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INTRODUCTION

Commutative algebra is the study of commutative rings, with focus
on the class of finitely generated algebras over fields, i.e., quotients of
polynomial rings K[xq,..., x|, where K is a field, and more generally
the class of finitely generated algebras over noetherian rings. This
latter class is the prime object of study of these notes.

Commutative algebra is intimately connected to algebraic geome-
try, but it is also the cornerstone of homological algebra and non-
commutative ring theory; it also plays a prominent role in algebraic
number theory.

All rings in these lectures are associative commutative uni-
tary rings. A ring will be short for an associative commutative uni-
tary ring. Ring homomorphisms will be wunitary, i.e, they send the
identity to the identity. The zero ring {0} is allowed.

We assume that the reader is familiar with the content of the part A
course Rings and Modules. In particular, we assume that the following
notions/terminology is known: ring, product of rings, subring, integral
domain (or domain for short), field, homomorphism of rings, module
over a ring, finitely generated module over a ring, ideal, ideal generated
by a set, product of two ideals, intersection of a family of ideals, sum
of a family of ideals, coprime ideals, submodule, intersection of family
of submodules, sum of a family of submodules, submodule generated
by a set, quotient module, direct sum of modules over a ring, homo-
morphisms of modules over a ring, prime ideal, maximal ideal, ring of
polynomials over a ring, zero-divisor, unit, Chinese remainder theorem,
Euclidean division, fraction field of a domain.

Many relevant ideas are reviewed in Sheet 0, which the reader is
warmly encouraged to work through. Its content is examinable!

The basic reference for this course is the book Introduction to Com-
mutative Algebra by M. F. Atiyah and I. G MacDonald. Perseus Books.
We shall refer to this book as [AM]. Note however that certain parts
of Section 7 and Section 9 are not covered by this book.

If in doubt, all the terms (and the associated symbols, which are
standard) in the list above are defined in the first chapter of [AM]. For
(a lot) more material and more explanations on the material presented
here, see the book Commutative Algebra with a View Toward Algebraic
Geometry by D. Eisenbud. Springer, Graduate Texts in Mathematics
150.

Some history. Up to the end of the nineteenth century, one mainly
studied finitely generated algebras over fields given by explicit equa-
tions (i.e., by polynomials generating an ideal I, when the algebra has
the presentation Klzy,...,xx]/I). The study of commutative rings in
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abstracto only started in the 1930s and it gathered a lot of momen-
tum in the 1960s, when many geometric techniques became available
through the theory of schemes.

1. ZORN’S LEMMA AND MAXIMAL IDEALS

A partial order on a set S is a relation < on S such that
o (reflexivity) s < s for all s € S;
e (transitivity) if s <t and ¢ < r for s,¢,r € S then s < r;
e (antisymmetry) if s <t and t < s for t,s € S then s = t.
If we also have
e (connexity) for all s,t € S, either s <t or t < s,

then the relation < is said to be a total order on S.

Let T C S be a subset and let b € S. We say that b is an upper
bound for T ift < bforallteT.

An element s € S is said to be a maximal element of S if for all
t € S, we have s < t if and only if s =¢. An element s € S is said to
be a minimal element of S if for all ¢ € S, we have t < s if and only if
s =1.

Note that if S is partially ordered by the relation < and T'C S is a
subset, then the relation < restricts to a partial order on T'.

Proposition 1.1 (Zorn’s lemma). Let < be a partial order on a non-
empty set S. If for every subset T C S that is totally ordered (with the
restriction of the relation < to T') there is an upper bound for T in S,
then there exists a maximal element in S.

Proof. Omitted. See any first course on set theory. Zorn’s lemma is
equivalent to the axiom of choice. O

Let R be aring. If I C R is an ideal in R, we shall say that I is
proper if I # R. The ideal I is principal if it can be generated by one
element as an R-module; we write (a) for the principal ideal generated
by a € R.

A classical application of Zorn’s lemma is the following.

Lemma 1.2. Let R be a ring. If I C R is a proper ideal then at least
one of the maximal ideals of R contains I.

Proof. Let S be the set of all proper ideals containing /. Endow S
with the relation given by inclusion. If 7 C S is a totally ordered
subset, then 7 has the upper bound (J,.+J (verify that this is an
ideal containing I; it is proper because otherwise we would have 1 € J
for some J € T'). Hence, by Zorn’s lemma, there is a maximal element
m in §. By definition, the ideal m has the property that whenever J
is a proper ideal containing I and m C J, then m = J. If J is an ideal
of R that does not contain I, then we cannot have m C J (since m
contains I). We conclude that for any non trivial ideal J of R, we have
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m = J if m C J. In other words, m is a maximal ideal of R, and it
contains I. O

2. THE NILRADICAL AND THE JACOBSON RADICAL

If R is a ring, a zero-divisor of R is an element r € R such that there
exists an element 7 € R~ {0} with r-7" = 0. If R is not the zero ring,
0 is always a zero-divisor of R.

If M is an R-module and S C M is a subset of M, we write

Anny (S) ={r € R|rm = 0for all m € S}.

The set Anny(S) is an ideal of R (check), called the annihilator of S.

A domain is a non-zero ring R with the property that the set of zero-
divisors of R consists only of 0. (This definition applies also to non-
commutative rings; commutative domains are called integral domains.
Since in these notes all rings are commutative, we will not make a
distinction between these two properties.)

An element r € R is said to be nilpotent if there exists an integer
n > 1 such that 7 = 0, where we recursively define r° = 1 and
r"tl =y for n € N.

Definition 2.1. Let R be a ring. The nilradical of R is the set of
nilpotent elements of R.

A ring R is called reduced if its nilradical is {0}.

The nilradical captures the “infinitesimal part” of a ring. In the clas-
sical algebraic geometry of varieties, the coordinate rings were always
assumed to be reduced, and nilradicals did not play a role. Part of the
strength of scheme theory is that it allows the presence of infinitesimal
phenomena.

Proposition 2.2. Let R be a ring. The nilradical of R is the intersec-
tion of all the prime ideals of R.

Proof. Suppose that f € R is a nilpotent element. Let p C R be
a prime ideal. Some power of f is 0, which is an element of p. In
particular, f +p € A/p is a zero-divisor. Since p is a prime ideal, the
ring A/p is a domain and so f +p = p. In other words, f € p. We
conclude that f is in the intersection of all the prime ideals of R.

Conversely, suppose that f € R is not nilpotent. Let ¥ be the set of
proper ideals I of R, such that for all n > 1 we have f™ & I. The set
¥ is non-empty, since (0) € X. If we endow this set with the relation
of inclusion, we may conclude from Zorn’s lemma that ¥ contains a
maximal element M (verify that the assumptions of Zorn’s lemma are
satisfied). We claim that M is a prime ideal.

To prove this, suppose that z,y € R and that x,y ¢ M. Note that
the ideal (x)+ M strictly contains M and hence cannot belong to ¥ (by
the maximality property of M). Similarly, the ideal (y) + M strictly
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contains M and hence cannot belong to ». Hence there are integers
ng,ny > 1 such that f** € (z)+M and f™ € (y)+ M. In other words,
[ = ajx+mq, where a; € R and m; € M and f™ = asy+ ms, where
as € R and my € M. Thus

et = ayagry + ma

where m3z € M. We thus see that xy ¢ M, for otherwise we would
have f"=*" ¢ M, which is not possible since M € X. Since z,y € R
were arbitrary, we conclude that M is a prime ideal.

Since M € %, for all n > 1 we have f* ¢ M. In particular we have
f & M. In other words, we have exhibited a prime ideal in R that does
not contain f. In particular, f does not lies in the intersection of all
the prime ideals of R. O

Corollary 2.3. Let R be a ring. The nilradical of R is an ideal.

Note that this corollary can also easily be proven directly (without
using Proposition 2.2) (exercise).

Here are two explicit examples: the nilradical of a domain is the zero
ideal; the nilradical of C[z]/(z") is (z).

Let I € R be an ideal. Let ¢: R — R/I be the quotient map
and let A be the nilradical of R/I. The radical v(I) of I is defined
to be ¢ '(N). From the definitions, we see that the nilradical of R
coincides with the radical t((0)) of the 0 ideal. Abusing language,
we will sometimes write t(R) for the nilradical of R. Again from the
definitions and from Proposition 2.2, we see that the radical of I has
the two equivalent descriptions:

e it is the set of elements f € R such that there exists an integer
n > 1 satistfying f" € I;
e it is the intersection of the prime ideals of R that contain I.

The operator t(-) has the following elementary properties: let I,.J
be ideals of R. Then we have v(v(/)) = v(/) and we have ¢t(I NJ) =
t(I) Ne(J) (why?).

An ideal that coincides with its own radical is called a radical ideal.

END OF LECTURE 1

Definition 2.4. Let R be a ring. The Jacobson radical of R is the
intersection of all the maximal ideals of R.

(Recall from Sheet 0 that all maximal ideals are prime.) By defini-
tion, the Jacobson radical of R contains the nilradical of R.

Let I C R be a non trivial ideal. Let ¢g: R — R/I be the quotient
map and let J be the Jacobson radical of R/I. The Jacobson radical
of I is defined to be ¢~'(J). By definition, this coincides with the
intersection of all the maximal ideals containing I. Again by definition,
the Jacobson radical of I contains the radical of I.



6 DAMIAN ROSSLER (EDITED BY DAWID KIELAK)

Proposition 2.5 (Nakayama’s lemma). Let R be a ring. Let M be a
finitely generated R-module. Let I be an ideal of R that is contained in
the Jacobson radical of R. Suppose that IM = M (i.e., every m € M
is a finite sum of elements of the form a-n, where a € I andn € M ).
Then M ~ 0.

Proof. Suppose that M % 0. Let zq,...,x, be a set of generators of
M and suppose that s is minimal (i.e., every set of generators for M
has at least s elements); note that s > 1. By assumption, there are
elements aq,...,as € I such that

Ts = A1T1 + -+ AsTs.
Rewriting yields
(1 —ag)rs =a1x1 + -+ + a5_1T5_1.

Now the element 1—a, is a unit. Indeed, if 1 —a, were not a unit then
it would be contained in a maximal ideal m of R (apply Lemma 1.2)
and by assumption as; € m so that we would have 1 € m, which is a
contradiction. Hence

Ts = ((1 - as)ilal)xl + -+ ((1 — CLS>7ICLS,1>$S,1
contradicting the minimality of s. Hence M ~ 0. U

The ring R is local if it has a single maximal ideal m. Note that in
this case, every element of R~ m is a unit (because otherwise, any such
element would be contained in a non trivial maximal ideal of R, which
would not coincide with m — see Lemma 1.2).

For a local ring, the Jacobson radical of the ring and the maximal
ideal coincide.

Corollary 2.6. Let R be a local ring with mazimal ideal m. Let M
be a finitely generated R-module. Let xq1,...,xs € M be elements of
M and suppose that x1 + mM, ..., xs +mM € M/mM generate the
R/m-module M/mM. Then the elements 1, ...,z generate M.

Proof. Let M’ C M be the submodule generated by zi,...,z,. By
assumption, we have M’ +mM = M, and so m(M/M') = M/M'. By
Nakayama’s lemma, we thus have M/M’ ~ (0), i.e., M = M'. O

Corollary 2.7. Let R be a local ring with maximal ideal m. Let M, N
be finitely generated R-modules and let ¢: M — N be a homomorphism
of R-modules. Suppose that the induced homomorphism

M/mM — N/mN
18 surjective. Then ¢ 1s surjective.

