1n:t7‘DHOZ (M, —M,,)  in probability

i
for everyt > 0.

Proof. For any processes ¢ = (¢;),;>0, X = (X;);>0 and finite partition D : 0 =ty <
<o < t; < -+ with t; — oo we define

m—1

R?(¢7X) = Z ¢fi(Xti+1/\t _Xti/\l)'
i=0

Choose a sequence of partitions of [0,c0), D) = {ti(")} with ti("> — 00 as [ — oo,

where n = 1,2,... Let T®) be defined as above. Then ®T" is left continuous, and
therefore

(¢ 'M);T(k) _ (@T(k) -MT(k))t — lim RID<n)(¢T(k),XT(k))

n—oo

n %)
— lim (R,D( ’(qb,x))

n—soo
in .4, for every t > 0. By Doob’s maximal inequality

70 D) T
(@17 — (RP" (@,x))

converges to zero uniformly for ¢ in any bounded interval. Now the conclusion
follows from the previous lemma applying to the sequence of continuous processes

X" =o.M—R"(®,X)

wheren=1,2,.... O
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5.5 Stochastic integration with respect to continuous semimartingales

Naturally, we are going to define an integral with respect to a continuous semi-
martingale X = Xo+ M + A as a sum of integrals w.r.t. the continuous local mar-
tingale M and w.r.t. the continuous, adapted, variational process A.

We shall use Zoc(X) to denote the space of those @ = (P;);>0 € L2 10c(M)
such that

!
/ |&y[[dAs| < oo forall# > 0.
0

Then we define It6’s integral via
t t t
/ DdX = / D dM; + / DdA;  fort > 0.
0 0 0

Then the stochastic integral ( fé CDSdXS) is again a continuous semimartingale.

>0

Proposition 5.15. Let X = Xy + M + A be a continuous semimartingale. Suppose
D = (D)0 € Lhoc(X) is left continuous, then

ot
b dX, = lim b (X,  —X,. in probability,
/0 S D:O:to<...<tm:t,|D|—>OZ t'( it t’) p oy

i
foreveryt > 0.

Stochastic dominated convergence
We should also like to know how our integral behaves under limits.

Proposition 5.16 (Stochastic Dominated Convergence Theorem). Let X be a con-
tinuous semimartingale and " g sequence in ZLpe(X) with <I>t(n) —0asn— oo
for all t almost surely. Further suppose that |€D,(n)| <Y for all n where ¥ €
Lioc(X). Then oM. x converges to zero in probability and, more precisely,

/ oM dx,
0

Proof. Clearly we only need to treat the case where X = M is a continuous local
martingale. Let

V>0 sup

s<t

— 0 in probability as n — oo.

t
T = inf{r > 0: M|+ (M), + [ |#Pd (M), =k}
0

for k =1,2,.... Then the stopping times 7} 1 co. By a similar argument as in the
proof of Proposition 25, the conclusion follows from Lemma 5.13. O

6 It6’s formula and its applications
In this chapter we shall establish the major tool in stochastic analysis, namely,

Itd’s formula, and gives a couple of direct applications. The full power will be
demonstrated in Papers C8.1 and C8.2, in your Part C next year.
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6.1 Ito’s formula and integration by parts

We already saw that the stochastic integral of Brownian motion with respect to
itself did not behave as we would expect from calculus. So what are the analogues
of integration by parts and the chain rule for stochastic integrals?

Proposition 6.1 (Integration by parts). If X and Y are two continuous semimartin-
gales then
t t
XY= Xo¥o = [ Xd¥ot [ YaX,+(X.¥),
0 0

foreveryt > 0.

