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1 Introduction

A first course on group theory introduces a group as a set with two operations —
multiplication and inversion — satisfying appropriate axioms. However the subject
only begins to come to life when groups act on other sets: it is easier to think of the
symmetric group S, as the group of permutations of the numbers {1,2,...,n} than
as a multiplication table. But these same groups also appear acting on other sets, for
example the symmetric group Sy is isomorphic to the symmetries of the cube, and so
acts on R? by rotations. Such linear actions of groups are frequent in real life. They
are called representations and they are studied side-by-side together with the groups
considered as objects in their own right.

The symmetric groups are finite groups but there are infinite groups such as the full
group of rotations which is what this course is about. Roughly speaking they are
infinite but with a finite number of degrees of freedom: a rotation in R? is given
by an axis (equivalently a unit vector) with two degrees of freedom and an angle of
rotation, making three in all. Or the isometries of R? — two degrees of freedom for
translations and one for rotations making again three. The structure that makes this
a consistent mathematical concept is that of a manifold, and that is what a Lie group
is: a manifold for which the group operations are smooth maps.

Lie groups are very special manifolds, however. If you think, rightly, of manifolds
as higher-dimensional generalizations of surfaces then the only compact, connected
surface which is a Lie group is a torus, and the only spheres which are Lie groups
are those of dimension one and three. So, although we shall have to review the basic
features of manifolds it will be via a viewpoint which is slanted towards this special
case.

Manifolds are also topological spaces and the two examples of Lie groups above are
quite different: the rotation group is compact and the isometry group of the plane
noncompact. The representation theory of compact Lie groups has a lot in common
with that of finite groups, and for the most part this course will deal with compact
groups and their representations.

This is a rich and well-studied area and a 16-lecture course, which also has to prove
the fundamental results, is necessarily restricted in its scope. We introduce roots
and the Weyl group but stop short of studying irreducible representations by highest
weights. This is a beautiful subject and provides a means of reading off information
about irreducibles from combinatorial formulae, but time does not allow us to pursue
that here.

We begin in Section 2 with the basics of manifold theory, as applied to Lie groups.



Section 3 defines the Lie algebra of a Lie group and the exponential map which links
the two. Section 4 deals with Lie subgroups where we prove in particular the useful
result that closed subgroups of Lie groups are Lie groups. Section 5 gives a precise
description of the Lie groups which have isomorphic Lie algebras.

The remaining four sections are about representations of compact Lie groups. Section
6 introduces integration on a compact Lie group, orthogonality of characters and the
Peter-Weyl theorem which shows that every irreducible representation appears within
the Hilbert space of L? functions on the group. Section 7 introduces maximal tori
and proves the crucial result that all such tori are conjugate. We use a proof based
on the degree of a smooth map between manifolds of the same dimension, the higher-
dimensional analogue of the winding number. Given that result, many features follow
rapidly: the Weyl group, roots and weights. Section 8 introduces the representation
ring or character ring and its relation with the action of the Weyl group. The final
section states without proof the classification of simply-connected compact simple
Lie groups. I have also added a concrete description of the exceptional group Gs to
illustrate some of the features encountered within the course.



2 Manifolds

2.1 Definitions

The concept of a manifold starts with defining the notion of a coordinate chart.

Definition 1 A coordinate chart on a set M is a subset U C M together with a
bijection

p:U = ¢U)CR"
onto an open set p(U) in R™.

Thus we can parametrize points x of U by n coordinates p(z) = (z1,...,T,).

Definition 2 A smooth manifold of dimension n is a set M with a collection of
coordinate charts {Uy, Qo }acr Such that

e M is covered by the {Us}aer
o for each o, f € I, po(Uy NUg) is open in R™

e the map
(pﬁgpgl t pa(Ua NUs) = ¢5(Ua NUp)

18 C'*° with C'*° inverse.

Remark: Recall that F(zy,...,2,) € R™is C* if it has derivatives of all orders. In
manifold theory one can have lower degrees of differentiability with different outcomes,
but it is a deep theorem that groups which are manifolds only assuming continuity
of the maps above generates the same theory as asserting smoothness.

A manifold is automatically a topological space. Recall what a topological space is:
a set M with a distinguished collection of subsets called open sets such that

1. 0 and M are open
2. an arbitrary union of open sets is open

3. a finite intersection of open sets is open



For a manifold we shall say that a subset V' C M is open if, for each a, ¢,(V NU,)
is an open set in R"™. It is straightforward to see that this defines a topology, and
furthermore the coordinate charts are homeomorphisms. To avoid pathological cases,
we make the assumption that the topological space is Hausdorff, and has a countable
basis of open sets.

With this definition one can easily see that the product M x N of manifolds is another
manifold where dim(M x N) = dim M + dim N. All you need to do is look at the
product o, x ¢; for charts {U,, ¢u}, {Vi, ¢} on M, N respectively.

Here is the definition of a smooth map between manifolds:

Definition 3 A map F : M — N of manifolds is a smooth map if for each point
x € M and chart (U, o) in M with x € U, and chart (V;, ;) of N with F(x) € V;,
the set F~Y(V;) is open and the composite function

P Fo !

on (=1 (Vi) NU,) is a C™ function.

A smooth map is continuous in the manifold topology.

The natural notion of equivalence between manifolds is the following:
Definition 4 A diffeomorphism F : M — N is a smooth map with smooth inverse.
The composition of two diffeomorphisms is again a diffeomorphism and in particular

Diff (M), the set of all diffeomorphisms F' : M — M is a group, but far too large to
be a Lie group.

2.2 Lie groups
Finally we can define a Lie group:

Definition 5 A Lie group G is a smooth manifold which is also a group and is such
that

e the multiplication map G X G — G

e and the inversion map i : G — G



are smooth maps of manifolds.

Then we have the natural notion:

Definition 6 A Lie group homomorphism ~v : G — H is a smooth map which is also
a group homomorphism.

Examples:

1. The general linear group GL(n,R) of all invertible n x n matrices is the open
subset of the n2-dimensional vector space of all n x n matrices given by det A # 0.
The inclusion GL(n,R) C R" is a single chart: the coordinates are the entries
a;j, 1 <14,j <n of the matrix A. The entries of the product AB are polynomials in
a;j, by and so p is smooth. Similarly the determinant is a smooth function. We can
represent A~! = (det A)~!adj A where A, the adjugate matrix, is the matrix of signed
cofactors. The entries of adj A are polynomials in a;; of degree (n —1) and det A is a
non-vanishing polynomial of degree n so the inversion map, a ratio of polynomials, is
smooth. So G = GL(n,R) is a Lie group (noncompact since det A is an unbounded
continuous function).

2. A standard way to produce manifolds is via the implicit function theorem. A
precise statement is the following:

Theorem 2.1 Let F : U — R™ be a C™ function on an open set U C R"™™ and
take c € R™. Assume that for each a € F~1(c), the derivative

DF, :R"™ — R™

is surjective. Then F~1(c) has the structure of an n-dimensional manifold. Moreover
the manifold topology is the induced topology which is therefore Hausdorff and has a
countable basis of open sets.

In this construction, functions of R*™™ which are smooth restrict to smooth functions
on F1(c). The standard example is the sphere where we take F': R"*' — R to be
F(z) =2f+4---+22,, and ¢ = 1. If n = 1 then the sphere is the unit complex
numbers, which is a group. Moreover complex multiplication (x1 + iz2)(y1 + iys2) is
smooth, as is inversion (z1 + iza) — (z1 — ixq) so the circle is a Lie group.

The 3-sphere is also a group: it is the group SU(2) of 2 x 2 unitary matrices with
determinant one. To see this take
a b
4= (c )

8



If A is unitary then the first row is a unit complex vector so aa + bb = 1. This is the
unit sphere (a,b) € C2. But by unitarity az+bd = 0 and since det A = 1, ad —bc = 1.
Solve these equations for (c,d) and we get ¢ = —b,d = @ so the first row determines
everything. Multiplication and inversion A~! = A* are clearly smooth.

The circle S' and SU(2) are the simplest compact Lie groups and we shall frequently
use them as examples. The circle is abelian but SU(2) is not.

3. The product of m copies of the circle S! is a torus which we shall denote by T™. It
is abelian, and is important since we shall see that every compact Lie group contains
distinguished tori.

4. The standard use of Theorem 2.1 is to the group O(n) of orthogonal matrices: the
space of n x n real matrices such that AAT = 1. Take the vector space R™ of all real
n X n matrices and define the function

F(A) = AAT

to the vector space of symmetric n x n matrices. This has dimension n(n + 1)/2.
Then O(n) = F~1(I).

We have
F(A+ H)=AAT + HAT + AHT + R(A, H)

where the remainder term [|R(A, H)||/||H|| — 0 as H — 0. So the derivative at A is
DF(H) = HAT + AHT
and putting H = KA this is
KAAT + AATKT = K + K"

if AAT =1,i.e. if A€ F~1(I). But given any symmetric matrix S, taking K = S/2
shows that DF) is surjective and so, applying Theorem 2.1 we find that O(n) is
a manifold. Its dimension is n* — n(n + 1)/2 = n(n — 1)/2. The smoothness of
multiplication and inversion follow from that of GL(n, R).

Remark: The role of K in this last example illustrates a particular point about
Lie groups as manifolds. If A was the identity then the derivative would be just
H + HT. What we have done to get K from H is to right-multiply by A~!. In other
words translated back from A to the identity. Here is a point which distinguishes Lie
groups from other manifolds — every point looks like every other one by translation.
In particular once we know we have a manifold, a chart in a neighbourhood of the
identity can be translated to a chart anywhere else on the manifold.

9



5. Here is another chart for O(n). Let S be a real skew-symmetric n X n matrix,
so ST = —S. Then S has eigenvalues which are either complex or zero so I 4+ S is
invertible. Then

((I-SY T+ )Y =+ UI-8"=UT-9)""+29).
But (I +5), (I — S) commute, so this is
I+S)(I-9)"=(I-9(I+S)H

So A= (I—-S)(I+ S)!is orthogonal. Now rewrite this as S(I + A) =1 — A. The
matrix I + A is invertible if A has no eigenvalue —1, and this is a long way from the
identity, so S is uniquely determined by A and we have a chart for a neighbourhood of
the identity. By translation we get similar charts everywhere, with local coordinates
skew-symmetric matrices.

Each Lie group has some natural diffeomorphisms: for a fixed element h € G we have
left translation Lpx = hx. From the smoothness of multiplication this is a smooth
map and it is invertible with inverse Lj-1 of the same form so it is a diffeomorphism.
Since LyLpx = Lgpx this is a homomorphism of groups G — Diff(G). We also have
right translation Ryx = xg and conjugation © — grg~*. Note that R,-1Rj-1x =
xh™tg™' =z(gh)™! so a R,-1 defines an action of G.

2.3 Functions and vector fields

We defined above a smooth map between manifolds. The simplest ones are smooth
maps to R. For example the trace tr A = ). A;; for any of the groups of matrices
above is a natural smooth function. For a rotation in R?, tr A = 1 4+ 2 cos § where 0
is the angle of rotation. But if a function is differentiable we have to know what its
derivative is.

The most convenient way to do this is to generalize the directional derivative of a
function f of several variables
chﬁ
. Z(?SEZ'

— the derivative of f in the direction (cy, ..., ¢,). Since manifolds do not sit naturally
in RY in which the direction is a vector in the ambient space we define a tangent
to a manifold by a linear map with the same formal properties as the directional
derivative.

10



Definition 7 A tangent vector at a point a € M is a linear map X, : C°(M) — R
such that

Xa(fg) = fa)Xag + gla)X.f.

This is the formal version of the Leibnitz rule for differentiating a product, and in a
chart {U, ¢} where o = (x1,...,1,)

X = Leg el ® Yo (5 )1

(2

The tangent space at a € M is the vector space T, M of all tangent vectors at a and
in a coordinate system has as a basis the n tangent vectors

o 0
or1 ), \ 0w ),

Defining the tangent space this way provides an abstract, coordinate-free definition
of the derivative of a map of manifolds:

Definition 8 The derwative at a € M of the smooth map F : M — N 1is the
homomorphism of tangent spaces

DFa : TaM — Tp(a)N

defined by
DFa(Xa)(f) = Xa(f o F)

Concretely, this becomes

DF, (i) () = (foFa)

81’i )
 —0F, Of N9 (9
- X g r@) = 5w ( ayj>F(a)f

J

Thus the derivative of F'is an invariant way of defining the Jacobian matrix. Moreover
the derivative of the composition of two maps is the composition of the derivatives.
This in coordinates is the chain rule.

A particular case is when N = R and then the derivative of a smooth function f,
denoted df, is a linear map from 7, M to R: an element of the dual space 1M called
the cotangent space.

We need the notion of a smoothly varying family of tangent vectors, like the wind
velocity at each point of the earth’s surface. This is provided by the following

11



Definition 9 A wvector field is a linear map X : C°(M) — C*°(M) which satisfies
the Leibnitz rule

X(fg) = f(Xg)+g9(Xf)

so for each a € M the evaluation of X f at a gives a tangent vector. In local coordi-

nates X(f) =3 al) (gﬁ

7

where each ¢;(x) is a smooth function.

Any object like a vector field which is defined intrinsically in a coordinate-free fashion
can be transformed by a diffeomorphism. For a vector field X and F € Diff(M) we
define a vector field F,. X by using the derivative DF;, : T,M — TpyM:

(FX)p@) = DF,(X,).
If F,X = X then we say X is invariant by F. We then define

Definition 10 On a Lie group G, a vector field X is left-invariant if (Ly).X = X
for each g € G, where Ly is the left-translation diffeomorphism.

The left-invariant vector fields are very important. We can construct one by taking
a tangent vector X, € T.G, the tangent space at the identity e € G, and defining

Xy = (DLg)Xe
for then
((Lg)*X)gh = DLg(Xh) = DLg(DLhXe) = D(Lg oLp) X, = DLgh(Xe) = Xgp.

Conversely, if X is left-invariant then (L,),.X = X so X, = DL, X, and this is true
for all g. Thus the vector space of left-invariant vector fields is isomorphic to T,G
and is a vector space of dimension dim G.

Remark: If X! ..., X" is a basis for 7,G then the corresponding left-invariant
vector fields X', ..., X™ form a basis for each tangent space T,G. In particular each
X' is non-vanishing so the Euler characteristic of G vanishes. This is the first evidence
that Lie groups are very special manifolds. The topological consequences are much
stronger since we have not just one but a basis — any vector field can be written

uniquely as
Y=Y
for globally defined smooth functions f;.

12



Taking the example of a vector field as the wind velocity (assuming it is constant in
time) on the surface of the earth, we can go further to say that a particle at position
x moves after time ¢ seconds to a position ¢;(x). After a further s seconds it is at

Pris(r) = ps(pe(T)).

What we get this way is a homomorphism of groups from the additive group R to
Diff(M). Since Diff (M) is not a Lie group we can’t use our definition of a smooth
map but the technical definition is the following:

Definition 11 A one-parameter group of diffeomorphisms of a manifold M is a

smooth map
o MxR—>M

such that (writing ¢i(x) = p(x,t))
e v, : M — M is a diffeomorphism
o g =1d
® Pstt = Ps © Pt

To a one-parameter group of diffeomorphisms we can associate a vector field: given
vy and f a smooth function, then for each a € M

flgu(a))
is a smooth function of ¢ and we write
9
ot
It is straightforward to see that, differentiating a product with respect to t, the

Leibnitz rule holds and since ¢q(a) = a this is a tangent vector at a. So as a = x
varies we have a vector field. In local coordinates we have

(%(G))h:o = Xa(f).

or(T1, .. xn) = (y(x, t), .. yn(z, )

and

0 _ af | Oy
il ) = 5 G W

- Y@

2

13



which yields the vector field

We now want to reverse this: go from the vector field to the diffeomorphism. The
first point is to track the “trajectory” of a single particle.

