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Lemma: X ,
Y E = [X , Y] e o
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Proof : (y)e[X ,Y] = [Kg)eX , (LyinY] = [X ,

7].
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[X ,T]] = 0
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so [X .Y]z = [X2
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42] Lie bracket = Matrix commutator.

same f Lie
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,
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Next : representation



&all : Vrector space
-o Aut(V) = ST : VeV lineer invertible3)

automaphism
group of V finite dim real

E V =1R
"

AtIVI= GL/n , IR) Lef : A representation p of G on
atrector

space
(

is a hie
group homomorphism p : G - Ant(V)

Ex: G = So(n) V=" AtSO/n) pCAilvl = Av Vr eIR"

Always have a representation of G on og :

Def: The adjoirepresentation Ad : G -> Aut(y) is :
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8
)
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← ( Rg- 2)
.

since (Ly)o = tdl on og

Lemma: Vo -G Adlg) (Antly) is a
hie algebra hom hism :amorp

Allg) [x , 4] ← [ Al (glX , Adlyly3 * XEz
f
) e
[ x , 4] - [Cge( ) x
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Baoll : V -> Endlv) = [T : VeV linear] EIR "EndlV]
=> M(u, IR)

= TIGLIniIR]
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n
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4] FX

,
と Eg

니
Ex: G = GL(mIR) AdlA)(Bl = ABA FAEGLIn

, IR) ,
BEM/n , IR)

ad(BI(() = [B , C] = BC - CB FB
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Drop : Let F : G-l bee his
group

hom

Then offe : TeGzog -> TeGzog is a
hie algetia hou.

Prof (only sketch/Iok) X
, YEo -> Z
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Wth st
. Ze = olfe(Xe)

Claim : [2 , W]e=fe [X , T]e
刁

We = offe (Yel

Ida : Le integral more of X = fore integral come of I . It
ad( Cx、 YJ) - [ adlx)

,
adly7]

=> ad(X)od(7) - ond(Y) od (X)
.

Iroof: Fake f = Ad in Proposition. Et
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Remark : Corollary applied to 2 = Jacobi identity
.

1lef: Theexponuntiolmap exp : TeG = og
-> G is given by

=Ta exp(Xe) : = Ge(2) where de integral curve of X Cy
with

given XCTeG.
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Ex : G =
S2

, of = I
, explt) =

eit smouth
, surjective but not injective.

③

trop : dexpo : of -> of is the identity map, and so

exp is a local

diffeomorphism at 0 (inverse function theorem).
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Proof : Xeog s EIR is integral curre as of X satisfies :

delt= x(st) HER

exp(sXc) = x(1) = xe(s)

Differentiate and set =0:expls did = Xe

에

dexpo (Xe) 미

Ex : of
connected- exploy connected exp : M/uIR)-GL(nIR)

B
B +o e

not surjective as GL/m1R]
disconnected

Rem: exp surjective if G compact s connected.

G =δ L( 2,1 R) e☆= eBR
BESIK2 IRIEBEMCGIRI IB-0

but (20) ESL( ,
IR) so Inexp

=> exp
not surjective even if

FA FAESLRIR)
SLR, M) connected (but non-copect)-