Proof. Let x1,..., x5 be generators of M. By assumption, the ele-
ments ¢(z1) +m, ..., ¢(zs) + m generate N/mN. Hence the elements
é(z1),...,0(xs) generate N by Corollary 2.6. In particular, ¢ is sur-
jective. ]
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Definition 2.8. A ring R is called a Jacobson ring if for all the proper
ideals I of R, the Jacobson radical of I coincides with the radical of I.

From the definition, we see that any quotient of a Jacobson ring is
also Jacobson.

We will study Jacobson rings in Section 9 below. It is easy to see
that the ring Z is Jacobson, and that any field is Jacobson. So is K[z,
if K is a field, and in fact so is any finitely generated algebra over
a Jacobson ring (see Theorem 9.4 below). On the other hand, a local
domain is never Jacobson unless it is a field (why?). So for instance the
ring of p-adic integers Z, (where p is a prime number) is not Jacobson.

3. THE SPECTRUM OF A RING

Let R be a ring. We shall write Spec(R) (the spectrum of R) for the
set of prime ideals of R. For an ideal I of R, we define

V(I) = {p € Spec(R) | I C p}.

Lemma 3.1. The function V() has the following properties:
e V(HHUV(J)=V(I-J);

b ﬂIeI V(I)= V(ZIEI I);
e V(R)=0;V((0)) =Spec(R).

Proof. Straightforward. Left to the reader. O

An immediate consequence of Lemma 3.1 is that the sets V(1) (where
I is an ideal of R) form the closed sets of a topology on Spec(R). This
topology is called the Zariski topology. The closed points in Spec(R)
are precisely the maximal ideals of R.

From the definitions, we see that if R is a Jacobson ring, then the
closed points are dense in any closed set of Spec(R). This is not true
for a general ring (exercise).

If : R — T is a homomorphism of rings, there is a map

Spec(¢): Spec(T) — Spec(R), p — ¢~ (p)

(check that this is well defined). If I is an ideal in R and J is the
ideal generated in T by ¢(I), we clearly have Spec(¢)~*(V (1)) = V(J),
and hence Spec(¢) is a continuous map for the Zariski topologies on
source and target. Notice also that if ¢»: T'— P is another ring homo-
morphism, then we have from the definition that Spec(¢) o Spec(y)) =
Spec(¥ o ¢).

END OF LECTURE 2

Lemma 3.2. Let ¢: R — T be a surjective homomorphism of rings.
Then Spec(¢) is injective and the image of Spec(¢) is V (ker(¢)).

Proof. To see that Spec(¢) is injective, note that if p € Spec(7’), then
p = &(¢o7 (p)), since ¢ is surjective, so distinct elements of Spec(T)
have distinct images in Spec(R).
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For the second statement, note first that the image of Spec(¢) is
clearly contained in V' (ker(¢)). On the other hand if p is a prime ideal
containing ker(¢) (i.e., p € V(ker(¢))), then ¢(p) is an ideal of T" and
¢ Ho(p)) = p. Indeed, ¢(p) is an ideal of T since ¢ is surjective.
Furthermore, we clearly have ¢~1(¢(p)) 2 p and if r € ¢~ (¢(p)) then
there exists 7’ € p such that ¢(r) = ¢(r'), so that ¢(r — ') = 0. Since
p contains the kernel of ¢, we thus see that » € p. In other words
¢ Yp(p)) = p. Finally, ¢(p) is a prime ideal of T. Indeed, suppose
that z,y € T and zy € ¢(p). Let 2/,y € R such that ¢(2’') = = and
é(y') = y. Then 2’y € ¢~ (¢p(p)) = p and so either 2/ € p or y € p,
since p is prime. Hence either x € ¢(p) or ¢ € ¢(p). All in all, we have
shown that Spec(¢)(¢(p)) = p for every p € V(ker(¢)), as required. O

Remark 3.3. We shall see after Corollary 7.12 below that Spec(¢) is ac-
tually a homeomorphism onto its image (exercise: prove this directly).

Lemma 3.4. Let f € R. The set

D¢(R) = {p € Spec(R) | f & »}

is open in Spec(R). The open sets of Spec(R) of the form D¢(R) form
a basis for the Zariski topology of Spec(R). Furthermore, the topology
of Spec(R) is compact.

The open sets of the form Dy (R) are often called basic open sets (in
Spec(R)). Recall that a set B of open sets of a topological space X is
said to be a basis for the topology of X if every open set of X can be
written as a union of open sets in B. A topological space X is compact
if for every set U of open sets in X such that | J;,.,, U = X there exists
a finite subset Uy of U such that | J;¢, U = X. In other words, every
open cover admits a finite subcover.

Some authors follow Bourbaki and refer to the property above as
being quasi-compact, and reserve the term “compact” for what we would
call “compact and Hausdorff”. We will stick to the notation in which
compact spaces need not be Hausdorff.

Proof of Lemma 3.4. Set Dy = D¢(R). Directly from the definitions,
we see that

Spec(R) ~\ Dy(R) = V((f)),

and hence Dy is open for every f.
By definition, all closed sets of Spec(R) are of the form V(I) for
some ideal /. But then clearly

U Dy = {p € Spec(R) : I < p} = Spec(R) \ V(I),
fel

and so every open subset of Spec(R) is expressible as a union of the
sets of the form Dy, as claimed.
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Finally, we show that Spec(R) is compact. In view of the fact that
the sets of the form D/ form a basis for the Zariski topology of Spec(R),
we only need to show that if

Spec(R) = U Dy
feF

for some F C R, then there is a finite subset Fy C F such that

Spec(R) = Uex, Dy-
For every subset S C R we have

Spec(R) ~ U Dy = ﬂ (Spec(R) \ Dy)
fes fes

= V()

fes

=V ().

fes

with the last equality following from Lemma 3.1.

Taking S = F, and using the fact that Spec(R) = ez Dy, we
conclude that V(3 »(f)) = 0. This is equivalent to saying that
> er(f) is not contained in any prime ideal. But every proper ideal
is, since maximal ideals are prime, and therefore ;. -(f) = R. Hence

we have
L= rf

feFo

for some r; € R and a finite subset Fy of F, whence it follows that

Zfe]—‘()(f) = R.

We now use the previous computation for S = Fy and conclude that

Spec(R) ~ U D;=V(R) =0,

f€Fo

which is what we claimed. O

Lemma 3.5. Let I and J be ideals in R. Then V(I) = V(J) if and
only if ¢(1) = v(J).

Proof. “=": Suppose that for every prime ideal p of R, we have I C p
if and only if J C p. Then we have t(I) = v(J) by Proposition 2.2 (see
before Definition 2.4).

“«<" This is again a consequence of Proposition 2.2. Il

In particular, there is a one-to-one correspondence between radical
ideals in R and closed subsets of Spec(R). The closed subsets corre-
sponding to prime ideals are called irreducible. If I and J are radical
ideals then I C J if and only if V(1) D V(J).
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We conclude from Lemmata 3.1, 3.2, and 3.5 that if ¢: R — R/¢((0))
is the quotient map, then Spec(q) is a bijection (and thus a homeomor-
phism — see Remark 3.3). So the Zariski topology “does not see the
nilradical”.

Remark 3.6. Let R be a ring and let I and J be two ideals in R. Then
we have
(INnJ)-(InJ)ycr-JcindJ
and thus t( - J) = v(/ N J). In particular, we have
V(I-J)y=V({InJ).

Note that if I and J are radical ideals then I N J is also a radical ideal,
whereas [ - J might not be.

4. LOCALISATION

If R and T are rings, then T is said to be an R-algebra if there is
a homomorphism of rings R — 7. Note that this homomorphism is
part of the structure of an R-algebra, and so, strictly speaking, it is
not 7" which should be called an R-algebra, but the homomorphism
R — T. Note also that an R-algebra T naturally carries a structure
of an R-module. If ¢1: R — T} and ¢o: R — T, are two R-algebras, a
homomorphism of R-algebras is a homomorphism of rings \: T} — T,
such that Ao ¢y = ¢o.

An R-algebra ¢: R — T is said to be finitely generated if there
exists an integer k£ > 0 and a surjective homomorphism of R-algebras
Rlxy,...,x] — T (where R[zy,...,2x] = R if Kk = 0). Note the
following elementary fact: if R — T (resp. T — W) is a finitely
generated R-algebra (resp. a finitely generated T-algebra), then the
composed map R — W makes W into a finitely generated R-algebra
(why?).

A subset S C R is said to be a multiplicative set if 1 € S and if
xy € S whenever z,y € S. (Using fancy language, S is a submonoid of
the multiplicative monoid (R, -)). A basic example of a multiplicative

set is the set {1, f, f2, f3,...}, where f € R.
END OF LECTURE 3

Let S C R be a multiplicative subset. Consider the set R x S
(cartesian product). We define a relation ~ on R x S as follows. If
(a,s),(b,t) € Rx S then (a,s) ~ (b,t) if and only if there exists u € S
such that u(ta — sb) = 0. The relation ~ is an equivalence relation
(verify) and we define the localisation of R at S, denoted Rg or RS,
to be (R x S)/ ~, i.e., RS™! is the set of equivalence classes of R x S
under ~. If a € R and s € S, we write a/s for the image of (a, s) in
RS™!. We define addition as

+: RS™'x RS™' — RS, (a/s,b/t) — (at + bs)/(st).
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This is well defined (verify). We also define multiplication
-t RST' x RS™' = RS™!, (a/s,b/t) — (ab)/(ts).

Again, this is well defined. One checks that these two maps provide
RS with the structure of a ring with identity element 1/1. The
0 element in RS™! is then the element 0/1. There is a natural ring
homomorphism from R to Rg, given by the formula r — r/1. By
construction, if r € S, the element r/1 is invertible in R, with inverse
1/r.

We shall see in Lemma 4.1 below that RS~ is the “minimal exten-
sion” of R making every element of S invertible.

Note that if 7 is a domain, the fraction field of R is the ring Rz {0}
Note also that if R is a domain and 0 € S, then RS™! is a domain.
Indeed, if (a/s)(b/t) = 0, where a,b € R and s,t € S, then by definition
we have u(ab) = 0 for some u € S, which implies that ab = 0 so that
either a = 0 or b = 0, in particular either a/s = 0/1 or b/t = 0/1. If
0 € S, then RS~ is the zero ring. This simply follows from the fact
that if 0 € S then ~ admits only one equivalence class.

If M is an R-module, we may carry out a similar construction. We
define a relation ~ on M x S as follows. If (a,s), (b,t) € M x S then
(a,s) ~ (b,t) if and only if there exists v € S such that u(ta — sb) =
0. The relation ~ is again an equivalence relation and we define the
localised module MS™ (or Mg) to be (M x S)/ ~, i.e., MS™! is the
set of equivalence classes of M x S under ~. If a € M and s € S, we
again write a/s for the image of (a, s) in MS™. We define addition

+: MS™Ttx MS™H — MS™Y (a/s,b/t) v (at + bs)/(st)
and scalar multiplication
RS x MS™' — MS~(a/s,b/t) — (ab)/(ts).

Again, both are well defined and furnish M S~! with the structure of an
RS~ '-module. The 0 element in M S™! is then the element 0/1. The
RS '-module MS™! carries a natural structure of an R-module via
the natural map R — RS™! and there is a natural map of R-modules
M — M S~ given by the formula m +— m/1.

Lemma 4.1. Let ¢: R — R’ be a ring homomorphism. Let S C R
be a multiplicative subset. Suppose that ¢(S) consists of units of R'.
Then there is a unique ring homomorphism ¢g: Rs — R’ such that

bs(r/1) = ¢(r) for allr € R.

