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1. Consider the illustrated two-dimensional steady flow. Fluid is
fed at unit speed into a channel of unit thickness between vertical A A
walls at AB and A’D. A wall CD perpendicular to A’D forms
a slot of thickness a < 1 through which the fluid flows as a jet, 1
between the wall AB and a free surface B'C. The free surface
detaches tangentially from the wall at C'. The thickness h < a
of the jet at BB’ far downstream of the slot is to be determined.
Without loss of generality, define the streamfunction ¢ to be
zero on the wall AB and the velocity potential ¢ to be zero
at C.

(a) [8 marks| Explain briefly why the flow speed must be equal
to 1/h on the free surface B'C. Sketch the images of the a
shaded fluid domain in the potential w-plane and the hodo- cC___ D
graph w’-plane, indicating clearly the image of each of the
labelled points.

(b) [9 marks] Show that the potential and hodograph planes
are mapped to the same upper-half (-plane by the mappings

1—m2\? (1 h2w? 2
C=em <1+h2) 1+ h2w?
Deduce that the average speed of the flow along the wall B
CD is given by h

D 2
2 1+ h
—udr = = 1 .
/c v Trog<2h>

(c) [8 marks] If the velocity on the free surface is given by w’ = e7/h, show that B'C' is
described parametrically by z(6), where

%_2hHeietan9sec29 - 1—h2 2
dd 1 1+ Htan?6'’ ~ \1+4+h2

Hence show that h is related to a by

1—h? 2h
a=h-+ tan™! <> )
T

A12207W1 Page 2 of 4



2. (a) [11 marks| State the Plemelj formulae, making sure to define any notation that you use.
Clearly define a branch of the multifunction

() ()

that is holomorphic on C\ {z +iy : y = 0, 0 < z < 1}, and such that w(z) is real and
positive when z € {z +iy : y = 0, x > 1}. By applying the Plemelj formulae to w(z),

show that
Vj1—¢ ( 3 ) d¢ 1—z
lo =72 for0<z < 1.
Jé\/ ¢ B\i—¢)e—s z

(b) Consider two-dimensional porous medium flow driven by a source of constant strength @
at the origin. The flow is described by a complex potential w(z,t) which is holomorphic
inside the time-dependent fluid domain D(¢)\ {0}, with a specified logarithmic singularity
at the origin, namely o

w(z,t) = By logz+ O(1) asz—0.

The free boundary conditions are

ow dw
Re(w) = O, Re <8t> + E

2
=0 on dD(t).

(i) [7 marks] Suppose that D(t) is the image in the z-plane of the unit disc |{| < 1 under
a time-dependent conformal map z = F((,t) which satisfies the conditions

oF

Show that F'((,t) must satisfy the differential equation
OF OF] Q@
e . =1.
Re[ ac 8t] o onlel

(ii) [7 marks] Suppose that instead of a source, the flow is driven by a dipole at the origin,
such that m
w(z, t)=—4+0(1) asz—0,
z

where m is a given positive constant. Show that in this case the time-dependent
mapping function from the unit disc || < 1 to D(t) satisfies the equation

¢? OF OF B B

where pu(t) is a positive real function, to be determined in terms of m and F'.
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3. (a) [5 marks] (i) Clearly define branches of the multifunctions (k —i)*/? and (k 4 i)'/? that
are holomorphic and have positive real part for —1 < Imk < 1.

(ii) Let
sinx x>0,
€Tr) =
f+(@) {0 z < 0.

For what values of k € C is the Fourier transform f (k) defined? Compute f (k).
To what region of the complex k-plane may it be analytically continued?

(b) [5 marks] The function G(k) is holomorphic in a strip @ = {k € C: o < Imk < 5} and
satisfies G(k) — 0 as k — oo in . Show that G(k) may be decomposed as

G(k) = G (k) — G_ (),

where G (k) is holomorphic in Imk > a3 and G_(k) is holomorphic in Imk < /3, for
a < a; < f1 < B. Give explicit formulae for G4 (k) and G_(k), in terms of integrals
along specified contours in the complex k-plane.

(c) [4 marks] Using the definition of (k —i)'/2 from part (a), let
(/6 _ i)l/2

Glk)="—"Y

(="

where ¢ is an arbitrary real constant. Follow the procedure from part (b) and explicitly
compute the integrals to evaluate G1(k) and G_(k) in this case, such that G, (k) is
holomorphic in Im k£ > 0 and G_(k) is holomorphic in Imk < 1.

(d) [11 marks] Suppose that u(zx,y) satisfies the partial differential equation
Viu=u fory>0

subject to

0
a—u(x,0)20 for z < 0, u(x,0) =sinz for z > 0,
Y

with u(z,y) — 0 as y — oo, and u(z,y) is bounded as (z,y) — (0,0). Let
ou
8—y(m,0) =g+(z) for x>0, u(z,0) = f_(z) forz <O.

Assuming that g, (k) is holomorphic in Imk > 0 and f_(k) is holomorphic in Imk < 1,
show that the corresponding Fourier transforms satisfy the equation

94 (k)

(k —1)l/?

+ (k=) F (k) = S5

Assuming that k'/2g, (k) and kf_(k) both tend to zero as k — oo, deduce that

(k+1)1/2 (e—m/s e—3i7r/8>

9+(k) = 374 E—1  k+1
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