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SECOND PUBLIC EXAMINATION

Honour School of Mathematics Part C: Paper C6.3b

APPLIED COMPLEX VARIABLES

Trinity Term 2012

Thursday, 31 May 2012, 2.30pm to 4.00pm

You may submit answers to as many questions as you wish; the best two will count for the total
mark.

You must start a new booklet for each question which you attempt. Indicate on the front sheet the
numbers of the questions attempted. A booklet with the front sheet completed must be handed in
even if no question has been attempted.

Do not turn this page until you are told that you may do so
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1.

2B68

Consider the steady two-dimensional potential flow illustrated below, in which fluid is drain-
ing through a hole in the side of a container.

A A
D
¥ .
B c

The points A, B, C, C', D and A’ lie at (0,00), (0,0), (00,0), (c0,a), (1,h) and (1,0)
respectively, where 0 < ¢ < 1 and a < h. The stream function ¢ takes the value 0 on the
fixed straight walls AB and BC, and it takes the value a on the fixed straight wall A’D and
on the free surface DC’. The free surface DC’ is tangent at D to the wall A’D. As x — oo
with 0 < y < a the fluid velocity (u,v) — (1,0), so that u? +v? = 1 on DC’. As y — oo
with 0 < = < 1 the fluid velocity (u,v) — (0, —a). Take the potential ¢ to be zero at the
point B.

(a) Show that the flow domain in the potential plane (w = ¢ + i) is a strip, while that in
the hodograph plane (w’ = u — iv) is a quarter circle.

(b) Map each of these domains to the upper half (-plane, taking AA" to ( =0, Bto (=1
and CC’ to ¢ = oo. Hence, show that

1+ (w/)2 2
1 — b2 Tw/a b2 _
( )e + 1 . (w/)2 ’
where b is a constant that you should determine in terms of a.

(c) Parametrize the free surface by w' = e~ Show that, on the free surface,

dz 2ae'? cot 6
dd  7(cos?6 + b2sin )’

(d) Find the parametric equations for the free surface in terms of integrals, and hence show

that
h 2 [m/2 cost
— =1 4+ — —
a m Jo  cos?t+ b2sin“t

What happens as a — 17
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2. (a) Let I" be a contour in the complex plane and

_ 1 f(©)
w(z)—M/FCZdC.

Show that if f is continuous on I', ¢ is any point at which I' is smooth and f is holo-
morphic in a neighbourhood of ¢, then the limiting values of w(z) as I' is approached
from either side are w4 (t), where

ws(t) = 570+ 5 f T ac

and you should define the integral { precisely.

(b) Let T = {z +iy:|z] <1,y =0} and T = {x +iy : |z| < 1,y = 0}. Suppose that
w(z) is holomorphic away from T' and Re(w(x)) = g(x) on I for some known smooth
real function g(x). Suppose that w(z) is holomorphic and non-zero away from I' and
wy(x) = —w_(z) # 0 on I'. Determine the density F(§) for which a solution for w(z)
is given by

de.

w(z) 2w ) -2

w(z) _ 1 /1 F(§)

Deduce that

Wy (x) [1

7i &) —x)
is a solution of the Cauchy singular integral equation
L[t

% . é-—ixdg = g(.f) for ‘.’L’| < 1.

(¢) By defining an appropriate branch of

show that

(d) Evaluate
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3.

2B68

(a) Suppose w4 (z) is holomorphic and bounded at infinity in Im(z) > o and w_(z) is
holomorphic and bounded at infinity in Im(z) < 3.
(i) Suppose w4 (z) = w_(z) in a < Im(z) < . Show that wy(z) = w_(z) is a constant.
(ii) Suppose wy(z) —w_(2) = G(2) in a < Im(z) < S, where G is holomorphic in
a < Im(z) < fand G — 0 as |z| = oo with a < Im(z) < 3. Show that w4 (z) —
G4(z) =w_(z) — G_(z) is a constant, where

Goz) = 1 G(©)

_% FiC_Z

d¢

and I'y should be defined.

(iii) Suppose F(z)wy(z) = w_(z) in a < Im(z) < B, where F is holomorphic and non-
zero in o < Im(z) < fand F — 1 as |z| — oo with @ < Im(z) < . Show that
Fy(z2)w4(z) = F_(2)w—_(z) is a constant, where F'(z) should be defined.

(b) Suppose

Viu=u iny >0,
with
ou
u=1 ony=0, x>0, a—:() ony =0, z <0,
Y

and u — 0 as 22 + y? — oo. Define

/(@) u(z,0)  for z <0, () % for z <0,
_(z) = x) =
0 for z > 0, a a—u(x,O) for z > 0.
Y

Suppose f_(x) = O(e*®) as 2 — —oc and g, (z) = O(e™) as x — 0o, where a and b are
constants satisfying a < 0 and b > 1.
(i) By taking a Fourier transform show that

i

g (k) + (K +1)1/2 <f_(k) + k) =0  for 0 <Im(k) <1, (1)

where you should define precisely the branch of (k? + 1)/2,

(ii) Deduce from (1) expressions for f_(k) and g, (k), defining precisely the branch of
each multi-valued function that you use.

(iii) Sketch inversion contours I'F for which

1 1

f—(CU) = g - ?_(k)e*ikx dk, g+($) = % - §+(k)e*ikz dk.

[You may use the fact that k'/%g (k) and kf_(k) are bounded as |k| — oo without
proof.]
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