
A12204H1

SECOND PUBLIC EXAMINATION

Honour School of Mathematics Part C: Paper C5.2
Honour School of Mathematical and Theoretical Physics Part C: Paper C5.2

Master of Science in Mathematical Sciences: Paper C5.2

Elasticity and Plasticity

TRINITY TERM 2025

Monday 02 June, 9:30am to 11:15am

You may submit answers to as many questions as you wish but only the best two will count for
the total mark. All questions are worth 25 marks.

You should ensure that you observe the following points:

• start a new answer booklet for each question which you attempt.

• indicate on the front page of the answer booklet which question you have attempted in that
booklet.

• cross out all rough working and any working you do not want to be marked. If you have used
separate answer booklets for rough work please cross through the front of each such booklet
and attach these answer booklets at the back of your work.

• hand in your answers in numerical order.

If you do not attempt any questions, you should still hand in an answer booklet with the front
sheet completed.

Do not turn this page until you are told that you may do so
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1. In the absence of body forces, the Navier equation for the displacement u(x, t) in a linear
elastic material is given by

ρ
∂2u

∂t2
= (λ+ µ)∇ (∇ · u) + µ∇2u,

where ρ is the density and the Lamé constants λ and µ satisfy λ+ 2
3µ > 0 and µ > 0.

(a) [10 marks] Consider nontrivial harmonic travelling wave solutions of the form

u = a exp
(
i (k · x− ωt)

)
,

where the complex amplitude a, wavenumber vector k 6= 0 and frequency ω are constant.

Show that there exists a scalar A and a vector B such that a = Ak+B∧k with B ·k = 0.
Are A and B unique? Justify your answer.

Deduce that either (i) B = 0 and ω2 = c2p k ·k or (ii) A = 0 and ω2 = c2s k ·k, where
the wave speeds cp and cs should be defined. Show that cs < cp and comment on the
relationship between the direction of propagation and the displacement in both cases.

(b) [15 marks] A linear elastic material undergoes plane strain in y < 0 below an elastic
membrane of surface density σ that is stretched to a uniform tension T in the plane
y = 0. The membrane performs small purely transverse displacements in the y-direction
that are independent of z, so that the displacement u = (u(x, y, t), v(x, y, t), 0)T satisfies

u = 0, σ
∂2v

∂t2
− T ∂

2v

∂x2
+ (λ+ 2µ)

∂v

∂y
= 0 on y = 0.

A Rayleigh wave propagates in the x-direction with speed c > 0 and wavenumber k > 0,
while decaying exponentially as y → −∞, the in-plane displacement being(

u
v

)
= a

(
ik
κp

)
exp

(
ik(x− ct) + κpy

)
+ b

(
iκs
k

)
exp

(
ik(x− ct) + κsy

)
, (?)

where a, b, κp and κs are constants.

(i) Show that a nontrivial solution of the form (?) can only exist if c is less than cs and
related to k by

cs√
c2s − c2

−

√
c2p − c2

cp
=

ρ

σk

c2

(c2 − c2m)
,

where the membrane wave speed cm =
√
T/σ.

(ii) Show that if cm < cs then there is a unique solution for c.
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2. An elastic string at z = w(x) is stretched to a tension T (x) under a smooth shallow rigid
obstacle at z = f(x) in the absence of any body forces, where the positive z-direction points
upwards. The ends of the string are fixed so that the small transverse displacement w(x)
satisfies w(−L) = 0 and w(L) = 0. You may assume that T , w and dw/dx are all continuous
at points where the string makes or loses contact with the obstacle

(a) [11 marks] (i) By balancing forces on a small segment of the string, show that T (x) and
w(x) satisfy

dT

dx
= 0, T

d2w

dx2
= 0

whenever the string is not in contact with the obstacle. How are these equations
modified when the string is in contact with the obstacle?

(ii) Hence write down the linear complementarity problem satisfied by w(x) explaining
the physical interpretations of any inequalities that arise.

(iii) Let V =
{
v ∈ C1[−L,L] : v(±L) = 0, v 6 f

}
and for v ∈ V define the functional

U [v] =

∫ L

−L

T

2

(
dv

dx

)2

dx.

Noting that w ∈ V, show that if v ∈ V then∫ L

−L

(
dv

dx
− dw

dx

)
T

dw

dx
dx =

∫ L

−L
(f − v)T

d2w

dx2
dx.

Hence show that U [w] 6 U [v] for all v ∈ V and interpret this result physically.