Definition 12 An integral curve of a vector field X is a smooth map of an interval
v: (o, 8) C R — M such that
d
D"/ (E) = X’Y(t)‘

In a coordinate chart (U, ¢) around a then if

X = Zc&:z)%

the equation for 7 to define an integral curve can be written as the system of ordinary

differential equations
dii

dt

The existence and uniqueness theorem for ODE’s asserts that there is some interval
on which there is a unique solution with initial condition

(21(0), -, 2n(0)) = ¢(a).

= CZ‘(SL’l, .. .,LEn).

A further theorem on ODEs says that in a suitably small neigbourhood the solution
has smooth dependence on the initial conditions. The curve v then depends on the
initial point = and we write v(t) = ¢;(z) where (¢,2) — ¢;(z) is smooth. Now
consider ¢; o @ (x). If we fix s and vary ¢, then this is the unique integral curve of X
through ¢4(x). But ¢, s(z) is an integral curve which at ¢ = 0 passes through ¢,(z).
By uniqueness they must agree so that ¢; 0¢s = 5. (Note that ¢, 0@y = id shows
that we have a diffeomorphism wherever it is defined).

Our conclusion is that we have the group law for these diffeomorphisms but only for
s,t,x in a small neighbourhood.

Example: Take M to be the one-dimensional manifold (0,00) C R and X = d/dz.

Then the ODE is
dt

14



and so ¢y(x) = t + = and this is only defined for ¢ > —z. On the other hand if we

take X = zd/dx we have
dz

E ==
and o, (r) = e'x which is positive if x > 0 and so is defined for all .

X

In fact Azd/d(Ax) = xd/dz. If we regard (0, 00) as a Lie group with multiplication of
positive reals as the operation, then this says that X is left-invariant. Moreover if we
set x = 1, the identity element, then the integral curve (1) = €’ is a smooth map
from R to (0, 00) which is a group homomorphism.

The example above is true more generally:
Theorem 2.2 Let G be a Lie group and X a left-invariant vector field. Then

e the integral curve ¢i(a) through a € G exists for allt € R

e when x = e (the identity element)
vile) :R— G
15 a group homomorphism

e any Lie group homomorphism v : R — G arises this way

Proof: (i) First note that if ¢,(a) is an integral curve for X through a € G then
gpi(a) is an integral curve through ga. This holds because

Donta) () = Ko
and so, because X is left-invariant,
(DLg)gu(a) © Dy (%) = (DLg)puz)(Xei(2) = Xgpu(a)-
But by the chain rule the left hand side is

D(LgSOt) (%)

which shows that Ly, is an integral curve, and since ¢y(a) = a, Lypo(a) = ga.

15



This gives us two facts: the chart on which we have local existence and uniqueness
can be shifted around by left translation to give the same result in a neighbourhood
of any point; and if ¢ € (—e¢, €) is the interval on which the existence theorems work,
the same interval works for any of these neighbourhoods.

Consider now the curve
% = @e/?(a)a_lgpt—e/Q(a)-

This is well-defined for ¢t € (—€/2,3¢/2) and when t = €/2, ¢y = ¢ p(a)ata =
@e/2(a). It defines an integral curve because it is a left-translate of an integral curve.
However, it agrees with ¢, at t = ¢/2 and so by uniqueness it extends the solution
to the larger interval (—e, 3¢/2). Continuing in this way at both ends of the interval,
suppose that (a,b) is a maximal interval on which ¢;(a) is defined. Then if b is finite
we have a solution on (a, b—e€/4) but then the same argument extends it to (a,b+e€/4)
giving a contradiction. So the integral curve is defined for all ¢t € R.

(ii) If pi(e) is the integral curve through e, then consider ¢ (e)p:(e) (group multipli-
cation) for fixed s. Since pg(e) = e, ps(e)ypi(e) and pg.4(e) agree at t = 0. Moreover
ws(e)pi(e) is left translation by g = ps(e) and is therefore an integral curve of X.
From uniqueness we must then have ¢ (e)gi(e) = psii(e) and a group homomor-
phism.

(iii) If v : R — G is a Lie group homomorphism then R(,)-: (the right action
¢i(x) = xy 1(t)) is a one-parameter group of diffeomorphisms. Since (gx)h = g(xh),
left and right actions commute. So the one-parameter group ¢, commutes with all
left translations. The vector field obtained by differentiation with respect totatt =0
is therefore left-invariant. From part (ii) we see that the integral curve through ¢(e)
is ps(€e)pi(e) i.e. right multiplication by the group so this is obtained by the same
process.

O
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3 Lie groups and Lie algebras

3.1 The Lie bracket

We saw in the previous section how a one-parameter group of diffeomorphisms on a
manifold gives rise to a vector field by

0
5/ (#e(@))le=0 = X f(2).

We can do the same with vector fields, namely use the diffeomorphism ¢, to transform
the vector field Y into (¢;).Y and differentiate at ¢ = 0. If this sounds worrying —
differentiating a map from R into the infinite-dimensional space of vector fields — just
note that these are vector fields with a parameter ¢ so we are just differentiating a
tangent vector at each point:

i

The result is called the Lie derivative of Y in the direction X, denoted by LxY . From
the action of diffeomorphisms on vector fields we have

(00)Y (f(pr(2))) = (Y [)(pr())
and differentiating at ¢ = 0 we obtain
(LxY)f+YXf=XYF.

Thus, as operators on the space of smooth functions we have LxY = XY — Y X.
This is also denoted by [X, Y] and called the Lie bracket of two vector fields. (One
can also check directly that [X, Y] satisfies the Leibnitz formula which characterizes
vector fields, but we have given here a more general context for this.)

Example: In R™ we have

N P S -
Ox; Ox;| " Ox;0r; Ox;0r;

for all f so the Lie bracket of these standard vector fields vanishes.

Remark: If [X,Y] = 0 more generally, then 0(psi+).Y /0t =0 at t = 050 ((¢s)«Y )a
is the value Y at yg(a). In other words the one parameter group ¢; defined by X
preserves the vector field Y. This means the integral curve ¢;(ps(a)) of Y through
ps(a) is the transform ¢,(1)4(a)) of the integral curve through a. In other words the
two one parameter groups commute, at least where they are both defined.

17



Expanding all terms [X,Y] = XY — Y X and cancelling pairs one can easily see that

[Xv [Y7 Z]] + [Y, [Z’X]] + [Z7 [Xv Y]] = 0.

Now suppose we consider a Lie group and X,Y are left-invariant vector fields. In
Theorem 2.2 we saw that the one-parameter group for X consists of right multiplica-
tion so (¢y).Y is left-invariant, and differentiating at ¢ = 0 we see that the Lie bracket
[X, Y] is also left-invariant.

Definition 13 A Lie algebra is a vector space V with a map [, |: V xV — V such
that
e the bracket [, | is bilinear

o [X,Y]=-]V,X]
o Jacobi’s identity holds: [X,[Y, Z]| + [Y,[Z. X]] + [Z.[X,Y]] = 0.

So we see that the left-invariant vector fields on a Lie group G form a finite-dimensional
Lie algebra g.

Example: Take G = GL(n,R). This is an open set in R™ and so the tangent space
at any point can be considered as an element in this vector space. In particular, the
Lie algebra of GG is isomorphic to the tangent space at the identity 7} so it may be
considered as the space of all n x n matrices. We need the Lie bracket, so take the
matrix C' to lie in the tangent space at the identity. Then AC, the left translate by
A, is the value of the corresponding left-invariant vector field Y at A € GL(n,R).
To compute the Lie bracket we need to right multiply by v~! for a homomorphism
v:R—G.

For an n x n matrix B define

12 t3
exptB:]+tB+§B2+§Bg+...

Using the usual estimates ||AB|| < ||A]|||B|| one can show that this is a smooth map
from R to the space of matrices and it is invertible with inverse exp(—tB). It is a Lie
group homomorphism v : R — GL(n,R) and

0
5 &P tBli—y = B.

18



Right multiplying by 7! gives AC exp(—tB) so this is the value of the vector field
(04).Y at Aexp —tB where the diffeomorphism ¢, is ¢;(g) = g7~ 1(¢). Left-translating
back to the origin gives

(Aexp(—tB)) 'AC exp(—tB) = (exptB)C(exp(—tB)) = [ +t(BC — CB) + . ..

Differentiating at t = 0 we see that LxY = [X, Y] is the left translate of the commu-
tator BC' — CB.

So for GL(n, R) the Lie algebra is the space of n x n matrices with [A, B] = AB— BA.
Virtually all our examples are subgroups of GL(n, R) where the same picture holds.

3.2 Examples of Lie groups

1. SL(n,R)

The special linear group is the group of n X n matrices with determinant 1. It is
non-compact since tr(diag(A\,\"1,1...,1)) = A+ X ' so tr : G — R is an unbounded
continuous function. To prove this is a manifold we view it as det™'(1) for the real-
valued smooth function det on the space of n x n matrices. To use the implicit
function theorem, as in the case of O(n), it suffices to work at the identity and

det(/+ H)=1+tr H+ R(H)

for a remainder term where |R(H)|/||H|| — 0. The tangent space at the identity is
the kernel of the derivative map, the space of matrices of trace 0 and this is the Lie
algebra. The Lie bracket is again the commutator of the matrices. We could also use
the complex numbers to obtain SL(n, C).

2. SO(n)

The determinant of an orthogonal matrix is +1 and det is continuous, so O(n) is
not connected as a topological space. The group SO(n) the special orthogonal group
is the subgroup with determinant +1. In fact SO(n) is connected and is the con-
nected component of O(n) which contains the identity. This can be seen be using the
eigenvalues of A € SO(n), which are either &1 or complex conjugates e*.

If A preserves a subspace V' C R"™ then it preserves the orthogonal complement.
Suppose it has a complex eigenvalue €% with eigenvector v. Then there is a real
invariant 2-dimensional subspace spanned by the real and imaginary parts of v and

A acts as
cosf; sinf;
—sinf; cosb;
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Then
costl; sintd;
(— sintf; cos t9j>
with ¢ € [0, 1] connects A in SO(n) to a matrix which is the identity on this subspace.
Continuing this way, we end up with A" € SO(n) with eigenvalues +1. But det A’ =
so there is an even number of —1s. But then note that ¢; = 7 in the above works the

same way for every 2-dimensional eigenspace with eigenvalue —1. So we can connect
to the identity.

The Lie algebra is the space of skew symmetric matrices with commutator as bracket.

This group is compact: in fact each row of an orthogonal matrix has unit length and
so O(n) is a closed subspace of the product of spheres 57! x - -+ x "1 ¢ R™ which
is closed and bounded hence compact.

Instead of the Euclidean positive definite bilinear form (, ) we can take one with
p positive terms and ¢ negative ones, and then the group of matrices such that
(Ax, Ay) = (z,y) is denoted O(p,q). This group is noncompact and there may be
more than two components in this case.

3. Sp(2m, R)

This, the real symplectic group, is the group of 2m X 2m matrices preserving a nonde-
generate skew-symmetric bilinear form ( , ), i.e. (Ax, Ay) = (z,y). It is noncompact.
If (z,y) = > Bjjz;y; for some basis and skew-symmetric matrix B, then C' is in the
Lie algebra if (Cz,y) + (z,Cy) =0 or CT"B + BC = 0. But

(BC)' =C*BY = -C"B = BC

and hence the Lie algebra is isomorphic to the space of symmetric 2m x 2m matrices
S. If S = BC,T = BD then the Lie bracket is B(C'D — DC').

3. U(m)

The unitary group is the group of unitary m x m matrices, i.e. A* = AT = A~1,
This is compact and connected by a similar argument to SO(n). Its Lie algebra is
the space of skew-Hermitian matrices C* = —C'. The determinant is now a Lie group
homomorphism to the unit complex numbers, another Lie group.

3. SU(m)

The special unitary group is the subgroup of U(m) for which det A = 1. Its Lie algebra
is the space of skew-Hermitian matrices of trace zero.
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3.3 The adjoint representation

If V' is a vector space (real or complex) then Aut(V') is the group of invertible linear
transformations from V' to V. By choosing a basis it is isomorphic to either GL(n,R)
or GL(n,C) where n = dim V.

Definition 14 A representation of a Lie group G on V' s a Lie group homomor-
phism G — Aut(V).

All our examples above come with a particular representation — they are defined as
subgroups of Aut(V') for V.= R" or C" for some n. But for any Lie group we can
take V' = g to be the space of left-invariant vector fields and the action of right
translation makes this a representation of G. It is called the adjoint representation.
For GL(n,R) it has dimension n? — much bigger than the defining representation —
but for some groups (especially one called Eg of dimension 248) it is the smallest
non-trivial representation. The action of g on X € g is denoted by

Adg(X).

Since X is left-invariant we can also consider the right action as the conjugation
action:
Adg = (Lg)«(Ry-1):X

and conjugation C,(x) = gzg~' fixes the identity so identifying g with 7, the adjoint
action can also be written
DC, T, —T..

In particular, if v : R — G is a homomorphism with tangent vector X at e, then
gv9~ ! has tangent vector Adg(X).

In this case the representation space has the extra structure of the Lie bracket and
we need to know whether Ad(g) preserves this. So given left-invariant vector fields
X,Y let v be the homomorphism determined by X then

0 0
[Adg(X),Adg(Y)] = a(R(gvg‘l)‘l)*(Rg‘l)*y|t=0 = E(Rg‘l)*(Rv‘l)*Yh:O

and the right hand term is
0
(Rg—l)*a(R’y—l)*Yh:O = Adg([X7 Y])
Consider now the homomorphism of Lie groups Ad : G — Aut(g). The group Aut(g)

is just the invertible linear transformations from g to itself. The tangent space at I is
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all such linear transformations End(g). The derivative at the identity of Ad is then a

linear map
D Ad, : T.(= g) — End(g).

The Lie bracket [X,Y] of left-invariant vector fields is the derivative at t = 0 of
(R,-1).Y where v is the one-parameter subgroup which is an integral curve of X.
Since the adjoint action is right translation on left-invariant vector fields (D Ad.)X.
is the directional derivative of (R,-1) at the identity, which is [X,Y].. This endomor-
phism of the Lie algebra is denoted by ad X so that

ad X (V) = [X,Y].

Examples:

1. If G = GL(n,R) then the Lie algebra is the space of all n x n matrices X and
AdA(X)=AXA"'. And then ad X(V) = XY — Y X.

2. Take G = SO(3), the Lie algebra is the 3-dimensional space of all 3 x 3 skew
symmetric matrices. Recall the vector cross-product

ax b = ([lal|[b]sin f)n

where n is a unit vector orthogonal to a and b and such that a,b,n has a right-
handed orientation and 6 is the angle between a and b. If A € SO(3), it preserves
lengths, angles and orientation and so

A(a x b) = (Aa x Ab).

Now x — a x x is skew-symmetric with respect to the symmetric bilinear form x -y
since

(axx)-y=l[axy]

which is skew in all its entries, so we can describe the Lie algebra as vectors a € R?.
Then for A € SO(3)

AdA(a)(x) = A(a x A 'x) = Aax AA 'x = Aa x x
and the adjoint action is just the usual action on vectors. So

ada(x) =a x x.

