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1 Introduction

[UNDER CONSTRUCTION !] In data science and in many applications such as quan-
tum field theories, we have to handle datasets with a large number of attributes, and
often labels and attributes demonstrating a dataset are not independent. It is convenient
to represent datasets with D many attributes as vectors in the Euclidean space of D
dimensions, where D though is very large. In many applications, D is larger than the
size of the sample data. Often datasets in applications are located in a lower dimen-
sional sub-manifold, so there is a question of reducing dimensions in datasets. This
course does not address this kind of questions, nor to address anything about learning
from data or about regenerating datasets. Rather, we attempt to develop an array of
mathematical tools to address the question of describing the distributions of datasets.
The main tool we shall develop in this course is the Ornstein-Uhlenbeck (OU) diffu-
sion process, although we shall only study this model from a deterministic dynamic
point-view. We however would like to point out that this OU process plays a crucial
role in the recent year Al revolution, namely the regenerative diffusion model in this
new phase of Al technology.

Prerequisite: 1t is essential that you have good computational skills from (1) Pre-
lims Calculus, (2) A2.1 Metric Spaces, (3) First half of A8 Probability, and (4) A4
Integration.

Main tools: We shall introduce a few new concepts on the way, but no one of
them is particularly new, and they are introduced mainly for convenience. We shall
mainly use the computational tools developed in elementary calculus such as finding
derivatives using various rules, finding some simple integrals, a little bit algebra for
helping organizing your computations and etc. A4 Integration is required to backup
and to justify your computations. You shall enjoy the powerful techniques developed
in this course, and you shall appreciate the results established in this course like the
isoperimetric inequalities both for Gaussian measures and for the Lebesgue measures.
You shall be able to appreciate the main method developed in this course, i.e. the
method of stochastic quantization in its simplest form.

About this course: This is not a course about data science, it is a course which is
quite useful for understanding datasets. It is a probability course with strong flavor of
analysis. While I hope in near future these tools shall be used widely in data science.

The standard one dimensional normal distribution, even in high-dimensional prob-
ability, remains to play an important role as in elementary Probability Theory. The
Gaussian distribution function

"o 2
cb(r):/ me*de forre R

X2
whose probability density function (PDF) is its derivative: &' (x) = \/%767/7' Clearly
its second derivative @”(x) = —x®’(x). P is strictly increasing on (—eo, o) taking val-
ues in (0, 1), whose inverse function @' : (0, 1) — (—oo, ) is also strictly increasing.

A fundamental fact about normal distribution is that the tail probability
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decays to zero in a speed like e ™" /2 as r — oo
In fact we have more precise quantitative decay estimates.
Exercise. For r > 0 we have
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[Hint: Observe that
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You may read page 4 in H. P. McKean: Stochastic Integrals. Academic Press New
York and London (1969), or any other books on probability.]
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Therefore we conclude that
1-P(r)= /°° : e*%dxg min{l,llerj}
F V2m 2 Vamr
for any r > 0.

Suppose X has a normal distribution with mean zero and variance o, then for

every r >0
oo 1 2
PIX >r 2/ e 202dx
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which maybe called the Gaussian decay rate. We shall later on prove that

r2
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for every r > 0.

In this course, we shall develop an array of mathematical tools for establishing
effective tail estimates for high-dimensional probability distributions. In contrast with
the traditional probability theory and classical stochastic analysis, where the concepts
such as independence, martingale property, Markov property, play dominated roles,
in High-Dimensional Probability, we seek for tools which can be used for handling
distributions of random fields which do not possess these properties. These tools shall
be particularly useful for the study of distributions of datasets with large numbers of
attributes with complex (dependent) structures.



Let us collect several notions, notations and a few elementary facts which shall be
used in this course.

Suppose (X,d) is a metric space, then the topology on X defined by the metric
d is the collection of all open subsets, that is all subset U which have the following
property: for every x € U, there is a positive number r (depending on x in general
though) such that the open ball centered at x with radius r, B,(r) is a subset of U. A
metric space is separable if it has a countable dense subset. A metric space is complete
if every Cauchy sequence has a limit. A complete and separable metric space is called
a Polish space.

The o-algebra generated by open subsets, i.e. the smallest c-algebra on X, con-
taining all open subsets (and therefore all closed subsets as well) is called the Borel
o-algebra, denoted by #(X). By saying a measure on a metric space, we mean a
measure on the Borel o-algebra on a metric space, unless otherwise specified. In par-
ticular, any continuous function on a metric space is measurable (with respect to the
Borel o-algebra), cf. A4 Integration.

Most distributions one has to deal with in applications are probability measures on
sample spaces with additional space structures, such as linear structures you studied in
Linear Algebras. The most convenient way to introduce a distance on a vector space X
is through a norm. We recall that a function x — ||x|| from a vector space X — [0, o) if
|lx|]| = 0 only for x =0, ||[Ax|| = |A]||x|| for every scalar A and x € X, and the triangle
inequality holds: |lx+yl|| < ||x|| + ||| for any x,y € X. The topology (i.e. the collection
of open sets) on X is defined by the induced distance d(x,y) = ||x —y|| (for x,y € X).
In this way we call (X, ||-||) is a normed (linear, or vector) space, that is, a vector space
equipped with a norm. Such normed space is called a Banach space if it is complete as
a metric space (cf. A2.1 Metric Spaces).

A scalar (or inner) product on X is a mapping (-,-) from the product space X x X
to C,which sends an ordered pair (x,y) to a number (x,y) which satisfies the following
properties: (x,y) = (y,x) for every pair x,y € X, (x,x) > 0 for every x and = 0 only for
x = 0, the mapping x — (x,y) is linear (in x) for every y, and y — (x,y) is conjugate
linear (in y) for every x, i.e. (x,y1+y2) = (x,y1) + (x,y2) and {x,Ay) = A (x,y) for
any number A, and x,y € X. ||x|| = y/(x,x) for x € X defines a norm on X, the norm
|I|| induced by the scalar product. A Banach space whose norm is induced by a scalar
product is called a Hilbert space.

2 Measures, integration and probability distributions

In this section we give a quick review about the foundation of probability theory.

2.1 Measures and Lebesgue’s integration

We shall not develop Lebesgue’s theory of integration in detail, which the reader may
learn from a standard textbook such as Halmos [9]. We shall however introduce the
notations, notions and the fundamental results sufficient enough so that the reader may
follow the main content of the book without need to refer to more theoretical approach
of the measure theory.

A measurable space (E, ) consists of two objects, a space (simply a non-empty
set) E, and a o-algebra .% on E. By a 6-algebra on E we mean a collection .# of some
subsets of E which satisfies the following properties: the empty set @ and the whole



space E belong to the collection .#, if A,B € .Z,then A\ B € .%, and if A; € F (where
i=1,2,..),then U A; € Z.

Clearly, the collection which contains only the empty set and the whole space is
a o-algebra, which is called the trivial o-algebra on any space. On the other hand,
the totality of all subsets of E is a ¢-algebra, which shall be the default choice of a
o-algebra when E is a finite or countable space, unless otherwise specified.

If % is a non-empty collection of some subsets of E, then

o(¥¢)= ﬂ{ﬂ 1€ C .F and Z is c-algebraon E}

is indeed a o-algebra, which is the smallest c-algebra containing %, called the o-
algebra generated by €.

Example 2.1. Let S be a metric space. Then the Borel G-algebra on S, denoted by
B(S), is the 0-algebra generated by the collection of all open (hence closed) subsets
of S. Unless it is said otherwise, the default 6-algebra on a metric space is the Borel
o-algebra A(S).

Definition 2.2. Suppose (E,-%) and (E»,.%,) are two measurable spaces, and F :
E\ — E; isamapping. Then F is called a measurable mapping (or called a measurable
function) if F~1 (%) C Z1. That is, for every A € F», the pre-image F~'(A) € 7.

We shall add several comments about this definition.

Remark 2.3. 1) The concept of measurable mappings (functions) between two spaces
depends on their carried G-algebras.

2) F~Y(%,), which is collection of all F~1(A) (where A runs through %), is itself
a o-algebra on Ey, called the pull-back G-algebra of F» by the mapping F. F~1(.%,)
is the smallest c-algebra 7 on E| such that F is measurable (with respect to the o-
algebra F on E| and %> on E,, and therefore F~'(.%,) is also called the c-algebra
on E| generated by the mapping F.

3) A measurable mapping F : E\ — E,, where (E;, %;) (where i = 1,2) are measur-
able spaces, is also called an Ey-valued random variable.

4) Let (E, %) be a measurable space, and let S be a metric space. Then a mapping
F : E— S is called an S-valued random variable if F is measurable with respect to
the 6-algebra F and the Borel c-algebra B(S), i.e. F~'(A) € F for every Borel
measurable subset A C S.

5) It is convenient to introduce two symbols o and —oo in R of real numbers, with
the convention that —eo < a < oo for any real number a, 0-00 =0, a-c0 =0 ifa > 0, and
0000 = o0, Let [—o0,00] = RU{—o0,00}. Then the Borel c-algebra JB(|—eo,)) is the O -
algebra generated by {—oo}, {oo} and B(R). A [—oo, 0| -valued measurable function
on a measurable space (E,.F) (where the generalized real line [—oo, 00| carries the
Borel o-algebra) is called a (generalized) real random variable on (E,F).

Proposition 2.4. Let (E,.%) be a measurable space, and let f, f, : E — [—oo,00| be
(generalized) real functions (forn=1,2,...).

1) f is measurable if and only if f~1(—0), f~!(c) and {f < a} are measurable
for every number a.

2)If f is measurable, then f~ = max{f,0} and f~ = max{—f,0} are non-negative
and measurable.



3) Suppose f, are measurable (forn=1,2,...), then sup,, fp, inf, f,,, limsup f, and
liminf f,, are measurable.

Let (E,.Z) be a measurable space. An outer measure |1 on (E,.%) is a function
defined on .% taking values in [0, 0] such that u (@) = 0, and

u (OAi> < iH(Ai)
i=1 i=

for any A; € .# (where i = 1,2,...). An outer measure U is called a measure if in
addition u is countably additive:

u (OAi> = iH(Ai)
i=1 i=

for any disjoint measurable A; (where i = 1,2,...).
If p is an outer measure on (E,.% ), then A € .7 is called -measurable if

u(B)=u(BNA)+u(BNA®) foranyBe Z.

According to a theorem of Caratheodory’s, the collection .7, of all y-measurable
subsets is a sub o-algebra of .7, and u restricted on ./, is a measure.

If p is a measure (E, %), then the triple (E, %, 1) is called a measure space. U is
called a finite measure if {1(E) < oo, and it is o-finite if there is a sequence A, € .% (for
n=1,2,...)suchthat | J2;A; = F and u(A,) < e foreveryn=1,2,....

A measure y with total mass 1, that is, (E) = 1, is called a probability, a proba-
bility distribution, a probability measure, or simply a distribution on (E,.%).

Let us now work with a o-finite measure space (E,.%, ). The integration theory
over this measure space can be constructed as the following. A non-negative function
@ : E > [0,00] is called . -simple if ¢ =YX | ¢;1,, for some positive integer k, some
A; € .F and some ¢; € [0,00]. For such a simple function, its integral

k
/E<Pdﬂ =) apA)
i=1

which may be infinity though. If f : E — [0,] is measurable, then its integral

/fdu = sup{/ odu : ¢ F-simple, and ¢ < f}
E E

where sup/ = e if [ is not bounded from above. An non-negative, .%-measurable
function is integrable (with respect to the measure f) if its integral || pJdi < eo. Fora
general (i.e. not necessary non-negative) .% -measurable function f, then f = f™ — f~
and |f] = fT + f~, where both f* and f~ are non-negative and .%-measurable. If
|, ef *du < oo, then f is called integrable (w.r.t. the measure () and its integral

/E fdu = /E fdu - /E .

The totality of all . -measurable and y-integrable functions is denoted by L' (E, .7, ).
For simplicity, if f is measurable, and if f is non-negative or integrable, then its integral
Ji fdu is also denoted by [, f(x)u(dx), [ fdu, or by p(f) if no confusion arises.



Suppose p > 0 is a constant, and f is % -measurable, then |f|? is .%-measurable,
and define || f]|, = (f;|f]7dp) '/ (which may be infinity). If p = o, then

Il f]l.. =inf{C >0:]|f| <C p almost surely }

For p € (0,00|, LP(E,.7, 1) denotes the totality of all .%-measurable functions f such
that || f[|,, < ee.

For discussions involving functions in L?(E,.%, 1), two measurable functions f
and g are identified as the same element (in any L”-space) as long as {f # g} has
li-measure Zero.

Theorem 2.5. Let p € [1,)], and dp(f,g) = ||f —gll, for any two measurable func-
tions on (E, F, ).

1) LP(E,Z 1) is a linear space, and d, is a metric on LP (E, % ,11).

2) The metric space LP (E,.Z , L) equipped with the metric d,, is complete.

LP(E,.7, 1) is called the LP-space over the measure space (E,.%, ). It is a very
important fact that for every p > 1, f ~ || ||, is a norm on the LP-space. In particular
if p > 1, then

I1F+ell, <A1, +llgll, forany f,¢ € L”(E, 7, ),

which is called the Minkowski inequality. This inequality can be proved by using the
convexity of the power function x? on (0,0) if p > 1. The detail of the proof is left as
an exercise (see Problem Sheet 1).

Let us now review several important results in the integration theory.

Recall that a real function p defined on an interval (a,b) (not necessary bounded)
is convex if

P(As+(1=A)1) <Ap(s)+(1—2A)p(r) 2.1
for any s,7 € (a,b) and A € [0, 1]. A function p is concave if —p is convex.

Theorem 2.6. (Jensen’s inequality) Let (E,.% , lL) be a finite measurable space. If p is
convex on (a,b) and f is measurable and takes values in (a,b), then

p (NSE) / fdu> < i e 22)

as long as both f and p(f) are integrable.

Theorem 2.7. (The Holder inequality) If f and g are two measurable functions on a
O -finite measure space (E,.% L), then

[ 1rau = ( / |f|ﬂdu)‘l’ ( / grfdu)‘l’ 23)

if p>1and %Jr% = 1. In particular if f € LP(E,1) and g € L4(E, ) then fg €
LY(E, ). The case where p = q = 2 is called the Cauchy-Schwartz inequality.

Proof. If one of the integral on the right-hand side vanishes, then f or g equals zero
almost surely, which forces that fg = 0 almost surely too, thus both sides of the inequal-
ity are zero. The inequality is trivial in this case. Thus let us assume both integrals on
the right-hand side are greater than zero (but may be o). For this case, if one of the



integral on the right-hand side is oo, the the right-hand side is infinity, so the inequality
is surely true and of course is also trivial. Therefore we may assume that

0<fll,= ( /E fl”du) " <o

q
0< gll, = ( / Iglqdu> <o,

For this case, by replacing f by f/||f[|, and g/||g||,, we may further assume that
[£1l, = llgll, = 1. Now we use the elementary inequality

and

1 1
st < —sP 4 ~14
P q

for any non-negative s,z [This inequality follows by inspecting the function ¢(x)

x— %xf’ — é (for x > 0) and showing the maximum ¢(1) <0].

o

The Holder inequality may be stated as the following convenient form

[0 1—a
o | 4
/E F1%1e)'du < ( /E Ifdu> ( /E gldu) 2.4)

where o € (0,1) is a constant, f,g are p-integrable.
A special case for probabilities is worthy of mention.

Corollary 2.8. Let (Q2,.%,P) be a probability space. Then
(E[X])” <E(IX]7)

forevery p > 1, X is p-th integrable. Equivalently
E(|X]%) < (ElX])*

Sor every constant o € (0,1), and X is integrable.

Exercise 2.9. Suppose X > 0 and Y are two measurable functions on a G-finite mea-

sure space (E, %, ). Then
Y2\ (u(r))’?
— > 2.5
”(X>_ 1(X) @2

Here we use also l(f) to denote the integral [, fdu.
Proof. In fact by Cauchy-Schwartz inequality

won-s() < oo )

which yields (2.5). O]

It should be understood that the main task in probability theory (i.e. statistical
mechanics) is to give a good description of the distribution of a random variable. For a
real random variable X, we are interested in its distribution function Fx(¢) = P[X <{],
which is a reason we are so interested in tail estimates such as P[X > ¢].



Theorem 2.10. Let p : (0,00) > [0,00) be right-continuous and increasing with its
right-hand limit at 0: p(0+4) = 0. Let my, denote the Lebesgue—Stieltjes measure asso-
ciated with p (cf. A4 Integration), i.e. my is the unique measure on ([0,00), %([0,0)))
such that my ((s,t]) = p(t) — p(s) for any t > s >0, and m,({0}) = 0.

Let X and Y be two non-negative measurable functions on a G-finite measure space
(E,Z,1).

1) It holds that

/ p(X)du = / " UIX = AJmp (dA). 2.6)
E 0

2) Suppose that there is a constant C > 0 such that W [X > A] < Cu[Y > A] for all
A > 0. Then [, p(X)du <C [, p(Y)du.

Proof. The proof follows from the construction of m, and the Fubini theorem (cf. A4
Integration). Indeed

[ pix@)uto) = [ (px(@) - p0+)(do) = [ my((0.X(@))a(0)
E E

E
QAT

= / Lix(w)=2)Mp (dA) 1 (dw)
Ex(0,00)

u(@o) = [ | [Mtpexiom(@d)] uao)

- / X = A )mp(dA)
(0,00)
where we have used the fact that m,, ((s,t]) = p(t) — p(s) for any r > s > 0 by definition.
O
Theorem 2.11. If f is a non-negative, Borel measurable function on RP, then
/ f(x)dx :/ Leb({f > t})dt 2.7
RD 0

where Leb denotes the Lebesgue measure on RP.

Proof. We may observe that, if p is increasing, continuous and p(0+) = 0 in Lemma
2.10, then u[X > A] can be replaced by pu[X > A]. In fact

f(x)dx = / Leb({f >1t})dr.
RD 0
Since ¢ — Leb({f > t}) is decreasing so that

{12 0:Leb({/ > 1}) £Leb({f = 1})}

is at most countable, and therefore is a null subset with respect to the Lebesgue mea-
sure. Therefore (2.7) follows immediately. O

Theorem 2.12. Suppose X and A are two non-negative random variables on a proba-
bility space, and suppose

PX>A<-E[A:X>A] forany A >0.