Proof. Fix t and let D) = {tl-(")} (where for each n, tl-(") — o0 as i — o) be a
sequence of partitions of [0, o) with mesh |D")| — 0 when n — 0. Using equality

XY — XY = X, (Y, — ¥y) + Y5 (X, — X,) + (X — X,) (Y: — X)
(n)

we obtain that (where 1; =1;”” At for fixed but any n)

XY: — Xo¥o :Z (Xti(Yti+l - Ytz) +Y, (Xti+1 7Xti) + (Xtm 7Xti)(Yti+l - le))

1

ot ot
— / deYs+/ chXv+<X7Y>t asn— oo
0 0

where the convergence is convergence in probability. O

Theorem 6.2 (Itd’s formula). Let X',...,X? be continuous semimartingales and
f:R?Y = R a C? function. Then {f(X!,...,X%) :t > 0} is a continuous semi-
martingale and up to indistinguishability

d t 9 )
Fxr . xh :f(Xol,...,Xg)—i-Z/O jﬁ(Xslw'wa)dXsl
i=1

1 t92f

+ —
2 1<iT<a /0 oxidx/

(27)
(X!, XD (X X),.

s

In particular, for d = 1, we have

700 = f00)+ [ o+ [ 76,

The last term on the right hand side is called the correction term (from The Fun-
damental Theorem in Calculus).

Proof. Let X' = Xé + M +A!, where M' are continuous local martingales and A’
are continuous, adapted variational processes, My = Ay = 0. Let V' denote the total
variation process of A'. Let

d
Ti :inf{t >0: ) (M| + X[+ V] +(M)) > k}
i=1
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for k =1,2,.... Then T} are stopping times and 7} 1 0. It is sufficient to prove
(27) up to time 7} for each k fixed but any. We will prove that the result holds
for polynomials and then the full result follows by approximating C? functions by

polynomials.
First note that it is obvious that the set of functions for which the formula holds
is a vector space containing the functions f = 1 and f(xy,...,x4) = x; fori <d.

We now check that if (27) holds for two functions F and G, then it holds for
the product F'G. Integration by parts yields

t t
FG;, — FyGy = / FdG,+ / G,dF, + (F,G),. (28)
0 0

By associativity of stochastic integration, and because (27) holds for G,

F.dG, = / /F X' X7,
/ zz‘i 1<§‘<d 8x’8 / # >

with a similar expression for fé G,dF;. Using the fact that (27) holds for F' and G,
we also have

fBF aG

ran=L L | 5 s

i=1j=1

Substituting these into (28), we obtain Itd’s formula for FG. To pass to a general C>
function f, using Taylor theorem, allowing us to approximate the second deriva-
tive of F uniformly on compacts by a polynomial (and hence F’ and F are also
uniformly approximated on compacts). Using the dominated convergence theorem
(and the fact that everything is nicely bounded up to time 7;), we have the result up
to time 7%, and then we send k — oo. ]

6.2 Applications of Ito’s formula

As a first application of this, suppose that M is a continuous local martingale and A
is a continuous, adapted process of finite variation. Then (M,A) = 0 and applying
It6’s formula with X' = M and X2 = A yields

!9 19
F(MA) — f(Mo, Ag) = /0 %(Ms,As)deL /0 a—ﬁ(Ms,AadAs
1 [t 9%f
+§/O W(MY)AS)d<M>S'

Note that this gives us the semimartingale decomposition of F(M;,A;) and we can,
for example, read off the conditions on F' under which we recover a local martin-
gale. In particular, taking f(x,y) = exp(Ax — —y) with X! = M and X? = (M, M),
we obtain:
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Proposition 6.3. Let M be a continuous local martingale and A € R. Then

2
EMM), = exp <7LMt — ;L2<M>,> , >0, (29)

is a continuous (non-negative) local martingale. In fact the same holds true for
any A € C with the real and imaginary parts being local martingales.

Proof. Let f(x,y) =exp (lx - %2)1) , and apply Itd’s formula to &* (M), = f(M;, (M),).
Computing the partial derivatives and simplifying gives:

)
£+ ), = 6* o+ [ 5L v ) )am,
which is a (non-negative) continuous local martingale. O

Note that we have % f(x,y) = A f(x,y) so that we could have written this as
Aogy. o "ol
EH(M), = EX Mo+ A [ E+(M).dM,
0
or in ‘differential form’ as
dEM (M), = AEH (M), dM,
which shows &* (M) solves the stochastic exponential differential equation driven
by M: dY, = AY,dM,.
6.2.1 Lévy’s characterization
Here is a beautiful application of exponential martingales:

Theorem 6.4 (Lévy’s characterisation of Brownian motion). Let M be a continu-
ous local martingale starting at zero. Then M is a standard Brownian motion if
and only if (M), =t a.s. forall t > 0.