Proof. Define the map ¢g: Rg — R’ by the formula ¢5(a/s) = ¢(a)(é(s)) ™
for all @ € R and s € S. We show that ¢g is well defined. Suppose
that (a,s) ~ (b,t). Then

¢s(b/t) = o(b)(o()) ™"
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and we have u(ta — sb) = 0 for some u € S. Thus

o(u) (¢(t)p(a) — ¢(s)p(b)) =0
and since ¢(u) is a unit in R', we have ¢(t)p(a) — ¢(s)p(b) = 0. Thus
o(t)p(a) = ¢(s)p(b) and therefore
ds(a/s) = d(a)(¢(s)™" = ¢(b)(o(t) ™" = ¢s(b/1).

Thus ¢g is well defined. We skip the straightforward verification that
¢s is a ring homomorphism. We have thus proved that there is a ring
homomorphism ¢g: Rg — R’ such that ¢g(r/1) = ¢(r) for all r € R.

We now prove unicity. Suppose that ¢s: Rg — R’ is another ring

homomorphism such that ¢'s(r/1) = ¢(r) for all » € R. Then for every
r € Rand t € S, we have

and thus ¢ coincides with ¢g. O
We also record the following important fact.

Lemma 4.2. Let R be a ring and let f € R. Let S = {1, f, f* ... }.
Then the R-algebra Rg 1is finitely generated.

Proof. Immediate: Rg is generated by 1/1 and 1/f as an R-algebra. O
The above result follows also from the following, instructive exercise.

Exercise 4.3. Let Rbe aring and let f € R. Let S = {1, f, f%,... }.
Then the R-algebra Rg is isomorphic to R[z|/(fx —1).

If Risaring and ¢: N — M is a homomorphism of R-modules, there
is a unique homomorphism of Rg-modules ¢g: Ng — Mg such that
¢s(n/1) = ¢(n)/1 for all n € N. We easily verify that if ¢»: M — T is
another homomorphism of R-modules then we have ()0 ¢)s = 1hg0 ¢g.

Let .
s M B M S
be a sequence of R-modules such that d;_; od; = 0 for all i € Z. Such

a sequence is called a chain compler of R-modules. We shall say that
the complex is ezact if ker(d;) = im(d;11) for all i € Z.

Lemma 4.4. Let R be a ring and let S C R be a multiplicative subset.

Let ;
NG AN VA==

be an exact chain complex of R-modules. Then the sequence

dis di—1,s
= Mg = Mg —
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1s also exact.

Proof. Let m/s € M;g (with m € M; and s € S) and suppose that
d;s(m/s) = 0. Then d; s(m/1) = d;(m)/1 =0, so u-d;(m) = 0 for
some u € S. But then d;(um) = 0, forcing

um € imd;4q

by exactness of the first sequence. Hence there is an element p € M,
such that d;;1(p) = um, and hence we have d; ;1 5(p/(us)) = m/s. This
concludes the proof. O

The above is a very important result, summarised by the slogan
“localisation is flat”. It has a non-commutative analogue, and is of
great significance in homological algebra.

Lemma 4.5. Let ¢: R — T be a ring homomorphism. Let S C R be a
multiplicative subset. By Lemma 4.1, there is a unique homomorphism
of rings ¢': Rg — Tysy such that ¢'(r/1) = ¢(r)/1. We may thus view
Ty(s) as an Rg-module and T as an R-module. There is then a unique
isomorphism of Rg-modules pv: Ts ~ Tygy such that p(a/1) = a/1 for
all a € T and we have po g = ¢'.

Proof. Define p(a/s) = a/¢(s) for every a € T and s € S. This is well
defined. Indeed, suppose that a/s = b/t. Then there is u € S such
that

u-(a-t—>b-s)=0.
The action of r € R on T coincides with multiplication by ¢(r), and so
o(u)(p(a)t — ¢(b)s) = 0, yielding a/d(s) = b/p(t), which shows that
is well defined.

From the definitions, we see that p is a map of Rg-modules. We also
see from the definition that pu is surjective. To see that pu is injective,
suppose that p(a/s) = 0/1 for some a € T and s € S. Then there is
an element u € S such that ¢(u)a = 0. Hence u-a =0 in T, and so
a/1 =0 in Ts, implying a/s = 0. Thus p is bijective.

The identity po ¢g = ¢’ follows from the fact that p, g and ¢ are
homomorphisms of Rg-modules and from the fact that po ¢g(1/1) =

¢'(1/1). [
END OF LECTURE 4

If an ideal I of R, the identity map id: R — R restricts to the R-
module homomorphism id|;: I — R. If S is a multiplicative subset
of R, we obtain (id|;)s: Is — Rgs, a homomorphism of Rg-modules.
Applying Lemma 4.4 to the exact chain complex

013 RS R/IT—0
gives an exact chain complex of Rg-modules

0= Is "I Rg B (R/I)g — 0,
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and hence, in particular, (id|;)s is injective. We will therefore use Ig
to denote the submodule (id|;)s(Is) of Rs. Every Rg-submodule of
Rg is an ideal, and so Ig is an ideal of Rg. The quotient is the ring
(R/I)q(sy — this follows from Lemma 4.5 (check!).

Lemma 4.6. Let R be a ring and let S C R be a multiplicative subset.
Let \: R — Rg be the natural ring homomorphism. Then the prime
tdeals of Rg are in one-to-one correspondence with the prime ideals p of
R such that pNS = 0. If q is a prime ideal of Rg then the corresponding
ideal of R is \"X(q). If p is a prime ideal of R such that pNS = () then
the corresponding prime ideal of Rg is pg. Furthermore, pg is then the
ideal generated by A(p) in Rg.

Note that in view of Lemma 4.5, if we localise R at S when R is
viewed as an R-module or as a ring, we get the same Rg-module.

Proof. We first prove that if I is any ideal of R, then Ig is the ideal
generated by A\(I) in Rg. For this, notice that by definition /g consists
of all the element a/s € Rg, where a € [ and s € S. Hence Ig is an
ideal of Rg that contains \(I). Furthermore, since a/s = (a/1)(1/s),
any element a/s as above is contained in the ideal generated by A(I)
in Rg. Hence Ig is the ideal generated by A(/) in Rg.
To prove the lemma, we thus only have to show the following:
(1) If J is a proper ideal of Rg then A™*(J) NS = ().
(2) If J is an ideal of Rg, the ideal generated by A(A~!(J)) in Rg
is J.
(3) If p is a prime ideal of R such that pN.S = (), then A= (pg) = p.
(4) If p is a prime ideal of R such that pNS = () then pg is a prime
ideal of Rg.
(5) If q is a prime ideal of Rg then A~!(q) is a prime ideal.
Item (5) follows from the fact that Spec()) is well defined.
We prove (1). If A™1(J) NS # (0 then (by definition) there exists
s € A71(J) such that s € S. But then A\(s) = s/1 € J and s/1 is a
unit, hence J = Rg.
To prove (2), notice first that A(A~(J)) C J. Furthermore, if

a/s € J

then as before a/1 = (a/s)(s/1) also lies in J and hence a/1 € A(A7'(J)).
Since a/s = (a/1)(1/s) we thus see that a/s lies in the ideal generated
by AM(A7!(J)). Since a/s was arbitrary, J is thus the ideal generated
by AA™1(J)).

To prove (3) note that since pg is the ideal generated by A(p) in Ry,
we clearly have p C A~ !(ps). Now suppose that a € A™(ps). Then
by definition a/1 = b/s for some b € p and some s € S. Again by
definition, this means that for some ¢ € S, we have t(sa — b) = 0, i.e.,
tsa = tb. Since tb € p and ts € p (by assumption), we deduce from the
fact that p is prime that a € p, as required.
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To prove (4), recall that we have the isomorphism of rings (Rg)/(p)s =
(R/p)qcs)- Now since SN p = (), we see that 0 & ¢(5). Since R/p is a
domain by assumption, we deduce that (R/p)y(s) is also a domain (see
beginning of this section). We conclude that pg is a prime ideal. [

Note the following rewording of part of Lemma 4.6: Spec(\)(Spec(Rs))
consists of the prime ideals in Spec(R) that do not meet S. In partic-
ular, in the notation of Lemma 3.4,

Spec(\)(Spec(Rs)) = Dy (R)
if S = {1,112 3. ..}

Still keeping the notation of Lemma 4.6, we also note the following.
If ¢ € Spec(Rg) then A induces a natural homomorphism of rings
Ry-1(q) = (Rs)q (see before Lemma 4.6). This homomorphism is an
isomorphism. We leave the proof of this statement as an exercise.

Second proof of Proposition 2.2 using localisations. Let R be aring. Let
r € R be an element that is not nilpotent. To prove Proposition 2.2,
we need to show that there is a prime ideal p of R such that » & p. Let
S = {1,r,r% ...} be the multiplicative set generated by r. The ring Rg
is not the zero ring because r/1 # 0/1 (because r is not nilpotent). Let
q be a prime ideal of Rg (this exists by Lemma 1.2). By Lemma 4.6,
the ideal q corresponds to a prime ideal p of R such that r &€ p so it
has the required properties. Il

Let R be a ring and let p be a prime ideal in R. Then the set R\ p
is a multiplicative subset. Indeed, 1 ¢ p as otherwise p would be equal
to R, and if x,y & p then xy ¢ p, since p is prime. We shall use
the shorthand R, for Rg., and if M is an R-module, we shall use the
shorthand M, for Mg.,,. This notation is unambiguous, since p is never
a multiplicative subset, as it does not contain 1.

If ¢: M — N is a homomorphism of R-modules, we shall write ¢,
for prp : M, — N,.

If : U — R is a homomorphism of rings and p is a prime ideal of
R, then ¢ naturally induces a homomorphism of rings Ug-1(,) — Ry,
since (U \ ¢~ (p)) € R~ p. This homomorphism is sometimes also
denoted ¢,.

Lemma 4.7. Let R be a ring and let p C R be a prime ideal. Then the
ring R, is a local ring. If m is the mazimal ideal of R, and A\: R — R,
is the natural homomorphism of rings, then \~!(m) = p.

Proof. By Lemma 4.6, the prime ideals of R, correspond to the prime
ideals of R which do not meet R \ p, i.e., to the prime ideals of R
which are contained in p. This correspondence preserves the inclusion
relation, so every prime ideal of R, is contained in the prime ideal
corresponding to p. Now let I be a maximal ideal of R,. Since I is
contained in the prime ideal corresponding to p, it must coincide with
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this ideal by maximality. So the prime ideal m corresponding to p is
maximal and it is the only maximal ideal of R,. By Lemma 4.6, we
have A\™!(m) = p. O

END OF LECTURE 5

5. PRIMARY DECOMPOSITION

In this section, we study a generalisation of the decomposition of
integers into products of prime numbers. In a geometric context (i.e.,
for affine varieties over algebraically closed fields) this generalisation
also provides the classical decomposition of a subvariety into a disjoint
union of irreducible subvarieties. Applied to the ring of polynomials
in one variable over a field, it yields the decomposition of a monic
polynomial into a product of irreducible monic polynomials.

The main result is Theorem 5.8 below.

Let R be a ring.

Proposition 5.1. (1) Let py,...,pr be prime ideals of R. Let I
be an ideal of R. Suppose that I C Ule p;. Then there is
io € {1,...,k} such that I C p,,.

(2) Let Iy,..., I be ideals of R and let p be a prime ideal of R.
Suppose that p D ﬂle I;. Then there is ig € {1,...,k} such
that

p 2 IiO'

Ifp = ﬂle I;, then there is anig € {1,...,k} such thatp = I;,.

Proof. We prove both items in turn.