> —

Then, for any p > 1

E[X?] < <p]_71>P]E[A ]. 2.8)



Proof. We can assume that X is bounded, otherwise we use min{X,n} (forn=1,2,...)
instead and take limit as n — eo. Let p(¢) = ¢ for ¢ > 0. Then, by (2.6) [with p(t) =7
for t > 0]

“ =1
E[x }=/ P[Xzﬂt]mp(dx)g/ TEA:X > A]p'(A)dn
0 0
§p/ E[A:XZ)L])LP_ZdQL.
0
Using Fubini’s theorem for the last integration, we obtain that
X p
E[X?] < pE [A/ M’zdl} =——E [AxP~1].
0 2

Apply Holder’s inequality to obtain that

B! <P (B[A7)7 (B[X!))s

where % + é = 1. Rearranging the inequality to complete the proof. O

The previous results, which though are very useful, can be stated in terms of Rie-
mann integrals (if one is happy with Riemann integrals rather than abstract integration),
the usefulness of Lebesgue’s integration however lies in its powerful capability of han-
dling orders of taking various limits as stated in the following fundamental theorem
below, which is the core part of Lebesgue’s integration.

Theorem 2.13. Let (E,.%, 1) be a G-finite measure space. Let f, be measurable on E
(Wheren=1,2,...).
1) (Fatou’s lemma) If f,, are non-negative, then

n—oo

/liminffnd,u gliminf/ fadu.
E n—e Jg

2) (Monotone Convergence Theorem, MCT) If f,, is an increasing sequence of non-
negative and measurable functions, then

/E,}ggfnd“:’}gg/b_fnd”-

3) (Dominated Convergence Theorem) Suppose f, — f almost surely and |f,| < g
(for every n) for some integrable function g, then all f,, and f are integrable and

fd :lim/fnd.
/Eu fim | fudu

Item 3), the Dominated Convergence Theorem, is the theoretical foundation for
justifying our differentiation and taking limits under integration, though very often
one should carefully check the control condition required in this theorem, such details
though are often omitted.

10



3 General concentration inequalities

Let us begin with a very general concentration principle of high-dimensional distribu-
tions, which is not quantitative as we wish and therefore it has a very limited value.

Lemma 3.1. Let (E,p) be a Polish space, and P be any probability measure on
(E,B(E)). Then for every € > 0 there is a compact subset K C E, such that P[E\ K] <
E.

Proof. Since E is separable, for every 6 > 0, E can be covered by countable many
balls with radius 8. Therefore, for every n, there is a sequence of closed balls BE”) of
radius zin (where i = 1,2,...) such that UiB§") = FE for each n. By construction

imP (| JB" | =P (| JB" | =P(E) =1.
Jim QJ ) (Q, (E)
Hence for each n, there is &, such that
) €
n
P (UBZ. ) >1-
1

Let K=0N7_, Uf” BE"). K is totally bounded by definition and is also closed. Since E
is complete, therefore K is compact. Since

)5

and therefore P(K) > 1 —¢. O

P(K°) g

HMS

3.1 One-dimensional distributions

The most familiar estimates are perhaps those derived from the Markov inequality. Re-
call that if X is a real and integrable random variable on a probability space (2, % ,P),
then for every A > 0 we have

1
PIX > Al =E[ljx>n)] <E Ll 1{X>x}] TEX ]

In particular, if X is non-negative

1
[X>;L]SI [X] fori>0 (3.1)
which is called the Markov inequality.

There are variations of the Markov inequality. Suppose ¢ : R — (0, ) is increasing,
then
X
PIX 2 2] =Plo(X) 2 0(4)] < | 9 111

11



which of course yields that
1
PX>A < ——E[p(X): X>A (3.2)
(X 22 < SrB(X) X 2 2]

for any A and increasing, positive function ¢. In particular
1
PlIX —pu[2A] < S E[X —pff]  ford >0 (3.3)

for any p and p > 0. The inequality reduces to the Chebyshev inequality where u =
E[X] and p = 2. Similarly if y : R — (0, 0) is decreasing, then

PX < A] = P[y(X) > y(A)] <E [mum] .

Therefore

PX < A] = P[y(X) > y(A)] <E [‘{;m

for any A and any positive and decreasing function y.

Proposition 3.2. (Chernoff’s inequality) Suppose E [e’lx ] exists for all A, then

PX > < eI () foreveryt € R, (3.4)
where
Iy (t) = sup {lt —InE [ekx} } . (3.5)
A>0

Proof. ¢(x) = e (where A > 0) is increasing, therefore
PX >1] < %E [e“] — ¢~ (Ar-mE[H])
for every r and A > 0. However the left-hand side is independent of A > 0, therefore
PIX > <e™ supy > (Ar—InE[e*X])
which completes the proof. O

The function I;’ (which takes non-negative values, but maybe infinity) is called the
Cramér transform of (the distribution of) X. We will revisit this function later on.

Example. Let X has a normal distribution N(0,6?). Then
« 1 x?
AX| _
B {e } B /_w N TT o ( 202 +M) &
o0 1 _ 2}/ 2 2}/2
= / exp| — (x=c"4) + ° dx
e \2TTO2 202 2

o2)?
:exp( K )

2,2
PIX > 1] < e Wprzo(t="F)

so that

where the sup is achieved at A = é, and therefore

2
PX >1] <exp (;62> .

12



3.2 The Cramér theorem

Let X1,X>, ... be an independent identically distributed sequence of (real) random vari-
ables on a probability space (2,.%,P), with a common distribution ¢ which is a prob-
ability measure on (R, Z(R)). Assume that X; is integrable, and let a = E[X;] =
Jrxu(dx). Then the strong law of large numbers says

1 n
- ZX,- — a almost surely.
i3
That is to say, the distribution of the average % ", X; is concentrated about the mean
value a, and tends to Dirac’s delta measure §, at a as n — oo. This result is at the
core of probability, statistics and Al technology. In this section, we give more precise
information about the concentration of the distribution u, of %):l’f:l X;.

The distribution y, of 1 ¥ | X; (forn=1,2,...) is a probability measure on (R, Z(R)),
by definition

ln(A) =P for A € B(R).

1 n
-Y XieA
ni3

Let us assume that the exponential moment of X = X] is finite, that is, ]E(e“ ) <o
for every A. For simplicity, let yy (A1) = InE(e*¥). The Legendre transform of wy is
defined by

Ix(x) = sup{Ax—yx (1)} forxeR.
A€eR
Ix takes values in [0, co].
Now we are in a position to state the first example of large deviation principle.

Theorem 3.3. (H. Cramér) Suppose E(e*X) < oo for every A, then %)::7:1 X; (forn=
1,2,...) satisfies the large deviation principle (LDP) with the rate function Ix, in the
sense that

1 1 &
li —logP|-) X;e F| < —infl 3.6
e loeP | L XL | < = i) G0
for every closed subset F C R, and
.1 1 & .
hrlgl‘gfﬁloglf" - ;Xi €G| > —;gglx(x) 3.7

for every open subset G C R.
We divide the proof of this theorem into several steps.

Lemma 3.4. 1) The function A — E(e*X) is smooth and log-convex, that is A — wx (1)
is convex.
2) Ix is a convex, and K. = {x : Ix (x) < ¢} is compact for every c.
3) Ix(a) = 0 where , and Ix 1 on (a,*) and Ix | on (—es,a).
4) We have
inf Iy = Ix(y) ifx<y<a
(%]
and
inf)IX:IX(x) fa<x<y.

[r.y

13



Proof. 1) We only need to show that log E(e*X) is convex. For every « € (0,1)

E(eloh HI-@m)X) _ /ea/llxe(lfa)lzx’u(dx)

< ( / e’de))a ( / e‘”u(dx)> -

(u is the distribution of X = X7), where the inequality follows from Holder inequality
with p = é Therefore A — logE(¢*X) is convex.

2) Ix is non-negative, and is convex as it is the supremum of the linear functions.
In particular Ix is continuous on {x : Ix(x) < eo}. We show that for every ¢ > 0

K.={xeR:Ix(x)<c}

is compact. Since Ix is continuous on {Ix < oo}, so K, is closed, thus we only need to
show that K. is bounded. If x € K, then

tx—yx(£l) <c

which implies that
Il < e+ yx (D] + lyx (=1)]

for every x € K. Hence K, is bounded.
3) Since — Inx is convex on (0,0), by Jensen’s inequality

logE(eM) = log/elxu(dx)

zl/xu(dx) =Aa

which implies that
Aa—wyx(A) <0 forall A

Therefore we must have Ix (a) = 0 so a is the global minimum of Ix. The other claims
then follows immediately as I, is convex. O

Lemma 3.5. 1) We have

2y (R) < (x—a) (3:8)
for any x and A. Here we recall that yx (L) = InE(e*X).
2) We have
Ix(x) =sup{Ax—yx (L)} for x>a (3.9)
A>0
and
Ix(x) =sup{Ax—yx (L)} for x<a. (3.10)
A<0

Proof. By the proof of 3) in the previous lemma, (3.8) follows from Jensen’s inequality.
In particular, Ax — yx (A1) < 0 for any x and A such that (x —a)A < 0. Therefore

Ix(x)= sup {Ax—yx(4)}
A:(x—a)A>0

for any x, which implies (3.9, 3.10) immediately. O

14



Lemma 3.6. Let U be the distribution of X = X; and a =EX. Then

U ([x,0)) < exp(—Ix(x)) =exp (— [inf)lx> forx>a
and

U ((—oo,x]) <exp(—Ix(x)) =exp <— inf Ix) forx<a.

(7°°7X]

Proof. Indeed we have already proven the first inequality: if A > 0 and x > a

elz elZ 1 A
1 ([x,20)) :/ 1 (dz) S/ —(dz) S/Wﬂ(dz) = e~ (Ar-¥x(2)
>x >x € R €

which yields that

A>0

i ([x,e0) < exp{—sup (Ax— wX@))} — exp{~Ix (x)}.

Similarly we may prove the case where x < a.

O

After having established the elementary facts we are now in a position to prove the

LDP bounds.

Proof of upper bound (3.6). If F =0 or a € F then infl, = 0 so that infr 1, =0
the bound is trivial in this case. Therefore we assume that a ¢ F. If F C [a,), then

F C [y,0) where y = inf{z:z € F}. Hence

infly = Ix (y) = sup {2y — yx (1)}
420

For every A >0

1n

i=1

<P

1 e,'l)Lzl.zlx
=Y X;>y g/ ———dpP
ni3 {Iyr x>y} e?

1 A
7 Ling AXi n o enXi
</Ldp: leliedp
Q

- ety Q ery

n
:e_lyn/ e%X"dIF’:e_Ay (IE (e%x))n.
i=1/Q

Taking log both sides to obtain that
A A
fln]P’ { —y—InMy ()}
n

ZXGF

for every A > 0. It thus follows that

ZXEF

flnIP

—sup{Ay—wyx (1)} = —Ix(y)
A0

= —iI]}fIX = —Ix(minF).

15
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We thus have proven the upper bound for the case that F C [a, o).
Similarly we may show that

ZXEF

Finally for an arbitrary closed set F in R, let Fj = F N (—o0,a] and F> = F N[a, o).

Then
1
— ln <]P’ )

Zx eF

flnIP —igflx = —I, (maxF) if F C(—co,q].

fln]P> +P

ZXEF

1 n
- ZX,' cF
=]

1 n
- ZX,' ch
ni=

so that

lim sup - ln P
n—yo0

1
< max {lim sup — InlP
n

=12 poe

1 n
— ZX,' ek
nia

}

max {—Ix (maxFy); —Ix (minF,)}
—min{ly (max F}); Ix (minF,)}
—infl

11]"! X

IN

which is the upper bound for large deviations.

Proof of lower bound (3.7) Let G be an open subset of R. We are going to show that
for every x € G,

1 J
liminf — InP | - ZXi €G| > —-Ix(x).
noee N niz
Obviously we only need to prove the previous inequality for those x € G such that

Ix (x) < oo,

We consider two cases.

Firstly let us consider the case that the supremum Ix (x) of sup; (Ax— yx (1)) is
not achievable. Then x # a (as Ix (a) = 0 which is achieved when A = 0). Without loss
of generality, let us assume that x > a. Then we may choose a sequence of 4, > 0 such
that A, — oo and A,x — wx (A4,) — Ix(x) as n — oo,

By Lebesgue’s dominated convergence theorem

lim M (dz) = 0

n—yee (—OO,JC)

and therefore

lim AN u(dz) = lim [ M u(dz)

n—yoo [X,DO) n—ro R

= lim e_{}“"x_IngRCxp(lnz)u(dz)}
n—ro0

= exp(—Ix(x)) < co. (3.12)

On the other hand, for any § > 0 we have

/ MG i (dz) > O p((x+ 8,0))
[x+68,00)
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so that
u(lxt8,0) < e / M p(d)
[x+8,00)
< 67517, / ek’l <Z’)‘),u(dz)
R
< e*5l,,ef{lnx710ng el’lzu(dz)} )
Letting n — oo we conclude that

([r+ §,00)) < e limmme{Aux—log fp Hud)} [ p=0% —

n—roo

for every 0 > 0. Therefore p1((x,)) = 0. Hence by (3.12)

lim [ MEpu(dz) = p({x}) = exp(~Ix (x)).

n—o0 [X,OO)
Now
1 & 1 &
P fZX,-GG >P fZX,':x >PX;=xforalli=1,...,n
i=1 ni3
=(PX; =x)"
and therefore
liminflln]P’ lzn:XEG >InPX; =x]=Inpu({x}) = —Ix(x)
mint- ni:l, = 1=Xx=InU(\Xy) = x(x) .

Similarly one may handle the case that x < a.

Next we consider the case that x € G and there is Ag such that Ix (x) = Agx — yx (A).
Then (x —a)Ap > 0 (see (3.8)), and Ay is a critical point of the function A — Ax —
yx (1), so its partial derivative w.r.t. A at Ay vanishes. Hence

x= fRZe%z“(dZ)
fRe%Z”(dZ) .

Without losing generality, assume that x > a so that g > 0. Choose 6 > 0 such that
(x—06,x+38) C G. Then

(3.13)

P <o

1 n 1 n
Y X eG|>2P||-)Y Xi—x
iz iz

Ao X Xi
ZE{G'

11‘!

;i:ZIXi—x <6}

n
_ e rholerd)g {eaoz;ux,-; ‘1 Y X
ni3

Ao +d)

9

1{|%Z?:1 Zi—x|<8}“(d11) -+ p(dz,)

_ orhoe+d) [ doxiw
Rn

17



Define a new probability measure v on R by
on

(dZ) fR CAOZ[J dZ)

p(dz)

which is a probability measure on (R, Z(R)). Then the previous inequality may be
written as

1 & n
]P) o X > 7’11()()5“"5) / A{)Z / ] n e
2 I R B A (I M)

¢ A 0x+d) (/ eaﬂzu(dz)) pd|L <é
R niZ

Y vix
where Y; are i.i.d distribution v, so that its mean (see equation (3.13))

Zlel{)z’
Ev] = /zz (dz;) /fe‘“u ) 1(dz;)
R

™% (dz;)

Jr ezﬂzf" (dz) /
= x
By the strong law of large numbers

1 n

i=1

< 6} —lasn—o
and therefore the previous estimate yields that

fln]P’

ZXGG

> —Aolx+98)+wx(A)

1 ll‘l
—logPdq =) Yi—x| <o

= —Ao(x+6)+yx(Ay) asn—oo.

Therefore

liminf 1 InP
n—o n

> —(Aox—yx(do)) — 04
= ()-8  V¥8>0.

1 n
-Y XieG
iz

By letting § | 0 we obtain

1
liminf — InIP
n—o 1N

> —Ix(x) foreveryxe€G.

1 n
7ZX,‘€G
nia

Thus we have completed the proof of Cramér’s theorem.
The proof is complete.
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3.3 Concentration function of a distribution
Let (E,d) be a metric space, and P be a probability measure on (E,%(E)). The con-
centration function of U is defined to be

op(t) = sup{l —P(A;);A € B(E),P(A) > ;} fort >0

where A, = {x:d(x,A) <t} fort > 0, and op(0) = 1.
It is clear that ap() € [0, 4], and 7 — ap(¢) is non-increasing. Since (J;_ A, = E,
so that lim,_,. op(#) = 0.

Proposition 3.7. Let F be a continuous function on E. Let mp be the median of F:

1 1
P[Fgmp]zi andP[FZmF]zi
and W denote the modulus of continuity of F':

wp(e)= sup |F(x)—F(y)| fore>D0.
d(x,y)<e

Then
IP[F > mr -‘rCOF(l‘)} < Ot[p(t)

and
P[|F —mp| > op(t)] < 20p(t)

foreveryt > 0.

Proof. Apply the definition of the concentration function op with A = {F <myp}. Then
ify € Aandd(x,y) <t then

F(x) <F(y)+op(t) <mp+ oF(t)
so that A; C {F < mp + op(t)} which implies that
P[F >mp+op(t)] <1-P(A;) < ap(t).
Similarly, with —F in place of F in the previous inequality
P[F < mp+ op(1)] < ap(t).
Finally

P[|F —mp| > wp(t)] =P[F > mp + wp(t)] +P[F < mp + oF(1)]
<20p(1)

for every ¢t > 0. O

A function F : E — R is Lipschitz if its Lipschitz norm

[F(x) —F ()|
1F|Lip = sup ————== <o,

XF£y d(-x7 y)
For a Lipschitz continuous function F', its modulus of continuity

wrp(t) < ||Fllp;pt  forz>0.
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Proposition 3.8. Let F be Lipschitz continuous. Let A = {F < A} (for some real ).
Then

uia) <u({F <A+ 1Flr}),

.u({F 2mF""t}) < oy <|FT|L )
ip

(this is called the derivation estimate), and

p({|F —mp| >1}) <20y (M)
ip

(called the concentration inequality) for any t > 0.

Proof. Since A, C {F <A+|F ||Lipt} for any ¢ > 0, so the first estimate follows im-
mediately. By changing ||F|[;;,? to 7 (as long as ||[F||;, > 0) and A = {F < mp}

WF =mp+1}) <1—p(Ag) < oq(s)
where s =1/ [|F||;,. Similarly
p({F <mp—t}) < o (s)

too (applying the previous inequality to —F). Therefore the concentration follows too
immediately. O

We have the following interesting consequence.

Corollary 3.9. Let A,B € B(E) be non-empty. Then

1(A)u(B) < 4oy, (;d(fLB))

where d(A,B) = inf{d(x,y);x €A,y € B}.