Proof. We know that the quadratic variation of a Brownian motion B is given by
(B); = t.Suppose M is a continuous local martingale starting in zero with (M), =t
a.s. for all > 0. Then, by Proposition 6.3,

éz
exp <i§Mt + 2t> , >0

is a local martingale for any £ € R and, since it is bounded, it is a martingale. Let
0 <s<t. We have

E [exp (iéM, + fr) ‘fi] — exp (i&Ms + é;s)
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which we can rewrite as

2

E [eié(MﬁMs) g;} — T, (30)

In other words, M; — M, has a normal distribution with mean zero and variance
t —s. It follows also from (30) that for A € %,

E [1Ae"5<Mr*Ms>} — PAE [eiéwfw} ,

so fixing A € .%; with P[A] > 0 and writing P4 = P[- N A]/P[A] (which is a proba-
bility measure on .%;) for the conditional probability given A, we have that M, — M,
has the same distribution under IP as under P4 and so M; — M, is independent of .%;
and we have that M is an {.%, },>o-Brownian motion. O

So the quadratic variation is capturing all the information about M. This is sur-
prising — recall that it is a special property of Gaussians that they are characterised
by their means and the variance-covariance matrix, but in general we need to know
much more. It also shows we didn’t really need the Gaussian assumption in our
definition of Brownian motion, it’s guaranteed by the independence and variance
assumptions.

6.2.2 Dambis—-Dubins—-Schwarz Theorem

It turns out that what we just saw for Brownian motion has a powerful consequence
for all continuous local martingales — they are characterised by their quadratic vari-
ation and, in fact, they are all time changes of Brownian motion.

Theorem 6.5 (Dambis—Dubins—Schwarz Theorem). Let M be a continuous local
martingale (with respect to the filtration (% );>0) with My = 0 and (M ). = o a.s.
Let 7, := inf{t > 0: (M), > s}. Then the process B defined by By := M, is a
Brownian motion (with respect to the filtration (%4, );>0) and M; = By, for every
t>0.

Proof. Note that 7, is the first hitting time of an open set (s,o0) for an adapted
process (M) with continuous sample paths, and hence 7; is a stopping time (recall
that (.%;);>¢ is right continuous). Further, (M).. = oo implies that 7, < . The
process (s : s > 0) is non-decreasing and right-continuous (in fact s — 7, is the
right-continuous inverse of r — (M),). Let ¢, := .%;. Note that it satisfies the
usual conditions. The process B is right continuous by continuity of M and right-
continuity of 7. We have

limBu — limMTu — M'fsf'

uts uts

But[7,_, 7] is either a point or an interval of constancy of (M). The latter are
known (exercise) to coincide a.s. with the intervals of constancy of M and hence
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M, = M;, = B, so that B has a.s. continuous paths. To conclude that B is a (¥;)-
Brownian motion, by Lévy’s theorem, it remains to show that (By) and (B — s) are
(%;)-local martingales.

Note that M™ and (M™)? — (M)™ are uniformly integrable martingales. Taking

0 < u < s < n and applying the Optional Stopping Theorem we obtain
E[B|%.] = E[Mz! |- F,] = Mg, = My, = B,
and
E[B — 5|9, =E [(M7)* - (M)7| 7]
= (ME) ~ (M)% = (M5)* ~ (M), = B~

Tu

where we used continuity of (M) to write (M), = u. It follows that B is indeed
a (9;)-Brownian motion. Finally, B, = MT<M>, = M;, again since the intervals of
constancy of M and of (M) coincide a.s. so that s — T, is constant on [t, Typ),]. O

7 Appendix

(Under Construction — I shall update the material through the lectures). In this
section, I shall include a few facts we use frequently in lectures, sometime without
mentioning them explicitly.