We saw above that Ad g preserves the Lie bracket on g. This is part of a more general
fact:
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Proposition 3.1 Let ¢ : G — H be a Lie group homomorphism, then the linear map
Dy, : T.G — T.H preserves the Lie bracket.

In other words Dy defines a homomorphism of Lie algebras g — . The case of Ad
is the conjugation homomorphism ¢ : G — G for p(x) = grg™'.

Proof: Take Y, € TG.. Then (L,).Y. is the left-invariant vector field Y defined by
Y.. Given X, € T,G let v be the one-parameter subgroup tangent to X, at e. Then

at g € G by definition

[X7 Y]g = %(Rwl)*([/g)*ye-

Now apply Dy. The chain rule for derivatives shows that

0

Do([X,Y]g) = 5 (Rom=1)e(Lig) ) De(Ye)li=o- (1)

Then (Lyy))«Dpe(Y2) is the left-invariant vector field Y on H defined by Dy, (Y,) at
the point ¢(g).

Evaluating (1) at ¢ = 0 we get on the right hand side [X, Y],(,) where X is the vector
field with tangent Dy.(X.) € T.H. Take g = e and we obtain

DSO([X7 Y]e) = [Xv }7]6
as required. O
Remark: In the case of the adjoint representation Ad : G — Aut(g) this derivative

was ad. The Lie bracket on End(g) is just the commutator of linear transformations
so from Proposition 3.1 we must have

adXadY —adY ad X = ad[X,Y].

Apply this to Z and it is equivalent to the Jacobi identity.

3.4 The exponential map

We defined the exponential of a matrix above:

1 1
expB=I+B+§B2—I—§BB+....

This is a smooth function from the space of n X n matrices to the invertible ones:

from the Lie algebra of GL(n,R) to the Lie group. There is a generalization of the
to an arbitrary Lie group:

23



Definition 15 The exponential map  for a Lie group G s the map exp : T.G — G
defined by

eXp(Xe) = 7(1)

where (t) is the one-parameter subgroup with tangent vector X, at the identity.

The map exp is smooth. More explicitly it is the composition of X, — (1,e, X,) €
RxGxT, with (t, g, X¢) — (L,)+7x(t) and the latter is smooth by smooth dependence
of solutions to ODEs on initial conditions.

It is also a local diffeomorphism by the inverse function theorem, for the derivative
at 0 € T, in the direction X, is by definition X, so Dexp, = id. It gives therefore
a natural local coordinate system near the identity and by translation we get similar
coordinate neighbourhoods at all points.

Examples:

1. For the unit complex numbers, S!, the exponential map is z + ¢?™*. This is a
diffeomorphism for x € (0,1) but of course exp~!(1) = Z C R, so it is not a global
diffeomorphism. It is surjective however.

2. If G = SU(2), the exponential map is surjective (in fact for any compact Lie
group) but note that skew-hermitian matrices of the form

ia b
B = (—E —ia)

satisfy B% = —1 if a®> +bb = 1. So, following the usual algebra of ¢’ = —1, we obtain
expmB = —I and the inverse image of —1 € SU(2) is a 2-dimensional sphere inside
a 3-dimensional sphere.

3. If A = exp B then (exp(B/2))*> = A so A has a square root. If G = SL(2,R)
and A = diag(\, A™1) where )\ is negative and not —1, then A has no square root and
hence is not in the image of exp. This can be seen by looking at

a b
o= (¢ 1)
with ad —bc = 1. If C* = A then b(a +d) =0 and a® +bc= ). So b # 0 since A < 0
hence a +d =0 and 1 = —a? — bec = —\.

The exponential map intertwines the associated homomorphisms of Lie groups and
Lie algebras:
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Proposition 3.2 Let ¢ : G — H be a Lie group homomorphism, and let Dy, :
T.G — T,H be its derivative at the identity. Then

exp(Dye(Xe)) = p(exp Xe).

Proof: A one-parameter subgroup with tangent X, maps under ¢ to a one-
parameter subgroup with tangent Dp.(X,). O

It also tells us that a homomorphism ¢ : G — H of Lie groups is determined by Dy..
This needs another result:

Proposition 3.3 Let V C G be an open set containing the identity, and suppose G
s connected. Then every element of G is the product of a finite number of elements
in V', together with their inverses.

Proof: Since left translation is a homeomorphism each set gV is open. Let F' C ¢
be the subset obtained from products and inverses in V', and g € F. Then gV C F
since we are multiplying on the right by a further element of V. This shows F' is
open. Now if g lies in the closure of F', the open set gV intersects F' in some point h,
but then g = hv~=! for some v € V and g € F. Since F is open and closed and G is
connected F' = G. O

It follows that a homomorphism ¢ : G — H is determined uniquely by its restriction
to V. But there exists V' such that the exponential map is a diffeomorphism from an
open set in T, onto V' and further exp(Dy.(X.)) = p(exp X.). This means that ¢ on
V' is uniquely determined by De.,.

Remark: The above result does not say that a Lie algebra homomorphism g — b
defines a Lie group homomorphism G — H. For example, take the following basis
for the Lie algebra su(2):

(60 (%) ()

These satisfy [X,Y] = 2Z,[Y, Z] = 2X,[Z, X] = 2Y. Recall that the Lie algebra
50(3) could be identified with R? and the action x — a x x and then [a,b] = a x b.
So putting X = 2i,Y = 2j,Z = 2k using the standard basis for R?, we get an
isomorphism of Lie algebras.

But SO(3) is not isomorphic to SU(2): the matrix —I € SU(2) commutes with
everything but there is no such rotation in SO(3).
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The exponential map is however useful in describing abelian Lie groups:

Theorem 3.4 Let G be a connected Lie group, then

e exp: g — G is a group homomorphism if and only if G is abelian

e G is abelian if and only if it is isomorphic to T" x R* where T" is the r-
dimensional torus.

Proof:

(i) Since the additive group g is abelian, if exp is a homomorphism then
exp(X)exp(Y) =exp(X +Y) =exp(Y + X) = exp(Y) exp(X).

So since exp is a diffeomorphism near 0, there is a neighbourhood V' of e all of whose
elements commute. Now apply Proposition 3.3 using the fact that G is connected.
Finite products of elements in V' must commute, so G is abelian.

Conversely suppose G is abelian then the multiplication map p: G x G — G is a Lie
group homomorphism, since j(g1h1, g2ha) = gihi1gaha = g1gahihe. But Du(X,Y) =
X 4Y so from Proposition 3.2 exp(X +Y) = exp(X) exp(Y).

(ii) From (i) any element is a product of terms exp(+X;) where each exp(£X;) € V,
but since exp is a homomorphism these are of the form exp(+X; £ X5 --- £ Xj) and
hence exp is a surjective homomorphism. We need to identify the quotient group
G = g/K where K is the kernel of exp.

Since exp(A 4+ X) = exp(A) exp(X) and exp is a local diffeomorphism at 0, it is a
local diffeomorphism at every point, in particular at A € K, the kernel of exp. This
means there is a neighbourhood of A € g which only intersects K in the point A. We
need now to identify the structure of K, an additive subgroup of R".

Let r be the dimension of the vector subspace spanned by K, and choose r linearly
independent elements wy, ..., w, € K. Consider the set

F={reK:z=xuw+ - +zw0,0 <z <1}

This is closed, bounded and hence compact, but each point has a neighbourhood which
contains one point of K. By compactness this open covering has a finite subcovering
and F' therefore must be finite.

For each 1 < i < r choose v; = z;w; + - - - + x,w, with z; > 0 and minimal. These are
clearly linearly independent and so any v € K can be written as v = A\jv1+- -+ \v,.

26



An integer linear combination of v; lies in K so taking the integer part [\;] we see
that v/ = (A, — [M))vr + -+ + (A — [\])v. € K. Suppose for a contradiction that
some (A, — [A\;]) (which is non-negative of course) is not zero, and choose a minimal
index 7. Then

V=N = NDwj 4 € F

which contradicts the minimality in the definition of v;. Hence each \; is an integer
and K consists of all integer linear combinations of vy, ..., v,.

Extend this to a basis vy,...,v, of g and then the map
n
2mixy 2miT,
E zv; — (e ,...,€ Lty ey L)
1

gives an isomorphism of G = g/K to T" x R"™". O

The exponential map, even for matrices, does not behave as well as the exponential of
real or complex numbers. In particular if A and B don’t commute then exp(A+ B) #
exp Aexp B. Nevertheless, it is a local diffeomorphism so there is a local inverse which
we could call log. So for any Lie group we could take A, B € g sufficiently small, and
ask for

log(exp Aexp B) € g.

This is a passage from two elements in the Lie algebra to a third, and it is a natural
question to ask whether there is a formula for this entirely in terms of the algebra of
¢ together with its bracket. There is, and it is called the Campbell-Baker-Hausdorff
formula and involves just the operation ad X (Y') = [X,Y]. We shall not need it later
but here is one explicit (at least in a sense) formula. Define

The coefficients are Bernoulli numbers, important in number theory and algebraic
topology. Then

log(exp X expY) = X + (/1 W(exp(ad X) exp(t ad Y))dt) Y.
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4 Submanifolds, subgroups and subalgebras

4.1 Lie subgroups

In group theory, a subgroup of GG is simply defined as a subset closed under the op-
erations of multiplication and inversion. Since Lie groups have the extra structure of
being manifolds we need to address the definition of submanifolds. However, we shall
prove theorems that show us how fairly minimal assumptions allow us to recognize
Lie subgroups.

As far as manifolds are concerned there are two notions of submanifold related to an
injective smooth map of manifolds F': M — N. If the derivative DF' is injective at
each point, it is called an immersed submanifold. If, further, the induced topology
from N on F(M) is the manifold topology of M then it is called an embedded sub-
manifold. There are various features that can cause an immersed submanifold to fail
to be embedded but here is one that is particularly relevant for us.

Example: Define F : R — S! x St by
F($) — (€2m'a:’ e27ron‘x)

where « is an irrational number. This is a homomorphism of Lie groups with injective
derivative. The map is injective because the kernel requires r € Z and ar € Z.
However, a can be rationally approximated by | —m/n| < 1/n? for arbitrarily large
n which means that e*™® can be made arbitrarily close to 1. So in the induced
topology, any neighbourhood of the identity contains arbitrarily large values of z,
which is definitely not the topology of R.

An embedded submanifold of dimension m can be described in a coordinate neigh-
bourhood as F'~'(¢) where F' is a smooth function U C R® — R"™™ with surjective
derivative as in Theorem 2.1. So O(n) for example is an embedded submanifold of
R™. The example above shows that we cannot discuss Lie groups without encoun-
tering immersed submanifolds.

Definition 16 A Lie subgroup is a Lie group H which is a subgroup of G and is such
that the inclusion j : H — G s a Lie group homomorphism.

The point here is that the induced topology on H C G may not be the manifold
topology of H.
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Examples:

1. Given a 1-parameter subgroup v : R — G its image R/ Ker~ (which is either R
or S by Theorem 3.4) is a Lie subgroup.

2. The kernel of a Lie group homomorphism ¢ : G — G’ is a Lie subgroup. In
this case it does have the induced topology. Since it is closed this will follow from
Theorem 4.1.

3. If a Lie group is not connected, then the component containing the identity is an
embedded Lie subgroup.

For Lie algebras we have

Definition 17 A Lie subalgebra is a vector subspace ) C g which is closed under the
bracket operation.

and clearly given a Lie subgroup j : H — G, Dj : h — g is a Lie subalgebra.

4.2 Continuity and smoothness

These are the definitions, but life is made easier by the following:

Theorem 4.1 Let G be a Lie group. A subgroup H is an embedded Lie subgroup if
and only if H is closed.

The point to note here is that H is not assumed to be a Lie group, simply a (topologi-
cally) closed subset which is (algebraically) closed under multiplication and inversion.
In particular, it tells us that all those examples of subgroups of GL(n,R) that we
gave are Lie groups, without using arguments like that given for O(n).

Proof:

(i) If H is embedded it is given in a coordinate neighbourhood of the identity as £~ (c)
then let B be a closed ball containing the identity so that, F' being continuous, H N B
is closed. There is another such neighbourhood B! consisting of the inverses of
elements of B. We want to show that H itself is closed.

Take y € H then there exists z € yB~' N H which implies y € B N H and hence
'y € BN H since v € H. But BN H is closed so 7'y € BN H and 7'y € H
hence y € H and H is closed.
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(ii) Now assume that H is closed. We need to construct first a tangent space for H
and then a Lie group. Let log denote the local inverse of exp at the identity, defined
on U C G. Then if U' = U N H we need V' = log(U’) to be a neighbourhood of 0 in

a vector subspace of T,G.

Consider a sequence v, € V' such that v, — 0. Normalize v,/||v,|| and we have a
sequence on the unit sphere, which is closed and bounded hence there is a subsequence
converging to X. Consider such sequences and the tangent vectors X which they
generate.

Since ||v,]| = 0, given t # 0 € R, |t|/||vn]] — oo. Let m,, be the integer part [t/||v,]|],
then m,||v,|| — ¢. This means

exp(myvy,) = exp(ma||vn || (va/[[vnl])) — exp(tX). (2)

On the other hand each term exp(v,) lies in H. Considering the one-parameter
subgroup in G with tangent vector v, we know that exp(m,v,) = exp(v,)™ and
since H is a group this implies exp(m,v,) € H. Equation (2) then says that exp(tX)
lies in the closure of H. But H is assumed closed so exp(tX) € H.

We want to show that the X's produced this way form a vector space. Multiplying by
a scalar is just rescaling ¢ above, addition is the problem. Take X and Y and consider

0(t) = log(exp(tX) exp(tY)).

Since exp(tX) and exp(tY') lie in H, for small ¢ we have ((t) € V'. Take v,, = ¢(1/n)
then v, — 0 and
nv, = (0)=X+Y

since Dp(X,Y) =X 4+ Y where u: G x G — G is the multiplication map. Finally

un/llonll = (non)/ (allon]) = (X +Y)/[[ X + Y.

We therefore have a vector space W C T, defined by sequences as above and such
that exp(X) € H if X € W. We need to show that this is in some sense the largest
possible. So using an inner product decompose T, = W & W+ and consider the map
Y(w,v) = exp(w) exp(v) for w € W and v € W, Suppose ¢ (w,v) lies in H then
since we have just shown exp(w) does, we also have exp(v) € H. Now repeat the
process above with a sequence of such vs. Then v,,/||v,|| will converge to a unit vector
u € W+, But also by definition v € W which is a contradiction. Hence v = 0.

The map log 1 gives a local coordinate system in which H is defined as the kernel of
projection onto W+ and so is an embedded Lie subgroup. O
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Example:

1. The centre of a group G is the (normal, abelian) subgroup of elements that com-
mute with every element of G. For a fixed element h in a Lie group G the map
g~ ghg 'h™! is continuous and so the inverse image of e is closed. This consists of
the elements that commute with h. The intersection for all A is the centre which is
closed and hence an embedded Lie subgroup.

2. If H is compact, and ¢ : H — G injective then H is an embedded subgroup.

This theorem has a useful consequence:

Theorem 4.2 A continuous group homomorphism between two Lie groups is smooth
and hence a Lie group homomorphism.

Proof: Let ¢ : G — H be a continuous group homomorphism and consider the
graph
I'={(g.0(9)) € G x H}.

Since manifolds are Hausdorff, the graph is closed and so by Theorem 4.1 it is a Lie
group with a smooth homomorphism to G x H. The projection 7 from I' onto the
first factor G is smooth because it is the restriction of a smooth map G x H — G to
[. It is moreover a homeomorphism with inverse g — (g, ¢(g)).