Proof. There is nothing to prove if d(A, B) = 0. Suppose d(A,B) > 0and t = 3d(A,B).
Let F(y) = d(y,B). Then ||F||;, < 1. Notice that F =0 on B and F > 2 on A. Thus

K(A)u(B) < // dudu
{IF()-F()|>21}

<2u({[F —mp| =1})
< 4oy (1)

and the proof is complete. O

The following theorem gives an efficient method for computing the concentration
function we have addressed earlier.

Theorem 3.10. Let

v(A)= sup /e“du for A €R.
E

I1Fllp<1
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Then )
: —At)2
0 (1) < nf (e WL)) fort > 0.

In particular, if y(A) < e /(20) for A > 0 (for some constant ¢ > 0), then

(o) son( )

oy (t) <exp (—ct2/8) fort > 0.

and therefore

4 Gaussian distributions

Unfortunately it is a rather challenging problem for describing the distributions of gen-
eral high-dimensional data sets. Here we give a detailed study of a class of random
data sets with high-dimensional Gaussian distributions. The approach we have adapted
is a primary version called stochastic quantization.

4.1 High-dimensional normal distributions

Let X = (X, --,Xp) be a (random) data set of D dimensions. Suppose X has a normal
distribution, hence its distribution can be determined by its mean vector a = (g;) and
its co-variance matrix X = (o;;), where a; = E[X;] and 0;; = E[(X; —a;)(X; — a;)] (so
that the variance of X; is 61»2 = 0j;, where i, j = 1,--- | D). More precisely, the law of
X is a probability measure on R? with a probability density function (pdf) Gx (x — a)
with respect to the Lebesgue measure on R?, where

1 1
Gy(x) = ———————e¢x —x-le) for x € RP,
z(x) Qr)P2detr ¥ < 2

which is a central Gaussian density with co-variance matrix X. Here X! denotes
the inverse of £. We will write 2! = (6%/), so that ¥, 6" 0); = §;; for any i, j < D.
X = (0y;) defines a scalar product on R”: (x,y)y 1 = x- X1y for x,y € R” and its a
Hilbert norm ||x||y—1 = Vx-Z~lx. The Gaussian density

1 L2 D
Gy(x) = ————exp | —= [|x]|%— forx € R”. 4.1
Z() (ZE)D/Z\/M p( 2” HE 1) ( )

By means of change of variables we may see that fRD Gy(x)dx=1.

Lemma 4.1. The norm distance

x=yllg1 =sup{f(x) = f(y): f €C" suchthat Vf-ZVf<1}.

Note that, since X is a constant matrix, therefore the right-hand side is translation
invariant.

The proof is left as an exercise.
Remark 4.2. A centered Gaussian random variable X = (X;,--- ,Xp) is symmetric,

that is, X and —X have the same distribution.

21



The distribution of a centered Gaussian random is parameterized by the co-variance
matrix X, which is positive definite and symmetry, so that |o; i| < o;0; where O'i2 = 0j;
is the variance of X;, where i, j = 1,--- ,D. Since Gy is positive, it is a good idea to
look at its logarithm

D 1 1
InGy(x) = =7 In(27) — S Indet £ — §x~2*1x.
To calculate its derivatives with respect to variables o;; (for i < j) and 0;; = G,»z (for
i=1,---,D), we shall calculate its differential with respect to X.

Lemma 4.3. Let X(¢) (for € > 0 but small enough so that X(€) remains positive defi-
nite) be a variation such that X(0) = X and js e_o > (€) = A, where A is a symmetric
matrix. Then

d

1 1
yE 1nGz(e>(x):—Etr(Z*‘A)Jrfx-Z*lA):*‘x forx € RP.

2

e=0

Proof. Clearly we have

de

1 d
InGye)(x) = —5

e=0

Now observe that

—|  IndetX(e) = i dele—o M1(2) =tr <2—1 4 z(s))
de | i=1 Ai de|e—o
=tr (E*IA) ,
(which is called Jacobi’s formula), and
d -1 -1 -1
0= — (22 ):2— X +AX
de|,_, de|._y
which yields that
d
—| Irl=-xlazrt
de e=0
Using these equations in (4.2) we prove the lemma. O
Corollary 4.4. Let X = (0;j) be symmetric and positive. Then
d 1 90?
—Gy=-—G i=1,...,D 4.3
aG[i X ) ax% z fOrl ) ( )
and
o G il Gz fori# ] 4.4
= ori# j. .
(90'1']' x ijaxi = J

Proof. Set A = (ay) where a;; = 1 otherwise ay; = 0 (i.e. ay = 8;0;) in Lemma 4.3.
Then
tr(X~ lA) ok alk—c 6[,5k =o"

and

2
x- XAy = x 0t ap. 0% = x ool = (Z O'k’xk>
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hence

2

d 1 . 1 .
1 _ ki -1

Ep nGg(x) 3 < c xk> 50

Similarly, if i # j, we set in Lemma 4.3, A = (ay) where a;j = aj; = 1 (for i # j) and
otherwise ai; = 0. That is, ay; = 8;0;; + 0;;; , we deduce that

M

0 D D N
lnG); Z kaGl]xl—O'U.
d0j; =1

On the other hand, we may differentiate Gy in the space variables x = (x1,-- ,xp)

to obtain
d
TGZ = —Gz Z (o) llxl
and
92 D . D ; N
Gs(x) =Gx(x o’ xy o'x;—o |.
9x,9% (x) (x) k; 1:21

Comparing the previous equations our corollary follows immediately. O

Remark 4.5. Jacobi’s formula holds for any matrix valued function:

;;mn@waw@»in@)

where adj(I"(€)) denotes the adjugate matrix of I'(¢). If I" (€)™ exists, then

1

Fe™ = e

adj(I"(¢))

that we have learned from linear algebra, so that for this case

i@ﬁ@zwnw«n@jiwﬂ

which is Jacobi’s formula for differentiation of determinants.

Theorem 4.6. (Joag-Dev, Pelman and Pitt 1983) Let f : RP — R be a C?-function
whose derivatives are at most polynomial growth. Let

oy) = [ FGs (s

where X = (0;;) is symmetric and positive definite (so h is considered as a function of

. . . . 2 .
0;j for i < j). Suppose that k <l is a pair, such that ﬁf >0 on RP. Then h is
increasing in the variable oy;.

Proof. By an inspection, we are justified for differentiating oy; under the integration,
to obtain that

d d 0?2
soh= /R 05 Ge (= [ f) 50— Ge (o,
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where the second equality follows from (4.4). Integration by parts twice, we then

deduce that
9 h—/ G () =% () > 0
8le - RD Zix 8xk8xl x -

and the conclusion follows immediately. O

Theorem 4.7. (Slepian’s Inequality) If X = (Xi,--- ,Xp) and Y = (Y1,--- ,Yp) are two
centered Gaussian vectors. Suppose that EX? IEY2 and E|X; — X;|* <E|Y; - Y;|* for
anyi,j=1,...,D. Then

P {supXi > t} <P [squi > t}

forall t, and
E {supX,} <E {squi] .
i i

Proof. The assumptions imply that the variances E [X;X;] > E[Y;Y;] for any i, j. Let
> 0. Since 1(_.. ) is non-negative, and decreasing, we may choose a sequence of func-
tions A, which are C!, decreasing, non-negative, such that 4, and their derivatives are
uniformly bounded, and /(") — 1 (oo asn— oo. Let fy (x1,- yxp) = hn(x1) -+ - I (xp).
Then

2f
I = b, gty 1) T ) > 0
i0%] [ty
for any i # j. Since EX? = EY? for every i, by Theorem 4.6, we have
E[fa(X1,-+,Xp)] > E[fu(Y1,---,YD)].

Letting n — oo, we obtain that
P {supXi < t} >P [squi < t}

which is equivalent to the first inequality. To show the second inequality, we observe

that
+ —
E [supXi] =E (supX,) —-E (supX,-)
i i i
oo i + oo -
/ P (supX,-) >t|dt 7/ P <supX,<> >t|dt
0 [\ 0 i
= / P supX >t / P [— supX; > t] dt
o L i i
= / P supX >t / P [supXi < —t} dt
o L i 0 i
w T 1 0
= / P supX >t / P [supXi < t} dr
o L _ o i
oo B 0
< P squ > t} / P {squi < t] dt
0 L oo i
=E [squ,}
i
which completes the proof. O
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4.2 Metric entropy

In the previous sections we label a data set by index i = 1,---,D (where D is the
number of attributes, or the number of a data set, depending on what kind of tasks you
try to accomplish), but obviously it is not necessary though. Therefore in this section,
we shall use T to denote the set of indices, which can be quite general, not necessary
finite.

Let X = {X, : r € T} be a Gaussian family (also called a Gaussian field), i.e. for
every finite many indices 1, - - -, #,, the joint distribution of X;,, - - -, X, is Gaussian. Let
us assume that it is centered, i.e. EX; = O for every ¢ € T. There is an induced metric
on T determined by X, namely the corresponding mean square distance

d(s,t) =+\/E[|X;—X,|?] fors,t€T.

We shall use B,(g) = {s € T : d(s,t) < €} for every € > 0 to denote the ball of radius
€ centered at ¢, which is of course finite if T is finite.

The diameter of T is diam(T) = sup, ,crd(s,t). We shall assume that either T is
finite or T is compact under this distance. In particular diamT < oo (which is always
true if T is finite).

The entropy number N(€) is the smallest number of balls with radius € > 0 needed
to cover T, and H(g) = InN(¢g) for every € > 0 is called the log-entropy. Obviously
N(g) =1 for € > diam(T).

Theorem 4.8. For a centered Gaussian family {X, : t € T} we have

diam(T) /2
E [supX,] < K/ v/InN(¢g)de
0

teF

for any finite subset F C T, where K is a universal constant, independent of the Gaus-
sian family {X; :t € T}.

Proof. Let F C T be any finite subset. First we note that

E {sup(X, +X)} =E {supX,}
telr teF

for any integrable random variable X with mean zero. Therefore we start with an fixed
to € F, and we shall control the size X; — X, by using a chaining argument as the
following.

Let 6 > 2 be any but fixed, and choose the largest integer i (which may be negative
integer though) such that diamT < 8. For any integer j > i, since T is compact, so
that we can choose a finite subset A; C T such that

inf d(s,t) <8/ forallz€T.
SE/\j

According to the definition of the entropy number N(€), we can choose A; such that
the number of points in A; is less than N(87/) for every integer j > i.

We then inductively define a sequence of projections 7 : T+ A for j > i, m;(t) =19
and for j > i, choose 7;(¢) for any r € T such that

d(t,m;(t)) <877
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and _

d(mj(t), mj—1 (1)) <280~V
The projections 7; (chain) may be not unique, but we only need the existence of such
chains. By definition we have

X —Xy =), (Xn, (0~ Xz, <,>)
for every t € T, and for each j > i

2 .
£ =d(mj(1), 71 (t))* < 487207,

Xzi0) = Xn, 1)

On the other hand, the number of possible pairs of (7;(r),m;_(t)), by definition of
the metric entropy is than M, := N(8/)N(8~U~1). Therefore, by the Gaussian tail
estimate we have

Ala?
P |:X7rj(t> —Xr 1) > Aaj for some t € ']I‘} < Mjexp (—W)

for any A > 0 and a; > 0, where j > i. Choose a; for each j > i such that
2
a; .
J _ j—i .
3520-0 — In (2 Mj) .
Then we have
.o _ 12
P [an(r) Xz, (1) > Aaj for somet € ']T} <M;(2)7'M;) *
for j >1i. Since M; > 1,
o2
P [an(z) — Xz, (1) > Aaj for some t € ']I‘} < (2779 *

for A >1.LetS=Y;.;a; Then
P [su};p) (X —X;) = AS] <YP {an(z) ~ Xz, () > Aa; for some r € T}
re J>i '

<Y 270

=i
24

1 -2

<2.27¥

for any A > 1. Using the dis-integrating formula

E {sup (X —X,O)] = /:P [sup (X — X) Zx] dx

teF teF

§S+/ P {sup(XtXto) zx} dx
s

teF

§S+S/ P {sup (Xz*Xzo) EAS] dA
1

teF
< S+S/ 2.2744x
1

=KS
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oo 2 .. . . .
where K| =1+ f L2 2-2"d) is a constant. We remain to estimate S in terms of the
metric entropy.

By the choice of a; (for j > i) we have

S=Ya;=2v2Y 6 /n(2i-im1))
j>i j>i
— 2\626—1“ \/(j —i)In241nN (§-/) +InN (§-/+1)
<2V2Y 57 (V/(j-1)in2) 14857/l (57)

J>i Jzi

<K)§'+48Y 677\ /InN(5)

jzi

<K3) &6/\/InN(8-).

Jjzi

On the other hand if 0 < & < 6/ then N(g) > N (6 /), hence

/ " v/InN(e)de > ¥ (5*}' - 5*(f+1>) InN(6-7)
0

J=i

(g

>

and therefore

5—1’
S<K3Y 677\/InN(6-7) <Kj 1 fé /0 \/InN(g)de

jzi

while the upper limit § ~/ in the integral can be replaced by diamT /2 as for € > 25" >
diamT, N(g) = 1. The proof is complete. O

From the proof we also have the following deviation bound: there is a universal
positive number C such that

P

teF

diamT/2 N
sup (X, — X;,) > CA / VInN(e)de| <2.27*
0

for all A > 1, for any 7y € T and for any finite subset F of T.

4.3 Heat kernel
The heat kernel on R equipped with the metric X is defined by

1 1
txy) = —exp——(y—x) T (y—x 45
prltay) = (<002 0-n) @9
fort >0, x,y € RP. By definition, Gz (x) = px(%,0,x) and px(t,x,y) = Gos(y —x).
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For every pair t > 0 and x € R?, Py (t,x,dy) = px(t,x,y)dy is a probability measure
on RP (with the Borel 6-algebra Z(RP)), that is,

A Po(tx,A) = / pr(t,x,y)dy
A

for A € #(RP) defines clearly a probability on (RP, %(RP)). The mapping Py :
(t,x,A) — Ps(t,x,A), for t >0, x € RP? and A € B(RP) is a transition probability
kernel from (RP, 2(RP)) to (0,00) x RP with its Borel c-algebra in the following
sense:

1) for every pair ¢ > 0 and x € RP, Px(¢,x,-) is a probability measure on %(RP),

2) For every A € Z(RP), the function (t,x) — Pg(t,x,A) is Borel measurable on
(0,00) x RP.
Indeed, the function (¢,x) — Py (t,x,A) smooth in ¢ > 0 and x € R for this example.

Proposition 4.9. For every x € RP, the probability measures Ps(t,x,dy) converge
weakly, as t | 0, to Dirac measure 8,(dy). That is

lim [ pr(t,x,y)f(y)dy=f(x) foranyxeR"
t10 RD
for every bounded and continuous function f.
Proof. Since X is positive definite and symmetry, so that there is a square root X Jof X ,

a symmetric positive definite matrix such that $iri=1%. Making change of variable:
y=+2tX %z + x, whose Jacobian is detX? = (2t) 2 v/detX. Therefore

[ petasisoi= [ oo e (<) £ (Varztesa)

1

7 Jgo 22 P (‘;|Z|2> fx)dz=f(x)

as ¢ | 0, where the limit taking under integration is justified by Lebesgue’s dominated
convergence theorem [cf. A4: Integration]. O

In view of this lemma, we may define for each ¢ > 0 an operator P, which maps a
function f to another function P, f, by the following formula:

P = [ fOpsexs)dy= [ fO)PGrdy) forxeR?

as long as the right-hand side is well defined. For example, for any f which is non-
negative and is measurable, for f in L? (RD ) for any p > 1, for f which is bounded and
measurable, i.e. f € L”(RP).

Remark 4.10. If f is measurable and non-negative, then P, f is also non-negative.
Therefore the operator P, preserves the positivity.

Remark 4.11. If f is bounded and measurable, then, according to the theorem of
taking derivatives under integration (cf. A4 Integration), the function u(t,x) = P, f(x)
is smooth in both variables t > 0 and x € RP.
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Remark 4.12. Suppose X is a random variable in RP with a normal distribution
N(m,X), then with the definitions above, E[f(X)] = P, f (m).

By a slightly complicated but completely elementary computation, we prove the
following lemma.

Proposition 4.13. The heat kernel {px (t,x,y) : t > 0} possesses the following proper-
ties.

1) px(t,x,y) is positive, smooth fort > 0, x,y in RP, and px(t,x,y) = ps(t,x,y) for
anyt > 0and x,y.

2) The following equality holds:

St t S
t t 2 4.
pr(s,%,2)ps(t,2,y) = pe(s+1,x,y)ps <t+s Py +t+sy7Z) (4.6)

forany s > 0,t >0 and x,y,z € RP.
3) Chapman-Kolmogorov’s equality holds:

/IR N2 (s,x,2)px(t,2,y)dz = px(s+1,x,y) 4.7

forany s >0,t >0 and x,y € RP.

Proof. 1) is obvious by the expression (4.5). Clearly (4.7) follows by integrating (4.6)

and the fact
St
/RDPZ <t+s’a’z> ¢

for every a € RP. To show 2) we use the polar identity for the scalar product (x,y)y 1
which yields that

e W 1 Hﬁ
\/Z y-1 \/Z y-1 2t+2S y-1

where a = Ifsx—&— H%sy, and the equality (4.6) follows immediately. O

Proposition 4.14. The family of operators P; for t > 0 together with Py = I the identity
operator forms a semi-group of linear operators, denoted by (P;);>o, in the following
sense.

1) For each t > 0, B, is linear: P,(f+g) = Bf+ P.g and P,(cf) = cP.f for any
constant c, for any measurable function f, g which are bounded, or non-negative.

2) For any s,t > 0, it holds that P,isf = P,(Psf) for any measurable function f
which is bounded or non-negative.

3) For each t > 0, P, is self-adjoint, and P, is a contraction in LP(R?) for every
p=>1

The first item follows from the definition of P and the second item shows that

P+ = P, o P (often shall write P,P; for simplicity), called the semi-group property.
The family (P,),>0 is the heat semi-group on R” with the metric X. 3) follows from
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the symmetry that px(¢,x,y) = px(t,y,x). Indeed

/fBg //f y)pe(t,x,y)dy
= [ [ 10zt
Z/ngf

Proposition 4.15. The Lebesgue measure is the invariant measure of (P;);=o, that is,

for any f,g € L*(RP).

/ Ptf(x)dx:/ fx)dx forallt >0
RD RD

for any f € L'(RP).