(1) By induction on k. The case k = 1 holds tautologically. For
general k, if for some j we have I C |, 4 Pi then we are done
by the inductive hypothesis. Otherwise, there are elements
x1,...,% € I such that for each i € {1,...,k} we have x; € p;
and z; € p; if j # 7. Now consider the element

k
y: E m1x2---x]_1x]+1-..xk
7j=1

where we set xg = xp41 = 1. Note that for each j € {1,... k}
we have x1x9- - xj_12j41 -2 € p; for all i # j. Now let
i€ {l,...,k} be such that y € p;,. Then

Yy — E T1T - Tj_1Tj41 """ Tl € Ps

J#i
and thus
T1X2 " Ti—1Ti1 - Tk € P
Since p; is prime, one of x1,xs, ..., T; 1, Ti11, - .., T, must lie in

p;, which is a contradiction.
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(2) We prove the first statement. Suppose that the conclusion does
not hold. Then for each ¢ € {1,...,k}, there is an element
x; € I; such that x; € p. But z129--- x5 € ﬂle I; C p and since
p is prime, one of the x; must lie in p, which is a contradiction.

The second statement follows from the first, since ﬂle I; C
]i0° D

Remark 5.2. The proof of Proposition 5.1 shows that in (1), the con-
dition that the ideals p; are prime is superfluous if k < 2.

Definition 5.3. An ideal I of R is primary if it is proper and all the
zero-divisors of R/I are nilpotent.

In other words, [ is primary if the following holds: if xy € I and
x,y & I then 2! € I and y* € I for some [,n > 1 (in other words,
xz,y € t(I)). From the definition, we see that every prime ideal is
primary.

The ideals (p™) of Z are primary if p is prime and n > 0.

Lemma 5.4. Suppose that I is a primary ideal of R. Then v(I) is a
prime ideal.

Proof. Let x,y € R and suppose that zy € t(I). Then there is n > 0
such that 2"y" € I and thus 2" € I, or y" € I, or 2" € I and y™* € I
for some [, k > 1. Hence x or y lies in v({). O

The previous lemma justifies the following terminology.

If p is a prime ideal and [ is a primary ideal, we say that I is p-
primary if ¢(I) = p.

Note that if the radical of an ideal is prime, it does not imply that
this ideal is primary. For counterexamples, see [AM], beginning of
Chapter 4.

We have however the following result:

Lemma 5.5. Let J be an ideal of R. Suppose that v(J) is a mazimal
tdeal. Then J s primary.

Proof. (suggested by Hanming Liu; see also Q3 of Sheet 1). From the
assumptions, we see that the nilradical v(R/J) of R/J is maximal.
Hence R/J is a local ring, because any maximal ideal of R/.J contains
t(R/J) by Proposition 2.2 and hence must coincide with it. Hence any
element of R/.J is either a unit or is nilpotent. In particular, all the
zero divisors of R/J are nilpotent, in particular J is primary. O

Alternative proof. Here is another proof, which does not use Proposi-
tion 2.2. Let z,y € R and suppose that zy € J and that x,y ¢ J. Since
xy € t(J) and since tv(J) is prime, we have either x € v(J) or y € ¢(J).
Suppose without restriction of generality that y € v(J). Then y" € J
for some n > 1. Suppose for contradiction that = ¢ v(J). Then there
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exists ' € R such that za’ — 1 € v(J) by the maximality of ¢(J). In
other words, there is [ > 0 such that

(zz' — 1) = (=)' + Z (i) (=) (za") € J.

Then we have
1

y(=1)' + ; (i) (—1)=i (yz)z (') € J

and since Y1_, (1) (=1)""(yz)a’}(2')" € J we conclude that y € J, a
contradiction. So we must have x € v(.J). Allin all, we have x,y € t(J),
which is what we wanted to prove. Il

From the previous lemma, we see that powers of maximal ideals are
primary ideals.
If I,J C R are ideals in R, we shall write

(I:J)={reR|rJCI}

From the definitions, we see that (I : J) is also an ideal and that
((0) : J) = Ann(J). If z,y € R, we shall often write (I : x) for
(I :(x)), (x: 1) for ((x),I) and (z : y) for ((z) : (y)). Note that if M
is another ideal of R, we have (I : M)N(J: M) = (INJ: M) (why?).

Lemma 5.6. Let p be a prime ideal and let I be a p-primary ideal. Let
r € R.

(i) If x € I then (I : ) = R.

(i) If x & I then (I : x) =p.

(i) If x € p then (I :x) = 1.

Proof. (i) and (iii) follow directly from the definitions. We prove (ii).
Suppose that y € v(I : z). By definition, this means that for some
n > 0, we have xy® € I. As x ¢ I, we see that y™ € I for some
I >0and soy € v([) = p. Hence t(I : ) C p. Now we have
I C (I :z) C p. Applying the operator v(-), we see that we have
p=t(l)Cr(x({:x))=t({:2) Cr(p) =pandsor(l:z)=np. O
Lemma 5.7. Let p be a prime ideal and let Jy ..., Jp be p-primary
tdeals. Then J = ﬂle Ji 1s also p-primary.

Proof. We compute
k

o(J) = [Ve(%) =»p.
i=1
In particular, J is p-primary if it is primary. We verify that J is
primary. Suppose that xy € J and that x,y ¢ J. Then then there are
i,j € {1 ...k} such that z ¢ J; and y &€ J;. Hence there are [,t > 0
such that ' € J; and 2 € J;. In other words,

ze(J;) =¢(J)=1(J;) 2,
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and so J is primary. O

We shall say that an ideal I of R is decomposable if there exists a
finite collection J; ..., J, of primary ideals in R such that I = ﬂle J;.
Such a sequence is called a primary decomposition of I. A primary
decomposition as above is called minimal if

(a) all the radicals t(.J;) are distinct;
(b) for all i € {1,...,k} we have J; 2 [;; J;-
Note that any primary decomposition can be reduced to a minimal
primary decomposition in the following way:

e first use Lemma 5.7 to replace the sets of primary ideals with
the same radical by their intersection; then (a) is achieved;
e then successively throw away any primary ideal violating (b).

In general, not all ideals are decomposable. We shall see in Section 6
below that all ideals are decomposable if R is noetherian.

The following theorem examines what part of primary decomposi-
tions are unique.

Theorem 5.8. Let I be a decomposable ideal. Let Jy ..., J, be primary
tdeals and let I = ﬂle J; be a minimal primary decomposition of I.
Let p; = v(J;) (so that p; is a prime ideal). Then the following two sets
of prime ideals coincide:

o the set {pitie(1,..k};
e the set of prime ideals among those of type t(I : x) with x € R.

Proof. Let € R. Note that (I : 2) = (\_,(J; : z) and (] : z) =
N, t(J; : ). Hence by Lemma 5.6, we have

t(l:2) = m ;.
{ilzgJi}

Now suppose that t(/ : z) is a prime ideal. Then ¢(I : z) = p;, for
some ig € {1,...,k} by Proposition 5.1.

Conversely, for every ig € {1,...,k}, there exists an z € R, such
that « ¢ J;, and such that x € J; for all ¢ # ;. This follows from the
minimality of the decomposition. For such an z, we have (I : z) = p;,
by the above. O

As a consequence of Theorem 5.8, we can associate with any decom-
posable ideal I in R a uniquely defined set of prime ideals. These prime
ideals are said to be associated with I. Note that the intersection of
these prime ideals is the ideal (7).

Remark 5.9. One can show that every minimal primary decomposition
of a radical ideal consists only of prime ideals. This follows from the
‘2nd uniqueness theorem’. See [AM], p. 54, Cor. 4.11. In particular,
a decomposable radical ideal has a unique primary decomposition. We
do not prove this in these notes however.
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Example 5.10. If n = xpi" ---p* € Z, where the p; are distinct
prime numbers, a primary decomposition of (n) is given by
k
(n) = (™)
i=1
The set of prime ideals associated to this decomposition is of course

{(p1>7 t (pk>}

A more complex example is the ideal (2%, zy) C C[z,y]. Here

(%, 2y) = (z) N (z,9)"

is a primary decomposition and the associated set of prime ideals is
{(x), (x,y)}. To see that we indeed have (2% ry) = (z) N (x,y)? note
that by construction, the ideal (x,%)? consists of the polynomials of
the form 2?P(z,y) + 2zyQ(x,y) + y*T(z,y). Thus (z) N (z,y)?* consists
of the polynomials 2P (z,y) + zyQ(z,y) + v*T (z,y) such that T(x,y)
is divisible by z. Hence (z) N (z,y)? C (2% xy) and clearly we also
have (22, zy) C (z) N (z,y)? so that (2%, xy) = (x) N (z,y)* To see
that the decomposition is primary, note that C[z,y]/(x) ~ C[y] and
Clz,y]/(z,y) ~ C. Thus (z) is prime and (hence primary) and (z,y)
is maximal, so that (z,y)? is primary by Lemma 5.5.

END OF LECTURE 6

Lemma 5.11. Let I be a decomposable ideal. Let S be the set of prime
ideals associated with some (and hence any) minimal primary decom-
position of I. Let T be the set of all the prime ideals of R that contain
1. With respect to inclusion, the minimal elements of S coincide with
the minimal elements of L.

Proof. By Theorem 5.8, we have I C v(]) =(,csp = ,es,,, P Where
Smin denotes the set of minimal elements of S. Hence, Sy €S C 7.

Let p be a minimal element of Z. We have I C p and hence v(I) C p,
since p is prime. Hence, by Proposition 5.1, p O q for some q € Spin-
Then p = ¢ by minimality of p.

Now let p € Snin- Suppose for contradiction that there exists an
element p’ € 7 such that p’ C p. We have p’ O I, so p’ 2 q for some
q € Smin by Proposition 5.1. We conclude that q C p, which contradicts
the minimality of p. O

The elements of S,;, are called the isolated or minimal prime ideals
associated with I whereas the elements of S \ S, are called the em-
bedded prime ideals associated with /. This terminology is justified by
algebraic geometry. According to the last lemma, the isolated prime
ideals associated with I are precisely the prime ideals that are minimal
among all the prime ideals containing I.

In the second example given before Lemma 5.11, the set S,,,;, consists
only of (z).
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6. NOETHERIAN RINGS

Let R be a ring. We say that R is noetherian if every ideal of R is
finitely generated. In other words, if I C R is an ideal of R, then there
are elements 1, ..., 7, such that I = (rq,...,7y).

Fields and PIDs are noetherian (why?). In particular, Z and C are
noetherian, and so is K{z], for any field K.

We shall see that many of the rings that we usually work with are
noetherian. In fact, any finitely generated algebra over a noetherian
ring is noetherian (see below).

We begin with some generalities.

Lemma 6.1. The ring R is noetherian if and only if every ascending
sequence of ideals stabilises, that is, whenever Iy C I, C ... is an
ascending sequence of ideals, there exists k > 1 such that I, = I, =
U2, Lt for alli > 0.

Proof. “=". Suppose first that R is noetherian. Let I C [, C ...
be an ascending sequence of ideals. The set | J;-, I; is clearly an ideal
(verify) and it is finitely generated by assumption. A given finite set of
generators for Ufi 1 I lies in I, for some k > 1. The conclusion follows.
“«<". Conversely, suppose that whenever I; C [, C ... is an ascend-
ing sequence of ideals, there exists a k > 1 such that I}, = I, = Utoi e
forall > 0. Let J C R be an ideal. We need to show that .J is finitely
generated. For contradiction, suppose that J is not finitely generated.
Define a sequence 11,75+ € J by the following inductive procedure.
Let r; € J be arbitrary. Suppose that rq,...,r; € J is given and let
riv1 € J N (r1,...,7;). Note that J ~ (r1,...,r;) # 0 for otherwise J
would be finitely generated. We then have an ascending sequence

(7‘1) C (7‘1,7“2) C (7“1,7“2,7“3) C ...
which contradicts our assumptions. So J is finitely generated. U
Noetherianity passes to quotients, see Sheet 2.

