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Lecture 5 [02/02/2025] Foolay : he subgroups.
Def : G Lie

group .
A hie subgroup of G is a subgroup H of G

st
. It is a hie group

and the inclusion i : H -G is a Lie

group homomorphism.
& Lie

group topology on H might not be the induced topology
from G.

Example : &EIR Consider F : IR - T2
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& fIRIQ fa : IR -oTh

tive,subgrapaphomappe ,NENT

몇
s. t. fg (m)EU]

Recall : f : M -N smouth
map

between monifolds. Immention if
offp injective FpCM . Embedding if F : M = f(M) honeomorphism.



EEx : VERIQ
, fa is an injective immersion but not an embedding .

LDef: If i :H G is a Lie subgroup .
We say that

it is embedded

if i is an embedding
.

Example : SO(u) is an embedded hie subgroup of 0(u).
More VG , Go 20G is an embedded hie subgroup.
generally : I connected component of e

&

Reall : MC N is an embedded submanifoldpeM ,
JU open,

dimm dim n
7 F : U - IM" s"north map st.

*

로Kind of Flp=o , o regularvale of F , F&U = M1U .
inverse of the Fopologial
regular volve Consequence : M is locally closed in N:theorem.

FpEM .
7 Vopen st . MMU= U.

p
Thm : let H be a subgroup of a lie group G .

Then :
_[ Hison embedded lie subgroup ofG H is closed.

Irof: yeF Goo : y CH

It is locally closed in G : 7open sit . Me U = FU

let U.?: = [ui ?, aEU]7e
open



Consider Ly 102openso LylU4R =
모

5x (y(0&H
X = YUt UEU

XEH YEt
x
y = n = U

=> xyeF so x'yeFRU= Hau

Et Not easy.

so y EH .

[Claim : It is enough to show that His an embedded hie subgroup
neare /Then use left translations).

explocal differnto : JVCOg =TeG ,
JU c G open at.

Y open Ψ

exp : V-> U differ .

let log : U- > V be the inverse of exp
Define S = (x ( Te G l exp((X) + H , X+ eIR]

い 니

El: S is a vector space
und S = Telf

_

Set
up for later : identify ToG = IR ,

< ... ) inner product , 11 : /1 now
Is S a rectie subspace of of

= Te G ?
· OfS since explo = eCH
· XCS

,
belR E JXtS [expltdX)expY
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·
X

, YETeG Define Vs sufficiently small s . t . explsX) exploys
U(s) := log(exp(sX)explsYI) -Va ToG

dexpo=id
so olloge=id) =(

,

10) = X + Y so

P
Chain rule + exp(sX) exp(sY)
product rule

- expls (y+4) O 1sy) by
Taylor

'

s

Fix tEIM
,
consider Theorem

n270

NowXiyaS
:< xp ( 片 × )eny) -
*

^ (

片( ×+ 7 ) +0 (告1)'
= explf ( X +y) + 0 :) )
nT00 exp(t(X + y))

so exp(t(X +y1) -F = H

VIfIR = X + Y ES

so S is arector
space
.

Use <.,. ) : TeG = S & St

P : TeG = SoSt -> G

(X , 2) 10 exp(X) exp(z)
Pisasmoothmap. 4/S) CH Convese?

Feavr e



contradiction argument. Suppose 7/Xn ,
[n) SoS

+ 2
st . 11IXn

,
Zill-0 with Int0 An and PIXn ,ZEH

い u
explXn explan ) [H subgroup]
태

so expl[) EH
ー 고Consider 대 bounded

sequence in
unit sphere in St U버

1 Iznll
= I convergent subsequence: Still coll it In

→∞Y

r εst

11Yl 1 = 1
let t RIS,m mill

n- 0

mu -z = exp(mn[n) = (exp/[n))mm eH [Houlgroup]
니

exp (m . llz .l1nl ). exp (Y ) EH - H IH losed]
WHER so YES so YESest

=> Y=0 contradiction
"L3

with 11411 = 1.

So : JYcVCTG ,
FÜcUCG st

.

ㅸ 4
"
exp / v )

Ψ (X .
2) EH{ ( X , Z) EV # 2 = 0.



so He = F%) 18 where F(4IX , 2)) = Z .

모

F . O → St
=> H submomnifold.

dFe = Id
a

Example : Che group . 2/6) center is a closed subgroup.
Thi ZIG) is an embedded lie subgroup.

Thm : G
,
H lie

groups . F : G- H group homomorphism.
Then f continuous f smooth =- flie group hom.

Proofi
_

Graph off : V= ((g , f(g)) , ge G] < GxH

subrap beause f pref continuousr closed of Embroblad live
p subgraup

PreviousThr rcGxH
Maly 6 Thir

smooth

G H

f = [)ro(nor)" smouth !
a

Next time : Lie subalgebras.