Now if D, had a non-trivial kernel, the exponential map would define a one-parameter
subgroup which mapped to the identity in GG. Since 7 is a bijection this does not hold,
so D, is an isomorphism. By the inverse function theorem this means that 7! is
smooth and so defines a Lie group isomorphism between I' and G.

Now the projection from I' to the second factor H is smooth and composing with 71
this is the homomorphism . O

4.3 Subgroups versus subalgebras

If H is a Lie subgroup of G then its Lie algebra b is a subalgebra of g. What about
the converse? Is every Lie subalgebra tangential to a Lie subgroup? The answer is:

Theorem 4.3 There is a one-to-one correspondence between Lie subalgebras ) C g
and connected Lie subgroups H C G.
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The case of the irrational homomorphism F(z) = (e*®, ™) above shows that H
may not be closed in G. The subgroup is clearly going to be generated by exp(h) C G
but this needs to be given the structure of a manifold and of a group.

We start with the vector space h of left-invariant vector fields on G. If dimbh = r
this defines a smoothly varying r-dimensional subspace of each tangent space of G.
This makes sense on a more general manifold and is called a distribution (not to be
confused with the analytical meaning of this term). Since b is a subalgebra, it is
closed under the Lie bracket, so if Y;,...,Y, forms a basis then [Y;,Y;] = ¢;jx Y% for
constants c;ji. This is a Lie bracket of vector fields. If f, g are smooth functions on
a manifold and X, Y vector fields then

fX,gY] = f(Xg)Y —g(Y /)X + fg[X. Y] (3)

So in our case, introducing coefficients f;, g; which are smooth functions on G we see
that

Z[fiyz‘, 9;Y;] = Z [iYig;)Y; — [;(Y;90)Yi + figiciinYe.

2¥} 2y
Thus the Lie bracket as vector fields of any linear combinations of the Y; with functions
as coefficients is again a combination of those basis vectors. A distribution on a
manifold with this property is called an integrable distribution. The basic theorem
which relates to this is:

Theorem 4.4 (Frobenius) If E is an integrable distribution of rank r on an open set
in R™, then through each point in some open subset there is an embedded submanifold
of dimension r which is tangential to E. Furthermore we can choose coordinates
X1,..., Ty, such that these submanifolds are defined by x; = ¢;, forr +1 <1 <n.

Remark: Ifr =1, then we can choose a single vector field Y and the integral curve
of Y is the submanifold. There is no integrability condition here since [Y,Y] = 0.
Globally, as with the irrational homomorphism, the full integral curve may not be an
embedded submanifold.

Proof:

(i) Let Y7,..., Y, be a basis for the distribution: local vector fields which are linearly
independent and span F at each point



The matrix of functions A;; has rank r so by reordering the basis we may assume
that on a possibly smaller neighbourhood A;;,1 < ¢,j < r is nonsingular. Call the
inverse of this matrix B;; and define

j=1

Then observe that, by choosing B as the inverse of A when we expand [X;, X;] using
fX,9Y]=f(Xg)Y —g(Y )X + fg[X,Y] the last term only involves [0/0x;, 0/0x;]
and so vanishes. Thus
- 0
(X X5l = > i G
k=r+1

But the integrability condition says that [X;, X,] is a linear combination of X7, ..., X,
which only involve terms 9/dz; for i < r so [X;, X;] = 0.

(i) Let ¢! be the (local) one-parameter group of diffeomorphisms for X; and define
the smooth map

F(ty,...,t;) =@y, 093, -0 ¢} (a).
Since the vector fields commute, so do the one-parameter groups of diffeomorphisms,

so F'is independent of the ordering. By moving goii to the beginning and differentiat-
ing with respect to ¢; we obtain X;. So we see that F' has injective derivative whose

image is spanned by X1,..., X, as required.

Now restrict a to depend on z,41,...,z,: a = (a1,...,ar, Tpy1,-..,2,) then by the
inverse function theorem the local coordinate system (¢1, ..., ¢, 41, .., 2,) satisfies
the conditions. O

This theorem is a local one but to make it global we define an integral manifold for
the distribution to be an immersed submanifold F' : N — M such that DF, maps
the tangent space T,/N isomorphically to the distribution Ep) C Tr)M. This is
just a generalization of the integral curve of a vector field. Through each point we
can define a maximal integral submanifold and in our case, taking the point as the
identity, this will turn out to be the Lie group H. But first a technical point.

Proposition 4.5 If F: N — M s an integral submanifold and L is a manifold with
map f: L — N, then f is smooth if and only if F o f 1s.

Proof: One direction is obvious, so suppose that F o f is smooth. For each a € L
consider F(f(a)) € M and a small neighbourhood U of this point for which the
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Frobenius theorem holds. Then F~'(U) C N is open. Since a manifold has by
definition a countable basis of open sets, this is a countable union of open connected
manifolds (each given by z; = ¢;;7 + 1 < i < n for countably many ¢;). The map
F o f, being continuous, maps a connected open neighbourhood of a to just one of

these components given by a constant value of the ¢;. In coordinates (yi,...,yn,) on
this neighbourhood F o f is just of the form (z1(y),...,z,(y),¢r11, ..., cn) where the
¢; are constant and this is a smooth function f to N. O

Now for the proof of Theorem 4.3.

Proof: The distribution £ on G given by the left-invariant vector fields § is in-
tegrable as noted above. Let H be the maximal connected integral submanifold
through e. Since F is left-invariant left translation gives another integral submani-
fold so if h € H, h~'H is an integral submanifold. But it passes through e = h~'h so
h™'H = H and we deduce that H is closed under multiplication and inversion.

We need to prove that multiplication and inversion are smooth. But H x H C G x G
is smooth and y : G x G — G is smooth, so putting L=H x H, N=H and M =G
in Proposition 4.5 we have the result.

O
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5 Global aspects

5.1 Components and coverings

As we saw with O(n), naturally occurring Lie groups are not necessarily connected.
It is straightforward to see that a manifold is connected in the topological sense of
not containing any sets which are closed and open if and only if it is path-connected.

The connected component Gy of a Lie group is a subgroup since paths g(t), h(t) from
the identity to g, h define a path g(t)h(t) to gh. It is also a normal subgroup since
x +— grg~! is a homeomorphism and homeomorphisms take connected components
to connected components. Conjugation also takes the identity to the identity so takes
Go to Gy. The set of components 7y(G) is therefore a group: the quotient of G by the
normal subgroup Gy. It has the discrete topology (every point is open and closed)
and is countable because all our manifolds have a countable basis of open sets.

Examples:

1. The homomorphism det : O(n) — =1 has kernel SO(n) which is connected, so
Wo(O(n)) = ZQ.

2. If we take R? & R? and put a positive definite inner product on R? and a negative
one on R? we can write an element of O(p, ¢) in block form

A B
C D
and then (sgndet A, sgndet D) is a homomorphism to Zy x Z, with connected kernel.

Connectedness is a simple concept. More interesting is whether a Lie group is simply-
connected i.e. whether any continuous map f : S — G is contractible to a point by a
continuous family f; : S* x [0,1] — G. Clearly the circle is not simply connected, but
spheres are simply connected hence SU(2) is. When a space is not simply-connected
it has non-trivial covering spaces and we encounter this way covering groups.

Definition 18 A smooth surjective map ©: M — N of manifolds is a covering map
if each point of N has a neighbourhood U such that 7=1(U) is the disjoint union of
open sets U; such that w : U; — U is a diffeomorphism.

Remark: If 7 : M — N is a map of compact manifolds such that D7 is an

isomorphism at each point, then using the inverse function theorem one can see this
is a covering map where there are a finite number of U;s.

35



For Lie groups we have the following:

Theorem 5.1 Let m : G — H be a Lie group homomorphism, with H connected,
then w is a covering map if and only if Dx, is an isomorphism of Lie algebras.

Examples:

1. We observed that SU(2) and SO(3) have isomorphic 3-dimensional Lie algebras.
The adjoint representation Ad : SU(2) — GL(3,R) has SO(3) C GL(3,R) as image
and this is a covering homomorphism. The element —I € SU(2) acts trivially by
conjugation so this is a 2-fold covering with kernel +1.

2. The group SL(2,C) of 2 x 2 complex invertible matrices of determinant 1 is a
covering of the identity component of SO(1, 3), the Lorentz group of special relativity.
We can see this by considering the 4-dimensional real vector space V' of 2 x2 Hermitian
matrices X = X* and the action of A € SL(2,C) as X — AXA* If

where a, c are real, then det X = ac —bb = (a+¢)?/2 — (a — ¢)?/2 — bb is a quadratic
form of signature (1,3) and since det AXA* = |det A|*det X = det X, the action
preserves the indefinite inner product. Again, —I € SL(2,C) acts trivially.

Proof:

(i) If 7 is a covering then it is a local diffeomorphism and so D, gives an isomorphism
of Lie algebras.

(ii) Suppose D7, is an isomorphism then by the inverse function theorem 7 is a local
diffeomorphism at e and by left translation also at any point. At e € G it maps an
open neighbourhood to an open neighbourhood of e € H, which therefore generates
the whole group H, hence 7 is surjective.

By the inverse function theorem e € G has a neighbourhood W which maps dif-
feomorphically to a neighbourhood U € H and therefore contains only one point of
Ker 7, namely e. To get a covering we want, for each k € Ker 7 such a neighbourhood
mapping diffeomorphically to the same U, perhaps by shrinking U.

Since the map f(g1,92) = g1g;, " is continuous, f~*(W) is open and so contains an

open neighbourhood V x V of (¢,¢). Take k € Kerm and suppose g € kV N V.
Then g = v; = kvy and so k = v;v,'. But by construction this lies in W which
only contains the identity, so V' and kV are disjoint. Replacing U by 7(V'), we have

36



71 (7(V)) expressed as a disjoint union of open sets each mapping diffeomorphically
to (V). Each such set is a translate kV. By left translation we get such open sets
for all inverse images.

O

The kernel of a covering homomorphism is normal and also discrete (each element
is an open set in the induced topology) as we have seen in the proof of the last
theorem. Conjugation k — gkg~' permutes the elements of Ker 7 but if the covering
group G is connected it must act trivially, for given a path g(t) to e, g(t)kg(t)™! is a
continuous map from [0, 1] to Ker7 and so maps to one connected component. But
g(1)kg(1)~t = eke = k. This means that k € Ker 7 commutes with all g and so is a
subgroup of the centre of G.

5.2 From Lie algebras to Lie groups

Every connected manifold M has a special connected covering called the universal
covering M. The universal covering is simply connected, and this characterizes it.

It is defined, given a base point z € M, as a set of equivalence classes of continuous
maps v : [0,1] — M with v(0) = z. Two such maps «,~" are equivalent if they have
the same endpoint v(1) = +/(1) and there is a continuous family ~;, for ¢ € [0, 1] fixing
the end points and such that 79 = v,71 =+'. The map [y] — (1) is a covering map
7 of manifolds. It is universal in the sense that if p : N — M is any other connected
covering then there is a covering map ¢ : M — N with 7 = pog. The map ¢ is
unique so long as we choose a point = € M and y € N mapping to z € M and require
q(z) =y.

When G is a Lie group and we take z = e, then multiplication of paths ~(¢)7(t)
defines a product on G and with the identity as the equivalence class of the trivial
path (t) = e, we can define inversion by (y(t))~'. Thus G is a Lie group and
the projection m : G — G a Lie group homomorphism. Moreover given a covering
homomorphism p : H — G, if we choose x,y, 2z as previously to be the identity
elements in each group, then the unique ¢ : G — H is a Lie group homomorphism.
Thus each covering group is obtained from G as the quotient group by a subgroup of
Kerm.

Examples:
1. The universal covering of the circle is the additive real line: 7(t) = e?™. The

kernel is Z C R.
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2. The universal covering of SO(3) is SU(2) with the projection defined above and
kernel +1.

3. The universal covering of SL(2,R) is a connected Lie group which is not a sub-
group of any GL(n,R). In this case Kerm = Z (this is the fundamental group m; of
SL(2,R)).

Thus far we have associated Lie algebras to Lie groups, but the properties of covering
homomorphisms show that any two coverings of G have isomorphic Lie algebras so
the association is not one-to-one. However:

Theorem 5.2 Let G be a simply connected Lie group and H another Lie group, then

e there is a one-to-one correspondence between Lie algebra homomorphisms g — b
and Lie group homomorphisms G — H

e if both G and H are simply connected and have isomorphic Lie algebras then
they are isomorphic as Lie groups.

Proof:

(i) If ¥ : g — b is the given homomorphism of Lie algebras consider its graph

I'={(z,%(x)) € g & b}
This is a Lie subalgebra since ¢ is a homomorphism.

Now apply Theorem 4.3 and we get a connected Lie subgroup S C G x H with Lie
algebra I'. Projection from I' to the first factor is an isomorphism of Lie algebras so
from Theorem 5.1 we have a covering homomorphism 7 : S — G. But G is simply
connected, hence its own universal covering, which means that it is a diffeomorphism.
Then 7! followed by projection onto the second factor in G x H gives the required
Lie group homomorphism.

We already saw, using the exponential map, that a Lie group homomorphism is
uniquely determined by the corresponding Lie algebra homomorphism.

(ii) Using the first part for both G and H gives the last part.

The outstanding question is whether one can associate a Lie group to any Lie algebra,
and this is provided by Ado’s theorem which we shall not prove:
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Theorem 5.3 (Ado) For any Lie algebra V', there is an injective Lie algebra homo-
morphism V- — gl(m,R) for some m.

By Theorem 4.3 this implies there is a connected Lie subgroup G of GL(m,R) with
V' as Lie algebra. If we pass to the universal cover then we get Lie’s third theorem:

Theorem 5.4 There is a one-to-one correspondence between Lie algebras up to iso-
morphism and simply-connected Lie groups up to isomorphism.
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6 Representations of Lie groups

6.1 Basic notions

Recall that:

Definition 19 A representation of a Lie group G on V' s a Lie group homomor-
phism ¢ : G — Aut(V).

From Theorem 4.2 we need only assume that the homomorphism is continuous. We
can also describe a representation as an action of G on V' by linear transformations:
gv = ¢(g)v. Some of the following examples entail the action on certain functions on
a vector space. The action on functions is (¢f)(x) = f(¢g'z) for then

(h(gf)(@) = gf(h™'z) = f(g~'h~"z) = f(hg)~'z) = ((hg)f)(2).

Examples:

1. For each n € Z we have a representation U, of S on C given by p(c¥)z = ¢z,
The case n = 0 is the trivial representation which of course any group has.

2. The group SU(2) has a defining representation on V' = C?. We can regard this as
an action on linear functions in z1, z. The matrix

acts on a linear function f(z) by f(A™'z) and using A~ = A* this is
f > flaz — bz, bz + az).
But this formula makes sense for a homogeneous polynomial of any degree. So if

V,, denotes the space of degree n polynomials it has a basis of the (n + 1) functions

20, 20 2y, ..., 28 and this is a representation space.

Given a representation ¢ of a Lie group, Dy, is a representation of the Lie algebra,
meaning we have a homomorphism ¢ : g — End V' such that ¥[X,Y] = (X)y(Y) —
»(Y)(X). We find this by differentiating one-parameter subgroups at the identity.

Examples:
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1. For the representation of S' on C given by p(e?)z = €%~z we differentiate with
respect to 0 at @ = 0 and get the Lie algebra homomorphism v (z) = inz.

