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Lecture4 . [30/01/2026] integral cure of X
↓

Glie
group .

Revell exp
:

of -> & exp(Xe) = &12)

Lem: Let f : G - H be o hie group
hom. Then

exp)off. (Xe)) = f(exp(Xe)).
Infi to integral curve of X starting at e.
Then fode = integral come of 2 with Zenofe(e))See last time

exp(o(fe( Xel) = foxe(2) = f (exp/Xel) . □

Imp: Garde Le grap . VV Open , VEG, Fra....pEV
8 .
t .
g
= vz

±

… vkt .

Prof
ht F= Eve .... VE , ve ....,UbEV , hEIN]

eF so F* Enough to show F open and closed.

Open : letg eF (y/V) open < F √

요 g Ev

Closed let geF . (y() open containing of 20 (g(V) & F *P)
Ψ

JhELy /VNF h=grr/g =h



drop : let feets : G-017 be lie
group

hom with G connected and ↳

Coffele = solfule .
Then fe = fur

Proof : JU open C ToG 7V open EG s .
t.
exp : U

-o Voliffer
Ψ Ψ

since exp
local differ at 0 (see last time).

Then Exe U, felexp(Xel) exp(fz)e(Xell=expllofulc(Xelflexl
so felr-falr Lemma

EG

Gcomrecte-] every g = vet
.... r view

+ foto grouphom f Fe = Ec. Il

Remark: g =#G = H even if G andH connected

Example: G = SUR) , H = S013) = gth /see Problem Sheet)

butG simply connected wheres H is not (i (H) = z/2)·

Ihm : Let G connected lie group
. The following are equivalent :

& exp : o -> G is a

group homorphism.

6) G is abeliaen Clossification
of abelian lie

- G = Th x 1Rn-h n = dim G großs .Δ Ψ↳ Lie
group

ison



&f 1) JetV open in GstFrEv , 7xEry ,
v=exp(x)

exp loed t v =exp(X) = exp = exp)- X)
differato exp(y+ X) = exp(y) exp(X)

a) : XX , φε g cxp ( x
+ y) = exp (λ) exp (4)

Gonneed FgEE g = expl= Xc) ... expl=Xk)
Prop Er = exp( X2 +... = Xk) so G obclian

.

b) = ↑ let m : GxG -> G be multiplication map.
(g2 , jel to ge gu

Note:dme (X , y) = X +7
Gabelien

mlgshaigrhil - grls fche tgaguhahe imlgzigalutha , hil

Voja ,ga Multiplication on GxG
he

,

he G
so m : GxG - G is a hie group

hom.

so m(exp(X) , exp(y)) = exp(X) exp(Y)
lemma - Il

exp(amce,el
(X

, Y)) = exp(X + Y).
Ne
21 show that

expoy->
G is a surjective le group hom

- = 6) Obvious.

b=) G abelion and we know Foge 6 5X tog , g
= exp(X) .

# : exp(X+Y) = exp(X) exp(y) (sinceba))(4)



so N := Ken exp is an additive subgroup of of ④
U

Then G = /K 11stisonthm) of = I

m
: = dim Span(k)

Let Xz .., XIEN linearly independent.
Considen F:= Saz Xz +. ... + aRXR EK , as , ... ., an

e [0 , 1]]
Fclosed branded in IR" so # compact.
(t) = exp

local differ otell X Ey
Inpartiula, FXCF, J Uopen s . t. UxeK = [XY

[exp(X) = e] Ψ

[(UX) , X + F] open cover ofF F finite .

so EX0 ....g EXhCK has finite index m

logrange therem =>
m Nc[Xg .... EXh

↓ Exp-EX

A subgroup of 二 EK

a free finitely generated abelian group



∞ N is a free abelion group :
도

β

Algebra => Ya
, ...., YhEK linearly independent

st : E = [02Ye +... + 94Ynluiz]
Extend is... Yo to a bosis Ye

, .....
Yo of o

Define fiog -> Thx IRh-h

flazYzt … tanYu\ 二 fe
π r…

、eE

πak,
ak +z …ッ

a、 )

Nerf = #
so g/N = ThxRm-* . G

Amark:
exp(X + y) = exp(X) exp(Y) in general

.

lif G non-abelian) -