(b) [8 marks] Suppose that the obstacle is given by

f(x) = −δ +
κ

2
(x− a)2,

where the parameters δ, κ and a satisfy 0 6 δ 6 min{κ(±L− a)2/2}, κ > 0 and |a| < L.

(i) Show that if a = 0 then the string makes contact with the obstacle in a region
−s 6 x 6 s, where

s = L−
√
L2 − 2δ

κ
.

(ii) Hence, or otherwise, show that if a 6= 0, then the string makes contact with the
obstacle in a region −s− 6 x 6 s+, where s± should be determined.

(c) [6 marks] The system described in part (b) is used as a catapult to launch the obstacle
which has mass M . The quantities T , L, κ and a are held fixed throughout the shot for
which a = 0. The obstacle is pushed down to its furthest extent so that δ = κL2/2 at
time t = 0 and then released from rest so that δ decreases with t until contact is lost. The
effects of gravity and the inertia of the string are negligible.

Write down Newton’s second law for the obstacle and deduce that its kinetic energy at the
instant that it loses contact with the string is equal to the elastic energy initially stored
in the string.
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3. A perfectly plastic material with yield stress τY undergoes quasi-steady radially symmetric
strain in the annulus a < r < b. The displacement field is given by u = u(r, t)er, where (r, θ)
denote plane polar coordinates, t denotes time and the unit vectors er and eθ point in the r-
and θ-direction, respectively. The stress tensor is diagonal with entries τrr and τθθ that satisfy
the Cauchy equation

∂τrr
∂r

+
τrr − τθθ

r
= 0.

The radial displacement u = V t is imposed on the inner boundary at r = a, where V is a
positive constant, while u = 0 on r = b.

(a) [5 marks] Evaluate the shear stress on an infinitesimal line element with unit normal
n = er cosα+eθ sinα, and hence show that the maximum shear stress over all inclination
angles α is given by the Tresca yield function

f =
1

2
|τrr − τθθ|.

State the condition under which the material is elastic and the equation satisfied by f
when it is plastic.

(b) [8 marks] First supposing that the material remains elastic, show that the displacement
satisfies the differential equation

∂

∂r

(
∂u

∂r
+
u

r

)
= 0,

and hence evaluate the displacement in a < r < b. Deduce that as t increases from zero
yield first occurs at r = a when t reaches the critical value

tc1 =

(
1− a2

b2

)
aτY
2µV

.

[You should assume the linear elastic constitutive relations

τrr = (λ+ 2µ)
∂u

∂r
+ λ

u

r
, τθθ = λ

∂u

∂r
+ (λ+ 2µ)

u

r
,

where λ and µ are the Lamé constants.]

(c) [12 marks] Show that as t increases beyond tc1, the material is plastic in the annular
region a < r < s(t), where the location r = s(t) of the elastic/plastic free boundary
should be determined. Deduce that the whole annulus yields when t reaches the second
critical value

tc2 =

(
a2 + b2

2a2

)
tc1.

[You should assume that the associated flow rule in the plastic region is given by

∂

∂t

(
∂u

∂r

)
= Λ

∂f

∂τrr
,

∂

∂t

(
u

r

)
= Λ

∂f

∂τθθ
,

where Λ(r, t) is a Lagrange multiplier, and that the dilatation, ∂u/∂r+u/r, is continuous
at the elastic/plastic free boundary.]
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.
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(a) Ev Inq = R . qR - RR = @ = RR +E
E . R

Hence JAER
,
FIRS s .

t
. q = AR + UnR with B . R =

0
,
viz

. A = E. p = BE .R

For uniqueness suppose a = A, R + 1 ,
11 = AcR +&11 with B . R = 8. k = 0,

so that A,
- An E + 0

.-.
-E = & (t) with -8.. E = 0 (H)

.

Then (H. => A , = An
,
while (t)nB = E = E using (H) .

83

ci R .* -not
If y = al

iRe-w+

then - in aeC

i R . 3 - wt
divy = i B . Ge

i R . Q - wt
graddirn = -R. Be

X = - R . R & e

i R . 3 - wt

so the Navier equation becomes -pw" = -X+MR . qR-MB . R &

Plugina = AR + B1E => A pw- X+2 ERB+ pw"-uRROR = 0

00t with B => A pw2-X+ In E . R = 0

Crosswith B = - Pw -ME . R = Q

For nontrivial a we must have
x +24

either (i) & = @ = A+ 0 = w= c p E .R with <p=
M

or (ii) A = 0 => E + & = w= c p R .R with < =
p BS

So (p2 =
x + Em + 2n +M

= u = ( = 4)(pasx +=,
mc0

P

In case (i) of a P-wave the direction of propagation r is parallel to the
displacementy as a = AB

,
while in case (ii) of an S-wave it is perpendicular.