2. For SU(2) we can use the basis

(i 0) v=(% ) =)

of the Lie algebra. Then the action of exptX is f(z1,20) = f(e %21, ¢e"2) and
differentiating at ¢t = 0 we get

e 0
Xf= —2218—21 —i—zzga—z‘];
and similarly
o of ,_of f of
Yf 2281—1—21822, Zf = 2281 221822.

3. From the previous section, each Lie algebra representation defines a representation
of the associated simply-connected Lie group, but not necessarily otherwise. So al-
though SU(2) and SO(3) have isomorphic Lie algebras only the spaces V,, for n even
are representations of SO(3) since —I € SU(2) acts as —1 on odd degree polynomials.

Two representations V, W of GG are isomorphic if there is a vector space isomorphism
commuting with the two actions of G.

There are some natural operations on representation spaces:

e The direct sum V & W with the action g(v, w) = (gv, gw)

e The dual V*. A linear transformation A : V' — W has a natural dual map
A" W* — V* (the transpose of the matrix if we take a dual basis) and to get
an action on V* from ¢ : G — Aut(V') we define for £ € V*,

gE=plg ) V=V

Concretely this is (A™1)T for the group action and —B” for the Lie algebra
action. Note that since A'f(v) = f(Awv) this is the natural action on linear
functions.

e The tensor product V @ W with action
QZ% ®w; = ngi ® gw;
i i
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We differentiate to get the Lie algebra action
XZ’Ui (29 w; = ZXUZ X Ww; + Z’Ui ®X&UZ

e The space Hom(V, W) of homomorphisms from V' to W. Here the group action
is

(94)(v) = g(A(g 'v)).
In fact Hom(V, W) is canonically isomorphic to V* ® W and so this is a com-
bination of the above.

Definition 20 A representation V is

e reducible if there is a proper subspace W C V' such that gw € W for all w € W
and g € G.

e it is irreducible if {0} and V are the only invariant subspaces

e it is completely reducible if it is a direct sum'V =V, OV, --- DV, of irreducible
representations.

Examples:

1. Take G = R the additive reals and V = R? with action t(z,y) = (z + ty,y).
Then y = 0 is an invariant subspace so V' is reducible. It is not completely reducible
however for if y # 0, (z + ty,y) = Mz + Oy, y) implies A = 1 and ¢ = 0.

2. Any one-dimensional representation is clearly irreducible so the representations U,
of St are.

3. The representations V,, above of SU(2) are irreducible. To see this use the Lie
algebra action. Using the basis X,Y, Z write

1 0
Nt ==(Y+iZ)=2—
2( +1 ) 21 822
then
N () = (n = (A )
If W C V, is invariant, and f € W, then W contains N*f, (NT)2f,... also. Choose
f € W and let k be the smallest integer such that the coefficient of 2#257* is non-zero.
Then (N*)" % f is a non-zero multiple of 27, hence 2% € W. Now consider
1 J
N =—(Y —iZ) = zg—.
2( ’ ) 2 821
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n—1

Applying this to 2" we get nz "2, and by repetition all the basis vectors, hence
W =1V,.

4. The product of a polynomial of degree m and one of degree n is of degree m+mn and
so there is an invariant homomorphism V,, ® V,, — V,,,,. Since V,,,, is irreducible
the image is the whole space and so if m,n > 0 there is a non-zero kernel which is an
invariant subspace of V,,, ® V,, which is therefore reducible.

5. Restrict V,, to S C SU(2) acting as (21, z2) > (€21, e %2) then by looking at

the basis vectors 2£25 % we can see that it is completely reducible:

Vn’ :Un@Un—Q@"'@U—n-
We have this useful result:

Proposition 6.1 (Schur’s lemma) A G-invariant homomorphism A : V. — W be-
tween two irreducible representations is either an isomorphism or is zero. If V. =W
and these are complex vector spaces then A is scalar multiplication by A € C.

Proof: Since V is irreducible, Ker A =V or 0 so A is either zero or injective. But
W is irreducible so the image is either 0 or W.

If V =W and the field is C, then A has an eigenvalue A and so A— A is an invariant
endomorphism of V. By the first part it has to be zero since A — AI is not invertible.
O

Remark: It is convenient to work over the complex numbers and only as a secondary
issue discuss whether a representation is real. A real structure on a complex vector
space V is an antilinear involution T, i.e. T(u +v) = T(u) + T(v), T(A\u) = AT (v)
and 72 = 1. The fixed point set of T is a real vector space U and V is naturally
its complexification U wg C with T becoming complex conjugation. So a complex
representation which commutes with such a 7' is actually a real representation.

As an example consider (z1,2y) + (%, —Z;) acting on C?. This is antilinear but
squares to —1. However its action on polynomials of even degree gives a real structure
preserved by SU(2). So the Va,,, which we already saw are representations of SO(3),
are all real in this sense.

Proposition 6.2 Over the complex numbers every irreducible representation of an
abelian Lie group is one-dimensional.
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Proof: If G is abelian the map v — gv for a fixed g commutes with G' and hence
by Schur’s Lemma is a non-zero scalar \,. So multiples of a fixed vector v form an
invariant subspace and hence by irreducibility the whole space. O

If V is a real representation of an abelian group which is completely reducible then
we can complexify V ®gr C and from the proposition write

VeorC=VieWho--aV,

as a direct sum of one-dimensional representations: g € G acts as a scalar A\(g) € C*
on each one. Reality means the action commutes with an antilinear involution 7'
complex conjugation. So T maps V; into some V; and the action A(g) on V; is paired
with A(g) on Vj. Since +1 is the only real subgroup of the unit complex numbers, if
GG is connected it must act by a complex scalar or the identity. So V is a direct sum
of a trivial representation of dimension k, say, and a sum of 2-dimensional real vector

spaces where the action is
cosf) sin6
—sinf cosf /)’

An example is the real defining 3-dimensional representation of SO(3) restricted to
the abelian subgroup of rotations about (0,0, 1). It has the trivial representation with
multiplicity 1 (the space (0,0, 2)) and an irreducible 2-dimensional real representation
on (x,7,0). The eigenvalues e** of a rotation have complex conjugate eigenspaces
which are irreducible one-dimensional complex representations.

6.2 Integration on G

Suppose a representation space V has a positive-definite Hermitian inner product
(v,w) and the action of G preserves it so that (gv, gw) = (v,w), then g acts as
unitary transformations, and the representation can be viewed as a homomorphism
¢ : G — U(n) where dimV = n. More importantly, if W C V is an invariant
subspace, so is its orthogonal complement W+=. For a finite group the existence of
such an inner product is straightforward by averaging over the group elements. In
other words, choose any inner product ( . ) and define

ZlGl gUgU)

geG

and since the sum of positive-definite Hermitian inner products is still positive definite
we have the required inner product. This means that any representation is completely
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reducible — pick an invariant subspace W C V and write V = W @& W+ and repeat
for W and W+ until it has no invariant subspaces.

For a compact Lie group we can do the same thing but we need to integrate over the
group rather than sum, so we need to know how to integrate functions on a manifold.
Recall the change of variables formula in a multiple integral:

Let Q(X3,...,X,) be an alternating multilinear form on the tangent space T, of
a manifold of dimension n. So it is linear in each factor and changes sign if we
interchange two variables. If we write X; = >~ A;; E; for a basis £y, ..., £, so that X
is the ¢th row of the matrix A, then det A is an example of such a form and in fact all
such forms are multiples of this. If (z1,...,2,), (y1,-..,ys) are two local coordinate
systems they each give a basis for the tangent space and these are related by

(o), ~Z50 (3),

0 o Y 8 8

Apart from the absolute value this is how multiple integrals transform.

This is at one point a € M but if we want a smoothly varying form this is the
definition:

Definition 21 A differential form of degree m on a manifold M is an alternating
multilinear function of vector fields Q(X, ..., X,,) € C°(M) .

When m = n, if f is a function with support in a coordinate neighbourhood then we
can define the integral of the n-form f€) and this will be independent of coordinates
so long as the sign of det Jy;/0z; is positive. For a Lie group this certainly holds for
we can take a non-zero multilinear form w on 7, and by translation extend it to all
of (G so that for a basis of left-invariant vector fields Xy, ..., X, we have

QX1 X)) =w(X1)es -5 (Xn)e)

If we restrict to local coordinates x, ..., x, for which

0 0
9(8_:517."78_%) >0
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then we have a consistent notion of integration on each coordinate neighourhood.
A general function can be written on a compact manifold as a finite sum of smooth
functions supported in coordinate neighbourhoods and then we can define integration
of functions in a coordinate-independent way.

The form described above is left-invariant and on a compact manifold its integral is
finite, so we can normalize it so that the integral of 2 is 1. It is also right-invariant
because the adjoint action on left-invariant vector fields induces an action on the
one-dimensional space of degree n (n = dim 7)) multilinear maps, a homomorphism
from G to R*. But +1 is the only compact subgroup of the multiplicative group of
non-zero reals and if G is connected the action must be trivial.

Example: For the circle z — ¢*™ for z € [0, 1], we can take Q = dz, its value on
the vector field d/dx is 1 and its integral is 1.

From now on, in performing integrals we shall omit €2 and just write

/Gf(g)-

Then given a representation V' we can always find a G-invariant inner product by
choosing any inner product ( . ) and defining

(o) = [ (gv.g0)

For an irreducible representation the inner product is unique up to multiplication by
a positive real number. This follows from Schur’s lemma since two inner products
are related by (u,v); = (Au,v)s where A = A* with respect to ( . )o. But if both are
G-invariant so is A and so by Schur it is a multiple of the identity.

Differential forms transform naturally under a diffeomorphism F' which is denoted
F*Q. The integral of the differential form f(2 transforms as

/M(f o F)F*Q = :I:/MfQ.

depending on whether F' preserves or reverses the orientation. The form defines a
measure which is insensitive to orientation: a positive function will always have a
positive integral.

Since L; and Ry, preserve our choice of ) for G this means that for a fixed h € G,

/G F(hg) = /G F(gh) = /G 1(9).
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Example: For the circle this is just the statement that

/Olf(x—l-a)d:c = /Olf(:c)das

for a periodic function with period 1.

Inversion g — ¢! acts as —1 on the tangent space at the identity which introduces a
sign (—1)4m¢ in the transform of the differential form Q but the associated measure

satisfies
[ 1= [ 1o
el G

The assumption above was that f is a real-valued function but it could equally be
vector valued. So consider a representation space V and for v € V the function

g+ gvon G. Then
h/gv=/hgv=/gv
a G G

so the integral is an invariant vector. On the other hand if « is an invariant vector

Lgu:éu:u
P(v)=/GgU

is a projection onto the subspace V¢ C V of invariant vectors. It is also an orthogonal
projection (P” = P*) since using an invariant inner product,

(Po.w) = [ tgv.u) = [ (o.g70)

since G acts as unitary transformations. But using the invariance of the integral
under g — g~ ! this is

since the integral of 1 is 1. So

[ to.gw) = (0. P

6.3 Characters and orthogonality

Recall the trace of a matrix trA = ), A;. It has the property that tr(AB) =
tr(BA), tr AT = tr A. This has a more invariant interpretation if we use the canonical
isomorphism between End V' and V*® V. The (linear extension of) the map £ ® v —
&(v) is the trace.
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Definition 22 The character of a representation p : G — Aut(V) is the function
xv(g) = tr(p(g)).

Here are some properties of the character for a compact group, which is evidently a
smooth function on G.

o xy(e) =dimV since tr Iy = dim V'

o xv(hgh™') = xv(g) since tr p(hgh™') = tr(p(h) "' p(h)p(g)) = tr(p(g))

o If V.W are isomorphic as representations then they have the same character.
This is again invariance of trace under conjugation.

® Xvew = Xv + Xw

® Yvew = XvXw- Lo see thisnote that if vy, ..., v, isabasis for V and wy, ..., w,
a basis for W then v; ® w; is a basis for the tensor product. So considering a
linear map of the form

Z CijU; X wWj = Z CijAUi (029 Bw]'
ij ij
summing the diagonal terms for basis vectors v; ® w; gives tr AB;; and contin-

uing gives tr A tr B.

e xv-(g9) = xv(g™"). This is because tr(A~")" = tr(A~"). But also the represen-
tation is unitary and for a unitary matrix tr A=! = tr AT = tr A = (tr A) and
so also xv+(g) = xv(9)-

We see immediately from the previous section that

/ xv(g) = dim Ve
G

since this is the trace of the orthogonal projection P onto the invariant subspace.

We can define an L? inner product on smooth functions on G by integration and then
we have:

Theorem 6.3 For two representations V, W of a compact Lie group G
(xv, xw) = dim Hom®(V, W).

In particular, if V and W are inequivalent irreducible representations, their characters
are orthogonal.
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Proof: Using Hom(V, W) = V* @ W and the properties of characters above we see
that

Xv=eWw = XVXW = XVXW-
Integrating the right hand term gives (xw, xv). Integrating the first gives dim Homg(V, W).

If V,W are inequivalent then by Schur’s lemma Hom®(V, W) = 0. In fact if V = W
then Schur says that dim Hom®(V, V) = 1 and so yy has norm 1.

O

It is not just characters which satisfy orthogonality relations:

Theorem 6.4 Let V. W be irreducible representations of a compact Lie group G and
take vi,v9 €V, wy,wy € W. Then

[ oo Tgn et

vanishes if V- and W are inequivalent and if V =W equals

1
dimV

(v1, w1)(v2, wa).

If vy, ..., vy, is a unitary basis for V' then (gv;, v;) is the (4, j) entry in the matrix rep-
resenting the action of G so the theorem tells us that the matrix entries of irreducible
representations form an orthonormal set in L*(G).

Proof: Consider the term (gwi,ws) in this expression. Since a Hermitian inner
product is antilinear in the second factor, for each w € W, (w,u) is complex linear
in v and defines an element &, € W*. In different words, a Hermitian inner product
gives an antilinear isomorphism from W to its dual. Since G preserves the inner
product, (gw;, we) = g€, (w2) where g is the dual action.

/ g1 @ g&uy
G

is the orthogonal projection P onto the invariant subspace of V & W* = Hom (W, V).
But by Schur’s lemma if V, W are irreducible this is zero. If V' = W then the invariant
part consists of scalar multiples of the identity so for A € EndV the orthogonal
projection onto multiples of I is

Now

B 1
 dimV

P(A) (tr A)I.
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Now tr(v ® &) = &£(v) so P(vy ® &u,) = &uy(01)I/dimV = (wy,v)I/dimV =
(v, wy)I/dim V.

Evaluating gv; ® g€, € V ® V* on &, ® ws is

(9”1, v2><w2, gw1> = (9”17 Uz><9w1, w2>

and so

P 1 1
/G (gur,v2)(gwy, wa) = dimv<v1,w1>tr(§v2 ® wy) = dimv<'017w1><vz,wz>.
0

If v, ..., vy, is an orthonormal basis for V' and wy, ..., w, for W then (gv;, v;) is the
(1,7) matrix coefficient for ¢ acting on V' and similarly for W. The theorem then
says first of all that if V, W are inequivalent irreducible representations the matrix
coefficients, as functions of GG, are orthogonal. And if V' =W we have

— 1
L(gvi:vj><gvkavé> = m(%%)(%w%

The right hand side is zero unless ¢ = k£ and j = ¢ which means that the matrix
coefficients (gv;, v;) are orthogonal.

For the circle, the matrix coefficients of irreducible representations are the functions
e n € Z and these form a complete orthonormal basis for the Hilbert space of all
L? functions on S', or equivalently periodic functions on [0, 27]. The same is true of
any compact Lie group.

