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1. Consider the steady two-dimensional potential flow illustrated below in which two impacting
jets eject a third jet above a rigid straight wall AC. The arrows indicate the far-field fluid
velocity in the jets.
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The points A, A′, C and C ′ lie at (−∞, 0), (−∞, 1), (∞, 0) and (∞, h) respectively, where
h > 0. The fluid velocity (u, v) is equal to (1, 0), (−1, 0) and (cosα, sinα) in the far field of
the jets at the points A, C and D respectively, where 0 < α < π. The point B is a stagnation
point at which the potential φ = 0. On the free surfaces A′D′ and C ′D, u2 + v2 = 1. Take
the stream function ψ = 0 on C ′D, so that ψ = h on AC and ψ = 1 + h on A′D′.

(a) Sketch the potential plane (w = φ+ iψ), showing that it is a strip with a semi-infinite
slit removed. Sketch the hodograph plane (w′ = u− iv), showing that it is a semicircle.
In your sketches label clearly the locations of the points A, A′, B, C, C ′, D and D′.

(b) Show that the Schwarz–Christoffel map from the upper half Z-plane to the potential
plane, with Z = 0, Z = β, Z = 1 and Z =∞ mapped to A, B, C and D respectively, is

πw = logZ + h log(Z − 1) + (1 + h) log(1 + h)− h log h,

where log denotes the principal branch of the logarithm. You should determine an
expression for β in terms of h.

(c) Show that the map from the hodograph plane to the upper half ζ-plane taking A to
ζ = 0, C to ζ = 1 and D to ζ =∞ is

1

ζ
= 1 +

(
1 + w′

1− w′

)2

tan2
(α

2

)
.

(d) Determine an expression for h in terms of α. Sketch the flow domain for the cases when
(i) h� 1, (ii) h = 1 and (iii) h� 1.
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2. (a) Show that if Γ is a contour in the complex plane and

w(z) =
1

2πi

∫
Γ

f(ζ) dζ

ζ − z
,

then, if f is continuous on Γ, t is any point at which Γ is smooth and f is holomorphic
in a neighbourhood of t, the limiting values of w(z) as Γ is approached from either side
are w±(t), where

w±(t) = ±1

2
f(t) +

1

2πi
−
∫

Γ

f(ζ)dζ

ζ − t
.

You should define the integral −
∫

precisely.

(b) Let Γ = {x + iy : |x| < 1, y = 0} and Γ = {x + iy : |x| ≤ 1, y = 0}. Suppose
w(z) is holomorphic away from Γ and a(x)w+(x) + b(x)w−(x) = c(x) on Γ for some
known smooth complex-valued functions a(x), b(x) and c(x), where a(x) and b(x) are
non-zero for |x| < 1. Suppose w̃(z) is holomorphic and non-zero away from Γ and
a(x)w̃+(x) = −b(x)w̃−(x) 6= 0 on Γ. Determine the density F (ξ) for which a solution
for w(z) is

w(z)

w̃(z)
=

1

2πi

∫ 1

−1

F (ξ)dξ

ξ − z
.

Deduce that

f(x) =
(b(x)− a(x))c(x)

2a(x)b(x)
+

(a(x) + b(x))w̃+(x)

2πib(x)
−
∫ 1

−1

c(ξ) dξ

a(ξ)w̃+(ξ)(ξ − x)

is a solution of the singular integral equation

(a(x)− b(x))

2
f(x) +

(a(x) + b(x))

2πi
−
∫ 1

−1

f(ξ) dξ

ξ − x
= c(x) for |x| < 1.

(c) By taking
∫ 1
−1 ξf(ξ) dξ to be a constant that you should determine, deduce that

f(x) =
2x

π(2 + α)(1− x2)1/2

is a solution of the singular integral equation

−
∫ 1

−1

(
1

ξ − x
+ αξ

)
f(ξ) dξ = 1 for |x| < 1

provided that α 6= −2.

[You may use without proof the fact that −
∫ 1
−1

(1−ξ2)1/2

x−ξ dξ = πx for |x| < 1.]

2B68 Page 3 of 4 Turn Over



3. (a) Suppose that
∇2u = a2u in y > 0,

with

u = eibx on y = 0, x > 0,
∂u

∂y
= 0 on y = 0, x < 0,

and u→ 0 as x2 + y2 →∞, where a and b are positive constants. Define

f−(x) =

{
u(x, 0) for x < 0,

0 for x > 0,
g+(x) =


0 for x < 0,

∂u

∂y
(x, 0) for x > 0.

Suppose that e−axf−(x)→ 0 as x→ −∞ and g+(x) is bounded as x→∞.

(i) By taking a Fourier transform show that

g+(k) + (k2 + a2)1/2

(
f−(k) +

i

k + b

)
= 0 for 0 < Im(k) < a, (1)

where you should define precisely the branch of (k2 + a2)1/2.

(ii) Deduce from (1) expressions for f−(k) and g+(k), defining precisely the branch of
each multi-valued function that you use.

[You may use without proof the fact that k1/2g+(k) and kf−(k) are bounded as |k| → ∞.]

(b) Suppose that h(x) = ec|x| + e−|x|, where c is a positive constant. Let

h−(x) =

{
h(x) for x < 0,

0 for x > 0,
h+(x) =

{
0 for x < 0,

h(x) for x > 0.

(i) Determine the Fourier transforms h±(k), stating clearly where the Fourier integrals
converge.

(ii) To which parts of the complex k-plane may h±(k) be analytically continued? Over
which part of the complex k-plane is it possible to define h̄(k)?

(iii) Sketch a suitable inversion contour Γ for which

h(x) =
1

2π
−
∫

Γ
h(k)e−ikxdk

when 0 < c < 1 and when c > 1.
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