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You may submit answers to as many questions as you wish but only the best two will count for
the total mark. All questions are worth 25 marks.

You should ensure that you:

• start a new answer booklet for each question which you attempt.

• indicate on the front page of the answer booklet which question you have attempted in that
booklet.

• cross out all rough working and any working you do not want to be marked. If you have used
separate answer booklets for rough work please cross through the front of each such booklet
and attach these answer booklets at the back of your work.

• hand in your answers in numerical order.

If you do not attempt any questions, you should still hand in an answer booklet with the front
sheet completed.

Do not turn this page until you are told that you may do so
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1. (a) [8 marks] The steady-state temperature u(x, y) in a circular wedge with angle α and
radius 1 satisfies the following boundary-value problem:

By using a conformal transformation to map this wedge to a half plane with A at the
origin and C at infinity, show that the temperature is given by

u(x, y) =
1

π
Arg

(
4zπ/α

(zπ/α − 1)2

)
,

where z = x+iy, and Arg(ζ) is the principal value of the argument of ζ (i.e. taking values
in the range −π < Arg(ζ) 6 π).

(b) A two-dimensional fluid flow from a symmetric nozzle with angle α results in a free-surface
flow as shown in the diagram below (only half of the domain is shown, with the dashed
line being the axis of symmetry):

The nozzle has half-width 1 and the flow contracts far downstream to have speed 1 and
half-width Q. The axis of symmetry is a streamline on which ψ = 0, while ABC is a
streamline on which ψ = Q, where w = φ+ iψ is the complex potential and φ = 0 at the
separation point B. On the free surface BC the complex velocity w′ satisfies |w′| = 1.

(i) [7 marks] Concentrating only on the region above the dashed line, sketch the fluid
domain in the potential and hodograph planes, clearly labelling the corresponding
points A, B and C. By mapping the domain from each plane to an upper half plane,
show that

eπw/Q = F (w′),

where the function F should be determined.

(ii) [10 marks] By parameterising the free surface with w′ = e−iθ and hence finding
dy/dθ = f(θ) on the free surface, show that the contraction ratio Q is given by

Q =
1

1 + J
where J =

∫ 1

0

sinαϕ

tan π
2ϕ

dϕ.

Hence calculate Q for the cases α = 0, α = π/2, and α = π.
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2. (a) [5 marks] The complex velocity describing flow past a thin aerofoil is represented by a
function w(z) which is holomorphic on C \ [0, c] and has limiting values w± on y = 0±,
0 < x < c, that satisfy

w+(x) + w−(x) = 2ig′(x),

where g(x) is a smooth real-valued function describing the shape of the aerofoil.

By introducing a suitable auxiliary function w̃(z), show that a solution for w(z) can be
written in the form

w(z) =
w̃(z)

π

∫ c

0

g′(ξ)

w̃+(ξ)(ξ − z)
dξ + w̃(z)H(z),

where H(z) is holomorphic on C \ {0, c}, and the integral is evaluated on the real interval
0 < ξ < c.

(b) [5 marks] In addition to the properties given above, w satisfies w = O(z−1/2) at z = 0,
w = O(1) at z = c, and w = O(1/z) as z →∞. Show that the solution in this case is

w(z) =

(
c− z
z

)1/2 1

π

∫ c

0

√
ξ

c− ξ
g′(ξ)

ξ − z
dξ.

Define carefully which branch of the leading square root term is used.

(c) [10 marks] By considering a contour that surrounds the branch cut and deforming the
contour to a large circle, find an explicit expression for w(z) in the case g(x) = x2 − x.
Show that the velocity at the leading edge z = 0 is finite if c = 1, and that the solution
in that case reduces to

w(z) = i(2z − 1) + 2z1/2(1− z)1/2.

(d) [5 marks] Find a bounded solution f(x) to the singular integral equation

1

π
−
∫ 1

0

f(ξ)

ξ − x
dξ + 4x− 2 = 0.

[You may assume the Plemelj formulae

W±(x) = ±1

2
F (x) +

1

2πi
−
∫ c

0

F (ξ)

ξ − x
dξ,

for the function

W (z) =
1

2πi

∫ c

0

F (ξ)

ξ − z
dξ.]
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3. (a) [8 marks] Let G(k) be holomorphic in the strip 0 < Im(k) < 1, with G(k) → 0 as
k → ∞, and suppose 0 < γ+ < γ− < 1. By applying Cauchy’s Integral Formula to
a contour surrounding k and deforming the contour, show that it is possible to write
G(k) = G+(k)−G−(k), where

G±(k) =
1

2πi

∫ ∞+iγ±

−∞+iγ±

G(ζ)

ζ − k
dζ,

are functions holomorphic on Im(k) > γ+ and Im(k) < γ− respectively.

Apply this decomposition to the function G(k) = (k − i)1/2/k2, with the branch cut for
the square root taken to lie along i[1,∞), to show that

G+(k) =
e−iπ/4(1 + 1

2 ik)

k2
.

(b) [9 marks] The function u(x, y) satisfies the partial differential equation

∂u

∂x
=
∂2u

∂x2
+
∂2u

∂y2
in y > 0,

with u→ 0 as y →∞, and with mixed boundary conditions on y = 0,

∂u

∂y
(x, 0) = 0 for x < 0, u(x, 0) = x for x > 0.

Define

f−(x) =

{
u(x, 0) x < 0

0 x > 0
, g+(x) =

{
0 x < 0

∂u/∂y(x, 0) x > 0
,

and assume that f−(x) = O(eγ−x) as x→ −∞ and g+(x) = O(eγ+x) as x→ +∞.

By taking a Fourier transform in x (denoted by an overbar), show that

g+(k) + (k2 − ik)1/2f−(k) =
(k2 − ik)1/2

k2
,

for γ+ < Im(k) < γ−, where you should specify an appropriate definition of (k2 − ik)1/2.

Use the Wiener-Hopf method to deduce that

g+(k) =
e−iπ/4(1 + 1

2 ik)k1/2

k2
.

[You may assume that f−(k) = O(k−3/2) and g+(k) = O(k−1/2) as k →∞.]

(c) [8 marks] Write down the inversion integral for ∂u/∂y(x, 0), and describe a suitable in-
version contour. Hence show that for x > 0,

∂u

∂y
(x, 0) =

1√
π

(
1

2
√
x
− 2
√
x

)
.

[You may assume that the relevant integrals around large circular arcs tend to zero, but
should take care about the circular indentation required around the branch point at k = 0.
You may make use of the result∫ ∞

0
t−1/2e−tx ds =

√
π

x
.]
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