Remark 4.16. Let us recall, for a given p > 1, that L? (RD) denotes the normed
space of all p-th integrable functions (identified up to almost surely) with respect to

the Lebesgue measure on RP whose norm |[|,, defined by || f||, = (fgp |f(x)|Pdx) %.
LP(RP) is complete and separable, so that LP(RP) is a Banach space. Similarly
L*(RP) is a separable Banach space too. As a matter of fact, for every p > 1, B,
can be extended to be a linear operator from LP (RP) to LP (RP) such that P,y = P, o P
for any s,t > 0. Every P, is a contraction on LP(RP), i.e. 1B, < [If1l, for every
f € LP(RP). Moreover P.f — fin LP(RP) as t | 0.

4.4 Geometric properties of normal distributions

In this part we study the geometric aspects of the heat kernel py(¢,x,y). Firstly we
observe that

D 1 1
Inps(t,x,y) = —Eln(47rt) - ElndetZ - E(y—x) Iy —x)

which allows us to work out the derivatives of py with respect to all variables t > 0, x
(equivalently y too) and X = (0;;). In fact

P)
S, npx(txy) = - (y—x)-Z N (y—x), (4.8)

zﬁ*@

J il
e Z o ( y —x (4.9)
We therefore have proved the following important fact.
Theorem 4.17. Let X = (0;j) be a positive definite and symmetric D x D matrix, and
Ay = ijzl Gij#f?xl‘ a differential operator of second order in RP. Then px(t,x,y) is
the fundamental solution to the heat operator % — Ay in the following sense:

J D

3 —Ay | ps(t,x,y) =0 fort>0,x,yeR

(where Ay either acts on the variable x or y with the other variables being fixed), and
px(t,x,y)dy — Ox weakly as t | 0 for each x.
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Proof. First we have the time derivative of py is given by

d D 1
Sirstxn) = (=3 + 5002700 pre.ny)

While the space derivative of py (¢,x,y) can be calculated as the following:

(92

1
Inps(t =——ol
o, nps(t,x,y)

2t

which reflects the fact that In px (¢,x,y) is a quadratic polynomial of x,y. Therefore
9? d d
_ py(t = — t —1 t
8xiaxjp2( axay) axj <p2( ,x,y) axi an( ,x,y)>

J d 92
=9, (1,x,y) 5 Inpx(t,%.) +P2(t,x,y)m Inpx(t,x,y)

d 0 92
- (axjlnpz(t,x,y)axilnpz(t,x,)’)-kaxjaxilnpz(t,x,y)> pr(t,x,y)

o L
<4t2 Y G’kff’l(yt—xz)(yk—m—2IG”> pe(t,x,y),

ki=1

and therefore

1 D D
Aspx(t,x,y) 3 Z Z 0ij leGﬂ(Yz xp) (Vk — Xk) — Z 0;j0” | px(1,x,y)
R Syt P 2t1] 1

= (Léz(y—x)-z "y- X)—§> pz(t,%,)

0
= @pz(hx,y)-

This completes the proof. O

Corollary 4.18. Suppose that f is a bounded measurable function on RP. Let u(t,x) =
P,f(x) (fort > 0 and x € RP). Then u is smooth on (0,) x RP, and u solves the heat
equation

(582 )t =0 in ) xR, (4.10)

If in addition f is continuous, then u(t,x) — f(x) ast | 0 for every x € RP.

Proof. Since u(t,x) fRD f(»)px(t,x,y)dy, all conclusions follow by using the theo-
rem of differentiation under intergrals. O

The heat equation (4.10) may be written as %Pz f =Ax(P.f) for every bounded (or
non-negative) measurable function f, so by abusing notation, the last equation may be
written as %PI = AxP, for every t > 0. In this sense, we say Ay is the infinitesimal

generator of the heat semi-group (P;);>0, and formally write as P, = e*=* for t > 0.
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Remark 4.19. The heat semigroup P, (hence its heat kernel px(t,x,y)) is uniquely
determined by the second-order differential operator Ay, and equivalently determined
by the quadratic form:

82
[, -vwasotoa= | —wwo, ot

dp d
2/ Gijildx
RD 8xi ax]'
for any @,y belonging to W>'(RP).
Proposition 4.20. It holds that
d D
2
HVIHPZ(taxvy)HE_EIHPZ(taxvy):Z (411)

foreveryt >0, x,y € RP, where ||a|* = a- Za [Note that it is not ||aHi-,1}.

Proof. The verification is completely elementary. In fact

0 1
—Inps(t =+ —@—x)-Z Y (y— 4.12
ot an( ,x,y) 2 + 4t2 (y )C) (y )C), ( )
and
Y 0 Inps () Inps (i) = 15 0—0)-E =) (@13)
ij 5 T\LAY) S T\l A, = 7V : - .
iy ox; 8xj 442
which completes the proof. O

Exercise. [Hard] Suppose u(x,t) = P,¢ where ¢ is a positive continuous function.
Let f(x,t) = Inu(x,t),X =VInf-ZVInfand ¥ = 9 Inf.

(1) Work out (% —A);) X and (% —Ag) Y.
(2) Show that
X(x,1) =Y (x,1) <

R

for all x and ¢ > 0.

[Hint: you may look at the paper by D. Bakry and Z. Qian: Harnack inequali-
ties on a manifold with positive or negative Ricci curvature, in Revista Matemdtica
Iberoamericana (1999) Volume: 15, Issue: 1, page 143-179.]

S The Ornstein-Uhlenbeck semi-group

In the previous section we have studied a few properties of Gaussian measures on R?.
In particular we demonstrate that the Lebesgue measure is the invariant measure of heat
semi—group P, = ¢/** (for t > 0) defined via the heat kernel py(z,x,y). In this section
we introduce a dynamical system whose invariant measure is the Gaussian measure
Gy (x)dx. More precisely, we construct a semi-group Q; (for 7 > 0) in analogs with the
heat semigroup, such that Gy (x)dx is the invariant measure of (Q;);0-

For simplicity we use y(dx) denote the Gaussian measure Gy (x)dx on the Borel
o-algebra Z(RP), if no confusion may arise. Let L () (for every p € [1,o0]) denote
the LP-space over the measure space (R”, Z(RP), y).
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5.1 The Mehler formula

The simplest way to construct the Orenstein-Uhlenbeck semigroup Q; is to apply the
Mehler formula. For every ¢ > 0 define linear operator Q, : f — O, f by setting

0. f(x) = /]R f (e—’x+ = e*ZIy) G (y)dy (5.1)

for every r > 0 and x € RP, where f is a Borel measurable function as long as the
integral on the right-hand is defined — for example f is bounded or f is non-negative.
Clearly O;1 =1 forevery t > 0, and Q;f > 0 as long as f is non-negative.

Making a change of variable one can rewrite the above formula as the following

exp <—2(1_162,)(y —e ) I (y— etX))

D
2

Qif(x)= [ f(y) dy
RD

2r(1—e=2))
= /R f (¥)gx(t,%,y)Gx (y)dy (5.2)

where

I exp <2(11e”)(y —e'x)- z—l(y - e—fx))
Gx(y) 2n(1 — e2))% \/detZ

is called the transition probability density function of the OU semi-group.
Recall that the heat kernel associated a positive definite and symmetric X is given
by

C]Z(fvan) = (5.3)

1 1
t,x,y)=———————exp| ——(—x XN y—x
p(t,x,y) (A7) DPaeiE p( 0020 ))
so that ”
l—e 1
t = _— —_— 5.4
qZ( 7xay) pZ( ) ,€ X,y) Gz(y) ( )

for every ¢t > 0 and x,y € RP. Here the Gaussian density Gy (y) is inserted in the defi-
nition of the probability density kernel gy, since we expect that the Gaussian measure
Gy (y)dy is the invariant measure for Q;.

Lemma 5.1. Suppose f is continuous and is of at most polynomial growth, then
im0 /() = /() and fm0f0)= [ f0G@) 53
t10 t—o0 RD

for every x € RP.
This follows immediately from the Mehler formula (5.1).

Lemma 5.2. The transition probability function of the Orenstein-Uhlenbeck semi-
group is given by

gz (t,%,y) = ——— exp — (5.6)

1 (_1y-21y+x~21x—2e’x-21y)
(1 7872t)7

Sor everyt > 0 and for any x,y. In particular q is symmetric: qx(t,x,y) = qx(t,y,x).
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Proof. By (5.3) the transition probability density function

qz(t’x’y) = %exp(_l(%xﬂ;))
(1 _e—2t) 2

where
1

2(1—e %)

Collecting the quadratic terms of y together we have

1
(y—ex)- T (y—e ) =5y =7y,

1(t,x,y) =
(t.x,y) 5

1 e -1 -1 oyl
I(t,x,y)zim(y-Z y+x-XTx—2x-X y)
ant the conclusion follows immediately. O
Lemma 5.3. We have

qx(5,%,5)qz (t,,2) = g (s +1,%,2)qs (T (s,1),¢54(x,2),¥)

where T =T (s,t) and cs4(x,z) are given by

and
e

Csp(x,2) = g — ((ezt —1e'x+ (¥ — 1)e'z)

fors,t >0 andx,y,z € RP.
Therefore the Chapman-Kolmogorov equality holds

/RD qx(s,x,y)qs (t,9,2)Gr(y)dy = gz (s +1,x,2)
for any s,t >0 and x,z € RP.

D
2

Proof. Leta(t) = (1—e )? and

_ y- X ly4x- 2l —2ex- 271y

I(t7x7y) 62t—1

Then gx(s,x,y) = a(s) " 'exp (—%I(s,x,y)), and

qs(s,%,))qz(1,3,2) _ a(s+1) < ! >
= exp | —= (L(s,x,y)+1(t,y,z2) —I(s+1,x,2 .
o) S e (<5 () 10y~ T+ 12)
Let us calculate J = I(s,x,y) +1(¢,y,z) —I(s +1,x,z). By definition T = T'(s,t) > 0 is
given by

LN SR S e +e¥ -2
T —1 e —1 -1 (eB—1)(e2—1)

o ¢ ) ¢ )1
eX 425 -2 e 425 -2
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and

a(s+1) e2rts) N 1
a(s)a(t) — \ (e —1)(e¥ 1) ) <€2T— 1> ~a(T)’

Moreover, one can verify that

1 _ _ _
Jzezr_1 (y~2 ly—2eTc.27y+c- X lc)

and therefore

t 1 1
qx (S»Xay)CIE( 7yvz) _ exp <I(T,C,y))
qs(s+1,x,7) a(T) 2
which completes the proof. O

In what follows we will work with a fixed symmetric, positive definite D x D matrix
X, and we will use y(dx) to denote the Gaussian measure Gy (x)dx on (R?, Z(RP)).
Let L”(y) denote the LP-space over the probability space (R”, Z(RP), 7).

Proposition 5.4. The OU semi-group (Q;)i>0 possesses the following properties.
1) For every t > 0, Q; is symmetric:

/ F()0g(x)(dx) = / $(¥)00f (x) Y(d)
RD ]RD

for any f and g belonging to L*(y). In particular, 7y is an invariant measure of Q,. That
is

[, esoran = [ s
RD RD

2) (Q1)i>0 is a semi-group: QsQ; = Qrys for any s,t > 0, where Qo =1 is the
identity operator.

3) For every t >0, Oy is a contraction on LF(y), in the sense that ||Q,f||1r(y <
Hf||Lp(y)f0r everyp > 1land f € LP(y).

Proof. 1) follows from the fact that gx (£,x,y) = gx (,y,x):
[swosaman = [ [ e0roastrrnrara)
— [ 10)00)vay)
2) follows from Lemma 5.3
0056 = [ [as(svnastenar@aya)

Z/QZ(S—&-t,LZ)f(Z) (/qE(T(s7t),cm(x,z),y)y(dy)) y(dz)
= Ql+sf(x)

which proves the semi-group property.

35



We only need to prove 3) for bounded and continuous function f. Then, by using
Holder’s inequality,

101y = [ | [ 10aztrx i@ van
< [ [1r0)F astevmanrian
= [ [roirastramanyia
= [ va)

where the inequality follows from the Holder’s inequalty to f and constant function
1 with probability measure m(dy) = gx(t,x,y)y(dy) for each x, and the last equality
follows from Fubini’s theorem by integrating the variable x first to give 1. O

Using the fact that the space C,(R”) of bounded and continuous functions is dense
in L” (RP) for every p > 1, the following proposition follows immediately.

Proposition 5.5. Suppose that f € LP(),
i o~ [ rav| <0
e RP-lze(y)
and

lti&[)l”Qtf_fHU’(y) =0.

Remark 5.6. Lett,s > 0. Consider two linear mappings T,S : RP x RP — RP defined
by
T(x,y)=e 'x+1—e 2y

and

V1i—e N V1i—e 2

S(y,z)=e*
Onz)=e 1— efz(m)y 1 — e—2(t+s) ¢

for x,y,z € RP. Then
[, reTeana) = [ rera)
RD xRP RP

and similarly
[, fesvamama) = [ reoran)
RD xRP RD
for any Borel measurable function f. The proof is left as an exercise.
We next establish the most remarkable property of the OU semi-group (Q; )s>0-

Proposition 5.7. 1) For every t > 0 it holds that
d = af
aTCiQtf—e O <8xi>

for any C' function f whose partial derivatives g—xf are y-integrable, wherei=1,...,D.
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Proof. Suppose f is differentiable with a compact support, then we may differentiate
O; f (x) under integration to obtain

d d
S = [ gt (e VI=e ) iy

- /RD e_tg—j; ( x4+ 1—e—2’y) y(dy)
= e_tQ, <§£) (x)

which completes the proof. O

Theorem 5.8. (Domination inequality) The following domination inequality holds
VVOF-IVO f <e 0 (VVF-EVY) (5.7)

for every C' function f and t > 0. The domination inequality implies the following
weak domination inequality

VO.f-EVQ,f <e Qi (Vf-ZVS)
for every C' function f and t > 0.

Proof. The proof relies on the Cauchy-Schwartz inequality |a - Xb| < va-Zavb-Xb
for any a,b € RP (its proof is left as an exercise). By an approximation procedure, we
may prove the domination inequality for C!-function f with bounded derivatives. For
simplicity, use f; to denote the partial derivative a%’_ f. By the Mehler formula

%Q,f(x) =e! /RDfi (eitx—l— 1—- 6’72[)’) y(dy)

fori=1,...,D, and Fubini’s theorem, we have

VO f-IVQif =e /RD /RD V(e x+V1—e2y) - EVf(e x+ V1 —e ¥2)y(dy)y(dz)
< efzz//RD \/Vf.gvf‘eitﬁmy\/Vf~2Vf|eftx+\/1_ei,z,z}’(d)’)7’(dz)
_ ( /R ) \/v fleix+V/1—e2y) - EVf(etx+/1— ez’y)y(dy)> 2
— o (0, (V7 2V7))

which yields (5.7). O]

We next goal is to identify the infinitesimal generator of Q,, which is the elliptic
differential operator L = Ay —x- V.

Proposition 5.9. The infinitesimal generator of the Ornstein-Uhlenbeck semi-group
(Q1)i>0 is L= Ay —x-V, in the following sense. If f is continuous with at most poly-
nomial growth, then u(t,x) = Q,f(x) belongs to C'*((0,%0) x RP) and solves the fol-
lowing initial value problem of the parabolic equation:

tl0

(L i) u(t,x) =0, limu(r,x) = £(x).

Therefore %Q, = LQ, for t > 0. This fact may be denoted as formally Q; = ¢'L.
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Proof. According to Lemma 5.2 the transition probability density function

1 ly-x-! Iy —2elx- 27!
qz([7x,y> = ﬁexp <_y y+x 5 xl ex y)
1—e2)2 -
so that
D oy Ly Zlypx-Zlx—2ex- X7y
lnq;(t,x,y):—zln(l—e )—5 o .
Thus
d e edx-Xly
=1 t =-D
at HQZ( 7x?y) l_e_zt ez;_l
e —1 —1 ’ —1
—&-ﬁ(y-E y+x-X ' x—2ex-X y)
(e* —1)
0 Xk — € Vi
Z Ingz(t,x,y) = ok Xk
I ngx(t,x,y) T
and
92 d 2 Xk — €y
———qx(t =— (0" S—=gs(¢
axj&xicn( X, Y) 7 ( o 4= ,x,y))

! t
,'ko_jzxk_eykxl_e)/l

o1
qe(t,%,y) = 0 gz (t,x,y).

I e2r—1 e —1

Hence
!
ik Xk — € Yk
x-qu(t,x,y) = _xile €2t 1 CIE(taxa)’)
x- XN (x—ely)
= —WQE(WCJ)
and . . .
(x—ey)- L (x—€y) D
AE‘]Z(t»an): < (621—1)2 762[—1 6]2(%%)’)-

Therefore

P) - (x—ély)
(8t —A2> qs(t,x,y) = B — (t,x,y)

=—Xx qu(t7x7y)'
which implies that

0
(at — Ay +x-V> gx(t,x,y) = 0.

Suppose f is continuous with at most polynomial growth, then

Sutrn) = [ 10 S astx e
= [ 70) Aas(e.x) = Vas(e.n) 1)

—as [ f0asrn)ras) -V [ fasler)va)
= Ay —x-V)u(t,x)

which completes the proof.
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Since Q, is symmetric on L?(7), so we expect its infinitesimal generator L = Ay —
x-V is also symmetric on L?(7), which is the context of the following lemma.