Lemma 6.2. Let R be a noetherian ring and let S C R be a multi-
plicative subset. Then the ring Rs is noetherian.

Proof. Let A\: R — Rg be the natural ring homomorphism. In the
proof of Lemma 4.6, we showed that for any ideal I of Rg, the ideal
generated by A(A71(I)) is I (see (2) in the proof). The image of any
finite set of generators of A™*(I) under ) is thus a finite set of generators
for 1. g

Lemma 6.3. Let R be a noetherian ring. Let M be a finitely generated
R-module. Then any submodule of M 1is also finitely generated.

Proof. By assumption there is a surjective map of R-modules ¢q: R™ —
M for some n > 0. To prove that a submodule N C M is finitely
generated, it is sufficient to prove that ¢~'(N) is finitely generated.
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Hence we may assume that M = R"™. We now prove the statement
by induction on n. The case n = 1 is verified by assumption. Let
¢: R" — R be the projection on the first factor. Let N C R™ be a
submodule. We then have an exact sequence

0= NNR"!' = N—=¢(N)—0

where R"! is viewed as a submodule of R™ via the map (ry,...,r,_1)
(r1,...,7n-1,0). Now ¢(NV) is finitely generated since ¢(NV) is an ideal
in R and N N R"! is finitely generated by the inductive hypothe-
sis. Let ai,...,ar € NN R"! be generators of N N R"! and let
bi,...,b € ¢(N) be generators of ¢(N). Let b),...,b, € R" be such
that ¢(b}) = b; foralli € {1,...,l}. Then the set {ai,...,a,b],..., b/}
generates N (verify). d

Lemma 6.4. Let R be a noetherian ring. If I C R is an ideal, then
there is an integert > 1 such that v(I)* C I. In particular, some power
of the nilradical of R is the 0 ideal.

Proof. By assumption, we have t(I) = (a; ..., a;) for some ay, ..., a; €
R. By assumption again, there is an integer n > 1 such that a] € I
foralli e {1,...,k}. Let t = k(n—1)+1. Then v(I)* C (a}...,a}) C
I. O

For a non-zero polynomial P(z) = Y"1 ;a;x" with a, # 0, we refer
to a, as the leading term.

Proposition 6.5 (Euclidean division). Let R be a ring. Let P(z),T(x) €
Rlz]. If T(x) is not the zero polynomial and its leading coefficient is a
unit of R, then there exist unique polynomials Q(z), J(x) € R[x] such
that

P(z) = Q(x)T(x) + J(x)

and deg(J(z)) < deg(T'(x)) (here we set the degree of the zero polyno-
mial to be —o0).

The following theorem is one of the main justifications for the intro-
duction of the noetherian condition.

Theorem 6.6 (Hilbert basis theorem). Suppose that R is noetherian.
Then the polynomial ring R[x] is also noetherian.

Proof. Let I C R[z] be an ideal. The leading coefficients of the non-zero
polynomials in I form an ideal J of R (check). Since R is noetherian,
J has a finite set of generators, say aq,...,a;. For each i € {1,... k},
choose f; € I such that f;(x) — a;z™ has degree lower than n;. Let
n = max;n;. Let I' = (fi(z),..., fu(xz)) € I be the ideal generated
by the polynomials f;(z). Let M consists of the polynomials in I of
degree less than n.
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Now let f(z) ba a polynomial in I \ (I’ + M) of smallest possible
degree m, and take a € R such that f — az™ has degree lower than m.

By construction, we have a = ria; + -+ 7rxay for some 71,..., 74 € R.
The polynomial
f(fl?) - Tlfl (gj)xm—nl [ rkfk(l').’l?m_nk

is then of degree less than m (the leading terms cancel) and it also lies
in /. By minimality of m, this polynomial also lies in I’ + M, and
hence f(z) € I' + M. This is a contradiction, and we conclude that
I=M+1T.

Now M is an R-submodule of the R-module consisting of all poly-
nomials of degree less than n, and is thus finitely generated (as an
R-module) by Lemma 6.3. If we let ¢i(x),...,gq(x) € M be a set of
generators, then the set g;(z), ..., g:(z), fi(z), ..., fr(x) is clearly a set
of generators of I (as an ideal). O

END OF LECTURE 7

Some history. The German mathematician Paul Gordan, who was
active at the beginning of the 20th century, was the first to ask explicitly
(to my knowledge) whether Theorem 6.6 is true and considered this to
be a central question of a then very popular subject, called Invariant
Theory (which we do not have the time to describe here). As the name
of the theorem suggests, David Hilbert found the above simple proof.
Paul Gordan had presumably tried to tackle the problem directly, by
devising an algorithm that would provide a finite set of generators
for an ideal given by an infinite set of generators and did not think of
applying the abstract methods, which are used in Hilbert’s proof (which
is the above proof). The proof of Hilbert’s basis theorem is one of the
starting points of modern commutative algebra. Paul Gordan is said to
have quipped on seeing Hilbert’s proof that “Das is nicht Mathematik,
das ist Theologie!” (This is not mathematics, this is theology!). There
are nowadays more “effective” proofs of Hilbert’s basis theorem, using
so-called Groebner bases.

From Theorem 6.6, we deduce that R[zi,..., x| is noetherian for
any k£ > 0. From this and passing to a quotient, we deduce that every
finitely generated algebra over a noetherian ring is noetherian.

The following simple but remarkable result will be used later to give
a simple proof of the so-called weak Nullstellensatz. It also has several
other applications (see exercises).

Theorem 6.7 (Artin—Tate). Let T be a ring and let R,S C T be
subrings. Suppose that R C S and that R is noetherian. Suppose that
T is finitely generated as an R-algebra and that T is finitely generated
as an S-module. Then S is finitely generated as an R-algebra.

Proof. Let ry,...,r, be generators of T as an R-algebra. Let t1,...,1,
be generators of T" as an S-module. By assumption, for any a €
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{1,...,k}, we can write

l
Ta = E Sjat]’
Jj=1

where s; € S. Similarly, for any b,d € {1,...,k}, we can write

l
tbtd == Z Sjbdtj
j=1

where s;q € S. Let Sy be the R-subalgebra of S generated by all
the elements sj, and sj,4. Since every element of T can be written as
an R-linear combination of products of some r, (with a € {1,...,k}),
we see using the two formulae above that T is finitely generated as
an Sp-module, with generators ty,...,t. Furthermore, Sy is a finitely
generated R-algebra by construction. The R-algebra S is naturally
an Sp-algebra, in particular an Sy-module, and it is an Sy-submodule
of T'. Since R is noetherian, Sy is also noetherian, being a quotient
of a polynomial ring over R, and since S is a submodule of a finitely
generated Sp-module, S is also finitely generated as an Sy-module by
Lemma 6.3. In particular S is a finitely generated Sy-algebra, and since
Sp is finitely generated over R, so is S. U

Finally, we consider primary decompositions in noetherian rings.

Proposition 6.8 (Lasker—Noether). Let R be a noetherian ring. Then
every ideal of R is decomposable.

Proof. 1f I is an ideal of R, we shall say that [ is irreducible if whenever
I, I are ideals of R and I = I; N Iy, we have either I = I; or I = Is.

Claim. Let J C R be an ideal. Then there are irreducible ideals
J1,...,Ji such that J = ﬂle k..

We prove the claim. Let us say that an ideal is decomposable by
irreducible ideals (short: dic) if it is a finite intersection of irreducible
ideals. Suppose that J is not dic (otherwise we are done). In particular,
J is not irreducible and thus there are ideals M and N such that
M NN = J and such that J C M and J C N. Since J is not dic, we
see that N or M are not dic. Suppose without restriction of generality
that M is not dic. Repeating the same reasoning for M and continuing
we obtain a sequence of non dic ideals

JCMcCM CM,cC...

This contradicts Lemma 6.1. Thus J is dic.

Claim. An irreducible ideal is primary.

We prove the claim. Let J be an irreducible ideal and suppose that
J is not primary. Then there is an element z € R/.J, which is a zero
divisor and is not nilpotent. Consider the ascending sequence

Ann(z) C Ann(2?) C Ann(z®) C ...
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This sequence must stop by Lemma 6.1 and by passing to quotients.
So let us suppose that

Ann(z") = Ann(zF!) = Ann(21%) = ..

for some k > 1. Now consider the ideal (z*) N Ann(z*). If \z* €
(%) N Ann(z*) for some A\ € R/J then we have by definition A\z?* = 0
and hence A € Ann(z?*). Since Ann(z%*) = Ann(z") we then have
Ar® = 0. Thus (z*) N Ann(z*) = (0). On the other hand, note that
(2%) # (0) and Ann(z*) # 0 by construction.

Let ¢: R — R/J be the quotient map. We have

J=q ' ((z")) ng~"(Ann(z"))
and ¢ '((2*%)) # J, ¢ '(Ann(z*))) # J, a contradiction. Thus J is

primary.
The conjunction of both claims obviously proves the statement. [

Remark 6.9. A primary ideal is not necessarily irreducible. See exer-
cises.

Let R be a noetherian ring and let I C R be a radical ideal. As
explained after Theorem 5.8, a consequence of Proposition 6.8 is that

there is a unique set {qy ..., qx} of distinct prime ideals in R such that
o 1=,
e foralli € {1,...,k} we have q; 2 [ q;-
Furthermore, the set {q;,...,qx} is precisely the set of prime ideals

that are minimal among the prime ideals containing I.

In terms of the spectrum of R, V(I) is the union of the closed sets
V(q;). If R is the coordinate ring of an affine variety over an alge-
braically closed field, this decomposition is the classical decomposition
of a closed subvariety into its irreducible components.

In particular, if py, ..., p; is the set of minimal prime ideal of R, then
there is a natural injective homomorphism of rings

R/x((0)) = ] ] /s

7. INTEGRAL EXTENSIONS

The notion of integral extension of rings is a generalisation of the
notion of algebraic extension of fields. We shall see below that an
extension of fields is integral if and only if it is algebraic.

Let B be a ring and let A C B be a subring. Let b € B. We shall
say that b is integral over A if there is a monic polynomial P(x) =
"+ ap_12" 4 -+ + ag € Alz] such that

Pb) =b"+a, b ' 4 +ay=0.
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We shall say that b is algebraic over A if there is a non-zero polynomial
Q(z) € Alx] (not necessarily monic) such that Q(b) = 0. Note that
if A is a field, b is algebraic over A if and only if it is integral over A
(why?) but this is not true in general.

If S C B is a subset, we write A[S] for the intersection of all the
subrings of B which contain A and S. Note that A[S] is naturally an
A-algebra.

Abusing notation slightly, we shall write A[b] for A[{b}] and more
generally A[by, ..., bg] for A[{b,...,b;}]. Note that we have the ex-
plicit description

Alby, .. bk ={Q(b1,...,bk) | Q(z1, ..., xx) € Alxq, ..., 2]}
and that we have
Alby, ..., by] = Albi][ba] - . . [bk]
(why?).
END OF LECTURE 8

Proposition 7.1. Let R be a ring and let M be a finitely generated
R-module. Let ¢: M — M be a homomorphism of R-modules. Then
there exists a monic polynomial Q(x) € R[x] such that Q(¢) = 0.

Proof. By assumption, there is a surjective homomorphism of R-modules
A: R* — M for some n > 0. Let bq,...,b, be the natural basis of R".

For each b;, choose an element v; € R™ such that A(v;) = ¢(A(D;)).

