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Lecture 2
. [23/01/2026] Today : Left-inst restor fields

Pet : G he
group ge G

· left translation Lo :Gaingaps arehiga
X

→→G
· Right translation Rgi

Xts xg
·Conjugation Cq:Ge.x (2 = Lyo Rojz(x)

L . Bo differ f Le grap only and My are not
group

[ lj- lyz , Rj = Rje } homomorphism : (y(e) = Rg(e) =

g
+e

Recoll: a vector field X on a manifold M is a smooth
in general.

assignement of target vector at each point is X smooth section of TM
〜

Vector
space of rector fields(

°

(TM) taugent bundle

To-dim if dim MLd)
·f : M - N differ fx : CO(TM) - C/TN) dfp (Xp)
ihfindby eXlfmtOfiHMTT
.

Yet : Glie
group offp

A rector field Xon G is left-invariant if (LogX = X[
VgeG .
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g = Lie (G) = [left-invt rector fields on GY die algebra of G
See next lecture
for general def of

Prop G Lie
group, identitye , dim n . lie algebra.ー

[
Then of Te G so is a rector space of dim n.

X Xe

Moreover if (Xcle ...... /Xule is a basis for ToG and X &, . . . ., Xu

are the corresponding left-invt veter fields ,
thenFX CO/TG) ,

子 ! fa. …, frtCo ( G )st . ×=
忌

fixi.
If : See y sheet 1

. I

Example : G. 10
, 00) x coordinates

General smouth rector field X = f(s)f(s) smooth function
* left-invariant f(s) = sf(z) o = Span(s)
FTE CLTM ) X = F( 5 ) 二() (s)
Dall : Mmanifold XECOM) pEM no unique integral curve

4p : (- 3
, s) -oM

.내 { [p(t)
= Xxp(t)

aplol = p



open ③
- Flow of X st d : U -M VtE(- 5

, 3)

UpEX , 7330 . 남
JU open,peX

禁に。「 9 )←i ' n -Xy!然“
^*

x ㅣ
Example : G = 10 , a) X = s left-invt

{<j(t) =X
y(y)

= 4
,
(t) = as() =

ets

4s(d) = S definedSEG XtEIR

_ => General fact :
eleth

_
clreti

Xe : IR -e lo
,dㄴIhm : G lie

group
with identity e. grouphom

a X ty .

Let to be the integral curve of X through X. G.

Then : ) XuH) is defined XtEIR

(i Xe : IR- G isa lie
group

hom

𠃮 &e(tz + (2) = xe(tz) Yeltz)

1) If f:IR -> G is he
group

hom
,
7xg st . f = Xe .

⇌



Proofia))) Llaim:

g . Xn = Logx K
Pofi

g
. α

n
[0 ) -

g
- x =α

gx
(0]

士社。
武
( まの 。 / 1 ) =- k )j'rty( α 0( H)

o

Chain Rule ((d(y(ym() Tan()
g = (((ya X) g . Xx(t)

- Xg . ault)

Ly(et=
Uniqueness of integral curves

= g
. An = Xgou 4

&> EU open
set on which we have existence a

uniqueness
of integral curves of X defined for te)-5,

2) for some al 0.

Then FreG (u/l) open sets...... FtEl-s, a) (same all
A

·
Lulu ]
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↓ i) : delta + hl =

cell deteltell by i)P
Both integral curves of X-
Fix te as fuctinofte At t = 0 : Both = Celtz)

Uniqueness of integral curves of Result

τ6) f : IR- G smorth grouphom Xc : = f'(d) XEog
corerpondingf(tz+ +) = f(tz) f(tz) left-invt

Fix to
, differentiate with respect to that t = 0 :

verta field

f'(tz) = d(f(+y))Xe)

F Xflfi)
X left-invt so fiH = celt) Ft.

□

Next time :Le algebras.