82

10



16) (i) Writing the ansatz in the form

U

v

= inepi-it-is epi-it
where w = ck ,

we see that it is a superposition of a P-wave and an

S-wave with waverectors Pip andins respectively.

So the dispersion relations for P-and S-waves in calis and (ii)

give
c-R = wi = (p'R - Up = c k - kj

so that Up = R1 - Y ,
n = r -

For the Rayleigh wave to decay as ye-or ,
we need ReUp >0 and

Reds co which can only be the case if <<<p and -C
,

so the
S

propagation speed must satisfy :C <p, as required. SS

Now plug the displacements
iRa-iRct

u = takeips + idn, ensy e

v = aspetps + bRevss e
ika-irct

into the DLs On y = 0 :

aR + 64s = 0
2

~ - iRs -TiR" alp + GR + X+ 2n alp + GRYs = 0

= --c- In'R = pap

R Ks A O
=

PCpkp2- oc" c'Rlp PLPRYs-0/c" - in' 23 6
=

o

Nontrivial solutions% E determinant of thismatio is zerr,



i
.
e. pcpRKs- or c-chR" -PKpYs +o-cmRphs = 0

E) PcpV,R- Up = @Rc-cm' R - Upks)

Out Kp =R1- ,
Us = R1- as R30 and <<< p

,
so

p(pR1-R- R)=--1-
I

ES PRPc = ORY(c" - Im
1- 3

- 1 - i

LE - mi
as required

SNG
F(c) G()

(4) (ii) Note F'(c)=Es +c > 0 for ce(0, c) with F(0)=

and F(c) -> 00 as < + 25
,

50 F(C) > 0 and monotonic on (0, 2)

& zim
Note ('(c) = -

OR ch- 2m2 20 for =10, cm)0km, 00) , so G(c) is

monotonic - on 10, cm) and on (1m
, 00)

,
with G(0) = 0

, G(1 - 100 as 2 -> >I

P
and G(c) + on

+ as 1 + 00

F(c) <ma
/2

-G(c)
V

-

um Cs
>

unique
root

If Im < Cs
,
then FIckOf W for ce(0, (m) , so no solution for c

,
while

F(c)* and HC) ↓ for <e(m,<) with GK)-F(U)- +o as 2- cm+ and

2(l) - F(c) -> - 00 as < -> <- , so that there is a unique roof (1 (m
, (s), as ilustrated.

N4

IS
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(a)(i)When not in contact a force balance on a small segment of the string gives

iCan+s (TCLOSO Yes I=%-z1 T O
O(x+ (x)

O(x) But 101 => COSO-1
,
sino-o-tanoa

ThlL
>

=>= 0
,T = 0 to leading order

When in contact , include the normal reaction force Nkl excerted by
the obstacle on the string =>

T(x+ Sx x+ Sx
sind Oz1 T da =

·
IIIIIII O(x+ (x) (T(cos - 10sO g

ThlL N(Y = = 0
, TON to leading order

>

84

(a)(ii Hence ,
either 1 Tw"= 0 in regions of non-contact, where the

impenetrability of the obstacle => If
or I w = f in regions of contact, where the obstacle

can "push" but not "pull"on the string =Tw"=N

Combine => linear complementarity problem (w-f)Tw" = 0
, -f 30

,
Tw"30

83

(a)(iii) So 0 = ]"(f-v-r-2)Tw"da =Sit-rsiv"da-w-w)'Twide where integration

by parts is OK because wand ware continuous and w' piecewise differentiable.

Rearrange to"(v - w)Twide=Cf-r)Tw"d ,
as required



Now U(v]-U(w]= ((r"- (01s) do

=) =(v) - w(" = (v)- w')Tw'de

=E ( - w) ! +,( -1Tw (from identity above)

2
,

0 30

O as required.

Thus the displacement minimizes the net elastic energy subject to

not penetrating the obstacle. -84

II

(6)(i) For a = 0
,
seek a solution with contact set kycs 1.