7.1 Measures and integration

This part can be regarded a short summary for those in learned in Paper A4 and
Paper 8.1 (measure theory part).

By a measure on a measurable space (Q2,.%), where .Z# is a o-field of some
subsets of Q (in probability theory, Q is usually called a sample space), is a function
U :.Z 5 [0,00] such that p (@) = 0 and it is countably additive in the sense that

n (DAn> = i.u(An)
n=1 n=

for any sequence of events A, € .# which are disjoint.

Then (Q,.%,u) is called a measure space. As a default, by a measure we
always mean a o-finite measure: there a sequence B, such that | J;,_; B, = Q and
w(B,) = 1. A probability on (Q,.7) is a measure, often denoted by P, such that
P(Q)=1.

As a standard procedure, given a measure space (Q,.%, 1) we can always en-
large the o-algebra .# to be a o-algebra .## and extend the definition (in a unique
way) of measure 1 to a measure (still denoted by ) on .#* so that the new mea-
sure restricted on .# coincides with . The procedure can be described as the
following. First define the outer measure y* induced by u:

U (E) = inf{Zu(A,-) : where A; € .% and UA,}
i=1 i=1
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for any subset E C Q. Clearly u*(@) = 0 and u* is countably sub-additive:
w(Uar) < Yuran
i=1 i=1

for any sequence of subsets A; C E. The next step is to identify the collection,
denoted by .#H#, of all possible p*-measurable subsets. Namely we say E is u*-
measurable if

W (F)=u*(ENF)+u*(E°NF) forany subset F C Q.

A major achievement in the measure theory is the following:

1) #* is a c-algebra and . C FH,

2)if u*(E) =0, then E € FH;

3) the outer measure u* (which is defined for every subset of Q) restricted on
FH is a measure;

4) u*(A) = u(A) for every A € %, so u* is really an extension of u;

5) (Q,.ZH*, u*) is complete in the sense that, if u*(E) =0, then E € FH.

Therefore, with good reason, we shall still denote u* restricted on .#* by u.
The measure space (Q,.ZH ) is called the completion of (Q,.%,u). You only
need to make completion of a measure space once, that is, (FH)H* = FH,

Since the completion of a measure space is universal, as a default, a measure
on (Q,.7) is automatically extended to its completion, so we do not need to worry
about the measuriability of null sets>®.

It is very important to recognize that the concept of measurability (hence the
concept of random variables) depends only on the c-algebras involved, and is in-
dependent of measures, probabilities involved. You should review the concept of
measurable mappings between two measurable spaces, which gives the most gen-
eral concept of measurability, yet quite elementary°.

The integration theory (Lebesgue’s integration) is another standard construc-
tion over a measure space (,.%, ). First define the collection of all non-negative
simple .%# -measurable (real) functions, denoted by S(.% )., that is, a function ¢ :
Q — R belongs to S(.F )1 if =Y | cila, for some m € N, constants ¢; > 0 and
some A; € % . Then the integral of ¢ against u is defined by

/ odu =Y cipt(A;)
Q i=1

38While in this procedure, we deal with only one c-algebra with one measure. However we often
need to handle several, even a family of o-algebras, or several measures, in this kind of situations, it
should be made clear which o-algebra against which measure you are applying the construction of
the completion.

3 Given two measurable spaces (Q,.7) and (E,&), a mapping X : Q — E is measurable, with
respect to c-algebras % /&, if X' (A) € .F for every A € &. That is the pull-back c-algebra
X~Y(&) C #. This definition depends on both the c-algebras on the initial space and the target
space of the mapping.
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which is independent of the representation of ¢ (as long as we insist that in a
representation c¢; are non-negative!) If f is measurable and non-negative, then its
Lebesgue integral is defined by

/fdu:sup{/ odu : where ¢ € S(.F) andf§¢}.
Q Q

The most fundamental fact, not trivial, is that the sup that defines the integral
Jo fdu is indeed additive in f, this justifies the definition of integration.