Define a homomorphism of R-modules 5 : R — R" by the formula

5(1)2) = v;. By construction, we have \ o 5 = ¢ o X and thus we have

Ao &l = ¢" o A for all n > 0. Hence it is sufficient to find a monic

polynomial Q(z) € R[z] such that Q(¢) = 0. Hence we might assume

that M = R".

The homomorphism ¢ is now described by an n x n-matrix C' €
Mat,xn(R). We need to find a monic polynomial Q(z) € R|x] such
that Q(C') = 0.

Let

h: Z[x11, 221, .., T21, T2, o+ o Tpn] — R
be a ring homomorphism sending z;; to ¢;;. Let
D - Matan(Z[ZEH, L21y.+.5L21,L22, ... ,I’nn])

be a matrix, whose image under A is C. If we can exhibit a monic poly-
nomial T'(z) € (Z[x11,T21, - .., Ta1, T2z, . - ., Tny))[x] such that T(D) =0
then the monic polynomial Q(z), whose coefficients are the images of
the coefficients of T'(x) under h, will have the property that Q(C') = 0.
So we may assume that R = Z[x11, To1, ..., To1, T22, - -+, Tup)-

Let K be the fraction field of R. The natural homomorphism of rings
R — K is then injective, since R = Z[x11,T21, ..., T21,T22, - - -, Tpp) 1S
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a domain. Hence we may view R as a subring of K. By the Cayley-
Hamilton theorem, the polynomial Q(z) = det(x -id,x, — C) € K|[z] is
monic and it has the property that Q(C) = 0, when C' is viewed as an
element of Mat,,y,(K). Since Q(x) is a polynomial in the coefficients
of (', it has coefficients in R. It thus has the required properties. [J

Proposition 7.2. Let A be a subring of the ring B. Let b € B and let
C be a subring of B containing A and b.
(1) If the element b € B s integral over A then the A-algebra A[b]
1s finitely generated as an A-module.
(2) If C is finitely generated as an A-module then b is integral.

Proof. We prove both statements in turn.
(1) If b is integral over A, we have

b" = —an_lb"_l — = alb — Qo

for some a; € A (where i € {0,...,n — 1}). Hence b"** is
in the A-submodule of B generated by 1,b,b%,...,6" ! for all
k > 0. In particular A[b] is generated by 1,b,0%,...,b" ! as an
A-module.

(2) Let [b]: C'— C be the homomorphism of A-modules such that
[b](v) = b- v for all v € C. By Proposition 7.1, there a polyno-
mial Q(z) = 2"+a,_12" '+ - 4ag € Afz] such that Q([b]) = 0.
Hence Q([b]) = V" + ap_1b" ' + -+ + ag = 0. In particular, b is
integral over A. O

The following lemma and its proof is a generalisation of the tower
law (see the part B course on Galois Theory or the part A course on
Rings and Modules).

Lemma 7.3. Let ¢: R — T be a homomorphism of rings and let N be
a T-module. If T is finitely generated as an R-module and N is finitely
generated as a T-module, then N 1s finitely generated as an R-module.

Proof. Let ty,...,t; € T be generators of T as an R-module and let
li,...ls be generators of NV as a T-module. Then the elements ¢;l; are
generators of NV as an R-module. U

Corollary 7.4 (of Proposition 7.2). Let A be a subring of B. Let
bi,...,bp € B be integral over A. Then the subring Alby, ..., b is
finitely generated as an A-module.

Proof. By Proposition 7.2 (i), A[b] is finitely generated as an A-module,
Alby, by] = A[bq][bo] is finitely generated as a A[by]-module, A[by, b, bs] =
A[bq][bo][bs] is finitely generated as a A[by, by]-module etc. Hence by
Lemma 7.3, Alby,...,bx] is finitely generated as a A-module. O

Corollary 7.5 (of Corollary 7.4 and Proposition 7.2). Let A be a sub-
ring of the ring B. The subset of elements of B, which are integral
over A, is a subring of B.
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Proof. Let b,c € B. Then b+ c,bc € Alb,c|] and A[b,c] is a finitely
generated A-module by Corollary 7.4. Hence b + ¢ and bc are integral
over A by Proposition 7.2 (ii). O

Let ¢: A — B be a ring homomorphism (in other words B is an
A-algebra). We shall say that B is integral over A (or an integral A-
algebra) if all the elements of B are integral over the ring ¢(A). We
shall say that B is finite over A (or a finite A-algebra) if B is a finitely
generated ¢(A)-module. Proposition 7.2 and Corollary 7.4 show that
B is a finite A-algebra if and only if B is a finitely generated integral
A-algebra.

If A is a subring of a ring B, the set of elements of B, which are
integral over A, is called the integral closure of A in B. This set is a
subring of B by Corollary 7.5. If A is a domain and K is the fraction
field of K, we say that A is integrally closed if the integral closure of
Ain K is A.

Example 7.6. The domains Z and K|x] are integrally closed, if K is
a field. Fields are obviously integrally closed. The integral closure of
Z in Q(i) is the ring of Gaussian integers Z[i] (see exercises).

Lemma 7.7. Let A C B C C, where A is a subring of B and B is a
subring of C. If B s integral over A and C' is integral over B, then C
is integral over A.

Proof. Let ¢ € C'. By assumption, we have
by by =0

for some b; € B. Let B’ = Albg,...,b,_1]. Then ¢ is integral over B’
and so B'[c] is finitely generated as a B’-module by Proposition 7.2 (i).
Hence B'[c] is finitely generated as an A-module by Corollary 7.4 and
Lemma 7.3. Hence c¢ is integral over A by Proposition 7.2 (ii). O

Let A C B C C, where A is a subring of B and B is a subring of C'.
A consequence of the previous lemma is that the integral closure in C'
of the integral closure of A in B is the integral closure of A in C.

Lemma 7.8. Let A be a subring of B. Let S be a multiplicative subset
of A. Suppose that B is integral (resp. finite) over A. Then the natural
ring homomorphism As — Bg makes Bg into an integral (resp. finite)
Ag-algebra.

Proof. We first prove the integrality statement. Suppose that B is inte-
gral over A. The ring homomorphism Ag — Bg arises from Lemma 4.1.
It is injective by Lemma 4.4 and Lemma 4.5 (injectivity can also be
established directly).

Let b/s € Bg, where b € B and s € S. By assumption we have

V" + b 4y =0
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for some a; € A. Thus
(b/5)" + (n-1/5) (/)" + (an_2/52)(b/s)" 2 + -+ + ao/s"
= (1/8")(b" + a1 b" ' + -+ +ay) = 0/1.

In particular, b/s is integral over Ag.

We now prove the finiteness statement. Suppose that aq, ..., a; are
generators for B as an A-module. Then a;/1,...,a;/1 € Bg are gen-
erators of Bg as an Ag-module so Bg is also finite over Ag. O

Theorem 7.9 (Going-Up Theorem). Let A be a subring of a ring B
and let ¢: A — B be the inclusion map. Suppose that B is integral
over A. Then Spec(¢): Spec(B) — Spec(A) is surjective.

This is only part of what is known as the Going-Up Theorem in the
literature.
To prove Theorem 7.9, we shall need the following lemma.

Lemma 7.10. Suppose that C' is a subring of a ring D. Suppose that
D (and hence C') is a domain and that D is integral over C. Then D
1s a field if and only if C' is a field.

Proof. “<": Suppose that C'is a field. Let d € D ~ {0}. We need to
show that d has an inverse in D. Let ¢: C[t] — D be the C-algebra
map sending ¢ on d. The kernel of this map is a prime ideal, since D
is a domain. Since non-zero prime ideals in C[t] are maximal (because
C'is a field), we conclude that the image of ¢ contains an inverse of d.

“=". Suppose that D is a field. Let ¢ € C' . {0}. We only have to
show that the inverse ¢=* € D lies in C. By assumption, D is integral
over (' so there is a polynomial P(t) =" + a, 1t" ' + -+ + ag € C|t]
such that P(c™!) = 0. Thus we have ¢"~!- P(c™!) =0, i.e.,

C_1 +an_ 1+ -+ aoc”_l =0
which implies that ¢t € C. O
END OF LECTURE 9

Corollary 7.11. Let A be a subring of a ring B and let ¢: A — B be
the inclusion map. Suppose that B is integral over A. Let q be a prime
ideal of B. Then qN A is a mazimal ideal of A if and only if q is a
maximal ideal of B.

Proof. The induced map A/(qNA) — B/q is injective and makes B/q
into an integral A/(qN A)-algebra. Since both A/(qN A) and B/q are

domains, the conclusion follows from Lemma 7.10. U

Proof of Theorem 7.9. Write B, for the localisation By(4\, of the ring
B at the multiplicative set ¢(A\p). Note that by Lemma 4.5, B, is
isomorphic to the localisation of B at p, when B is viewed as an A-
module. By Lemma 4.1, we thus obtain a unique ring homomorphism

¢p: Ay — B, such that ¢,(a/1) = ¢(a)/1. Write Ay: A — A, and
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Ap 1 B — B, for the natural ring homomorphisms. We have Ag o ¢ =
¢y © A4 (check) and thus we obtain a commutative diagram

Spec(A
Spec(By) pecds)

lSpecwp)
Spec(Aa)

Spec(A,) ———— Spec(A)

Spec(B)
lSpeC(@

By Lemma 4.7, p is the image of the maximal ideal m of A, under the
map Spec(Aa). Thus it is sufficient to show that there is a prime ideal
q in B, such that ¢,"'(q) = Spec(¢p)(q) = m. Let q be any maximal
ideal of B, (this exists by Lemma 1.2). Note that the ring B, is integral
over A, by Lemma 7.8. Thus Corollary 7.11 implies that ¢,'(q) is a
maximal ideal of A,. Since A, is a local ring, we have m = ¢, '(q). O

Corollary 7.12. Let ¢: A — B be a homomorphism of rings. Suppose
that B is integral over A. Then the map Spec(¢): Spec(B) — Spec(A)
is closed (i.e., it sends closed sets to closed sets).

Proof. Let I be an ideal of B. We have to show that Spec(¢)(V (1))
is closed in Spec(A). Let gqr: B — B/I be the quotient map and let
p=qrop: A— B/I. Let q,: A — A/ker(u) be the quotient map and
let ¢: A/ker(u) — B/I be the ring homomorphism induced by p. We
have the following commutative diagram:

A#B

ST

Afker(u) 2 B/I

Since B is integral over A, B/I is also integral over A/ker(u). Fur-
thermore, the map v is injective by construction. By Theorem 7.9,
we thus have Spec(¢))(Spec(B/I)) = Spec(A/ker(u)). Furthermore, by
Lemma 3.2, we have

Spec(qr)(Spec(B/1)) = V(I)
and
Spec(qy) (Spec(A/ker(p)) =V (ker(p)).
Thus Spec(¢)(V(I)) = V (ker(u)), which is closed. d

Note that the previous corollary shows in particular (although this
is easier to prove) that if ¢: A — B is surjective, then Spec(¢) is a
closed map. In particular, since Spec(¢) is injective and continuous in
that case (by Lemma 3.2), it is a homeomorphism onto its image.

Recall the following.



COMMUTATIVE ALGEBRA 31

Theorem 7.13 (Chinese remainder theorem). Let R be a ring and let
Iy, ..., I} beideals of R. Let

k
¢: R— [[R/L:
=1

be the ring homomorphism such that ¢(r) = [[i_,(r + I,) for all+ € R.
Then ker(¢) = ﬂle I;. Furthermore the map ¢ is surjective if and only
if I; + 1; = R for every i,j € {1,...,k} with i # j, and in that case,
we have No_, I; =[], L.

