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SECOND PUBLIC EXAMINATION

Honour School of Mathematics Part C: Paper C6.3b

APPLIED COMPLEX VARIABLES

TRINITY TERM 2014

FRIDAY, 6 JUNE 2014, 9.30am to 11.00am

You may submit answers to as many questions as you wish but only the best two will count for
the total mark.

You must start a new booklet for each question which you attempt. Indicate on the front sheet the
numbers of the questions attempted. A booklet with the front sheet completed must be handed in

even if no question has been attempted.

Do not turn this page until you are told that you may do so
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1. (a) [10 marks] Let Ω be a domain in the ζ-plane bounded by a polygon ∂Ω with exterior
angles βjπ, j = 1, . . . , n. The conformal map ζ = G(Z) maps the upper half-plane
Im(Z) > 0 onto Ω, with the finite points X1 < X2 < · · · < Xn on the real axis being
mapped to the vertices ζj = G(Xj), j = 1, . . . , n.

(i) State and verify the Schwarz–Christoffel formula for dG/ dZ. In general, how many
of the Xj can be specified independently? How is the formula modified if Xn =∞?

(ii) By mapping to the Z-plane and seeking a solution that is a linear combination of
arg(Z −X1) and arg(Z −X2), find a bounded function T (ξ, η) that is harmonic for
ξ + iη ∈ Ω with T = 0 for ξ + iη ∈ ∂Ω\C and T = 1 for ξ + iη ∈ C, where C is the
edge of ∂Ω joining ζ1 to ζ2.

(b) [15 marks] Consider steady potential flow of a jet around a rigid wall ABDE with a free
surface A′E′, as illustrated below. The points A′, A, B, D, E and E′ lie at (x, y) =
(−2,−∞), (−1,−∞), (−1, 0), (1, 0), (1,−∞) and (2,−∞), respectively, while C and F
lie on x = 0. The walls AB, BD and DE are straight lines. The fluid velocity (u, v) tends
to (0, 1) at A′A and to (0,−1) at EE′. Take the stream function ψ = 0 on ABDE, so
that ψ = 1 and u2 + v2 = 1 on A′E′. Take the potential φ = 0 at C, so that φ = 0 on
x = 0. Take φ = −φ∗ at B, so that φ = φ∗ at D, where φ∗ > 0. Take (u, v) = (u∗, 0) at
C, where u∗ > 1.

(i) Sketch the potential plane w = φ+ iψ and its image in the Z-plane under the map

Z =
1 + eπw

1− eπw
.

Sketch the hodograph plane w′ = u− iv and its image in the ζ-plane under the map

ζ = log(w′),

where log denotes the principal branch of the logarithm. In your sketches label the
locations of the points A′, A, B, C, D, E, E′ and F

(ii) Deduce that

ζ = Q

∫ Z

0

dt

(t2 − 1)1/2(t2 − coth2(πφ∗/2))

and derive two expressions relating the real constants Q, φ∗ and u∗.
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2. Let Γ = {x+ iy : |x| < 1, y = 0} and Γ = {x+ iy : |x| 6 1, y = 0}. Suppose w is holomorphic
away from Γ and w+ + w− = g on Γ, where w±(x) = limy→±0w(x+ iy) and g is a prescribed
function that is holomorphic in an open set containing Γ and continuous on Γ. Suppose w̃ is
holomorphic and non-zero away from Γ and that w̃+ = −w̃− 6= 0 on Γ.

(a) [12 marks] (i) Derive the Plemelj formulae on Γ for the Cauchy integral

I(z) =
1

2πi

∫
Γ

F (ζ) dζ

ζ − z

in which the density F is holomorphic in an open set containing Γ and continuous on
Γ, defining precisely the principal value integral −

∫
.

(ii) Determine the density F for which a solution for w is given by

w(z)

w̃(z)
= I(z) +H(z),

where H is an arbitrary function of z that is holomorphic away from z = ±1.

(iii) Define a branch of (z2 − 1)1/2 for which a solution for w̃ is given by

w̃(z) =
1

(z2 − 1)1/2
.

Use this solution for w̃(z) in parts (b) and (c).

(b) [8 marks] Suppose w(z) = O ((z + 1)m) as z → −1 with z /∈ Γ, w(z) = O ((z − 1)n) as
z → 1 with z /∈ Γ and w(z) = O

(
zN
)

as |z| → ∞. Find H(z) in each of the following
cases:

(i) m = −1/2, n = −1/2 and N = −2;

(ii) m = −1/2, n = 1/2 and N = −1;

(iii) m = 1/2, n = 1/2 and N = 0.

Is it possible to find a solution for w of the form in part (a)(ii) in the case in which
m = 1/2, n = 1/2 and N = −1? Justify your answer.

[You may assume that I(z) = O(1/z) as |z| → ∞ and that, for a = ±1, if F (a) = 0, then
I(z) = I(a) + O(z − a) as z → a with z /∈ Γ.]

(c) [5 marks] By writing w as a Cauchy integral and taking H = 0, or otherwise, show that

g(x) = − 1

π2
−
∫ 1

−1

w̃+(η)

η − x

(
−
∫ 1

−1

g(ξ)

w̃+(ξ)(ξ − η)
dξ

)
dη for |x| < 1.
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3. Suppose that f is a continuous solution of the integral equation

f(x) =

∫ ∞
0

K(x− t)f(t) dt+ g(x) for −∞ < x <∞, (1)

where the kernel is given by

K(x) =
(a2 − b2)

2a
e−a|x|,

the prescribed continuous function g(x) is of O(e−c|x|) as x→ ±∞, and a, b and c are positive
constants, with a 6= b.

(a) [6 marks] (i) Determine the Fourier transform K(k), stating clearly where the Fourier
integral converges. To which parts of the complex k-plane may K(k) be analytically
continued?

(ii) Where is g(k) holomorphic?

(iii) Suppose f(x) = O(e−d|x|) as x→ ±∞ for some constant d > 0 and define

f+(x) =

{
0 for x < 0,

f(x) for x > 0,
f−(x) =

{
f(x) for x < 0,

0 for x > 0.

Where are f+(k) and f−(k) holomorphic?

(b) [9 marks] (i) Show how to convert the integral equation (1) to

f+(x) + f−(x) =

∫ ∞
−∞

K(x− t)f+(t) dt+ g(x) for −∞ < x <∞.

(ii) Deduce that(
k + ib

k + ia

)
f+(k) +

(
k − ia

k − ib

)
f−(k) =

(
k − ia

k − ib

)
g(k) for α < Im(k) < β, (2)

where α and β should be defined.

(iii) Outline a procedure for solving (2) for f+(k) and f−(k).

(c) [10 marks] Now consider the case in which a 6= 1, b 6= 1 and g(x) = e−|x|.

(i) Deduce from (2) expressions for f+(k) and f−(k).

(ii) Hence find a solution f of the integral equation (1).

[You may assume that f±(k) are of O(k−1) as |k| → ∞.]
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