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2. Introduction- · Groups : "Symmetries" of geometric objects .

·
Some

groups
have their own geometric structure.

"Lie groups", named after Sophus Lie
·

↳ Groups whose elements (1862-1899)

depend on finitely many continuous parameters.
·
At the intersection of : · Algebra

. fermetry
Highlights/Plan of the course

· Analysis .

· Interplay between lie
groups

and

TIG
Lie algebras. Linearization , even more

# powerful than in oblinary colculus due

≈
to the

group
structure

· Representation theory
· Compact Lie groups , maximal tori , Weyl groups

(fimite groups)
·
State (no proof) Classification of connected

compact hie groups. Exceptional Lie groups (eg G2)



C
. Fundamentals. E
Recoll :. n-dim Ismorth) manifolds : topological space + local

identifications with IR"

n .\
Tatto function , differnaphismIR"

Ex : IR" , open in IR" ,
SY

,
T" = (S42

M
,
N manifolds =o MXN manifold dim = dimM + dim N
· Smooth

map f : M -> N between manifolds
(smooth in charts (

↓e : A Le grap G is a manifold endowed with a structure

of group , s .
t

.

the multiplication m : G +G -> G and the[
invention i : G -> G are smooth.

Ex:. (1R" , +)) abelian hie
group

· GL/n , 1R) = (AE M/n , (R)/okt(A) # 0] X of matrices

Group of invertible non matrices.



Open in MIn , IR) = IR" -> Manifold of dim22
Product : polynomial so smooth
Inverse ? At=1 odg(A)
w·jugate matrix

polynomial [ Transpose of the matrix of cofecties

gme한 (-2)i + 1 minor
(n-1)x2) determinant

si smootho he
group

-> Polynomiel

Tangent space at the identity : T GL(n , IR) = MIn ,
IR)

More examples ? Recall : Reuter Due Theorem :

Let M ,
N be manifolds of dim m

,n
and F : M- N smooth.

Let =N be a regular volue of M with F #0C1 &XpeF() , dFp : TpM -o Typ =
N is surjective)

Then F4) is a manifold of dim m -n
,

and UpEF) , TpF
+

( = Ker(ofp)

ㅣ_n

”

ぐ → v -

Useful to construct
manifolds and identify torgent

spaces.



Examples : SL(n .
(R) = GAEM/n

, IR)/det(Al = 1] 4
F : M(n , IB) - IR SL(n

、
IR) ÷ F- 10)

A 1∞detAl - I AE SLIn , IR)

·) (olef) (B) = tr/A
- 2

B)
A

MIn. IR)- IR surjective
B + tr/A-

< B)

so S(/n , IR) manifold- hie
group

ey
β - λ큼

fr (A
-1 B) = J

an TySL(n ,
(R)= [BI tr(B)= 03

dim= ne - 1

·
S2 = (2)(2)EK] I compact abelian

lie
groups

T
"

= ( S)
^

·
O(ul = SAE MIn , IR)/ ATA = []
F : M/n, IR) -> SymIn , IR) Olul = F

:<

(l)

A n ATA

dF IB) = BT A + AT B surjective [B = & AC]A

-> Olu) lie
group

T
な
Ol 1- EBEMAW、 IR) I B「 二 - B}
dim = 에쁠 skew-symmetric matrix



·
Solul = (A + O(n) (det (A) = 1) ↳

Connected component of O (n)
。 U /n) = {AEM (n ,411A = I } dim = s

AT
TIO[n ) - { B ε MIn ,4 ] |B

*
- - B}

anti-Hermitian

SUInI = SAE Ulu)ldet(Al = 1] dim n2 - 1

Tz SUlnl = [BE M/n ,
()/ B* = - B

,
tr(B) = 0]

-

Ref : G , H Le
groups . of : G-+ H Lie graphomomorphism if :

· f smooth , of group hom.

· f : G+ H Le
group

ison if:

· f differ , of group
ison.

Ex : det : GL/n
,
IR) e IRISo] lie

group
hom.

det : UInl -> S" Lie
group

hom.