Remark: The proof we shall give is for a compact subgroup of GL(n,R): a matriz
group. In fact any compact subgroup is embedded in a general linear group, but this
is a consequence of the theorem below given a general proof. Such a proof can be
found in many texts (or online) using some functional analysis. For any compact Lie
group, the image of Ad is of course a matrix group and Ado’s theorem (which we
did not prove either) tells us that some quotient of the universal covering is a matrix
group.

If G € GL(n,R) then it is a compact submanifold of R™. From point set topology
any continuous function on G can be extended to a continuous function on R™ and
the Weierstrass approximation theorem says that continuous functions there can be
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approximated by polynomials, so continuous functions on G can be approximated by
polynomials in the entries of the n x n matrix.

Call the representation space for G C GL(n,R) V' (which may decompose as a sum
of irreducibles) then the matrix coefficients for V' are the linear polynomials and for
V ® V' the homogeneous quadratic ones etc. So we see that the matrix coefficients
for a countable collection of irreducible representations are dense in the continuous
functions on G with the uniform norm. Then using the orthogonality of Theorem 6.4,
by choosing orthogonal bases {vy,...,v,, } for each irreducible V,, and normalizing
we get a complete orthonormal basis in L*(G).

Rather than dealing with an orthogonal sequence this result, the Peter- Weyl theorem
is better stated as

Theorem 6.5 (Peter-Weyl) Let G be a compact Lie group. Then

LG =PHvie v,

the L?-completion of the direct sum over all finite-dimensional irreducible represen-
tations of G, where Vi, denotes the left action on functions and Vg the right action.

Proof: The matrix coefficients are the functions f(g) = (gvi,v;) as the v; range
through an orthonormal basis of V' and the V' run through (representatives of equiv-
alence classes of) irreducible representations.

Consider the functions (gv;, v;). For fixed v; this is a representation of G. Varying j
shows that it has multiplicity dim V' in L?(G). More invariantly we define an action
of G x GG on the space spanned by these functions

(h, k){gui,v;) = (k™" ghv;, v;)

which gives the term V;, ® V3. O

Remark:

1. The theorem above holds for any compact group and in particular for a finite
group. There L*(G) has dimension |G| and is the reqular representation.

2. The character yy of an irreducible representation V' is the function on G given by

n

XV((]) = Z(g%,@’».

1

ol



In terms of the Peter-Weyl theorem this is the identity Iy € Hom(Vy, V) on that
factor.

3. The Hilbert space L?(G) above of complex functions is clearly the complexification
of the space of real functions, even though the representations V' may be complex.
But they appear as EndV C L*(G) and T'(A) = A* is an antilinear involution which
commutes with the G-action, so these are real representations.
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7 Maximal tori

7.1 Abelian subgroups

The eigenspaces of a unitary matrix A are orthogonal. This means we can find an
orthonormal basis such that A is diagonal. Another way of saying this is to consider
the set of diagonal matrices in U(n): diag(e®?', e, ... e). This is a Lie subgroup
isomorphic to the product of n copies of S*: the torus 7. The argument above shows
that any element in U(n) is conjugate to an element in 7.

This is particularly relevant when considering the character yy of a representation
V. Since xy(hgh™') = xv(g), the function yy is determined by its restriction to
T". Orthogonality of characters implies that the character uniquely determines V
(up to equivalence of course) so this function on 7™ determines V. Not only that, but
since T" is abelian, V' can be expressed as a direct sum of one-dimensional invariant
subspaces. Considering the actions of the separate factors, on each irreducible the
action is given by a scalar of the form expi(mi601 + mols + - -+ + m,0,,) for my € Z.
In other words V' is determined by a collection of integer vectors. This is a general
feature which we shall investigate next.

Definition 23 A torus T C G is a Lie subgroup T isomorphic to a product of circles.
A mazimal torus is mazimal under the inclusion of tori.

Tori, being the image of a compact group, are closed in G and hence embedded
Lie subgroups. They are connected and so (using the exponential map) any proper
inclusion 1" C T" implies that dim 7" > dim 7. It follows that any torus is contained
in a maximal one. A maximal torus is maximal among connected abelian subgroups
A, for the closure of A is a torus.

Definition 24 Let T' C G be a maximal torus. The Weyl group W of T is the
quotient of the normalizer by the normal subgroup T’

W=NT))T={9geG:gTg ' =T}/T

This definition seems to depend on the choice of maximal torus but we shall prove
that in fact all maximal tori are conjugate so that the Weyl group (up to isomorphism)
is independent of choice.

Example:
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1. For SO(3) a maximal torus is the circle subgroup of rotations by # about an axis
given by a unit vector u. Conjugating by a rotation which takes u to —u takes 6 to
—6. The Weyl group is Zs,.

2. Return to U(n). A matrix which commutes with all diagonal matrices is diagonal so
diag(e®, e ... e is a maximal torus. Let h € T have distinct diagonal entries.
Then since conjugation leaves the eigenvalues unchanged g € N(7T') must permute
the entries. But permutation of the elements of an orthonormal basis is a unitary
transformation 7. It follows that 7~ !¢ leaves fixed the open set in 7" with distinct
entries and by continuity every point. But then it commutes with all diagonals and
so lies in T'. Hence the Weyl group N(T')/T is isomorphic to the symmetric group
Sh-

Proposition 7.1 The Weyl group is a finite group.

Proof: The normalizer N(T') acts on T and its Lie algebra, commuting with the
exponential map. It thus preserves the kernel of exp which from Theorem 3.4 con-
sists of integer multiples of basis vectors vy,...,v,. Since this is discrete and the
action is continuous an element connected to the identity acts trivially. Let Ny be
the component of the identity. It is a connected Lie subgroup which contains 7" and
acts trivially on 1" by conjugation, so there is a one parameter subgroup which com-
mutes with 7', but this contradicts the maximality of 7" amongst connected abelian
subgroups, so Ny =71". Then W = N(1")/T = N(T')/Ny is a compact group with the

discrete topology and hence is finite.

O

7.2 Conjugacy of maximal tori

We shall prove that maximal tori are conjugate by using the map
F:G/TxT—dG

(where G//T is the space of cosets of T') defined by F(¢T,t) = gtg~!. This is well-
defined because replacing g by gs for s € T gives gsts 'g~! = gtg~!. Clearly the
image consists of elements conjugate to an element in 7T, so if we can prove F is
surjective then we conclude that every element h is conjugate to an element of 7T'.

Example: Consider G = SO(3) and T = S! C G the circle subgroup of rotations
about the unit vector k. To each coset ¢g1' associate the unit vector gk and this
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gives an identification of G/T with the unit sphere S? C R3. If h = gtg~! then
hgk = gtg~'gk = gk so the unit vector is the axis of rotation of h and ¢ is the angle
of rotation. But a rotation of # about u is the same as a rotation of —# about —u,
so the inverse image of a general point in SO(3) is two points in S% x St If h = I,
however, the inverse image is S? x {c}.

This example reveals the general features: first that G/T x T and G are compact
manifolds of the same dimension, and secondly that the smooth map F'is a covering
space on an open subset. We shall show this in general and use a theorem in the
theory of manifolds: If a smooth map F between two compact, connected, orientable
manifolds has non-zero degree, then it is surjective. A proof of this can be found in

https://people.maths.ox.ac.uk/hitchin/hitchinnotes/manifolds2012.pdf
but we will sketch the idea below.

The proper way to treat this is to use the theory of differential forms and the exterior
derivative, but we have not introduced that here. However, we have a distinguished
n-form on G, so we will work with a compact manifold M with an everywhere non-
vanishing form €2, whose existence is the definition of being orientable. We will call
a differential n-form w on a manifold of dimension n exact if there is a vector field X
such that

W = ;Cxﬂ

where we have taken the Lie derivative of (). Recall that diffeomorphisms act on
n-forms and integrating X to a local one-parameter subgroup of diffeomorphisms we
have 5

£XQ = &90:9'75:0'

But since ¢y is a diffeomorphism connected to the identity the integral of ;€2 over
a compact manifold M is constant (effectively just a change of variables in the inte-
gration). Thus the integral of an exact form is zero. In R™ if

0 0 0
X:zi:aia—xi Q(c?_scl""’@_%):f

then 5
LxQ=X[+[Y o

so locally, if f has compact support, this is the divergence theorem. More importantly
is the global converse theorem, which we do not prove here:

=div fX
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Proposition 7.2 Two differential n-forms on a compact, connected, oriented mani-
fold of dimension n differ by a divergence if their integrals are the same.

Now differential forms, unlike vector fields, transform not just via diffeomorphisms
but for arbitrary smooth maps F' : M — N. This is the pull-back F*(2 of a form on
N defined pointwise by

(F*Q)x(Xh e 7Xn) - QF(m)(DFx(XI)a SR DFx(Xn))

for tangent vectors X; at x € M. Then one can show that the pull-back of an exact
form is exact: if € is a non-vanishing form on M then the required vector field Y on

M is defined by

Qx(Y, Xl, NN 7Xn—1) — QF(x)(X, DFx(Xl), ey DFa:(Xn—l))

Now if F': M — N is a smooth map of compact manifolds which is not surjective, its
image is compact and hence closed, so its complement is non-empty and open. We
can then take an n-form fQ on N where f has support in some small open set of the
complement and such that the integral is 1. Then F*(fQ) = 0 because f vanishes
on the image of F. On the other hand, if we have a point x over which the map
is a covering map, and we take a form ¢{2 of integral one in a small neighbourhood
U, then the integral of F*(¢2) is a sum of terms over the finite number of open sets
Ui, ..., U, whose union is F~1(U). Since F : U; — U is a diffeomorphism the integral
is +1 on each U; depending on whether F*() is a positive or negative multiple of Q.
The degree is defined to be the sum of these terms, which is clearly an integer. If all
signs are positive it counts the number of inverse images.

But since f2 and ¢{2 have the same integral on N, they differ by an exact form, and
hence so do F*(fQ2) and F*(¢f?) in which case F*(¢f2) has the same integral on M
as F*(f2) = 0. So if the degree is non-zero, there is a contradiction and the map is
surjective.

To apply this to our situation we have three tasks:
1. Show that G/T is an orientable manifold
2. Find an element g € G over which F' is a covering map

3. Calculate the orientations at the finite number of points F~!(g).

The space G//T is the set of cosets gT', so any point can be obtained by the left action
of some g on the identity coset [e] € G/T. In order to define a manifold structure it
suffices to define a chart in a neighbourhood of the identity and transport it around
by the left action. So let t C T.G be the tangent space of 1" at e € G and using
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the invariant inner product take its orthogonal complement t*. Then the exponential
map restricted to this gives, by the inverse function theorem, a submanifold of a
neighbourhood U of e € G which intersects each coset in UT in one point. Using these
charts (and the fact that T is a compact group to provide the Hausdorff condition)
we give G/T the structure of a compact manifold of dimension dim G — dim 7.

The action of g € G gives an isomorphism from the tangent space at [e] to the
tangent space at [g], but this is only well-defined up to the right action of 7" on
g. This is the adjoint action of 7" on t*, so only properties of this vector space
which are T-invariant can be propagated around G/T. For example, there are no
invariant vectors since 7' is a maximal connected abelian subgroup so unlike G itself
we don’t have invariant vector fields. The inner product restricted to t* is invariant,
and an inner product defines a multilinear form Q(FEy,..., E,) = 1 for an oriented
orthonormal basis Fy, ..., F,. Since T is connected it cannot alter the orientation so
this defines a non-vanishing form on G/T" which is therefore oriented.

2. In the example of SO(3) we could take a general element of the torus 7" to get
a covering and here we do the same, but interpret “general” as being a generator
t in the sense that the closure of the subgroup {t";n € Z} is T. If the kernel of
the exponential map for T consists of Z-linear combinations of vy, ..., v, then ¢t =
exp(civy +caug+- - -+ c,u,) is a generator if {1, ¢y, ¢, ..., ¢, } are linearly independent
over the rational numbers. One property of this choice is the following:

Proposition 7.3 Ift € T is a generator then there are |W| points in the inverse
image of ', where W is the Weyl group of T.

Proof: If F(gT,s) = gsg~' =t then s" = g~ 't"gand so g~'T'g CT. Thus g € N(T)
and so there is one coset g7 for each g € N(T')/T = W. The cosets are just the orbit
of T under the left action of N (7). O

To prove that F' is a covering map we need its derivative at these |W| points, and
this is necessary for the orientation question too.

3. Define F : G x T — G by F(g,t) = gtg~'. This is a lift of the map F. By left
translation we want to compute the derivative at (g,t) in terms of the geometry at
the identity (e, e). This means first translating on G x T from (e, €) to (g, 1), applying
F and then left multiplying by F(g, t)~1. Tt is easiest to calculate imagining it as a
matrix group: the derivative of gtg™ is gtg~' +gtg~" — gtg~ g9~ and left translation
by (gtg~')~' = gt~'g~" gives

gt g tgtgT + gt g — gg!
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so if X = ¢g7'¢ is a left-invariant vector field on G and Y = t~'¢ on T this is
Ad(gt™")(X) + Ad(9)(Y) — Ad(g)(X) = Ad(g9)(Ad(t™) X +Y — X).

For the derivative of F' we want to restrict X to the subspace t+ and then this is a
linear map from T,G = t+ @ t to itself.

For a covering map we want this to be invertible. Since Ad(g) is invertible this will
fail to be invertible only if Ad(¢7!) has an eigenvalue +1 on t+. But as remarked
above that does not hold since 7" is maximal abelian. Now Ad(g) is orthogonal so
its determinant is +1 for each of the |WW| points g; over . However, the g; are all
connected to the identity so det Ad(g;) = 1 and hence det Ad(g;)(det(Ad(t™) —1)) is
the same non-zero number for each point and thus the degree is non-zero. We deduce
therefore that F is surjective and hence

Theorem 7.4 Fvery element g € G is contained in a maximal torus and all such
tori are conjugate.

The last part of the theorem follows by taking ¢ to be a generator of a maximal torus
T'. Then t' = gtg~! for t € T and taking powers and the closure it follows that
T" C gT ¢! but by maximality this must be equality.

Remark: The power of this type of argument is that by investigating the equation
F(z) = g for a general point g we deduce the existence of a solution for any point.
For example, suppose ¢ is in the centre Z(G), the subgroup which commutes with
everything. Then by the theorem it lies in a maximal torus 7', but hgh™' = g so
it lies in all conjugates, hence in the intersection of all maximal tori. Conversely,
since every element is in a maximal torus, which is abelian, every element commutes
with the intersection, which is therefore equal to the centre. We saw earlier that a
covering homomorphism G — H is given by H = G/T for I' C Z(G). It follows that
the maximal tori of H are quotients of those of G by I'.

For example diag(e, %) is the maximal torus of SU(2) which contains the centre
+7. The adjoint representation SU(2) — SO(3) is a covering homomorphism in
which —1 acts trivially. The group SO(3) has no centre.

From the theorem it follows that, up to conjugation, there is a single Weyl group W
and the dimension of 7', called the rank, is an invariant of G. There is one further
point:

Proposition 7.5 The dimension of G/T is even.
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Proof: The tangent space at [¢] € G/T is t- and this is a real representation of the
compact abelian group 7. We saw that Ad(¢#7!) has no eigenspace with eigenvalue
+1. Nor does it have one with —1, for if so Ad(¢?) would have a +1 eigenvalue.

But #? is also a generator since if {1,¢1, o, ..., c,} are linearly independent over the
rationals so are {1,2cy,2¢y,...,2¢,}. It follows that the real irreducible subspaces
have dimension 2 and hence dim t* is even. O
7.3 Roots

In the proof of Proposition 7.5 we used the fact that t* is a direct sum of irreducible
real 2-dimensional representation spaces for 7', or homomorphisms 7" — SO(2). So
the tangent space at e, or equivalently the Lie algebra, is a direct sum

a=toPo.