By symmetry wol is even
, so we need only solve

1 w" = 0 for scaclwithw(s) = f(s)
,

wo'(s) = +'(s)
,
w(l) = 0andflu) = -3 + Yo

So w(al = f(s) + +(s)(x - 5) with +(s)+ +'ls)(L - s) = 0

= - 3 + kj + ysL- j = 0 or +Ms - 41 + 6 = 0
2

=S =
- li-2s

,
where we chose the

=
becausea

S4

(6)(ii)If a t 0 we seek a contact set with -s-a < S
+,
where

2 w" = 0 for +< (with w(st = f(st),w(s+) = +(st)
,
w(l) = 0

3 w" = 0 for-1 < S-
With w(s - )= +(5-)

, w(se) = f-), w(l)= 0

wherein f(x) = -6 + Y(x -a)

For 2 let x = a+ to recover 1 with sitSt-a, LHL-a , so that

s+ - a = L - a - 2 - a=2
,
i

.
e

. s = = L-a -

26

Y



Similarly for let a = a - 5 to recoverD with Stats-,
LHL+ a,

so that ats- = L+-24
,
i

. e .
S

.
= L-La" 26 34

K

g

: Newton's second law for the obstacle is MJ = -F (6)
,
where

F =]Nda is the net upward force exerted on the string on

the obstacle (by Newton's third Law)

Given the intial conditions 6= j = 0 when t = Osay (sos = 1)

Lose contact when s = 0
,

i . e. when 8 = 0
,
j= V when t = tshot say

t= tshot

Jo jeMudd
But F(8)

=!'Tw"d = 2Tw'l) = 2 T+
' (s) = 2THS = 2THL- 22 4

and(16)d6 = 2TK L6+Y 12.266-2TPUL_STR
6= 0

Initial elastic energy is Ulw]withWf= fork-

=> u(w]
+ = 0=W==

Combine = +Mr = *TU' = u[w]
+ = 0

Hence the Rinetic energy of the obstacle at the instant it loses contact LHS)

is equal to the elastic energy initially stored in the string (RHs).
6

6
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(a) The shear stress on an infinitesimal line element with

normal n = e-cos+ &sinc and tangent 1 = -ersina+ eplos

is
Trr O LOS

2 = C- sin a cos0
0 Too sinc = Too - Tre Sinde

10 f : = make = Tor-Top because mas sind = 83

I < Ty then the material is elastic, while f = Ty when

the material is plastic. 82

S

16) When the material is elastic
,

we substitute the constitutive relations

into the Canchy equation to obtain

6
O =

or x+2m Yu +xy +2
= "

7
I x+2nor

giving & Ou = 0
,

as required 82

so
on V

·
+

1
= 2A = 3 mu = 2Ar = u = Ar+ A

,
8 constants

Now apply the boundary conditions.

n = 00nv = 6 = 0 = Ab+ j = u =Av-)(H)
n = Vt on v = a = Vt = Aa- = A =a

giving u =

art 6-r for a <-s6 .
6"a



sh
So Tve-Too = In O-Umar -

-
+

giving f => Trr-too =mabiV fismax when is min ,
: . e. atr = a.

Hence
, as t is increases from 0, yield first occurs at r = a when

f(a)=EiV == t = t =- as requireda
SE

&

j

(1) For + > to
,
material must yield in a neighborhood of r = a

by continuity , say a <rcs <6
,
withs TOO.

In sc ra 6
,
still have the elastic solution given by (H),

which satisfies u = 0
on v = 6.

Now we fis A by imposing the yield condition at r = s
,
which

requires f = E Too-Tru = Ty at r=s
,
with the sign

determined by how yield condition was satisfied initially.

↓ f = 2 Too-Tru = m ! - =MA) - G - 1 - b = -2

giving-InDA = +(s)=x = A =

-S
giving n=Set -r for sc.

34

In the plastic region in a crcs
,

we have f = too-Err = Ty

from the yield condition in part (a) ,
as well as the associated

How rules
= 1Ye Nur-Tou =

-

2

& = 1800 Nur-Tou = +
2



Summing them =>4 + " =
0 for a = rs S2

Assumings continues to increase with t for > tu
,

we deduce that

the dilatation on

or+"at a point must remain equal to its value

when the material first yielded at that point.

But(H) = G + u --1 + % - 1 =- for sand

=> ohh-riv for ac-s lassuming continuityatrs

Hence % ru = -r , giving u = 2- fora

Apply n =Vtatr = a = Vt= -a = n=Va+ for acres

Then continuity of hatv=

>=Sus =V+-S

=> 2226" -x =
4ma62V+

+ a4 - 54
Ty

=> S4 - 26 + a4 +
4madVt

= 0

Ty

=> s = 6'I 64-a" -

4MabVt
Ty

But s= a when t = to
,

so we must choose the-sign, giving

S = 664-a4 - 4Mabrt for t te

The whole annulus yields when s = 6 = 14-a4 KabVt = o

Ty

=> t= t= CatI 2a" ty ,
as required. NG
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