If f is measurable, then f = f* — f~, where f* = fVvOand f~ =(—f) VO
which are measurable and non-negative. Then we say f is integrable with respect to
U (also called p-integrable) if both integrals [, fTdi < oo and [, f~du < oo, and
Jofdu = [o fTdu— [o f~du. The space of all inegrable functions on (Q,.%, i)
is denoted by L'(Q,.%,u). Since |f| = f* + f~, therefore f is u-integrable if 1)
f is measurable; 2) [, | fldu < oo.

The notation |, fdL, as long as it makes sense, may be denoted also by [, f(x)u(dx),
u(f), B4 ete.

Theorem 7.1. Let {f,, :n=1,2,...} be a sequence of measurable functions.
1) (Fatou’s lemma) If f,, are non-negative, then

/ liminf f,dy < liminf / fudl.
Q n—eo n—oo  Jo

In particular, if iminf, e, [ fudlt < oo, then liminf, .. f, is integrable (hence
finite almost surely).

2) (Levi, MCT) If f,, are non-negative and f, < f,+1 (almost surely) for every
n, then

[ tim fydp = lim [ fudu.

3) (Dominated Convergence Theorem) Suppose f, — f as n — oo almost surely,
and there is an integral function g such that | f,| < g almost surely for every n, then

Jo fdu =1lim, o [q fudu.

DCT is useful, while we can do better, and a final result of convergence in L
can be achieved by the notion of uniform integrability.

Let (Q,.%,P) be a probability space. Then a family {&, : & € A} of integrable
(generalized real) random variables is uniformly integrable if

supE[|Ex| 1 |Ea| > L] =0 asL — oo,
aEA

This is equivalent to the following €-8 definition. {& : & € A} is integrable if the
following two conditions are satisfied:

(i) {€q : ¢ € A} is bounded in L!, i.e. sup, E[|Eq|] < oo;
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(ii) for every € > 0, there is 0 > 0 such that for any A € .% such that P[A] < §
we have
E[|€x|:A] <& forevery a € A.

The following facts are very useful.

1) Suppose that there is an integrable 1 such that |E,| < 1 for every o € A,
then {&y : @ € A} is uniformly integrable.

2) If there is p > 1, {&y : & € A} is bounded in LP-space, i.e. sup, E[|Eq|?] <

3)If &g = E[E|Y,] (for o € A) where & is integrable and ¥, are c-algebras,
then {&y : @ € A} is uniformly integrable.

Lemma 7.2. Let (Q,.%,P) be a probability space, let &,,& be integrable.

1) &, — & in L if and only if {Ey;n > 1Y is uniformly integrable and &, — &
in probability as n — oo,

2) (Scheffé’s lemma) If &, — & almost surely as n — oo, then &, — & in L' if
and only if E[|&,|] = E[|&]] as n — o.

Finally, for p > 1, we define L”(Q,.#,u) to be the space of all measurable
functions f such that | f|? is integrable. For any measurable function f, define

1
g P
s = (

which is denoted by ||f]|, if the measure space in use is clear. Then a measur-
able function f € LP(Q,.7, u) if and only if || f||, < eo. By identifying two func-
tions which are equal almost surely as the same element in LP(Q,.%, ), then
LP(Q, 7, u) equipped with the norm ||-||, is a complete normed space (Banach
space).

7.2 Martngale inequalities, convergence theorem, in discrete-time

If f is a convex function on (a,b), thatis, f(Ax+ (1—21)y) <Af(x)+(1—=21)f(y)
for any x,y € (a,b) and 0 < A < 1, then f must be continuous on (a,b), and f
f(y)_f(x) =

y—x
atevery x € (a,b). Moreover f_(x) < f. (x) for every x € (a,b) and

has left-hand derivative f (x) = Sup, and right-hand derivative f; (x)

infy>x f(}’)):i(x)

both function x > f~ (x) and x + f} (x) are non-decreasing, and

F(@) 2 f1 (x0) (x = x0) + f (x0) 3D
for any x,xo € (a,b) (and in fact here f; (xo) can be replace by any number A €