Let k = dim t be the rank of G. Choosing an orientation on R? allows us to identify
the rotation action on g, as e2™% where, for (e2™1, e2mivz  e2mitk) € T we have
0, = myixy + - - - +myxy for integers m;. Choosing the opposite orientation gives —6,.

Definition 25 The linear forms +6, € t* are called the roots of G.

Example:

1. For U(n) we have seen that T" consists of the diagonal matrices and the Lie algebra
is the space of skew Hermitian matrices, so B;; = —Bji. The 1-dimensional complex
space of entries in the upper triangular (4, j)-place with 7 < j is a real 2-dimensional
space g, since it is acted on by T" as e*ie~"i. Thus the roots are x; — ;, i # j.

2. For SU(n) the only difference is that since det A = 1 the maximal torus is given
by > . x; = 0. In particular for SU(2) the roots are (1 — z5) = £2x;.

3. If G = SO(2m) then the maximal torus consists of m 2 x 2 blocks down the
diagonal each of the form
< cos2mx;  sin 27mi)

—sin27x; cos2mx;

It acts on the space of skew-symmetric matrices broken up into 2 x 2 blocks, with
the ¢ < j place a real 2 x 2 matrix acted on the left by a rotation by 27z; and on
the right by —2mz;. This is a tensor product V; ® V; and complexifying and looking
at the eigenspaces the four one-dimensional representations are e2™(*%%%;) Thus the
roots are +x; £+ x; for ¢ < j.
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Given a root 6, the kernel of the homomorphism 7" — S is a subtorus of dimension
k — 1 which acts trivially on g,. So take a one-parameter subgroup with tangent
X € g,. Its closure together with the kernel generates a connected abelian subgroup.
In fact since the maximum dimension is k it will be automatically closed (there is a
geometric reason for this which will become evident below). It follows that points on
a root hyperplane defined by 6,(x) = 0 are tangent to many maximal tori.

Conversely, suppose that ¢ € T is not contained in the kernel of any of the root
homomorphisms. This means its action on each g, is non-trivial. But this is the
condition in the proof of Theorem 7.4 for the derivative of F' to be an isomorphism
and F' to be a covering map in a neighbourhood. Moreover this neighbourhood
contains generators of ', so as in the proof of Proposition 7.3 the cosets in the fibre
is an orbit of N(T).

Hence if ¢ is contained in another maximal torus h7'h~' then ¢ = hsh™' for some
s € T which means (hT,s) is in F~1(t) but then hT = ¢T for g € N(T), so h = gu,
uw €T and h € N(T). This means hTh™' =T.

Hence if ¢ is not contained in the kernel of any of the root homomorphisms it lies in a
unique maximal torus. The root planes are thus the tangent spaces of the intersection
of other maximal tori with 7.

Example: In U(n) the root planes are z; — z; = 0, so a matrix A lies in a unique
maximal torus if its eigenvalues e?™i are distinct.

The subgroup N(T) C G acts on g via the adjoint representation preserving t C
g, but T acts trivially on itself by conjugation, so the quotient W = N(T)/T,
the Weyl group, acts. If p : T — Aut(g) is the adjoint action then p(gtg!) =
Ad(g)p(t) Ad(g)~!, for g € N(T), is an equivalent representation thus it permutes
the irreducible components of the action and so permutes the roots.

The discussion above shows that if X € t does not lie in any root hyperplanes then
its orbit under W has |W| elements and so the action on this open subset is free.
In particular W embeds as a finite subgroup of linear automorphisms of t. It also
preserves the inner product, so it embeds in O(k).

Example:

1. For SU(3) the rank & = 2 and W = S5 so this symmetric group embeds as a
subgroup of O(2): it can only be the dihedral group of rotations and reflections of an
equilateral triangle.

2. For SU(4) we have Sy C O(3), the symmetries of the cube.
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If X € tlies in a root hyperplane then there are elements of W which leave it fixed.
We prove the following:

Theorem 7.6 The orthogonal reflection in each root hyperplane lies in the Weyl
group.

Since reflection in a hyperplane has one eigenvalue —1 and the rest 1, its determinant
is —1 and so W never lies in SO(k).

Proof: The 2-dimensional root space g, has a positive definite inner product: choose
an orthonormal basis X7, X. Then X; £ X, is acted on by T as e=2™(®) and so
(X1, Xo] = i[X1+1X5, X1—iX3]/2 = «is invariant by 7" and so lies in t. It is non-zero,
for otherwise the root hyperplane together with X, X, span an abelian subalgebra
of g of dimension k 4 1 which contradicts maximality.

Since T preserves g, this means that {X;, X, a} spans a 3-dimensional non-abelian
Lie subalgebra. Its elements are skew-adjoint with respect to the inner product so
ad defines an isomorphism to so(3). There is thus a corresponding connected Lie
subgroup G, of G which is a covering of SO(3). But the double covering of SO(3) is
SU(2) which is simply connected so the Lie subgroup is either SU(2) or SO(3) which
are compact and hence the subgroup is embedded.

Take Y € Kerf,, then [Y,X;] = [V, X3] = 0 since Y acts trivially on g,. And
[, Y] = 0 because Y, o € t which is abelian. Hence G, fixes the hyperplane.
Consider (Y,a) = (Y,[X1, X5]) = (Y,ad(X;)X3). Since the inner product is bi-
invariant, ad(X;) is skew adjoint and so

(Y, ad(X1)X2) = —(ad(X1)Y, X)) = —([X1, Y], X)

which vanishes since [X7,Y] = 0. Hence « is orthogonal to the root hyperplane.

There is a rotation in SO(3) which takes « to —« and a corresponding element
g € G,. This fixes pointwise Ker 6, and preserves Kerf, ® Ra = t and so lies in
N(T). Consequently it is an action of an element of order 2 in the Weyl group. O

Remark: Every one-parameter subgroup in SU(2) or SO(3) is a circle and em-
bedded. The maximal tori which intersect the root plane are then generated by the
(k — 1)-dimensional kernel of p, : T'— S* and one of the 2-parameter family of circle
subgroups of (G,.
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8 Representations and maximal tori

8.1 The representation ring

We have observed that given representations V, W we can form the direct sum V & W
and the tensor product V ® W. We can also write mV =V oV o ..--dV for
a positive integer m. If we now take equivalence classes [V] of representations and
allow negative values of m we get a ring R(G) called the representation ring. Since
an equivalence class is determined by its character yy and xyvew = xv + xw, and
Xvew = Xvxw this is also the character ring consisting of finite integer combinations
of the functions yy. We take complex representations here.

Example: For the circle S, every irreducible representation is of the form U, with
character ¢, So any representation is a sum of these and R(S') = Z[t, ¢ 1], the ring
of finite Laurent series in ¢ where ¢ is the basic representation U; with character €.

Restricting a representation p of G to a maximal torus 7', it splits into one-dimensional
irreducibles with character of the form exp 2mi(a;xq + -+ - + @ x,,) and these linear
maps a,x1 + - - - + a,, &, are called the weights of the representation. The roots are
the weights for the adjoint representation.

The representation ring R(T) for T = S! x S! x ... x St is, from the example above,
the Laurent polynomials in k variables where k = dimT: R(T) = Z[t5', 15", ..., t;'].
Just as the Weyl group permutes the roots, it also permutes the weights of p and so
the character of a representation restricted from G must be invariant under W.

Proposition 8.1 The restriction map R(G) — R(T)W, to the fived part under the
Weyl group, is injective.

Proof: By orthogonality of characters a representation is determined by its character
X, and the character is conjugation-invariant so since every element is conjugate to
one in 7', x is determined by its restriction to 7". The conjugation action of N(7')
leaves x invariant so its restriction to 7" must be invariant under the Weyl group. O

Example: If G = SU(2), T = diag(e??, e ) and the Weyl group is Sy = Z, taking
0 to —6 (a rather simple case of reflection!) or ¢ to t~!. So R(T)" is the ring of
Laurent polynomials of the form

T=mo+m(tHt) + o m, (). (4)
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The character x,, of the irreducible representation V,, in Section 6.1 is
et (2
S0 we can rewrite m as a linear combination of irreducible characters:

T™=mg+mix1+ m2(X2 - Xo) +ee mn(Xn - Xn—2)'

The character of any irreducible representation can therefore be written in this form.
By orthogonality of characters, it must therefore be one of the V,,. The character
of any genuine representation is a sum of non-negative multiples of y,: a Laurent
polynomial (4) where m; —m;,o > 0.

Since
t+t ="t )

7 can also be written as a polynomial in a single variable ¢ 4+ (=1 so algebraically
R(TW =Z[t +t71].

In the example, we saw that the restriction map R(G) — R(T)"W was surjective and
hence an isomorphism. This is a general fact though we shall not prove it here.
Identifying the irreducible characters in the representation ring is in general far more
difficult than the case of SU(2). We shall demonstrate the isomorphism in another
example next.

8.2 Representations of U(n)

The Weyl group for U(n) is the symmetric group S, acting on an n-dimensional
torus. Any polynomial in #q,...,%, which is symmetric is itself a polynomial in
the elementary symmetric functions o,,: the coefficient of ™ in the expansion of
(x—t1)(x —ty) ... (v —t,). The representation ring R(T) = Z[t7,...,t] and involves
the negative powers, but we can convert such a Laurent polynomial into a genuine
polynomial by multiplying by a power of o, = tit5...t,. If we can find represen-
tations of U(n) with character oy, 04, ...,0,,0, " then we will have an isomorphism
R(U(n)) = R(T)Y and

R(T)W ~ Zloy, 09, .. .,an,agl]

as a ring.

If V is the n-dimensional vector space which defines U(n) we shall use the exterior
powers AV for 0 < m < n. This is the algebra which lies behind the differential
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forms which we used in discussing integration, but now using a complex vector space.
The easiest way to define A"V is the dual space of the vector space of alternating
multilinear functions M (vy,...,v,,) on V. So A'V is the dual space of V* which is
canonically V itself. Given vectors vy,...,v,, € AV we define a linear function of
multilinear forms M by

v AV A+ A vy, (M) déf]\/[(vl,...,vm).

This expression is linear in each v; and the alternating property of M means it changes
sign if any two v; are interchanged. A general element in A™V is a linear combination
of terms like this. In particular, if v;,...,v, is a basis for V, a basis for A™V is
provided by vy, Av;, A+ Av; where i1 < iy < -+ < i,. A matrix A € U(n) acts as

A E Qiqig..im Vig N Viq VAR -V, = E ailizmimAvil AN Aviz VAN Al)im

1<+ <im i1<++<im

Taking the maximal torus as the diagonal matrices with respect to the unitary basis
vy, ...,0,, the character of this representation is the elementary symmetric function
Om. When m = n, A"V is one-dimensional since if w; = > ;i Aijvu;, then

wy Awg A -+ Aw, = det Avy Avg A -+ A vy,

W,

Its dual space has character o, !. Hence the generators of R(T)" are all characters

of representations of U(n) and so R(U(n)) = R(T)V.

These representations are irreducible because if U C A™V is an invariant subspace,
it is invariant by 7" and hence a sum of one-dimensional representations given by
the weights. But the weights are all distinct so some v, A v, A...v;,, € U and
the character yy contains the monomial ¢; ¢, ...¢; . But it is invariant under the
symmetric group and so contains all such terms and is the character of A™V.

Example: The adjoint representation has weights which are the roots £ (z; —x;)and
n trivial weights, so its character is

Xad=n+ Yy tit;".
1#£]
Multiply by o, = tit5...t, and we get no, + 20,_1 so in R(T)" we have

o
Xad="n—+2 L
On
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Elements of the group SU(n) have determinant 1 and the determinant is the action
on A™V which is therefore the trivial representation and ¢;...t¢, = 1, which is the
equation of its maximal torus. In this case the generators o,,0,' are removed. In
particular when n = 2 we recover the description of R(SU(2)) above.

The representation ring contains the characters of all representations. An additive
basis is provided by the irreducible ones but the ring by itself does not identify these.
This requires the further study of roots, weights and the Weyl group which is beyond
this course. By the same token, it is difficult to determine the product in the ring
in terms of a basis of irreducibles. This is an important issue: given two irreducible
representations V., W, how does V @ W break up as a sum of irreducible components?

We can answer this for SU(2), since we know that the V,, the representation on
homogeneous polynomials f(z1, z2) of degree n, give all the irreducibles.

Proposition 8.2 (Clebsch-Gordan) The tensor product of the irreducible represen-
tations Vy,, V,, (where m > n) of SU(2) decomposes as

Vm ® Vn = Vm-‘,—n © Vm+n—2 - D Vm—n-

Proof: The character of V,, is t" +t" 2+ ...+t " or
B t_n(l _ t2n+2)

XVn - (1 o t2)
Hence (1 )
f—men (1 — ¢2m

and collecting terms the numerator is

t—m—n(l _ t2m+2n+2) + t—m—n+2(1 _ t2m+2n) NI

8.3 Integration on T’

The argument for injectivity R(G) C R(T)" was based on orthogonality of charac-
ters. This means by integration over G. But since xy(ghg™') = xv (h) the function
itself is uniquely determined by its restriction to 7', so there should be a formula for
integrating a function of this form (a class function) over G in terms of an integral
over 1.
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In fact the formula comes from our discussion in 7.2 of the map F': G/T x T — G
together with the properties of root hyperplanes in 7.3. Recall that when g € G lies
in a unique maximal torus the map F in a neighbourhood of F~!(g) is a covering
transformation of degree |IW| and so there is a dense open set of G over which F' is
a covering. In particular, a set of full measure, so we can restrict our integral to this
set.

Further, because F' is a local diffeomorphism, the integral of an n-form transforms
via the determinant of DF', relative to the invariant n-forms on G and G/T xT. But
we calculated this, forg =t, as

(det(Ad(t™Y) — I))

acting on t although we omitted to determine the sign of this.

However, t preserves each root space g, and acts via the root 6, so the determinant
is a product of terms

det (cos 270,(x) — 1 sin2wf,(z)

—sin 270, (x)  cos2mlh,(x) — 1) = 2(1 — cos 2mls(z))

and, since 0,(x) # 0 because x is not on the root hyperplane, this is positive.

The degree of the covering is |I¥| so the integral over F~1(U) for a coordinate neigh-
bourhood U in G is |W| times the integral over U.

Now suppose f : G — C is a class function, and consider fo F': G/T xT — G. This
is f(gT,t) = f(gtg™') = f(t). For fixed ¢ this is constant on G/T. Applying Fubini’s
theorem we get

Proposition 8.3 (Weyl integration formula) If f is a class function,
1 _
[ 719 = g [ det(ad(t) = Dlyrs o)
a (W1 Jr

Example: For SU(2) with roots +2x, we have
det(Ad(t™) = I)|gyr = 2(1 — cosdrz) = —(t —t7')°

if t = ¥, Then since the Weyl group has order 2, the Weyl integration formula
gives

= 1-— drx) f(x)dx.
/Sm)f(g) / (1 — cos dma)  (x)
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We can test orthogonality of the characters of V,,,V, this way by replacing this by
the contour integral around a circle C'. Since yy, = > 4 ... 4 e 2™M ig real

1 . t—m—n(l _ t2n+2)(1 _ t2m+2) .
XV X Vi, :/ XV XVi, = ——QWZ/(t—t_l)Z ttdt
/SU(Z) SU@2) 2 c (1—12)?

which is by Cauchy’s residue theorem the residue at ¢ = 0 of

—m—n —m+n+2 m—n-+2 m—+n-+4
T —t —t +t )dt

and this vanishes unless m = n in which case it is 1.
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9 Simple Lie groups

9.1 The Killing form

So far we have worked on a compact Lie group with a bi-invariant positive definite
inner product on the Lie algebra constructed by averaging. There are choices: at one
extreme is the torus where any left-invariant inner product is bi-invariant. But for
other groups there is a natural choice. Since tr AAT = 37, - A%, tr ABT is a positive
definite inner product on the space of all n X n real matrices so for SO(n), whose Lie
algebra consists of the skew-symmetric matrices, tr A2 = — tr AA7T is negative-definite
and, since tr PX P! = tr X, is invariant under the adjoint action.