Lemma 5.10. (Integration by parts) The differential operator L = Ay — x-V is sym-
metric on L*(), in the sense that

V(x)Lo(x)y(dx) = / @ (x)Ly(x)y(dx)
RD RD
= _/RD V- ZVyy(dx) (5.8)

for any C?-functions @, W, whose first and second derivatives belong to L*(Y).
Proof. By using the identity
D .
7 InGyx(x) = — Z ollx, (5.9)

we obtain that

/Zfax, 8x /Z”a ( >"’d’“

. 8lnGza(p
——/]R (A:(HZ Iar ax,>"’G2dx

= */RD (AE‘P;xiaz> yy(dx),

which implies (5.8) as £ = (o;;) is symmetric. O

Remark 5.11. [Not examinable] You may wonder where the Mehler formula comes
from. Let us give its derivation. Recall that we wish to define a Markov semi-group
O, whose invariant measure is the Gaussian measure Y(dx). From the theory of diffu-
sion processes [to be learned in SDE course, C8.1], we first identify the infinitesimal
generator L of Q;, which must satisfy the equality:

/fy/L(pdy:/ Vo-XVydy.
RD RP

Now integration by parts gives

/V(p-EVy/dy:/ GEEV(p-Vu/dx:—/ ydiv(GzEV ) dx
RD RP RD

which gives that
1
Lo = G—div (GzEZVQ)=Azp —x-Vo.
Xz
This is exactly the generator we have already seen. The diffusion process, whose tran-
sition probability function gives the semi-group Q;, can be constructed as the solution

to the following stochastic differential equation

dX, = \/252dB, — X,dt, Xo—=x
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which can be solved explicitly
! 1
X, =e'x+e! / V2X26 dB,
0

which implies that the distribution of X, has a normal distribution with a mean e™'x
and co-variance matrix (1 —e X ) X. Therefore

O f(x) = E[f(X:)| Xo = x]
= /R f()aN (e7'x,(1—e)X)
exp (-ZOL-zz)(y—e’X)-Zl(y—e’X))
d

y
vVdetX

2]
2

:/ y
RP 2r(1 —e2))

which leads to the Mehler formula.

5.2 Entropy and the logarithmic Sobolev inequality

Recall that y(dx) is the central Gaussian measure with Gaussian density Gs(x) on
2%(RP). The entropy functional Ent (associated with the measure y(dx)) is defined by

Ent(h) = / hlnhdy— ( / hdy) ln( / hdy) (5.10)
RD RD RD

for every non-negative i € L!(y), where slns is assigned to be 0 = lim, josinsats=0.
Since s — slns is convex on (0,o0), according to the Jensen inequality, Ent(4) > O for
every non-negative i € L' (7).

Theorem 5.12. (L. Gross) For every f € W>1(y), that is, both f and its derivative
belong to L*(), it holds that

Ent(f?) gz/ (Vf-ZVf)dy. (5.11)

RD

Proof. By approximation property, we may assume that f € C2. Since |V|f|| = |Vf|
almost surely (with respect to the Lebesgue measure),

/ (VF-IVf)dy— / (VIf]- EV|£])dy.
RD RD

Thus we may assume that f is non-negative. By replace f by f + € for any constant
€ > 0 then send € | 0, we can further assume that f is bounded by a positive constant.
Let y(s) = sIns and consider one variable function

Fo = [ wie)ar= [ ol ma iy
RP RD
for ¢ € (0,0). Then lim, o F(¢t) = [ f21n f2dy,
: _ 2 2
e ([ ([ )
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and therefore

2 g . B ~d
Ent(f )7111¢I(I)1F(t) _}LHQOF(I) = —/0 EF(t)dt. (5.12)

On the other hand

- [, ¥ (@) Fotar
RD

= [ (@)

|
=
~
“rJ
—
~
~—
Il

- /RDW (Qi(£2) - ZVQ,(f*)dy
B /R v (Q(f) VO () - ZVQi(f*)dy

where the third equality follows from Lemma 5.10. Since y'(s) =Ins+ 1 and y"(s) =
L. we deduce that

5

d_ . 1 2 5
—SF0= RDiQt(fz)VQt(f) VO, (f2)dy fort> 0. (5.13)

By the domination inequality

VY0P 2VO () <0 (VI IVR)
=270, (If1V/Vf-2VF)

< 26’4\/ O:/(f)VO: (Vf-EVS)

where the last inequality follows from Cauchy-Schwartz inequality. Rearrange the
previous inequality we deduce that

ﬁvgt (f2)-EV0,(f2) < 4e 20, (VF-ZVF).

Together with (5.13)

d

——F0) < 4e2 /RD Q: (Vf-EZVf)dy=4e ¥ /RD Vf-ZVfdy

and, by integrating the inequality over (0,0) to obtain that

Ent(f?) g/ 4e_2’dt/ Vf-ZVfdy:Z/ Vf-EVfdy
0 RD RD
and therefore the proof is complete. O

Remark 5.13. If f € C?, then the logarithmic Sobolev inequality may be written as
mu(f) <2 [ isay
RD
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Exercise 1. In this exercise we are going to prove the hyper-contractivity of the
Ornstein-Uhlenbeck semi-group. Let y(dx) = Gx(x)dx, and let g : (0,00) — [1,0)
be differentiable, to be chosen later. Let f be a positive, bounded and continuous
function on RP. Consider two functions on (0,): F(t) = [ (0.£)" dy and G(1) =

1
911l 4t (- Then G(z) = F(t)4® and InG(r) = ﬁlnF(z‘). Therefore

G(1) = G(t)ﬁ <_ Z/((t’)) InF(r) + 1;8)

GORY BP-CYE
=40 / (0/)" In Q. fdy+4(1) /]R (@) S 0fay

_q@) a (1)-1

=L [ @ mr areqw [0 Loy
q/( 1) t 1)—

= [Enc ((0:1)"") + F(O)InF(1)] +4(0) /R (@) Lo fay.

Let us now choose function g which increasing, i.e. ¢’(¢) > 0. Applying the logarithmic
Sobolev inequality

Ent((Q,f)qm) / (Qlf) t ZV(Qtf) ks dy

in the previous equality, one deduces that

{ g() 4 i
LPOnE()+2 (t)/RDWQ,f) 2v(0)* ay

“1.xvQ, fdy

F'(t) <

1, -
PO romr o +a0 (300~ @0~ 1) [ @11 2v05-2v0, oy

The best choice of g for the previous inequality is given as solutions to

340~ (a() ~ 1)) =0. (5.14)

Suppose ¢(#) > 1 is a solution of (5.14). Then

/ q/(t)
SORE 00
and
G'(1) = G(t)qit) (-‘g((t’)) InF(r) + I;/ ((;)))
00, L d0
<60 g (4 mr0 + S mr )
=0.



Therefore t — G(t) is decreasing, so that G(t) < G(0). The solution to (5.14) with
q(0) = p for a given p > 1is g(t) = 1 + (p — 1)e?. Therefore

||QtfHLq<r)(y) < ||fHLp(y) forevery t > 0 and f € L?(y)
where ¢(t) = 1+ (p — 1)e*. This is called the hypercontractivity of the Ornstein-
Uhlenbeck semi-group (Q; );>0-
5.3 Poincaré inequality

The variance of f (with respect to the Gaussian measure y(dx) = Gy (x)dx)

var(f)= [ <f—/RDde>2d}'
Lo ()

The following inequality is called the Poincaré inequality.

Theorem 5.14. Let y(dx) = Gx(x)dx be the Gaussian measure. Then

/RD (f - /Ruf dY)ZdY = /]R (Vf-ZVf)dy

for any C'-function f such that |V f|* is y-integrable.
Proof. Let F(t) = [pp(Q:f)*dy. Thenlim; o F(t) = [pp f>dy and

sro= [, (o) o= (foser)

var(f) = _/O“’ %F(t)dt.

Next calculate the derivative

Therefore

d_. d
gr0 == [ S@nie
d
-2 orfory
~—2 oLo.fay

2/ vos-zvoser
RD

Using the weak domination inequality we thus deduce that

d

——F(t)§2e_2’/ Q,(Vf~2Vf)dy:2e‘2’/ Vf-ZVfdy.
dt RD RD

Integrating the previous inequality over (0,o0) to get that

var(f)g/0 2e*2’dt/RD(Vf.sz)dy:/RD(Vf.sz)dy.

Thus we have completed the proof. O
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5.4 The concentration inequality

In this section we prove the main concentration inequality for Gaussian measure y(dx) =
(;E(X)dx.

If g is a function on RP, we shall use ||g]|., to denote the supremum norm of g, that
is, [|g[l. = supyero [8(x)].

Theorem 5.15. Let y(dx) = Gx (x)dx be a centered Gaussian measure on (RP, (RP)),
and let f be a C'-function with bounded derivatives. Then

AQ
/ exp [/1 (f—/ fdy)] dy < exp (2 IIVf~2VfIIm) (5.15)
RD RD

for every A € R, where

IV -ZVfll.. = sup (Vf(x)-ZV[f(x))

xeRP
is the supremum norm of Vf - XV f over RP.

Proof. By considering f(x) — fRD fdy instead, without losing generality we may as-
sume that [, fdy = 0. Let y(s) = **. Then y’ = Ay and y” = A?y. Consider

F(’)Z/RDV/(Qtf)dﬁ/:/RDexp(lQ,f)dy fort >0

limF(t):/ exp (l/fd}/) dy=1
f—3o00 RD

“d
F(t)flzf/ —F(s)ds fort>0.
. ds

Then
and therefore

As beere we differentiate under integration, and use the equation that %Q, f=LO:f,
to obtain that

d d , d
~gro=- [ Swenw=-[ v orey

[ vi@ntasar

Next perform integration in the last integral, to get that

d
——F(r)= /RD V' (0if)-ZVQ: fdy

dt
- [ v @sves-zvo.say
=2 [ wies)vos-xva iy
Since y is positive, we may use the weak domination inequality

VO.f O f <e ¥ Qi (Vf-EVf)<e *||Vf-ZVS|..
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we thus conclude that

d

~GFO <R |Vrxvel [ vl

=A% ||Vf IV F (1),

ie.
1 d
————F(1) < A*e 2| Vf-ZV
F PO 2 V2V
for t > 0. Integrating the inequality over [t,0) to obtain that
InF(r) —In F )*—/wLEF(s)ds
), F(s)ds

oo oy Az
<2 [ e Bar|vrovel. =5 IVF 2.
t

Letting ¢ | 0 we conclude that

A2
Lew(2(s= [ ar) )ar<esn (5197211
RD RD

The second inequality follows from Markov inequality. O

We next prove the well-known Borell’s inequality for family of Gaussian random
variables.

Corollary 5.16. LetY = (Yi,---,Yp) be an RP-valued random variable with the stan-
dard normal distribution N(0,1) (where I is the identity matrix), and let f RP — R be
Lipschitz continuous.

(a) We have
B (AUDE < axn (211412 s 16
(e ) > exp 5 ||f||Lip (5.16)
forany A € R.
(b) The following Gaussian estimate holds:
2
P(F(Y)~Ef(Y)] > ) < 2exp |~ (5.17)
20171z

for every r > Q.

Proof. Let f¢ be constructed in Lemma 7.12 for every € > 0. By Theorem 5.15,

2 2
B (exp 2 (fe(Y) — Ee(Y)]) < exp <12 ||er||i) < exp (’;<||f||up +s>2)

for every € > 0. Letting € | 0 we obtain (5.16). Let X = f(Y) —Ef(Y). Then for any
A >0, we have

AX "
P[X >t <E "M] < e M5 AL,
e
Settin
g ,
—t+A[fllLp =0
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to deduce that

2
P[X > 1] <exp ()
201f125

and the estimate (5.17) follows immediately. O

Theorem 5.17. (Borell’s inequality). Ler X = (Xy,--- ,Xp) be a random variable with
central Gaussian distribution with co-variance matrix £ = (0;;). Then

2
P{| sup X;—FE sup X;| >r| <2exp R — (5.18)
i=1,...D i=1,..D 2sup;_; ... p Gii
for every r > 0.
Proof. Let Y = (Yy,---,Yp) be a random variable in R” with the standard normal

distribution N(0,1), as in the previous corollary. Then Z = X2V has the same dis-

tribution as that of X, where £2 = (pij) is a positive square root of X. Let f(x) =
max;—1i,... p (Z?: 1 pikxk). For given x,y, there are i and j such that

D D
fx) =Y puxi and f(y) =Y pive
k=1 =1

(where i, j depend on x,y of course), so that

D D D D
F)=F0) =Y puxe— Y Pk < Y PirXk — Y, PikVi
k=1 k=1 k=1 k=1
and similarly

D D
FO)V=F() <Y piyi— Y, Pinkss
k=1 k=1

which implies that

D

Z Pi (V& — Xk)

k=1

D
< Z|x—
< i:Tng\/];P,klx Yl

i:r{lfl-?(,D VOiilx—yl.

70— F)] < max

Thus f is Lipschitz continuous with Lipschitz constant less than max; ,/6;;. Therefore,
according to (5.17)

|

sup X;—E sup X;
i=1,...D i=1,...D

>r| =P(f(2)-Ef(2)] >r)

r2
< 2ex -_ | .
o P 2SUpi:17...7D Oii
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Remark 5.18. (a) As long as Esup; X; is finite (in this case the family of centered Gaus-
sian random variables (X;) is called bounded), then the Borell’s inequality is still valid
in exactly the same form, by letting D — oo. That is, if (X;)re is a family of centered
Gaussian random variables, where A is any countable set, such that Esup,c, X; < oo,

then
r2
P[ >r} <2exp (—) (5.19)

2sup;cp Oyt
for every r > 0, where o;; = var(X;).
(b) It remains to control the quantity Esup,cx X;. This can be done by using the
technique of metric entropy, a topic we left for your own study. The reader may refer
to the small book by R. J. Adler [].

supX; — EsupX;
teA teA

5.5 Estimates of exponential type

In this section we introduce another idea for deriving typical Gaussian type exponential
decay estimates, which is in a matter of transport distributions, an idea which is quite
useful. It yields interesting results, though it does not lead to better results as we have
developed so far.

Lemma 5.19. Let X = (X;)i=1,...p and Y = (Y;)i=1 ... p be two independent random
variables with the same distribution y(dx) = Gz (x)dx, where X is symmetric, positive
definite. Let X (t) = X sint + Y cost and %X(t) = Xcost —Ysint for t € R. Then for

everyt, X(t) and %X (t) are independent, and have the same distribution y(dx).
Proof. For each t we have
E[X(1)iX(r),;] = E[(X;sint +Y;cost) (X;sint +Y;cost)]
= sin’¢E [X;X;] + cos* tE VY]
= 0;j
hence X (¢) has distribution y as well. Let Z(¢) = %X (t). Then
E[X(1)iZ(t);] = E[(Xisint +Y;cost) (Xjcost —¥;sint)]
= sint cost (E [X;X;] — E[Y;Y;])
+cos? (E [¥;X;] — sin*E [Y;X;]
=0

which implies X and Z are independent. O

Let begin with the following general Gaussian estimate.

Theorem 5.20. Let f : RP — R” be a C'-function, and ¥ : R" — R be a convex
function. Then

T
L, L ee—sonmaman < [ [ w(5vr6-) nanrid) s20

and

L (- [ rav)rao< [ [ w(Gvres)raoma s

where f = (fi,--+, fn) and Vf(x) -y = (Vfi(x)-y,---,Vfu(x)-y) for any x,y € RP,
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Proof. By considering f' — fRD fidyinstead, without losing generality, we assume that
fRD ftfdy=0fori=1,...,n. Let X and Y be independent random variables with the
same distribution ¥, and X (t) = X sinz 4+ Y cost. Then

700 =) = |7 Lo

0

d

- /0 V(X (1) 5 X (1)

and therefore

V(X)) = ¥ ( | vrexa)- ;’txmdr)

Since ¥ is convex, applying Jensen’s inequality (with respect to the%dt on [0,%]), to
obtain

) -s) <2 [T (’;Vf(x(r)) ' jtxm) ar

T
Taking expectation both sides of the inequality to deduce that

E[¥ (£(X) — ()] < = /0 g [qf (’;Vﬂxm) - j,x(r))] o (522)

T

By Lemma 5.19, both (X,Y), and (X (z), %X(z)) (for every r) has the same distri-
bution Y& 7, so that

B () -0 = [ [ w0 - s0) @)
and
B |w (Fvr)- 5x0) | = [ [ w(59r05) ranra

for every t, so the first inequality follows.
To prove the second inequality, we use Jensen’s inequality again, to deduce that

w0~ 1) @) = 7 (100 - [ ray)

RD

for every x. Integrating out the variable x, we then deduce that

L, L wue-sonvamen= [ (5w [ ror)vas.
R JRD RP RD
Therefore the second inequality follows from the first inequality. O

Corollary 5.21. Let y(dx) = Gx(x)dx. Suppose f :RP s R is a C'-function, and

p > 1. Then
Ll rar
RD RD
D

6= (5) [, v, b=y /L 00

i=1

p
dy<Cp / \VilPdy (5.23)
RD

where
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Proof. We apply Theorem 5.20 to convex function ¥(x) = |x|?. Then

L L Gyse ) riaman = (5)" [ [ 195051 viarian
= CP/RD IV£IPdy

which yields the conclusion. O

If p =2, then estimate (5.23) becomes a variation of the Poincaré inequality:

/RD f—/RDde

&= (38, [ oo = (5)ur

2

dy < Cz/ \Vf[*dy
RD

where

while the variance var(f) is dominated by the quadratic form [V -V fdy, instead of
[ Vf-ZVfdy.

Corollary 5.22. Suppose f is Lipschitz continuous from RP s R with Lipschitz con-
stant C. Then

2
/ exp (a f*/ fdy )dyé/ exp (gaClly\z) Gi(y)dy
RD RD RD

where A is the largest eigenvalue of X. The right hand-side is finite as long as o <
2
T2C2A2"

Proof. Let ¥(t) = exp(ait?) where o > 0 is a constant. Then
W'(t) = 2ccexp(ar?) + (2az) exp(ou?) > 0
so W is convex. We apply (5.21) with . Then

D 2
v (gaf’(X)y> = exp ga (Z ag)(f)ﬁ>

i=1

T
<exp (S VD)

and therefore, according to (5.21),

exp(alf— | ray)dy< [ exp(Zaclyl?)y(ay).
foo (sl [ 1) or< [ oo (Gocr)

For the integral on the right-hand side we make a change of variable E%Z =y, so that
T ’ T
exp (FCP) ¥(d) = | exp(FacCy-Zy) Gi(y)dy
RD RD

T
S/ exp (Ea/IDCIylz) Gi(y)dy
]RD

49



where now Gj(y) is the standard Gaussian density on R? and Ap is the largest eigen-
value. By a standard computation we have

T 1
[, e (3arChi) Gy < — e
R \/ 1-4§mC?A5
which completes the proof. O

Corollary 5.23. If f is C, then

/e (f(x) -/, fa’Y> v < [ e (’?Vf-wf> @y 524

Proof. Let us apply (5.21) with ¥(¢) = ¢' which is convex, to obtain that

/RDeXP (f(x)/RDfdy> /RD/RD (_ ag)(Cl) )y(dx)y(dy)
/RD/RDeX < L agi,) )V(dx)y(dy)-

For every x (but fixed), ¥ = (¥;) has a distribution y. Then Z = le | agx Yiis a
Gaussian random variable whose variance is given by

2
var(Z) = ZVf-ZVf

Lo (555 ) o)

Hence (5.24) follows immediately. O]

and therefore

5.6 Gaussian isoperimetric inequality

In this section we derive Lévy-Gromov’s isoperimetric function for centered Gaussian
measure ¥(dx) = Gx(x)dx, following the approach put forward by D. Bakry and M.
Ledoux [3] via the Ornstein-Uhlenbeck semigroup (Q;);>0, whose invariant measure
is y(dx). B-L [3] aims to give a general version of Lévy-Gromov’s isoperimetric in-
equality (for metric-measure spaces with positive curvature) by using Bakry-Emery’s
I'; formulation (Ricci curvature) and the idea of quantization. While the most useful
case remains the isoperimetric inequality (independent of dimensions) for Gaussian
measures, which is going to be presented in this part.