[~ (x0), £ (x0)].%0

40These properties of a convex function can be figured out by drawing a sketch, and observing that

convexity means the “slop” w (where y < x) is non-decreasing when the interval (x,y) moves

towards in the right-hand direction.
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Suppose now & is a random variable taking values in (a,b) on a probability
space (Q,.7,P), and f is a convex function. Suppose both & and f(&) are inte-
grable. Let 4 C .7 be any sub o-algebra. Set xo = E[£]|¥], and x = £ in (31). We
obtain /

f(6) 2 fL(E[G9]) (§ —E[S|9]) + f(E[S]¥]).
Note that £ is non-decreasing, so it is Borel measurable, thus f, (E[£|¥]) is ¢
measurable. Taking conditional expectation E [-|¢] (which preverses the inequality
>) both sides of the previous inequality, we therefore have

E[f(§)I%] 2 E | f,(E[§¥]) (£ ~E[§1¥])|¥| + F(EE|¥])

= [+ (E[E|Z))E[(§ ~E[£|9]) |¥] + f(E[&19])
= f(E[51¥])

This proves the Jensen inequality for conditional expectation.

Lemma 7.3. Suppose f is convex on (a,b), and & is an integrable random variable
taking values in (a,b). Suppose f(&) is integrable , then

f(E[E19]) <E[f(8)|¥] (32)
where ¢ C .7 is a G-algebra.
You should know some examples of convex functions.

1) If f has twice derivatives on (a, b), then it is convex if and only if f* (x) >0
forx € (a,b).

2) If f is differentiable on (a,b), then it is convex if and only if x — f (x) is
non-decreasing.

3) f(x) = |x|? is convex on (—oo, ) if p > 1.

Applying Jensen’s inequality with the definition of martingales (sub-martingales,
super-martingales), we therefore have the fllowing consequences.
Let (Q,.%,(.%,),P) be a filtered probability space.

1) If M = (M,,) is a martingale, and f is a convex function R, and if f(M,,) is in-
tegrable for every n, then (f(M,,)) is a sub-martingale (in particular, n+— E [f(M,)]
is increasing).

2) If X = (X,) is a sub-martingale taking values in some interval (a,b), and if
f is convex and non-decreasing on (a,b), and suppose f(X,) is integrable for each
n, then (f(X,)) is also a sub-martingale.

3) If M = (M,) is a martingale, p > 1, and E[|M,|?] <  for every n, then
{|M,|P;n > 0} is a non-negative sub-martingale.

4) If X = (X,) is a sub-martingale, then its positive part {X,” = X, vV 0;n >
0} is a non-negative sub-martingale. If X, In" (X,) is integrable for every n, then
{X,In"(X,);n > 0} is a sub-martingale, where In* (x) = Inx forx > 1 and In™ (x) =
0if x < 1, so that xIn* (x) is convex.
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The theory of martingales in discrete-time essentially consists of several fun-
damental theorems about sub-, super-martingales: Doob’s optional (stopping) the-
orem, basic martingale inequalities, and Doob’s martingale convergence theorem,
which we shall state as the following for your revision for the paper B8.1.

First recall that a random variable 7 : Q — Z U {0} is an (.%,)-stopping
time*!, if {T =n} € .%, foreveryn=0,1,---.

Theorem 7.4. If X = (X,) is a sub-martingale and T > S are two bounded stopping
times, then E[Xr|Fs| > Xs. There are similar statements for martingales, and
for super martingales. Therefore, sub-martingale (super-martingale, martingale)
property is valid at bounded stopping times. In particular, a stopped martingale
(resp. sub-martingale; super-martingale at a stopping time) is a martingale (resp.
sub-martingale; super-martingale at a stopping time).

Theorem 7.5. If X = (X,) is a non-negative sub-martingale, then for every N € 7.
1) (Doob’s maximal inequality)

1

EX,
2 AN

P [maxXn > l] <
n<N

for every A > 0;
2) For every p > 1

p 7\
s p
() | = (55) mor

There is a discrete-time version for super-martingale.