Every compact Lie group has a homomorphism Ad : G — SO(g) and so we can use
this natural inner product on SO(g) to give:

Definition 26 The Killing form on a Lie algebra g is the symmetric bilinear form

(X,Y) = tr(ad X ad V).

For a compact Lie group G this is negative definite by the observation above so long
as ad : ¢ — End(V) has zero kernel. The centre Z(G) acts trivially by conjugation
and so acts trivially under Ad, and so its Lie algebra lies in this kernel. Conversely
if ad X = 0 the exponential of tX acts trivially on g and hence on a neighbourhood
of the identity in G so if GG is connected it lies in the centre.

Example:

1. For SL(2,R), which is not compact, the Killing form is non-degenerate but not
positive definite. In fact the adjoint representation is a covering map SL(2,R) —
SO(2,1) and the form has signature (2,1).

2. For SO(n) the Killing form is (n — 2) tr XY which is negative definite for n > 2.

3. The Killing form for U(n) is not negative definite since elements eI lie in the
centre. It is negative definite for SU(n) and is 2ntr XY

9.2 Ideals and simplicity
An abstract group is simple if it has no nontrivial normal subgroups. If H C G is a
connected normal Lie subgroup of a Lie group then its Lie algebra b is preserved by

the adjoint action of G, and so for Y € h and X € g, [X, Y] € b.
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Definition 27 An ideal in a Lie algebra g is a subspace V' such that for' Y € V and
Xeg [X,Y]eV.

With an Ad-invariant inner product on g, the endomorphism ad X is skew adjoint.
It follows that if V' is preserved by all transformations of the form ad X, so is its
orthogonal complement V- which is therefore an ideal also.

Definition 28 A Lie algebra is simple if it is non-abelian and has no non-trivial
tdeals. It is semi-simple if it is a direct sum of simple Lie algebras.

For a connected Lie group G, the ideals are the invariant subspaces for the adjoint
representation, and when G is compact we have complete reducibility of any represen-
tation so g splits as a direct sum of trivial representations and non-trivial irreducible
ones. Thus if there are no trivial ones, the Lie algebra is semisimple.

The connected Lie group corresponding to an ideal in g is a normal subgroup i.e.
preserved by conjugation. A trivial ideal is the Lie algebra of a connected Lie subgroup
in the centre of G.

Definition 29 A connected Lie group is simple if it is non-abelian and has no non-
trivial connected normal Lie subgroups. It is semisimple if its Lie algebra is semisim-

ple.

Note that a simple Lie group may have a discrete centre which is of course a normal
subgroup.

Although a semisimple Lie algebra is a direct sum of simple Lie algebras, Theorem
5.2 shows that the corresponding statement about semisimple Lie groups only holds
for simply-connected ones.

Examples:

1. The group U(n) is not semisimple because it has a 1-dimensional centre: the scalar
matrices e,

2. The case of SU(n) is simple because the adjoint representation is irreducible. In
fact since the roots x; —x; are permuted by the Weyl group, they are the weights of a
single representation so any complementary representation must be acted on trivially
by the maximal torus. But these are diagonal matrices and, unless they are scalars

(which is impossible if the trace is zero) they can be conjugated to be non-diagonal.

3. The centre of SU(n) consists of scalars wl where w™ = 1, the cyclic group Z,. So
take the diagonal copy of Z, C Z, X Z, and the quotient SU(n) x SU(n)/Z,. This
group is semisimple but not a product.
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The result that the Lie algebra of a compact group is a direct sum of simple ones
does not require a positive definite invariant inner product. In particular it can be
used for groups for which the Killing form is nondegenerate.

Theorem 9.1 If the Lie algebra g contains no abelian ideals and admits an invariant
(possibly indefinite) inner product then it is semisimple.

Proof: Let m be a minimal ideal. The span [m, m] of commutators [X, Y] is again an
ideal, contained in m. It cannot be zero, since m would then be abelian, so it must be
m. Take its orthogonal complement m’ which is an ideal. Note that for an indefinite
inner product there exist null vectors, so a vector space can intersect non-trivially its
orthogonal complement.

If mNm' =0 we have g = m@m’, a direct sum of Lie algebras. Moreover any abelian
ideal in either factor is an ideal in g. The inner product is nondegenerate on each
factor too if it is nondegenerate on the sum. So we can continue, reducing dimension
each time.

If mNm’ # 0 it must be m by minimality. Together with m = [m, m] this means that
the inner product is zero on m.

Take A =)".[B;,C;] € m where B;,C; € m. Thenif X € g

(A, X) = ([B;,Ci], X) = Y (Bi,[C;, X]) =0

% 3

since [Cy, X] € m as m is an ideal. But this contradicts the nondegeneracy of the
inner product. O

With this approach, by Lie’s third theorem one can reduce the classification of uni-
versal covers of compact Lie groups to the discussion of simple Lie groups.

9.3 Classification

Simply-connected compact simple Lie groups are classified. They are:

e The special unitary group SU(n)

e The double cover Spin(n) of the special orthogonal group SO(n)
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e The quaternionic unitary group Sp(n). The notation here is a little ambiguous
(Sp = symplectic). The reason is that the complezification of the Lie algebra
is sp(2n,C), the Lie algebra of the non-compact group of complex 2n x 2n
matrices leaving fixed a nondegenerate skew symmetric form.

e The exceptional groups Gy, Fy, Eg, 7, Es. The subscript denotes the rank of
the group.

The group Sp(n) is one we haven’t discussed. The quaternions H consist of real linear
combinations of 1,4, j, k where 4, j, k satisfy the defining relations

it =% =k?=ijk=—1.

So q = xg + ixy + jxo + kxs is a quaternion. Multiplication is associative but not
commutative. The quaternionic conjugate is § = xg — ix1 — jxo — kxs and pg = gp.

The group Sp(n) consists of n x n matrices A with quaternionic entries such that
AAT = 1. When n = 1 this is the 3-sphere z2 + 22 + 22 + 22 = 1 which we have
seen as SU(2). In fact in low dimensions there are special isomorphisms among the
simply-connected groups:

Sp(1) = SU(2) Spin(4) = Sp(1) x Sp(1) Spin(5) = Sp(2) Spin(6) = SU(4).

More invariantly, if we consider H" as a quaternionic vector space by right multipli-
cation by H, then Sp(n) is the group of orthogonal matrices commuting with this
action. Another even more invariant way to say this is to pick out the 7 in the quater-
nions and then regard j as an antilinear map .J such that J? = —1. In Section 6.1
we saw that the action of SU(2) on the representation space V,, commuted with such
an action when n was odd. This means that V5,,_1 corresponds to a homomorphism
SU(2) — Sp(m).

The exceptional groups have a rather more complicated description, especially Eg. It
is often said that if you want to prove something about Lie groups by case-by-case
treatment using the classification, by the time you get to Eg you can see the general
proof. However G5 is more amenable and we shall finally discuss this.

9.4 The group G»

The “exceptional” group G5 is in some respects not exceptional and has more in
common with the “classical” groups like SO(n). To justify this, consider O(n) de-
fined as the subgroup of GL(n, R) which preserves the positive definite bilinear form
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(x,y) = x1y1+ - -+ T,Yn. Aninvertible matrix A € GL(n, R) acts on all such bilinear
forms by B(z,y) — B(Ax, Ay). Positive definiteness is an open condition and any
positive definite form can be transformed to (x,y) by this action. So the orbit of B
in the space of symmetric bilinear forms (which has dimension n(n + 1)/2) is open,
and the stabilizer is a Lie group of dimension n? —n(n+1)/2 = n(n —1)/2 conjugate

to O(n).

Instead of symmetric bilinear forms we can consider alternating trilinear forms T'(x, y, 2).
In fact every Lie algebra has one (X, [Y, Z]) but these are very special. In a 7 dimen-
sional space the picture is more like the symmetric forms: there are open orbits of the
49-dimensional Lie group GL(7,R) on the 35-dimensional space (A’R7)* of trilinear
forms T" and the stabilizer of a point has dimension 49 — 35 = 14. This will be the
group (GG5. To show this we need to pick a representative form 7' and show that its
stabilizer is a compact subgroup of dimension 14.

We take an orthonormal basis ey, . ...e; of R7 and set
T = 67(6162 + e3zeyq + 6566) + €16365 — €164 — €263 — €2€4€5.

This terminology means that evaluating 1" on three of these vectors is the coefficient in
the above expression, taking account of the alternating property, so 1 = T'(e7, eq, €3) =
—T(el, er, 62) etc.

Definition 30 The Lie group G is the identity component of the stabilizer in SO(T)
of the alternating trilinear form T'.

We shall then prove

Proposition 9.2 The form T lies in an open orbit of GL(7,R) in the vector space
of alternating trilinear forms and the stabilizer in GL(7,R) of any form in this open
set is conjugate to G.

Proof: The Lie algebra action of a matrix A is

T(Ax,y,z) +T(z, Ay, z) + T(z,y, Az).

First we shall find a 14-dimensional Lie subalgebra of s0(7) which leaves T" invariant,

then show that the connected Lie group corresponding to it is the stabilizer of T in
GL(7,R).

1. For each i # j let E() denote the skew symmetric matrix taking e; to e; and e;
to —e; and zero on all other basis vectors. Consider E(™V. Tt transforms T to

61(6364 + 6566) - 67(6365 + 6466).
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But EG% 4+ E45) transforms T to
—2eq(eszeq + e5e6) + 2e7(eses + eg66)

and so 2B + EG6) + M) lies in the Lie algebra of the stabilizer. Continuing with
E(™ for 1 < i < 6 we have a 6-dimensional space which leaves 7" invariant and to find
the other elements we need only restrict to linear combinations of E#) for 7,5 # 7.
This is the Lie subalgebra of so(6) leaving fixed e7.

If e is fixed and T is fixed, then so are the alternating 2-form ejes + eseq + e5eg and
the 3-form ejeses — ejese6 — eae366 — €ae4e5 which make up 7. The skew bilinear
form B defined by the first is B(x,y) = ([x,y) where le; = ey, [es = —eq et. So
¢; + ieq, e3 + ieq, e5 + icg form a basis for R® as a complex vector space C?. The
elements in SO(6) which commute with I are orthogonal and complex linear hence
in U(3). The 3-form can be written

€1€3€65 — €1€4€ — €2€3E5 — €9€4€L5 = Re(€1 + i@g)(eg -+ i€4)(€5 -+ i€6)

which lies in the complex 1-dimensional space A3C3. The group U(3) acts on this
by the complex determinant e, so if the real part is preserved the group must lie in

SU(3).

Thus SU(3) lies in the stabilizer of 7" and the Lie algebra g, is su(3) & R® which has
dimension 14.

2. Now suppose U is any trilinear form on R”. We shall define an associated inner
product. This involves the exterior product of two forms. Given M of degree p and
N of degree q the exterior product M A N is defined as

1
MANG o) = o0 Y M(zoqy, - Zop)N(Zoipr) - Topia))-
T 0€Sptg

If a, B are two linear forms then o A § = —f A a and more generally M A N =
(—=1)PAIN A M.

For a vector x € R” define a 2-form B, by B,(y, z) = U(x,y, ), Then consider
B, A B, AU.

Since 2-forms commute this is symmetric in z, ¥y and takes values in the 1-dimensional
space of 7-linear forms in 7 dimensions. This is almost an inner product, except it
takes values in a one-dimensional space on which A € GL(7,R) acts as det A. So a
representative matrix B transforms like B — ABAT det A and so det B +— (det A)°B.
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Then B/(det B)'/? defines an inner product if det B # 0. This may not be positive
definite.

3. Now consider 1. The given positive definite inner product for which e, ..., e;
is an orthonormal basis is the one determined as above. In fact since T is invariant
by SU(3) this is an invariant inner product on R® @& R. As a real representation of
SU(3) RS is irreducible so it can only be a scalar multiple of the standard one so it
suffices to check that e; and e; have the same length in the canonical inner product.
In this case

Be7 = e16g9 + €364 + €5€4

and so B.. A B.. = 6ejezezeqeseger. And
Bel = —e7€9 + €365 — €464

which gives B, N\ B., = 6ejeseseqeseger. These have the same sign and value so the
inner product is positive definite and (up to a factor) the given one.

We conclude from this that the connected component of the stabilizer of T" under the
action of GL(7, R) lies in SO(6) and so from the first part is a 14-dimensional compact
Lie group. The map A — T'(Ax, Ay, Az) from GL(7,R) to the 35-dimensional space
of trilinear forms is smooth. The derivative at the identity has, as we have seen, a
14-dimensional kernel and so since 49 — 14 = 35 has a surjective derivative. By the
inverse function theorem it maps to an open set and so the orbit of 1" is open. O

We can now consider properties of Gy as a Lie group, using the subgroup SU(3).

e We have seen that the Lie algebra g, = su(3) © R® and the R® is the defining
3-dimensional complex vector space for SU(3). Its complexification is the rep-
resentation V' @ V in the notation of Section 8.2. So the maximal torus 7' of
SU(3) acts on R® with weights 4z, +x5, +23. Since none of these is zero, T
is the maximal torus of G5 which is therefore a group of rank 2. Moreover the
roots are (where x; + o + 3 = 0):

+(z1 — 22), £(x2 — x3), £(23 — 1), 21, X0, £3.

e The Weyl group is generated by reflections about these six root planes and is
the dihedral group of symmetries in O(2) of a regular hexagon.

e The group Gy is simple: any ideal in g, is a representation space for SU(3)
so (since SU(3) is simple) if Gy had an ideal it would be su(3) and also its
orthogonal complement R®. But R® is not closed under Lie bracket. We could
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check this directly but since it has no zero weights, as a representation of SU(3),
all the Lie brackets would vanish. But then we would have a 6-dimensional
abelian subalgebra which contradicts the rank calculation.

The group G5 has the same maximal torus as the subgroup SU(3) but the Weyl
group consists of the symmetries of the hexagon instead of the triangle: it has
the extra symmetry of multiplication by —1. This acts on R(7") by the involution
(t1,ta,t3) — (t7 515, t51). We saw that R(T)W for SU(3) was Z[oy, 0] where

o1 = tl + tg + t3 09 = tth + t2t3 + t3t1 t1t2t3 =1.

So the extra involution takes oy to o9/03 = 09 and o1 + 09, 0107 are generate
the invariant subring.

Now the 7-dimensional representation of G splits as 1 &V @& V as a represen-
tation of SU(3) with character

L+t +tat+ts+t7 +6 +t5 =1+ 01+ 09
and the adjoint representation
R R S SRR I 2 7 7 S P S Al

But
o109 = (t1 +ta +t3)(t7 + 15" +851)

so the character of the adjoint representation is
0109 — 1+ o1+ 0s.

We see therefore that R(Gy) = R(T)" = Z[oy + 02, 0103] is a polynomial ring
on two generators.
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