For the proof, see Prop. 10 in [AM].

Proposition 7.14. Let ¢: A — B be a ring homomorphism and sup-
pose that B is finite over A. Then the map Spec(¢) has finite fibres

(i-e., for any p € Spec(A), the set Spec(p)~*({p}) is finite).

Proof. Let q: A — A/ker(¢) be the quotient map. The map Spec(q)
has finite fibres by Lemma 3.2 (since it is injective), so we may replace
A by A/ker(¢) and suppose that A is a subring of B. Let p be a prime
ideal of A. We have to show that there are only finitely many prime
ideals q in B such that gN A = p.

Let p be the ideal of B generated by p. Let ¢: A — A/p (resp.
g : B — B/p) be the quotient map. Let ¢): A/p — B/p be the ring
homomorphism induced by ¢.

By Theorem 7.9, there is a prime ideal q € Spec(B) such that gNA =
p. Then pN A C gNn A = p. Since we of course have pN A D p we
conclude that pN A = p.

By construction, we have a commutative diagram:

Spec(B/p) _See@ Spec(B)

JSpeC(w) lspecw)
Spec(A/p) — Spec(A)

Since any prime ideal q € Spec(B) such that g M A = p has the
property that q O p, we see (using Lemma 3.2) that any such prime
ideal lies in the image of Spec(g). The corresponding prime ideals of
Spec(B/p) are the prime ideals a such that ¢~!(a) = (0). We thus
have to show that Spec(1))~*((0)) is a finite set.

Now let S = (A/p) ~ {0}. This is a multiplicative set. Let

At Alp — (A/p)s

and let Ag/5: B/p — (B/9)y(s) be the natural ring homomorphisms.
There is also a natural ring homomorphism ¢g: (A/p)s — (B/P)w(s),
which is compatible with A4/, and Aps (see Lemma 4.5). We thus
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obtain a diagram

B Spec(Ag/
Spec((B/B)ucs)) ' Spec( B/p)
lSPeC(ws) lSpec
Spec(Aa/p)

Spec((A/p)s) ————— Spec(A/p)

(

Now notice that if q¢ € Spec(B/p) then ¥»~'(q) = (0) if and only
if gNy(S) = 0. In particular, any such ideal lies in the image of
Spec(Ap/p).

It is thus sufficient to prove that the map Spec(ts) has finite fibres,
as Spec((A/p)s) is a single point.

Notice now that A/p is a domain (since p is a prime ideal) and that
(A/p)s is none other than the fraction field of A/p.

Now, since B is finite over A, B/p is also finite over A/p and fur-
ther, applying Lemma 7.8, we see that (B/p)ys) is finite over (A/p)s.
In other words, (B/p)y(s) is a finite-dimensional (A/p)s-vector space.
Write K = (A/p)s. If q is a prime ideal in (B/p)y(s), then (B/p)ys)/q
is a domain, which is finite over the field K and it is thus a field
by Lemma 7.10. Thus q is maximal. So we only have to show that
(B/p)y(s) has finitely many maximal ideals. Let qi,...,qx be any dis-
tinct maximal ideals of (B/p)y(s). By the Chinese remainder theorem,
we have a surjective homomorphism of K-algebras

k
(B/P)ws) = [ [(B/P)ws)/ai
i=1
and each (B/p)ys)/q: is a K-algebra, which has dimension greater
than 0 as K- Vector space. Hence (B/p)ys) has dimension at least k
as a K-vector space. Hence there are at most dimg ((B/p)y(s)) prime
(and therefore maximal) ideals in (B/p)y(s)-

END OF LECTURE 10

8. THE NOETHER NORMALISATION LEMMA AND HILBERT’S
NULLSTELLENSATZ

Noether’s normalisation lemma shows that any finitely generated
algebra over a field can be “approximated” by a polynomial ring, up
to a finite injective homomorphism (see below for the definition). In
terms of affine varieties, in says that for any affine variety, there is a
finite surjective map from the variety to some affine space.

Theorem 8.1 (Noether’s normalisation lemma). Let K be a field and
let R be a non-zero finitely generated K-algebra. Then there exists an
injective homomorphism of K-algebras

K[y17-~-;yt]_>R
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for some t > 0 (where we set Klyi,...,y:] = K if t =0), such that R
is finite as a Klyi, ..., y]-algebra.

The idea of the proof is as follows. It is easy to see that there is
an injective homomorphism of algebras Ky, ...,y — R so that R is
algebraic over K[y, ..., y:. The proof of the normalisation lemma ba-
sically considers such a homomorphism and tweaks it, using properties
of polynomials, so that R becomes integral over Klyi, ...,y

Proof. We will only prove this result in the situation where K is infi-
nite. For a proof in the situation where K is finite, see H. Matsumura,
Commutative Algebra, 2nd ed., Benjamin 1980 (14.G).

Let r,...,7, € R be a set of generators of minimal size (i.e., n is
minimal) for R as a K-algebra. We proceed by induction on n. If
n = 1 then either R ~ K[z] or R ~ K]lz|/I for some proper ideal [
in K[z|. In the first case, we may set t = 1 in the theorem and in the
second case we may set t = 0 (the K-dimension of K[z|/I is bounded
above by the degree of any non-zero polynomial in 7). So the theorem
is proved when n = 1. So suppose that n > 1 and that the theorem
holds for n — 1.

Up to renumbering the generators, we may assume that there is a
k € {1,...,n} such that for all i € {1,... k}, r; is not algebraic over

Kry,...,ri—1] (where we set K|ry,...,r;1] = K if i = 1) and such
that 7y is algebraic over K[rq,...,rg] foralli e {1,...,n—k} (where
weset {1,...,n—k}=0if k =n).

Indeed, we may assume that not all the elements of {ry,...,r,} are

algebraic over K, for then they would all be integral over K (since K is a
field) and we could then set ¢ = 0 in the theorem by Corollary 7.4. To
find a suitable renumbering, choose one generator r;, € {ry,...,ri},
which is not algebraic over K and then look for a second generator
riy, € {r1,..., 7%}, which is not algebraic over K|[r;|. If this does not
exist then renumber the remaining generators in an arbitrary way. Oth-
erwise, let 7;, € {ry,...,rx} be such a generator and look for a gener-
ator r;,, which is not algebraic over K|r;,,r;,]. Keep going in this way
until all the remaining generators are algebraic over the K-algebra gen-
erated by the previous ones, and renumber the remaining generators in
an arbitrary way.

Now we may assume that k£ < n, for otherwise we may set t =k =n
in the theorem. The generator r,, is thus algebraic over K[ry, ..., 7, 1].
Let Pi(x) € K[ry,...,mn-1][x] be a non zero polynomial (not necessar-
ily monic) such that Pj(r,) = 0. Since Klry,...,r,—1] is the image
of the polynomial ring Klzy,...,z,_1] by the homomorphism of K-
algebras sending x; to r;, there is a non zero polynomial

P(xy,...,x,) € K|z, ..., pq][x,] = K2y, ..., 2]

such that P(ry,...,7r,) = 0. Let F(xy,...,x,) be the sum of the mono-
mials of degree d = deg(P) which appear in P (so that in particular
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deg(P — F) < d). Choose A, ..., \,—1 € K such that
F(A, ..o, 1, 1) #0.

To see why the elements \; exist, note that since F' is a homogenous
polynomial, the polynomial F'(z1,...,2,_1,1) is a sum of homogenous
polynomials of distinct degrees and thus is not the zero polynomial.
Hence F'(x1,...,2,-1,1) must be non-zero for some specific values of
Z1,...,%,_1, because a non-zero polynomial with coefficients in an in-
finite field cannot evaluate to 0 for all the values of its variables (why?
— exercise).

Now let u; = r; — \jry, for all i € {1,...,n — 1}. We compute
0=P(ry,...,m)

= P(uy + Mrp, us + Aoy, oo oy U1 + Ay17n, Tn)

= F()\l, .. 7)\71717 1)7’2 + Fl(ul, Ce ,un,l)rg_l + -+ Fd(ul, c ,un,l)

for some polynomials Fi, ..., Fy in the variable u;, obtained by grouping
together the terms by powers of 7,,.
Thus, setting i = (F(A,...,A\_1,1))7! € K we obtain

0 (g, U )P e pF (g, U—y) = 0

and we see that r, is integral over K[uy, ..., u,_1]. Now, by the induc-
tive hypothesis, there exists an injective homomorphism of K-algebras

K[yla"'ayt] %K[ula"'aunfl]

for some t > 0, such that Kluy,...,u,_1] is integral over K[yi, ..., y.
Hence

R=Klry,...,rn) = Kluy, ..., up_1][rs]
is integral over Klyi, ..., ] by Lemma 7.7. O

Noether’s normalisation lemma has the following fundamental corol-
lary.

Corollary 8.2 (weak Nullstellensatz). Let K be a field and let R be
a finitely generated K-algebra. Suppose that R is a field. Then R is
finite over K (i.e., R is a finite-dimensional K -vector space).

Proof. Let
K[y17‘-'7yt] — R

be as in Noether’s normalisation lemma. Recall that by Theorem 7.9,
the map Spec(R) — Spec(K[yi, ..., y]) is surjective. Now Spec(R) has
only one element, since R is a field. Hence Spec(K [y, ..., y:]) has only
one element. Thus ¢ = 0, because for any t > 1, Spec(K[yy, ...,y
has more than one element.

To see this, suppose that ¢ > 1 and note first that the ring K[y, . .., v
has the prime ideal (0) since it is a domain. Also, the element y; is not
a unit and it is thus contained in a maximal ideal (use Lemma 1.2),
which is not equal to (0), since y; # 0. Hence K[y, ...,y has at least
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two prime ideals (in fact it has infinitely many but we do not need this
here).

We conclude that R is integral over K. Since R is also finitely
generated as a K-algebra, it must be finite over K (see after Corol-
lary 7.5). O

The weak Nullstellensatz has the following corollaries, which are of
fundamental importance in algebraic geometry.

Corollary 8.3. Let K be an algebraically closed field. Lett > 1. Then
an ideal I of K[xy,...,x;] is mazimal if and only if it has the form
(x1 —ay, ...,z —ap) for some ay,...,a; € K.

Proof. “<” Quotienting by the ideal (x; — a1,...,2; — a;) gives the
evaluation map

Klzy,...,x,) = K, p(x1,...,2,) = plag,...,a,);

the map is a ring epimorphism onto a field, and hence its kernel is a
maximal ideal.

“=". Suppose that [ is maximal. Note that K[zi,...,z/I is a
field, which is also a finitely generated K-algebra. Hence, by the weak
Nullstellensatz (Corollary 8.2), K|[xz,...,x]/I is finite, and in par-
ticular algebraic over K. Since K is algebraically closed, this im-
plies that Klzy,...,x]/I is isomorphic to K as a K-algebra. Let
¢: K[z1,...,2;) — K be the induced homomorphism of K-algebras
obtained by composing the isomorphism with the quotient map

Klzy, ...,z = Kz, ..., 2]/ 1.
By construction, the ideal I contains the ideal

(1 = o(x1), ..., 10 — P(24)).

Since the ideal (z1 — ¢(z1), ..., — ¢(x¢)) is also maximal by the first
part, we must have

I'=(z1—¢(x1),...,20 — d(x4)). O

Corollary 8.4. Let K be a field. Let R be a finitely generated K-
algebra. Then R s a Jacobson ring.

Proof. Let I C R be an ideal. We need to show that the Jacobson
radical of I of R coincides with the radical of I. In other words, we
need to show that the nilradical of R/I coincides with the Jacobson
radical of the zero ideal in R/I. Since R/I is also finitely generated
over K, we may thus replace R by R/I and suppose that I = 0.