Let us now introduce the isoperimetric function for Gaussian measure. Suppose &
is a real random variable with a standard normal distribution N (0, 1), then

O(r) =P / rexp< x;)dx (5.25)

which strictly increasing, whose inverse @' : (0,1) — (—w,oo) is also increasing. The
isoperimetric function is defined to be % = @' o @1 on (0,1), where the derivative
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@’ is nothing but just the 1-D standard Gaussian density, i.e. ®'(x) = ——= exp (f%)
Naturally we extend the definition of % to [0, 1] by setting

%(0)=0and Z(1)=0

so that % is differentiable (of any degree) on (0,1) and is continuous on [0, 1]. By

chain rule and use the fact that &”(x) = —x®’(x), we have
1
I = -1 . 1
and
A S—. (5.27)
- Dod Y '

In particular 7" < 0 on (0,1). Therefore x — % (x) is (strictly) concave on (0,1),
symmetric again the vertical line x = % at which it attains its maximum \/ﬁ Moreover

lim _Z%)
x0 x\/Zln;lc

Let us begin with several facts we shall use.
Recall that L = Ay —x -V is the infinitesimal generator of the Ornstein-Uhlenbeck
semi-group (Q;)s>0, in the sense that %Q, =LQ, fort > 0.

=1. (5.28)

Lemma 5.24. Let ¥ be a C*-function on R. Then
LP(f) =¥ (NILf + W' (f)VSf-ZVf (5.29)
for any C*>-function f on RP.

Proof. The equality may be called a chain rule for L, which follows immediately from
the rules of computing derivatives. Let f; and f;; denote the partial derivatives % f and

#;x. f respectively for simplicity. Then
i0Xj

D D
LP() =Y 0¥ (f)ij— Y x¥(f)
ij=1 i=1
D D
=) oy (‘I”(f)ﬁ)j—‘f”(f)Zx,-ﬁ
ij=1 i=1
D D D
=Y'(f) Y oiifii +¥"(f) Y oiififi =¥ (f) Y xifi
ij=1 ij=1 i=1
=W(FLf+P"()Vf ZVS
which completes the proof. O

Lemma 5.25. Let f :RP+— [0,1] bea C?-function whose derivatives have at most poly-
nomial growth. Lett > 0 be fixed but arbitrary, and consider G(s) = Qs (% (Qs—sf)),
that is,

G6)wn) = [ ax(5.50)% (@S V) (5.30)

R
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fors € (0,t) and x € RP. [The argument (x,t) is suppressed if no confusion may arise].
Then 5

gG(S) =0 (%" (Qu—s/)V(Qi—sf) - EV(Qi-sf)) (5.31)
forevery s € (0,1).

Proof. For simplicity we suppress the argument x in G(s)(x) which is fixed though
arbitrary. By differentiating in s under integration (which is allowed under our assump-
tions on f), we obtain

566 = [ %@ ) ras(s (@)

~ [ as(sx 201 0)) 30 SV
= [, %0 SO Las(s.x)ay)

= [ s (5x 2 (@i 0)) 30 SV

where we have used the fundamental equation that

0
ER (s,x,y) = Lgz(s,x,y)

where L operates on the variable y, while x is fixed. Next for the first term we use the
symmetry of L, so that

5= [ @) as(sx )
= [ aslsnn)L2 @1 0)riey)
= [ 4550 2 (@ F OO )0)()

+ /R ,az(sx )% "(Qr—sf () V(Qi—sf) - EV(Qi—sf)(y))¥(dy)

where the second equality from the chain rule for L. Substituting J; into the previous
equation for G'(s), and using the fundamental equation

d
EQrf = L(Qrf)

(with r =t — s > 0), we obtain that

G/(S) = v" (Qtfsf(y)) (V(Qtfsf) 'ZV(Qtfsf)) (y)qE (Sv 'ay)Y(dy) (532)

RD
for every s € (0,¢), which is equivalent to (5.31). O
Lemma 5.26. Under the same assumptions as in Lemma 5.25. Let
F(s) = (Qs (% (Qi—f)))*  fors€ (0.
Then

F'(5) =205 (% (Q1—51)) Qs (%" (Qi—s[I)V(Qi—5f) - ZV(Q1—sf))
fors e (0,1).
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Proof. This follows from the previous lemma. Indeed F = G2, so that

F'(s) =2G(s)G (s)
=20 (%(Qtfsf)) Os (%//(Qtfsf)V(Qtfsf) : ZV(Qtfsf))

for every s € (0,1). O

Lemma 5.27. Suppose that f is a C' function with values in [0,1], and suppose both
f and its partial derivatives are y-integrable. Then

V() ZV(Qf) ]
U (O f) T Ve —

for everyt > 0. (5.33)

Proof. We only need to show this for any C>-function f taking values in [0, 1]. Letz >0
and let F(s) = (Qs (% (Qi—sf)))* for s € (0,1). Then F(r) = (Q(Z (f)))* F(0) =
(%(Q.f))?, and

F(t)—F(0) :/0 %F(s)ds

= Z/OZ Os (%(Qtfsf)) Os (%//(fosf)V(Qtfsf) . ZV(Qlfsf)) ds.

(5.34)
Using the differential equation that /" = —% in the previous equality, we obtain
that
! V(Qi—sf) 'ZV(QtSf)>
F(t)=F(0)= -2 | Os(%(Qi—sf))Os d
0-F0) =2 [ 0.0 (VeSO Y g
! 2
2 [ (e (VViers)-Eve 7)) o (539)
0

where the second inequality follows from the Cauchy-Schwartz inequality:

0. (VIO 1) EV(Q 1)) < VO (7 (@) \/ (v(Q,_gz-szz([)Q,_sf»

which implies that

0. (@po (MO0 > (o, (Vo EvinD))

By the domination inequality (cf. Theorem 5.8):

VV(Qif) - EV(0if) = V/V(0s(Qr—sf)) - ZV(Q5(Qi—sf))
<e SQs (\/V Qt—sf ' (Qt—sf))

for every s € (0,¢). Rearrange the inequality to obtain that that

(0. (V@) TV 1)) 2 V(@) V@) (536
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for any s € (0,7). Substituting this into (5.35) we thus get that

F(r) - F(0) < -2 /0 V(0:f)- ZV(Q,f)ds
= (' = 1V(Qf)-Z(VQf)
which yields that
V(0) EV(Q) < o [(#(0) -~ (@2 ()]

and therefore

VYO EV@S) _ 1 % (Qﬂ‘/(f)))z
U (01 f) T Vet —1 (O:f)

for every ¢t > 0. This completes the proof. [

Exercise. Let y be an increasing C! function on [0,0), and f is a C! function on
RP taking values in [0, 1]. Prove that

(05 (%(Qi-51)))

lI’(Qt (%(f))) - W(%(Qtf)) < - (V(Qtf) 'EV(Qtf))/O e lI/QS (% (szsf)) ds

for any ¢ > 0.
[Hint: For any t > 0 be any but fixed. Consider ¢(s) = v (Qs (% (Qi—sf))) for
s € [0,7]. Then

V(O (% (f)) v (% (Quf)) = /0 % p(s)as.

Compute ¢(s) and use Theorem 5.8 as in the proof of the previous lemma.]

We are now in a position to prove the isoperimetric inequality for Gaussian mea-
sures.

Theorem 5.28. (Isoperimetric inequality for Gaussian measures) Let f : RP s [0,1]
be C'-function. Suppose |V f| is y-integrable, then

%(/ fdy)—/ %(f)dyg/ VVf-EVfdy. (5.37)
RD RD RD

Proof. Let us apply the approach we have tested in the previous sections. Consider

F(t)= | % (Quf)dy.

RD

Then F (o) = % ( [go fdy) and F(0) = [pp % (f)dy, and

v (/RDfdy> /RD%(f)dy/:jtF(t)dt.
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Next we compute the derivative: differentiating under integration gives
0= [, G
= / o f ) ;i fdy.
Using the equation %Qt f =LQ,f and performing integration by parts we obtain
Gr0= [ w'0niosey
—— [, V@ @) £V @iy

_ /R U (QSV(QS)- ZV(Q )Y

Since %" = —@, we therefore have
d V(Q.f)-ZV(Q.f)
—F(t)= d
a /R % 7

for every ¢ > 0. Finally we apply the estimate we have proven in Lemma 5.27

VV(Q)-EV(Qf) ]
U (i f) T Vet —1

and deduce that

) ZV (0. f)dy
/ (VY IV f)dy
- e2'—1 RD\/Wdy

Integrating both sides of the previous inequality on (0,e0) we therefor obtain that

%(ADfdy)—AD%<f)dys/0w \/%dt/RD\/Vf-EVde
=/RD\/Wd7

which completes the proof. O

\/7

If A € RP be a closed subset with a C 1-b0undary, then

T Y(Ae) —Y(A)
¥s(dA) = hr;l&)nf e

where Ay = {x eRP:d(x,A)<¢€ } , 1s called the Minkowski outer content of the bound-
ary of A. Here the distance d is the metric associated with X, i.e.

d(x,y) = sup {[f(x) = f(y)[: Vf - ZVf <1}

fect
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Indeed d(x,y) = \/(x—y)-Z-1(x—y) for any x,y € RP. Note that if € — y(A¢) is
differentiable (from right), then

d

Ys(dA) = T Y(Ae).

Corollary 5.29. Let y(dx) = Gx (x)dx be a central Gaussian measure with co-variance
matrix X. Then

% (1(A)) < 15(dA)
for any closed subset A C RP with a C'-boundary.

Proof. Choose C!-functions f, valued in [0, 1]which tends to 14. Then

([ par)- [ wters [ VIR ERar

for every n. Since % (0) = % (1) = 0 so that

([ o) s woan. [ oo
RD RD
and
/ V- ZVfudy — 15(dA)  asn— oo,
RD
which thus yields the isopermetric inequality. O

Theorem 5.30. Suppose y(dx) = Gx(x)dx is a Gaussian measure on RP, and A C RP
be Borel measurable with C'-boundary. Then

Y(A) > @ (D7 (y(A) +1)  fort >0, (5.38)

where Ay = {x € RP : d(x,A) < €} for every € > 0, and the distance d is the metric
associated with X, i.e.

d(x,y) = sup {|f(x) = f()| : Vf-ZVf < 1}.

fec!

It is a fact that d(x,y) = \/(x —y) - Z-1(x —y) for any x,y € RP.

Proof. The isoperimetric inequality may be written as

9y = (va)

forr >0, i.e.
1 d

WEY(AF) >1 forr>0.

Integrating the inequality over [0,¢] (for 7 > 0) to obtain that

/t 1 d (4)d /V(Af) 1 4
— —¥(A)dr = s>t
o %(y(A)) dr! ) %(s)
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On the other hand
YA)  q Y(Ar) 1 YA g
ds=/ 7ds=/ —d (s)ds
/Y(A) u(s) yay Po@l(s) vy ds

and therefore

which yield the inequality (5.38). O
As a consequence we deduce the following concentration estimate.

Theorem 5.31. Let y(dx) = Gy (x)dx be a centered Gaussian measure on RP. Let f :
R? — R be a function such that Vf- XV f < 1. Let m € RP such that y({f < m}) > %

Then | ,
e Tdx (5.39)

visemen< [

forany r > 0.

Proof. Let A ={f <m}. Then y(A) > 1 = &(0) which implies that &~ (y(A4)) > 0.
Also the condition that Vf - ZVf < 1 implies that A, C {f <m+r}, and therefore,
(5.38) yields that

r 2
1 2 dx

Y({f§m+r})2¢(r):[w \/ﬁe

and the conclusion follows immediately. [
By an approximation procedure, we therefore have the following.

Proposition 5.32. Let X = (Xi,- - ,Xp) be a D-dimensional random vector on (Q, % | P)
with the standard normal distribution N(0,I) on RP, f: RP s R is Lipschitz such that
[£lliy < 1, and let m be a number such that P[f(X) < m] > 3. Then

<1 2
Plf(X)>m+r §/ e ZTdx
) >mir< [
for every r > Q.
Theorem 5.33. Let Y = (Yi,---,Yp) be a D-dimensional Gaussian random vector on

(2,7 ,P) with mean zero and co-variance matrix £ = (0;;), and let m be a number
such that P[sup;Y; < m] > 1. Then

- 1 >

e Tdx 5.40
T (5.40)

P| sup Vi>m+r| <
i=1,-.D

for every r > 0, where 0;; = ]E(le) is the variance of Y; fori=1,...,D.

Proof. As in the proof of Theorem 5.17,Y and X 32X have the same distribution N (0,2)
(where X has the standard normal distribution N(0,7)). Apply Proposition 5.32 with

1
I = i PP
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where £2 = (pij) is a square root of X. Then ||f|;, < 1 (see the proof of the Borell
inequality, Theorem 5.17), and the concentration inequality (5.40) follows immedi-
ately. O

This theorem implies Borell’s inequality we have proved.

6 Brunn-Minkowski’s inequality, Isoperimetric inequal-
ity

In this part we demonstrate some special features of datasets lying in convex domains.
The main tool is the isoperimetric inequality for the Lebesgue measure on R”.

As in the previous sections, if A C RP is a Borel measurable subset, then |A| denotes
the Lebesgue measure of A. If A is a box with sides parallel to axises, and if the length
of the side parallel to x'-axis is ;, then |A| = [T2, . If A and B are two Borel
measurable sets of RP, then A+B={a+b:acA,bcB}and AA = {Ax:x €A} are
Borel measurable too. In particular, if a € R, then a+A = {a} + A is measurable and
la+A| = |A|, i.e. the Lebesgue measure is translation invariant.

We also recall we have the following version of the dis-integration formula:

/RDf(x)dx:/Ome:f(x) >t} de

for any non-negative Borel measurable function f : RP [0, 0.

6.1 Prékopa-Leindler’s inequality
Let us begin with a lemma which is the Brunn-Minkowski inequality on R.

Lemma 6.1. Let A, B be two Borel measurable subsets of R. Then
A+B| > |A|+|B] ©.1)

and
[AA+(1—A4)B| > A|A|+ (1 —A)|B| (6.2)

forevery A € (0,1).

Proof. The second inequality follows from the first as [AA| = A|A|. Let us prove the
first inequality for non-empty compact subsets A and B. Choose a and b such that A =
{a}+ACR_,B={b}+BCR, andANB={0}. Then AUBCA+B=a+b+A+B.
Therefore

[A+B| =|A+B| > |AUB| = |A| +|B| = |A| + |B]

and the proof is complete. O
Lemma 6.2. Let a,b be two positive numbers. Then
Aa+(1—2A)b>d b~ 6.3)

forany A € (0,1).
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Proof. This follows from Jensen’s inequality. Since x — Inx is concave (i.e. —Inx is
convex) on (0, o), therefore

In(Aa+(1—=A)b) > Alna+(1—A)Inb
and the inequality follows immediately. O

Lemma 6.3. Let f and g be two non-negative, continuous functions on R, and let
A € (0,1) be a constant. Then

/Rh(x)dxz A/Rf(x)dyu—(l —l)/Rg(x)de (/Rf(x)dx>x (/Rg(x)dxy_l

(6.4)
where h is defined by

forxeR.

Proof. To prove (6.4), we consider
Af)={xeR: f(x)>t}, B@t)={xeR:g(x)>t}, CEt)={xeR:h(x)>1}

for every t > 0. Let x; € A(t), xo € B(¢), and x = Ax; + (1 — A)x,. Then we may set
y= (1 —=A)xz so that =¥ = x;. Since f(x;) >t and g(x2) >, therefore

x—y\* y V'
T 7 1-2 _
f<l>g(1—),> >ttt t

which yields that A(x) > 7, and therefore
AA(t)+ (1 —A)B(r) C C(t) (6.5)
for any # > 0. Hence

|C(1)] > [AA(t) + (1= A)B(1)]
> AA(1)|+ (1—A)|B(1)],

where the second inequality follows from Lemma 6.1. Integrating the previous inequal-
ity in 7 € (0,00) and using the dis-integration formula (2.7) we have

/Rh(x)dx:/om|C(t)|dt2),/0m \A(t)|dt+(l—),)/0m IB(1)|dr
:x/Rf(x)dx+(1—x)/Rg(x)dx

which completes the proof of (6.4). [

Theorem 6.4. (Prékopa-Leindler Inequality) Let f and g be two non-negative Borel
measurable functions on RP and A € (0,1). Then

h@dr= ([ f()dx ' g(x)dx o (6.6)
R R R
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where h = h),(f,g) is defined by

N 1
hy(f,8)(x) = sup f(?) g <)’;L) forxe]RD. (6.7)

yeRP 1

Proof. [The proof is not examinable.] For simplicity we use & to denote &y (f, g) if no
confusion may arise, and by a simple approximation procedure, we may assume that f
and g are continuous. Without losing generality we shall assume that

f(x)dx>0 and / g(x)dx >0,
RP RP

as otherwise the inequality is trivial.
Let us prove (6.6) by using induction argument on the dimension D.
If D =1, then (6.6) follows from (6.4) and (6.3). Indeed

/Rh(x)dxzA/Rf(x)der(l—?L)/Rg(x)dx

(o) (o)

Now assume that D > 2 and let A € (0,1). Suppose that (6.6) holds for any non-
negative functions f,g on RP~1.