Theorem 7.6. [Doob’s maximal inequality] Suppose M = (My)n>0 is a super-
martingale w.r.t. a filtration (:F,)n>0. Then (Doob’s maximal inequality)

1
PlsupM > A | < — | E[My] —E [My :supMy <A| |;
k<N A k<N

1
P [inka S —}L:| S —E |:—MN . inka S —7L
k<N A k<N

and

1
P |sup|Mi| > A | < — (E[Mo] +2E [My])
k<N A

forany A >0and N € N.

4IThe usefulness of the concept of stopping times lies in the fact that a stopping time 7' gives rise
to a natural partition of the sample space €, consistence with a filtration, according to the values of
a stopping time, namely, the partition {7 = n} (where n =0, 1,2,...) together with {T" = e}. The
appearance of the concept of stopping times reduced the huge literature by many wisemen to some-
thing routine. This simple example demonstrates well the importance of formulating core notions in
a subject of science.
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Let us recall the definition of an ordered set of real numbers {xo,x,...,xy} of
N + 1 numbers. Let a < b be two numbers. Let

To =inf{k > 0:x; < a},

T = inf{k >To x> b},

ng :inf{k> T2j—1 T < a}

and
T2j+1 = inf{k > sz X > b}

inductively. The up-crossing number
U? ((xi)i=o...v) =max {j: Toj 1 <N}.
If x = (x,),>0 is @ sequence, then
UL ((x4),N) = UZ ((x:)iz0,...n)
and

Uy ((xa)) = lim Ug (), N)

N—oo

which takes values in Z U {eo}.
If X = (X,,)n>0 is a random sequence, then we define

Uy (X.N) (0) = U7 (Xa(@)),N)  and Uy (X) (@) = Uy (Xa())) -

If X = (X,) is adapted to (.%#,) then T; are stopping times and
{Uf(X,N) :j} ={j:j-1 <N <Dj}

for every j € Z,. Therefore U’ (X,N) hence U? (X) are non-negative random
variables taking values in Z U {co}.

Lemma 7.7. Let (x,) be a sequence of real numbers. Then lim,,_,c X, exists, oo or
—oo*2 if and only if for every pair a < b (where we can add that a,b are rationals)
Uz () < oo.

Theorem 7.8. (Doob’s up-crossing lemma) If X = (X,,) is a super-martingale, and
N € Z, then for any pair a < b we have

BU2N) > ] = B [0 —a): URXN) = ]

42This assumption is equivalent to that liminfx, = limsupx, (including the case the up/low limits
are oo and —oo.
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forany j € 7., and therefore

P [Uf(X,N)} - b%E [(Xy—a)].
Hence . [Ub(X)} _ sup, E[|X,|] +a
“ b—a

(where sup,, E[|X, || maybe infinity of course).

The martingale convergence theorems follow from Doob’s up-crossing lemma
immediately.

Theorem 7.9. (Doob’s convergence theorem) Let X = (X,,) be a super-martingale.
1) If sup, E[|X,|] < o, i.e. {X,;n > 0} is bounded in L'-space, then X, — Xe
almost surely as n — o, and X.. is integrable. Moreover X,, — X.. in L' if and only
if {Xn;n > 0} is uniformly integrable. In the latter case, E [Xo| %) < X, (if X isa
martingale, E [X..|-#,] = X,,) for every n.
2) Let p > 1. Suppose {X,;n > 0} is bounded in LP-space®: sup, E[|X,|?] < oo,
then X,, — X almost surely and also in LP as n — oo.

There is a backward version of the martingale convergence theorem. Let us
explain this difficult theorem for super-martingales.

The setting is slightly different though, that is, the time parameter range now
isZ_={---,-2,—1,0} and we are dealing with a family of sub c-algebras .7,
(where n =0,—1,-2, ---) such that .%,, C %, form <n, m,n € Z_. An adapted
and integrable random sequence X = (X, ),cz_ is a super-martingale with respect
to (Fp)n<o if

E[Xn|ﬁn,1} Sanl forn:O,—l,—2,~-.

We may rewrite the definition in an equivalent way in terms of what we are
familiar with. Let N > 1 be any but fixed. Define % = 7_(y_) and ¥y = X_(y_y),
(k=0,1,---,N), so that (%)—o,.. n is a filtration (in the ordinary sense). Then
X = (X )n<o is super-martingale with respect to (.#,)n<o, is the same as saying that
Y is a (%)-super-martingale, for every N.

Theorem 7.10. Let X = (X, )u<0 be a super-martingale with respect to (:F,)n<o-
Suppose lim,,_, o E[X,] < oo, then

1) {X, : n <0} is uniformly integrable;

2) X, — X_oo almost surely and in L', as n — oo.

Proof. 1) The most useful part of this theorem is the uniform integrability, so
let us provide a careful proof. The key assumption is the existence of the limit
lim, . E[X,]. Since X is a super-martingale, so that E[X,] < E[X,_;] for every
n=0,—1,-2,...,n— E[X,] is monotone, and E [X,]| > E [Xy] foralln=0,—1, -2,

43This assumption as p > 1 implies that {Xu;n > 0} is uniformly integrable.
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..., therefore lim,_, . [E[X,] exists or co. Therefore the assumption ensures that
lim,_,_« E[X,] exists and finite. Hence {E[X,]:n=0,—1,-2,...} is a Cauchy
sequence. Therefore for every € > 0, there is N, such that for any n,m < —N, we
have |E(X,) — E(X,,)| < §. For every C >0 and n < —N we have

E[[X,|: [X| > C] = E[X, : X > C] —E X, : X, < —C]

=E[X,)] -E[X,: X, <C]-E[X,: X, < —C]

<EX)-EX n:X,<C]-EX_y:X,<—C]
=E[X,|-EX_y]-EX_y:X,>C]-E[X_y:X, < (]
=EX,)—EX_ny]-E[X_y:|X)| >C]

where the inequality follows from the super-martingale property:
EX,: X, <C|>E[X_y:X, <C]

and
EX,: X, <—-C|>E[X_y:X,<—C]

for any n < —N. Since E[X,] —E[X_y] < § forn < —N, so that
E

E(X]: %] =€) < 5

E[X_y: |X,| > C]

for all n < —N and C. Now

1 1
P[X:] > C] < ZE (X, +X,) = ZE (X, +2X,)

:émmwmuﬂ)

< é( lim E[X,]+2E [X(?])

m—s—oo

for all n < —N, here we have used the facts that lim,,_,_« E [X,,] = sup; E [X] and
X~ is a backward sub-martingale. It follows that

P[X,| >C]—0

as C — oo, uniformly in n < —N. Since X_y (single integrable random variable) is
uniformly integrable, hence there Cj > 0 such that

€
E[|X_n|: |Xa| > C] < 3 for all C > Cy
and for all n < —N (cf. Question 2, Problem Sheet 1). It follows that
E[|X,|:|Xs| >C] <€ foralln<—-N andC > Cp.

Since {X_n,X_n+1, - ,X0} is a finite family of integrable random variables, so it
is uniformly integrable. Hence there is C; > Cy, such that

E[|Xy|: X, >C] <€ foralln=0,—1,---,—N and C > Cy.
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Putting together we deduce that

lim sup E[X,|:|X,|>C]=0

C—o0p—0,—1

yoe

and therefore {X, : n=0,—1,—2,---} is uniformly integrable.
2) The proof of the convergence follows from the up-crossing estimate. Since,
by Doob’s up-crossing lemma

E[|Xo[ +|al]

b
Ua(( N> ) 0))— b—a

for every N, and a < b, so that
Ul(X) <

Therefore lim,,, . X, = X_o almost surely (but X_., maybe oo or —o0). However
X is uniformly integrable, so that X_., must be integrable and the convergence is in
L' as well. O
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