Let f(x),g(x) be two non-negative, continuous functions on R” (where x € RP).
Write x = (x,xp) where x € RP~! and define

=)

)= [ fxias, s = [ gt

—oo

By assumptions

X—y Xp—s

A 1-A
y s
s n) = supf (220 ) (20 )

for every y € RP~!. For any x,y € RP~! fixed but arbitrary, we apply Lemma 6.3, (6.4),

with one dimensional functions s — f (*,s5) and s — g (ﬁﬁ‘), to obtain that

/:ohl(f,g)(x,s)ds > A/:f (x;ys) ds+ (1 —/l)/:ig <1f;Ls) ds
(L) (el zeo)e)

where the second inequality follows from (6.3). Since y € RP~! is arbitrary, so that

/mhx(fg)(H)ds> sup (/Nf(x_y s)ds)l(/mg< y s)ds)lx
—o0 ’ ’ - yGRD’l —oo A« ’ — 1— )L ’
= hy(f0,80)(x) 6.8)

for every x € RP~!. Using induction assumption with f and go which are non-negative
functions on RP~! we thus obtain that

60




On the other hand, by (6.8) and Fubini’s theorem

/h;tf, x)dx = / /h;tf, (x,s)d

> /RD*1 hy (fo,g0)(x)dx

- ( ]Rnlfo(x)dx)/l (/RDlgo(x)dxy—z
- </RDI /_if("vs)dsdx>/l (/RDI /_:g(x,s)dexya
- ( RDf(x)dx))L (/R[)g(X)dx)l_A

and therefore (6.6) holds for any non-negative, continuous functions f and g. The proof
is complete. O

Theorem 6.4 is formulated by H. Brascamp and E. H. Lieb [6] (this paper has an
unusual long title as if the JFA journal printed its Abstract as the title !) The original
P-L inequality follows of course from the above version immediately.

Theorem 6.5. (Pékopa-Leindler Inequality) Let f, g and h be non-negative measurable
functions on RP and A € (0,1). Suppose

h(Ax+(1=2L)y) > f(x)}”g(y)lfl1 forany x,y € RP. (6.9)

/R ) h(x)dx > ( . f(x)dx)/l ( /R i g(x)dx) H. (6.10)

Proof. Under assumption, h(x) > hy (f,g)(x) for every x, and therefore the P-L in-
equality follows immediately from (6.6). O

Then

Definition 6.6. Let f be a non-negative function on RP. Then f is log-concave (i.e.
logarithmically concave) if

fOx+(1=2Ap) = fA )
forany A € [0,1] and x,y € RP.
By definition, f is log-concave if and only if —In f is convex on {f > 0}.
Exercise. Let p be log-concave on RP? = RP1 x RP2 (where D + D, = D). Let

p1(x1) = p(x1,%2)dxa
RD2

where x; € RP (i = 1,2). Show that p1 is log-concave too. [Hint: Use Theorem 6.4].

Theorem 6.7. If p is non-negative and log-concave on RP, then

Fusarie ([ (fpeas)

for any Borel measurable subsets A,B C RP and for any A € (0,1).
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Proof. We shall apply Theorem 6.4 to f = 14p and g = 1pp. Since p is log-concave,

forevery A € (0,1),
A 1-2
XYy Y
<
p( A ) p(l—k) <P

for any x and y. If Xl;y €A and ﬁ € B, than x € AA+ (1 — A)B, which implies that
hy (f,8) < 13a+0-2)P- Therefore according to (6.6) we have

/ 1/1A+(1—A)3P(x)dXZ/ hy (f,g)dx
RP RP

> ( /]R ) 1Ap(x)dx)l < /R ) 1Bp<x)dx>1_A

which yields (6.11). L]

Lemma 6.8. Let X be a symmetric, positive definite D x D-matrix. Then the central
Gaussian kernel Gz (x) is log-concave.

Proof. Recall that
1 D 1 —1
In Gy (x) :—Eln((Zrc) detZ)—Ex'Z X.

Hence we only need to show that x — x- X~ 'x is convex. Let x,y € RP be any two
points. Consider

P(A) = (Ax+(1-2A)y) Z7 (Ax+ (1= 2A)y)
for A € [0,1]. Then
¢'(A)=2(x—y)- X7 (Ax+(1-2)y)

and
o"(A)=2(x—y) -Zil(x—y) >0

as X! is symmetric, positive definite. Hence ¢ is convex on [0, 1], and therefore
O(A) = (A1 +(1—-2)0) < 2p(1) + (1~ 1)9(0)
forany A € (0,1). That is
—(Ax+(1=2)y) - Z M Ax+(1=L)y) > Ax-Z 'x—(1—-2A)y-Z7 1y
which in turn yields that In Gy is concave. O
As a consequence, we have the following result for Gaussian distributions.

Theorem 6.9. (Geometric form of the isoperimetric inequality for Gaussian measure)
Let y(dx) = Gx(x)dx be a centered Gaussian measure on % (RP) with co-variance
matrix X. Then

Y(AA+(1-2)B) > y(A) y(B)'* (6.11)

for any Borel measurable subsets A,B C RP and for any A € (0,1).
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This follows from the fact that x — Gy (x) is log-concave, Lemma 6.8.

Exercise. Let y(dx) be the centered Gaussian measure Gy (x)dx. Let A be a sym-
metric convex subset of R? and a € RP.
(a) Prove that
Y(A+a) <y(A+ta)

forany € [0,1], and 7 — y(A +ta) is non-increasing on [0, o).
[Hint: You may assume that X = I, otherwise consider X _%A and X _%a instead.

Apply Theorem 6.9 to A = (¢ + 1), use the fact that y(A +a) = y(A —a), and the fact
that

A+ta=AA+a)+(1-A)(A—a)
in (6.11).]
(b) Suppose f is convex and f(x) = f(—x) for every x. Show that

F7(dx) < / Fx+a)y(d)
RD RD

for any a € R, and conclude that t — [pp f(x+a)y(dx) is non-decreasing.
[Hint: Apply (a) to level sets { f < ¢} for every c.]

(c) Prove that
/ x| (d) < / -t alPy(dx)
RD RD

foranyaeRD and p > 1.

6.2 Brunn-Minkowski’s theorem

This is a deep result about the Lebesgue measure. Let begin with a weak version which
is independent of the dimension D.

Theorem 6.10. Suppose A, B are two Borel measurable subsets of RP and . € (0,1).
Then
[AA+(1—2)B| > |A]*|B]'" . (6.12)

Proof. Tt follows immediately from the Prékopa-Leindler inequality. Indeed, if f = 14
and g = 1p, then /1 (f,8) = 1344(1-2)p- Hence (6.6) gives (6.12). O

In fact this weak version, in which the dimension seems missing, is equivalent to
the Brunn-Minkowski inequality, and the dimension may be recovered from the scaling
property: |AA| = AP|A| for A € B(RP).

Theorem 6.11. Let A and B be two bounded Borel measurable subsets of RP. Then

|A+B|D > |A|D +|B|D. (6.13)

Proof. We may assume that |A| > 0 and |B| > 0. Let A = |A|~'/PA and B = |B|~'/PB.
Then |A| = |B| = 1, and therefore by (6.12) we deduce that

[AA+(1-2A)B|>1 VA€ (0,1).
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Set
‘A|1/D

AP+ [BJP

so that
- B
AP (B

The previous inequality may be written as

1 1 1
A+ B| = A
AJ7P -+ [BI/P T TP B[P (jaji/p 1 |B|1/0)P

+B|>1

which yields (6.13). The proof is complete. O

We are now in a position to prove the well-known isoperimetric inequality. To this
end we shall define the area measure. Suppose 2 C R? with a C! boundary 9Q. Then
the area of Q2 is given by

Q+eB|— R
A(9Q) = liming 2B =10
£l0 €
where B is the unit ball in RP with center 0.

Theorem 6.12. (The isoperimetric inequality) Let Q C RP be a relatively compact
region with a C' boundary 0. Then

A(0Q) A(SP—h)
Q" By b

where SP~! is the unit sphere in D-dimensional space RP. In particular if |Q| =

|By|, then the area of SP~" is smaller than that of dQ, which gives the name of the
isopreimetric inequality when D = 2.

Proof. For every € > 0, by the Brunn-Minkowski inequality, we have

D D
@+eB1| = (121D +[ei[P) = (1Q/P +elBi|b)

so that
Q+eB|— |2
A(9Q) = liminf 2B =19
) €
| 1\ D
(121 +eBils) ~ @]
> lim
&e—0 €
=Dla|" 58|
A SD—l
_ ( 1)|'Q|1_%
|Bi1|'"D
and the proof is complete. O
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By an elementary computation, we know that the area of the Euclidean unit sphere

SP=1in RP equals I_Z(ETD//;), where I'(1/2) = /7, and therefore the volume of the unit
271'D/2

ball B; in R? is %A(SD - = %F(D 7y If D = 2, then the isoperimetric inequality
becomes

A0Q) _
Jia 2

so that
L[> —47A >0

where L and A are the length of the perimeter and the area of a region Q C R2.
From the proof, we have seen that

D
126l = (1217 +¢lB1[? )

7D/

for any compact domain © with C'-boundary, and for any € > 0, where |B;| = % T/

6.3 Isoperimeteric inequality on R”

Like the isoperimetric inequality for Gaussian measures, there is a functional inequality
version for the Lebesgue measure on R?.

Theorem 6.13. For D > 2, we have

o ( [, i)

for any C" function f with a compact support, where

D—1

< [, Vsl (6.14)
RD

1 2 gP/2
CD=D|Bl‘T), ‘Bl|=0)DZ=* DY -
Dr(3)

[The proof is not examinable] 1 shall divide the proof into several lemmas. The
proof we shall present is due to M. Gromov', which is presented in I. Chevel”
The key idea in Gromov’s proof is to construct a bounded vector field F = (Fy,--- ,Fp)
such that o
f P =CfdivF

where C is a constant. The isomperimetric inequality (6.14) is established by integrat-
ing both sides of the equation. Therefore we concentrate on the construction of such
vector field F.

Let h: RP + (0,00) be a positive, integrable function. Define /; : RP — (0,0) by
integrating out the variables (x;,--- ,xp) for j =1,2,---,D. More precisely

hyi(x1,--+,xp) =/ h(zi,--+ ,zp)dz -+ -dzp
]RD

M. Gromov: Isoperimetric inequalities in Riemannian manifolds. In Asymptotic Theory of Finite Di-
mensional Normed Spaces, Lectures Notes Math. 12300, Appendix I, 114-129.
°I. Chevel: Riemannian Geometry: A Modern Introduction. Cambridge University Press (1993).
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and
1 g

yi(xr,--,xp) = m/;w (/RDI h(z1,22,- ,ZD)dzz-~~dzD> dz

which is defined for all x = (x1,---,xp) € RP. Similarly
hj(x,-- ,xp) :/RD—jJrlh(Xh.“ s Xj-1,2j32j+1, »2p)dzj -+ -dzp
and
1 *i

yj(x1,---,xp) = }M/w (/RDjh(th X152y 2y ,ZD)de+1'--dZD) dz;
forj=1,---,D—1, and

hp(x1,---,xp) = / h(x1,--+ ,xp—1,2p)dzp
R

and
1 D
yp(x1,- -, xp) = m/_m h(x1,--+ ,xp-1,zp)dzp,
so that y;(x) is independent of the variables x;,1,---,xp, and k;(x) is independent of
Xj,+++,xp. Hence
oy h. Iv:
¥, (x) = 1) and 3() =0 fori>j
8)Cj /’lj()C) 8)6,‘

where j=1,---,D—1, and
dyp(x) _ h(x)

&xD o I’ZD(X)

for all x € RP.

Lemma 6.14. Suppose h is a positive, integrable and continuous on RP. Let P, be the
transformation x — y(x) = (y1(x),---,yp(x)) defined above. Then ¥, maps RP into
the unit cube of D dimensions:

(0,1 = {x=(x1,-,x4) : 0 <x; < | forall i}.
From the construction of ¥, the following facts can be verified.

Lemma 6.15. If h is positive, integrable and C' on RP, then P}, is differentiable, and
its Jacobi matrix Jy, is of triangle type:

av
Mog 0 - 0
W g ... 0
dx
Jo o PO yD) o
Wy, - D(Xh'" 7XD) * * :
* * x .0
9yp

* * * *

66



(where y; are defined in the previous lemma) and the diagonal elements aa > 0 for

j=1,---,D. The Jacobi of the transformation ¥, is therefore given by

B D dy;(x) _ h(x) _ h(x)
detJ‘Ph(x) - U ajx] o hl(x) B fRDh(x)dx

for x € RP.

We next attempt to generalize this construction to function i = 1p,, the character-
istic function of the unit ball of R?, By = {x e RP : x| < 1}.

Let w, denote the volume of the unit ball in n-dimensional Euclidean space. Define
h; and ®; similarly but only for x = (xi,--- ,xp) € By. That is

hi(x1,---,xp) = |B1| = wp,

wp—1 [ 2 25t
@y (x1,-+,xp) = /](—l,l)(Zl)(l—Zl) dzy,

®p
—j+1
hj(xl,--- ,XD) = Wp—j+1 (1 7)6% 7~~~7X?71)T,
?
wD_j‘ff{"’l{\zjK lfxffmfo;I} (l —x% —...—x?_l —Z?) dz;
cD,i(xlv'” 7XD) = - D—j+1
a)ijH(l—x%—---—x?_l) ’

for j=1,---,D—1, and

hD(-xla"' ,.XD) :wl\/l _x%_"'_ngla

Dp(x1,--+,xp a)l\/l—xl / {\ZD|< —== ﬂcDl}dZD

for x = (x1,--- ,xp) € B; (so that xl 4. +x2D < 1), which defines the transformation
® = (dy,---,Dp) on the unit ball B;.
The following facts are easy to see from these formulas.

Lemma 6.16. 1) ® is differentiable on Bj.
2) The Jacobi matrix of ® is of triangle type, with diagonal elements -~ 8 L>0o0n

B]fOr]— 17"'7
3) ® maps the unit ball By one-to-one and onto the unit cube (0,1)P, and its Jacob
is given by detJgp = ‘B'—” on By.

Proof. One can see easily ® maps B; onto (0,1)P. Since he Jacobi matrix of @ is
given by

1
detJp = m >0 onBy,

so @ is injective on B too. O
As a consequence, we have

Lemma 6.17. The inverse ®~' : (0,1)P + By is differentiable, whose Jacobi matrix is
of triangle type with positive diagonal elements. The Jacobi detJg-1 = |B1| on (0, 1)P.
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Lemma 6.18. Suppose f is a non-negative, C' function on RP. For every € > 0, let
fe(x) = f(x) +eexp(—|xf).

1) fe is positive, C', integrable on RP, and fe(x) — 0 as x — oo.

2) Let he = SD/(Dfl) and F®) = &~ oWp,. Then F© isC', and maps R into B;.
That is, |F'€) (x)| < 1 for every x € RP.

3) It holds that

1
he(x)dx\ P
he = foh) I/D <5 <fRD|Bel(| ) ) fgdivF(s),

(e)
D aF
j=1 axj :

for € > 0, where F(&) = (F1<8)7 . F[ )) divF(®) = yL

Proof. Since f is positive and integrable, so that ¥}, maps R into (0,1)P, so that
FE) — ! oW}, is defined, and maps RP into the unit ball B;. Since both Jacobi

matrices of ®~! and ¥, are of triangle type with positive diagonal elements, so that
<£>< )

the Jacobi matrix of F(€) is of triangle type with 2 >(0fori=1,---,D. Therefore

D 8F(8>
detJgp-1ow, = I 8;0 for x € RP.
i=1 X

For proving 3), we note that, on one hand, by chain rule of derivatives,

dethI) lolP — det.]q> 1detJ\yh€

he
= |B|-—t—.
B e yax

1
7(1 Jpod I detJ\yhS

On the other hand, by the arithmetic-geometric mean inequality, we have

D JF® 1 & oF® 1. b
det.]q) lo\ljh H 8)(’ ~ < Z 8xl > <Dd1VF(8>) .

Combining the previous two inequalities we deduce that

By |e [T
Pt ZgiwF
Japhe(@)dx =\ D"

which yields that

D
he < M <ldivF(£)> )
|B1] D

Therefore

1
he(x)dx\ P
he = fehe l/D < D (fRD ‘;” *) > fediVF<£)

which completes the proof of the lemma. O
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We are now in a position to prove the isoperimetric inequality. Indeed, integrating
over R” the last inequality in the previous inequality, we thus obtain

1 (Jaohe@dr\P
/RDhs(x)dx<D<R|Bl| ) [ Je(x)aivF ) (x)dx

Since feF(€) is C' and fF(€) — 0 as x — oo, s0 that (integration by parts)

/RD div(feF®) =0.
Using the elementary identity
fedivF® = div(f,F©) -V f,.F).
we obtain that

1
D

— | fe(x)divF® (x)dx
D RD

D
1 VLFEY V1. Fe)
= RD(dw(ng ) Vfe-F )

1
b
BRD

phe\ P 1
s(fRBl| ) 5 [ was

as |[F(€)(x)| < 1. Rearrange the terms to obtain

(/R hs(X)dxypl < <|B11|> 5 L, Vol

the isoperimetric inequality follows immediately by letting € | 0.

IN
N N
4%%

S
—|&
N~ N~
o

(—Vfg .F(S))

In comparison with the isoperimetric function for Gaussian measure, the isoperi-
metric function for D-dimensional Lebesgue measure is

1 p
%(s):Da)gs% fors > 0.

In fact, if we define ¢ (t) = | B;| the measure of the ball in R? with radius ¢ > 0, then ¢ is
strictly increasing function on [0, ) so its inverse ¢ ~! is a strictly increasing function
on [0,0). Then one can verify that

U(s)=¢" 0o 1(s) for s > 0.

There is however a difference from the isoperimetric function for Gaussian measure,
the isoperimetric function % (s) depends on the dimension D. In fact we may work out
¢ explicitly which is given by

t 1
¢(t) :/ rDildrdSD—l :lD/ VDildrdSD_l :l‘D|Bl‘
0 0
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and therefore 1

§'(0)=DIBP and 9! (s) = (|) "

|B1

Hence
D—1

U(s)=9"09"'(s) = DBl|<B I) DB bs"E

We apply the isoperimetric inequality to 14, where A is a Borel subset of R”, for
sufficiently small € > 0, define f¢(x) = 1 for x €, f¢(x) = 0 for x such that d(x,A) > €
and f(x) = 1d(x,A) for x ¢ A but d(x,A) < €. Then f; is Lipschitz, fe — 1y as € | 0
and
[{x¢ A:d(x,0A) < €}

€

/RD |Vf£(x)\dx:l£iﬂ)1 = Area(dA).

Therefore
H{x ¢ A:d(x,0A) < €}

S

Z (JA]) < lim
€l0
In particular if A is a regular domain and A; = {x eRP:d d(x,A) < t} for t > 0, then

d
2(Al) < 1Al

;e d
o007 (1A < Al

which implies that and rearrange

1
ST TI(AT |A|>1 fort > 0.
9’00 1(JA ) dt""
Integrating over [0,¢], we then obtain that
A 1 B |
/¢>' A= fy groe i = e (Ao Al 2

and therefore
A >0 (07" (1A]) +1)

for every t > 0.

6.4 Isoperimetric inequality for spheres

The discussion of this section is a toy model for dealing with data sets lying in a low
dimensional surface.
It is maybe useful to introduce the following general notion.

Definition 6.19. Ler (E,d) be a metric space, and let | be a probability measure on
H(E). Then a non-negative, non-decreasing functionl, on [0,1] is called an isoperi-
metric function of W if for every A € B(E)

T (u(A)) < n%nfw

where Ag = {x:d(x,A) < €} for every € > 0.
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Proposition 6.20. Suppose ¢ is a strictly increasing, differentiable function on an
interval J onto [0,1], and suppose 1,, = ¢’ o 0~ is an isoperimetric function of a
probability measure |1 on a metric space (E,d). Then for any A € B(E)

O (1(A)) > ¢ (1(A)) +1

foranyt >0, where A, = {x € E : d(x,a) < t}. In particular if p~' ((A)) +t € J then
we have

H(A) = (07 (1(A) +1).

Let k > 0 be a constant. The sphere SP (k) of D dimensions can be considered as
an embedding sub-manifold of the Euclidean space of RP+! defined by the equation

1

2 2
XA =

the sphere in RP*! with radius ﬁ SP (k) can be considered as a connected manifold

of D dimensions with constant curvature k. SP () carries the induced metric from the
Euclidean space RP*!. That is, the shortest distance measured along great circles. This
metric is called the geodesic distance on SP (k). The diameter of S” (k) measured in
the geodesic distance is %

Let P denote the uniform distribution on S? (k) (D > 2). That is, P is the surface

measure with normalization so it makes a probability measure. Recall that the volume
2(D+D)/2

I'((D+1)/2)°

therefore the measure of the ball with radius s € [0, %] inSP (k) is given by

of the unit sphere SP(1) of D dimensions is sp := (D + 1)wp,1 = and

Sp Vs .. D
VOI(BS) = W o S (t)dt

Remark. The total measure of S?(k) coincides with the measure of the largest
geodesic ball. That is

5D T
VOl(Bn/ﬁ) = W/; SlnD(t)dt.

The isoperimetric function for sphere S (k) is given by
U(s)=¢"0op"(s) forsel0,1]

where ¢ (s) is the measure of the geodesic ball B, under the uniform distribution, i.e.

Vol(By) 1Y,
¢s:7:—/ sin” (r)dt  fors € [0, /],
which is strictly increasing on [0,7/1/k], where Ip = [, sin?(¢)dt, so that
(2n—1)! (2n—1)!
b, = =
G Y TR Ve I L VR
and
P @em)!t 5. nln!
TS o 2n+ 1)

By symmetry, ¢(7/(2v/x)) = 5.
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Theorem 6.21. Suppose A C B(SP(k)) has a C' boundary, then

liminf - Ael = PA] [Ae] —PIA]

minf —~— > % (BlA)).

We shall not prove this theorem, and its proof is not examinable. Hence, if A C
SP(x) is regular with C! boundary, then

so by integrating in ¢ to obtain
o~ (PlA]) = 97! (PIA]) +1

fort > 0 such that 7+ ¢! (P[A]) < 7//K, and for such A and t > 0 we have
PA] > ¢ (¢~ (P[A]) +1)

where ¢ 1 (P[A]) +1 < 7/ /K.

As a consequence we may establish the following Gaussian type decay for the
uniform distribution on SP (k).

Theorem 6.22. Let A C SP(k) such that P[A] > 1. Then

1-PA] < ﬂexp (fK‘th)

for0<t<2f

Proof. We have

P[A]> ¢ (¢1 <;) —|—t> =¢ (2\% +t) = 11D/0§+m sin® (r)dr

forO0 <t < and therefore

NG

1 [T 1 [2
1-PA] < —/ sin® (s)ds = — cos” (s)ds
I Z+Vkt Ip VKt

X2
Now we use the elementary inequality that cosx < e~ 7 forxe [0, 7] and deduce that

V2r 1 /°° 1 _2
=Y=_ e Tds
VD Ip Jxp: V2T
2w 1
_VZ Lyl v
VD Ip
where Z ~ N(0, 1). Here we may use the a trivial estimate v/DIp > 2 and for A > 0
Z>A)< e PP
P> A]< 5e
we may conclude that

N

1-P[A] < exp (—Kth)

4
which completes the proof. O



Suppose t = £/+/k, then

N

1-P[A] < exp (7£2D)

4

which is smaller than § > 0 if €2 ~ — L In§. For example § = 1073 then €2 ~ 5 1n3
which rather small if D is large.
This analysis has an interesting implication. Let A be the semi-sphere, that is, A be

the geodesic ball (centered at any point of the sphere) with radius of the half-diameter
7/(21/x), so that P[A] = 3, and therefore

1-PA] < ” exp (—KtzD)

By symmetry,

PlL]>1- nexp (—KtzD) ~1

for large D and for ¢ > 0 much smaller than half of the diameter, where L C SP (k) is
a large circle. That is, a data set (a sample) with uniform distribution on the sphere
SP(x) shall concentrate about an equator of the sphere SP(x), instead of uniformly
spread over the whole sphere if the dimension of the attributes D is large.

It lK = 2D, that is, for the sphere in RP*! defined by the equation

X xpay = 2D,

then
1-P[A] <exp(—*/2)

forany t < Z+/2D for A with P [A] > % The tail decay coincides with those of Gaussian

measures:
V2 1
1-PlA] < 4ﬂ exp (—2t2>

In this sense, vV2D7 is called observable diameter of a data set.

7 Appendix

In this part we collect several facts about properties of matrices, which are useful in
dealing with high-dimensional data sets.

7.1 Analysis of Lebesgue’s measure

[This part brings together a few useful facts in Analysis, which can be considered as a
general background or general knowledge. These facts can be obtained by using what
you learned in Prelim Analysis and Lebesgue’s Integration Theory (A4 Paper). The
lecturer shall not present this part in lectures, rather you may refer back when we need
them through the course.]

The Lebesgue measure Leb on the Euclidean space R is the unique measure on

(RP, 2(RP)) such that

Leb((al,bl] X X (aD,bD]) = (b1 —al)---(bD—aD)
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forany a; < b; (i=1,...,D), where %(RD) is the Borel c-algebra on RP, the smallest
o-algebra containing all open (hence as well closed) subsets. It is the D-fold product
measure of one dimensional Lebesgue measure. The integral of a Borel measurable
function f against the Lebesgue measure may be written as fRD f(x)dx. In applications
to datasets, the dimension D is rather large, and therefore it is not practical to evaluate
an integral such as fRD J(x)dx unless for very simple functions. Therefore the density
properties of nice functions in LP-spaces are very important, which we shall review
now.

If R C RP is a Borel subset, then the Lebesgue restricted on Z(R) is a called
the Lebesgue measure on (R, %(R)), and we shall use L”(R) to denote the LP-space
L?(R,%(R),Leb) for simplicity, and the L”-norm of a function f on R may be denoted
by [|£[l,, or | fll»() if no confusion may arise.

7.1.1 Density property

Let 2 C RP be an open subset.

A Borel measurable function f is locally L’-integrable on £2, denoted by f €
L (Q), if for every x € Q, there is a ball B(x,r) centered at x with r > 0 such that
B(x,r) C  and fB(x,r) |f1P(y)dy < eo. Clearly f € Lf, () if and only if f is Borel
measurable and [, | f|7(y)dy < e for every compact subset K C €.

If m is an integer, then C"(£) denote the linear space of all functions with con-
tinuous partial derivatives up to m-order, and C*(2) = (,,>; C" (). Recall that if f
is a function on €2, then the closure of {f # 0} is called the support of f, denoted by
supp(f). A function ¢ € C*(Q) is called a test function on £, if its support supp(¢)
is a compact subset of Q, i.e. supp(¢) C Q and supp(f) is compact. The linear space
of all test functions on £ shall be denoted by C=(£2).

Example 7.1. The function ¢(x) = exp(1/(|x|> — 1)) for |x| < 1 and @(x) = 0 for
x| > 1 belongs to Cz(R?), whose support supp(@) is the closed unit ball at 0. @ is
non-negative.

Definition 7.2. A non-negative function o € CZ(RP) with [pp at(x)dx = 1 is called a
smoothing function on RP.

Given a smoothing function & on R”, with a compact support supp(a) inside the
closed unit ball centered at 0, define o (x) = £ Pt (x/€) for x € RP, for every € > 0.
Then o is a smoothing function too, and supp(a) C {x: |x| < €} for every € > 0. If
f is local integrable, then

fel) = [ feyactidy= [ fo)acr—ra

(for every x € RP) is well defined for every & > 0, which is called the convolution f
and o, denoted by fe = f* &te. Then, by using differentiation under integral, justified
by Theorem 2.13, we have the following simple facts:

1) fe € C*(RP) and ﬁf(x) = Jro f(y)ﬁag(x—y)dy for every € > 0 for any
any indices 8 = (B1,---,Bp).

2) If f has a compact support, then suup(fe) C supp(f)e for every € > 0, where
Ag ={x:d(x,A) < e}, where d(x,A) =inf{|x—y| : y € A}.

3) If f is continuous on R?, then f. — f as £ | 0 uniformly on every compact
subset (hence on any bounded subset) K C RP.
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4) If f > 0 then fe > 0 for every € > 0. Similarly, if f < C for some constant,
then f; < C for every € > 0. Hence if f € L*(RP), then f; € C,(RP) the space of all
bounded and continuous functions on R?, and || fe I71l.. for each € > 0.

Hoo —

We show that the function space Cz (R”) is dense in any L” (R”) space, and therefor
CZ () is dense in LP (L) for every p € [1,00]. To this end we begin with the following
fact.

Lemma 7.3. Any continuous function on a closed subset of RP can be extend to be a
continuous function on RP.

Lemma 7.4. (Lusian Theorem) If f is a Borel measurable on R?, then for every § > 0,
there is a closed subset F such that 1) Leb(F¢) < 8, and 2) f is continuous on F.

Proof. Forevery k=1,2,--- and every integer n € Z, set

En,k—{ <f< n+1}.

Then for every k, E, x are disjoint and | J, E, x = R, and therefore there is an positive
integer ny such that

C
o
Leb U En’k < W .
|| <ny

We then for eachn = 0,41, -- -, £ny, choose a closed subset F, ; C Ej, x such that

1)
Y Leb(Eui\Fug) < T

|| <ny

and therefore .

1)
Leb U Fu <t

|| <ny

for every k =1,2,---. Let F; = U\n\ﬁnk F, x which is closed, where F,  are disjoint
closed subset. Define f; on Fj by fi(x) =} if x € F,x. Then f; are continuous, and
|f(x) = fi(x)| < } for every x € Fi. fi is continuous, so is continuous on F = (i, F
and f; — f uniformly on F. Therefore f is continuous on F. O

Corollary 7.5. If f is Borel measurable on RP, then for every 8 > 0, there is a contin-
uous function g on RP such that Leb{f # g} < 8.

Theorem 7.6. Let p € [1,0). If f € LP(RP), then f. € LP(RP) for every € > 0, and
fe — [ in LP(RP). Therefore Cz(RP) is dense in LP (RP) for every p € [1, ).

Proof. First note that for every € > 0, 0, (y)dy is a probability measure, so that, using
the Fubini theorem

p
P_ _
1l = [ | [, 76 e ax

< [, [ 1re=nrasacay

= [, [ 1l dsaesiay = 11
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which implies that fz € LP.
We may assume that f is bounded. For every & > 0, according to the previous

corollary there is a bounded continuous function g such that Leb{f # g} < W.
Then

p
/R (F(x) — g(x)) e —y)dy| dx

Ie=sely=[ |,
= [, [ 176 =gl et —yaa
RD RD

— [, 1160~ glrar < 5.
RD

Therefore we may assume that f is continuous with a compact support, so that f; €
Cz(RP) for all € > 0, and

p
=1l = [ | [, =)= F) ae)y] e
p
=[], rt=en - s abiar| a
RD RD
p
< [ |, r=en =g dvatsyay
Since »
[, e - )| ax< 21l
and

p

/Rn(f(x—Sy)—f(x)) A0 ase 0.

Therefore by Dominated Convergence Theorem,

o

which yields that || fe — f|| , — 0 as € | 0. The proof is complete. O

P
dxa(y)dy -0 asel0

/ (Fle—ey) — £(x))
RD

7.1.2 Generalized derivatives, Sobolev spaces

Definition 7.7. Let Q C RP be an open set, and f € L} (). We say a locally in-

loc N
tegrable function f; is the generalized partial derivative with respect to x' (for i =

1,---,D), if
/ﬁ(x)(p(x)dx:—/f(x)—a.q)(x)dx, forany ¢ € CZ(Q).
Q Q Jx!

In this case f; is denoted by % f (called the generalized derivative of f), if no con-
fusion may arise, and we say the generalized derivative % f is locally integrable.
If in addition, % f is p-th integrable (where p > 1), then we say the generalized
derivative % f € LP(Q). The generalized gradient of f is defined to be naturally

as (%f, N ﬁf), denoted by V f, and we say the generalized gradient V f is locally
integrable (resp. belongs to the LP-space).
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Remark 7.8. 1) Generalized derivatives of a locally integrable function f always ex-
ist as generalized functions (i.e. distributions). The proper treatment of this approach
requires certain preparation and therefore we do not give a general definition of gen-
eralized functions in this book, the reader may refer to K. Yosida: Functional Analysis.

2) The locally integrable function f; in the definition, if exists, then it is unique up
to almost surely. We often say % f = fi in the sense of distribution in this case.

This definition can be generalized to higher order generalized derivatives, which
we shall not discussed further, the reader may refer to standard textbooks such as .

Definition 7.9. Let f be a locally integrable function on an open subset & C RP. Then
we say f € H'(Q) (some authors use W'2(Q) instead), if both f and its generalized
gradient V f belong to the L*(Q), that is, f € L*(Q) and the generalized derivatives

%f € L*(Q). For f € H'(Q), its Sobolev norm is defined to be

2

%f(x) dx.

D
1Al @) = \//Q |f|2(X)dX+;

Theorem 7.10. 1) H'(Q) is a complete metric space under the distanced defined by
the norm ||-|| g1 )-

2) C*(RQ) is dense in H' () under the \[[[ 71 (@) -norm distance.
The proof is left as exercise, see

Definition 7.11. Define H}(R2) to be the closure of CZ () under the the M1 )~
norm distance.

These results can be generalized to measures which are absolutely continuous with
respect to the Lebesgue measure. Suppose pt(dx) is a o-finite measure on (R?, Z(RP))
and p(dx) is absolutely continuous with the Lebesgue measure on R?. That is, there is
a non-negative Borel measurable, locally integarable function p(x) such that p(dx) =
p(x)dx. For simplicity the LP-space over (RP, 2(RP), u) is denoted by LP (). Simi-
larly we shall use H' () to denote the space of all locally integrable functions f, such
that both f and its generalized gradient V f belong to L?(u), equipped with the norm

1y = /112y + IV F B

Then H'(p) is a Banach space, and Cz(R?) is dense in H' (1).

7.1.3 Lipschitz functions

Finally we shall recall several elementary facts about Lipschitz functions. Recall that
a function f on R is Lipschitz, if | f(x) — f(y)| < C|x —y| for every x,y € RP, where

C > 0is a constant. The least C is called the Lipschitz norm of f, denoted by || 1| ;,-
That is
f(x) = fO)]
£ llip = sup :
Lip x#£y |X - y|

Let & be a non-negative smoothing function and ae(x) = e Pa(x/¢) and fe =
[ *ag for every € > 0.
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Lemma 7.12. Let f : RP — R be Lipschitz continuous (with respect to the standard
metric on RP and R. Then fe — f as € | 0 uniformly on any bounded subset, and

IV ellw < N1fliy for every &> 0.

Proof. fe € C*(RP) for every £ > 0. Since f is continuous, so that fe — f uniformly
on any bounded subset of R”. Since

Folxha) = o) = [ (£t ha—y) = Flx =)0}y
for every x and h # 0, and f is Lipschitz continuous, so that

Se(x+ha) — fe(x)
h

<[l [, lalac(s)dy
= Il la

for every € > 0 and & # 0. Letting 7 — 0, we then obtain that
\Vfe(x)-al <||fllLip lal

for every a € RP, which yields that |V fe(x)| < ||f [[Lip for every x and for every € >
0. O

7.2 Inverting a square matrix

Let A = (a;;) be an n x n square matrix. Then its determinant

|A| = detA = Z (=1)%aiq, *+* ne,

cES,

where o runs over the permutation group S, of {1,---,n}, and also 6 =0 or 1 accord-
ing to the parity of the arrangement 6 = {0y,...,0,}.

For every pair (i, j), A;j = (—1)""/ times the determinant of the (n —1) x (n—1)-
square matrix with the i-th row, j-th column delated. Then

n n
detA = Zaiinj = Z aiinj
i=1 j=1
(for every j, resp. for every i). It is known that A is invertible if and only if detA # 0.

In this case the inverse of A, denoted by A~!, is given by

A :

_ AT
detA( i)’

where T labels the transport.
Suppose we write a square matrix A in blocks:

A1l A
A=
( Ay Ax )

where Aj1 and A are square matrices (but not necessary having the same rank).

1) Suppose Ay is invertible, then

1 0 Al Ap 1 —A1_11A12 _ Aq 0
—AnAl 1 Ay Axn 0 I 0 An—AnA;lAn )
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2) Suppose both A and A1 are invertible, then
Al — A (I+ApB 'AnAL!)  —AARB!
—B'AyA]] B!
where B = Ay —A21A1_11A12.

3) If Ay is invertible, then
Apir A\ B ~1
det < Ay A = detAq; det <A22 A21A11 A12)
and, similarly, if Ay is invertible,
An A\ _ _ -1
det ( Ay Ax ) = detAjy, det (A“ A12A22 AZl) .

Lemma 7.13. Suppose A and B are two square matrices, then the non-zero eigenvalues
of AB and BA are the same with the same multiplicity. In particular, tr(AB) = tr(BA).
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