Let f € R and suppose that f is not nilpotent. We need to show
that there exists a maximal ideal m in R, such that f & m. Let S =
{1,f, f% ... }. Since f is not nilpotent, we have f*- f # 0 for all k > 0
(setting f° = 1) and thus the localisation Rg is not the zero ring. Let
q be a maximal ideal of Rg (this exists by Lemma 1.2). Since Rg is
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a finitely generated K-algebra (see Lemma 4.2), the quotient Rg/q is
also finitely generated over K. Thus, by Corollary 8.2, the canonical
homomorphism of rings K — Rg/q (giving the K-algebra structure)
makes Rg/q into a finite field extension of K. Let ¢: R — Rgs/q be
the homomorphism of K-algebras obtained by composing the natural
homomorphism R — Rg with the homomorphism Rg — Rg/q. The
image im(¢) of ¢ is a domain (since Rg/q is a domain, being a field),
which is integral over K (since Rg/q is integral over K, being finite over
K - see after Corollary 7.5) and thus im(¢) is a field by Lemma 7.10.
Thus ker(¢) is a maximal ideal of R. On the other hand, ker(¢) is
by construction the inverse image of q by the natural homomorphism
R — Rg. Since f/1 is a unit in Rg, we have f/1 ¢ q and thus
f & ker(¢). Thus we may set m = ker(¢). O

END OF LECTURE 11

The following corollary also contains a definition.

Corollary 8.5 (strong Nullstellensatz). Let K be an algebraically closed
field. Lett > 1 and let I C Klzy,...,x] be an ideal. Let

Z(I)={(c1,...,c;) € K" | P(cy,...,c;) =0forall P eI}
Let Q(xq,...,x¢) € K[x1,...,2¢). Then Q € v(I) if and only if

Q(cl,...,ct) = 0
for all (¢1,...,¢;) € Z(I).

The strong Nullstellensatz implies that the set of simultaneous roots
of a set of polynomials determines the radical of the ideal generated by
the set of polynomials.

Proof. Let R = K|[xy,...,x¢. The implication “=" is straightforward.
We prove the contrapositive of the implication “<". Let

Q(z1,...,x¢) € K[z, ..., 7]

be such that @ & v([). Since R is a Jacobson ring (by Corollary 8.4),
there exists a maximal ideal m in R, such that m 2 I and @) € m. By
Corollary 8.3, we have m = (z1 — ay,...,2; — a;) for some a; (where
i € {1,...,t}). By construction, we have P(ay,...,a;) = 0 for all
P € m and hence for all P € I. In other words, (ai,...,a;) € Z(I).
But @ ¢ m, and so Q(ay,...,a;) # 0. O

9. JACOBSON RINGS

In this section, we collect more consequences of the weak Nullstel-
lensatz and we show that the property of being a Jacobson ring is a
very stable property. See Theorem 9.4 below. We also give an al-
ternative proof of the weak Nullstellensatz, based of the Artin—Tate
Theorem (Theorem 6.7), which does not depend on Noether’s normal-
isation lemma. This shows in particular that the proof of Theorem 9.4
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below can be made independent of Noether’s normalisation lemma. In
the situation where the ring is noetherian, it can even be made inde-
pendent of the more difficult results of the theory of integral extensions
(like Theorem 7.9).

New proof of the weak Nullstellensatz (Corollary 8.2). For this, we shall
need the following lemma.

Lemma. Let K be a field. Lett > 1 and let P(x1,...,x;) € Klxy,. ..,z
be a non-zero polynomial. Then there exists a non zero prime ideal in
Kxq,..., x|, which does not contain P(x1,...,x;).

Proof. Let L = K(x1,...,z;_1) be the quotient field of K[xy,..., x; 1]
(where we set L = K if t = 1). Let

v Ky, ..o 2] = Kz, .. my ] [2y] — L]

be the natural injective map. If we can find a prime ideal p in L[x]
such that +(P) & p, then the prime ideal .~ (p) will not contain P, so
we may assume that ¢t = 1.

Let us write z; = x; = x so that K[xy,...,2] = K[z]. We may
assume without restriction of generality that P(z) is monic (why?). We
may also assume that P(z) is not constant (otherwise, any maximal
ideal of K[z] will do).

Let @ be an irreducible factor of 1 + P. Then the ideal (Q) does
not contain P because otherwise 1 =1+ P — P € (@), and hence @
is not prime, as it is not proper. Since (@ is irreducible, the ideal (Q)
is prime and therefore the ideal (Q) satisfies the requirements of the
lemma. U

Now to the proof of the weak Nullstellensatz. Let K be a field and
let R be a finitely generated K-algebra. Suppose that R is a field.
We want to show that R is finite over K. Let rq,...,r; be generators
of R over K. Suppose that the r; are numbered in such a way that
the elements rq,...,r; are algebraically independent over K for some
[ €{0,...k} (in particular, the set r1,...,r; might be empty) and so
that ry.; is algebraic over K(ry,...,r;) for alli € {1,...k —(}. Recall

that to say that the generators ry, ..., are algebraically independent
means that the homomorphism of K-algebras from K{zy,..., 2] to R,
which sends x; to r; for all i € {1,...,l}, is injective. This renum-

bering can be carried out as in the proof of Noether’s normalisation
lemma. We may assume that [ > 1, for otherwise R is a finite field
extension of K (since R would be then an integral and finitely gen-
erated K-algebra) and there is nothing to prove. Since R is a field,
the quotient field L ~ K(xy,...,x;) of K[xy,..., 2] =~ K[rq,...,r]
can be viewed as a subfield of R (ie, the subfield K(r,...,7;)). Now
note that R is generated by r;1,...,r, as an L-algebra and that the
rii (1 € {1,...,k —1}) are algebraic over L, since they are algebraic
over K(ry,...,r). Since L is a field, the r;; are actually integral
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over L and hence R is a finite field extension of L. We deduce from
the Theorem of Artin—Tate (Theorem 6.7) that L is finitely gener-
ated over K. In particular, K(z1,...,x;) ~ L is finitely generated as a
Kl[xq,...,x]-algebra. Let Py(z)/Q1(x), ..., P.(x)/Q.(x) be generators
of K(z1,...,2;) as a K[zy,. .., z-algebra. Let Q(z) = [[;_, Q:(x) and
let S ={1,Q(x),Q*(x),...}. Since K|[zy,...,7] is a domain, the lo-
calised ring K[z1,...,x;]s can be viewed as a subring of K(z1,...,x;).
Furthermore, since every element of K (x1,...,x;) can now be written
as a quotient R(x)/Q(x) for some b > 0, we see that K|xy,...,z]s =
K(xy,...,2;). Since K(x1,...,x;) has only one prime ideal, namely
the zero ideal, we conclude from Lemma 4.6 that every non zero prime
ideal of K[x1,. .., 2] contains Q(z). This contradicts the lemma above.
We conclude that [ = 0, so that R is finite over K. O

The Jacobson property enters the proof of Theorem 9.4 via the fol-
lowing lemma.

Lemma 9.1. Let R be a Jacobson ring. Suppose that R is a domain.
Letb € R and let S = {1,b,0%,...}. Suppose that Rg is a field. Then
R is a field.

Proof. We know from Lemma 4.6 that the prime ideals of R, which do
not meet b are in one to one correspondence with the prime ideals of
Rg. Since Rg is a field, there is only one such ideal in R, namely the
0 ideal. Hence every non zero prime ideal of R meets b. Now suppose
for a moment that (0) is not a maximal ideal of R. Since (0) is its own
radical (since R is a domain) and since R is Jacobson, the ideal (0) is
the intersection of all the non zero maximal ideals of R. However, we
just saw that this intersection contains b, which is a contradiction. So
(0) must be a maximal ideal of R. Hence R is a field (why?). O

Corollary 9.2. Let T be a field and let R C T be a subring. Suppose
that R is a Jacobson ring. Suppose that T is finitely generated over R.
Then R is a field. In particular, T is finite over R.

Proof. Let K C T be the fraction field of R. Note that by Corollary 8.2,
T is a finite extension of K. Let ty,...,tx € T be generators of T as
an R-algebra. Let

PZ(ZL‘) = md" + (ai7di_1/bi’di_1)l’di_1 +---+ ai,g/bz‘,o S K[l‘]
be a monic polynomial with coefficients in K, which annihilates ¢; (this
exists since T is integral over K). Let b = []-, H?ZOI b;;. Let S =
{1,b,b%,...}. Then there is a natural injective homomorphism of R-
algebras from Rg into K, because R is a domain and we view Rg as
a sub-R-algebra of K. By construction, 7' is generated by the t; as
an Rg-algebra and the elements t; are integral over Rg. Hence T is

finite over Rg. Lemma 7.10 now implies that Rg is a field. Finally,
Lemma 9.1 implies that R is a field. U
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Second proof of Corollary 9.2 in the noetherian situation. We will sup-
pose that R is noetherian. Let K C T be the fraction field of R. By
Corollary 8.2, T is a finite extension of K. Then K is finitely gen-
erated over R by Theorem 6.7. But then K has the form Rg for a
multiplicative set S’ generated by an element of R (which can be taken
to be the product of the denominators of a finite set of generators of
K over R — we leave the details to the reader). Hence R is a field by
Lemma 9.1. U

Corollary 9.3. Let ¢: R — T be a homomorphism of rings. Suppose
that R is Jacobson and that T is a finitely generated R-algebra. Let m
be a maximal ideal of T. Then ~'(m) is a maximal ideal of R and the
induced map R/¢y~(m) — T /m makes T /m into a finite field extension

of R/~ (m).
Proof. Note that T'/m is a field which is finitely generated over R/~ (m).

Also, R/¢~!(m) is a Jacobson ring, since it is the quotient of a Jacobson
ring. Thus Corollary 9.2 implies the result. O

Theorem 9.4. A finitely generated algebra over a Jacobson ring is
Jacobson.

Proof. The beginning of the proof is similar to the proof of Corol-
lary 8.4.

Let R be a Jacobson ring and let 7" be a finitely generated R-algebra.

Let I C T be an ideal. We need to show that the Jacobson radical
of I of T' coincides with the radical of I. In other words, we need to
show that the nilradical of T'/I coincides with the Jacobson radical of
the zero ideal in T'/1. Since T'/I is also finitely generated over R, we
may thus replace T' by T'/1 and suppose that I = 0.

Let f € T and suppose that f is not nilpotent. We need to show
that there exists a maximal ideal m in 7', such that f ¢ m. Let S =
{1,f,f% ...}, Since f is not nilpotent, we have f*. f # 0 for all
k > 0 (setting f° = 1) and thus the localisation T is not the zero ring.
Let q be a maximal ideal of T (this exists by Lemma 1.2). Since T
is a finitely generated R-algebra (see Lemma 4.2), the quotient Ts/q
is also finitely generated over R. Let ¢: R — Tg/q be the canonical
ring homomorphism. From Corollary 9.3, we deduce that ker(¢) is a
maximal ideal and that Ts/q is a finite field extension of R/ker(¢).

Now consider the map ® : T" — T/q which is the composition of the
natural map 7" — T with the quotient map. The image im(®) of ¢ is
an R-subalgebra, and hence R/ker(¢)-subalgebra, of Ts/q. Since Ts/q
is integral over R/ker(¢), we see that im(®) is integral over R/ker(¢)
and hence im(®) is a field by Lemma 7.10. In other words, ker(®) is
a maximal ideal of T'. Finally, note that ker(®) is by construction the
inverse image of q by the natural homomorphism 7" — Ts and that
f/1 & q, since f/1 is a unit in Ts. Thus we have f & ker(®). We
conclude that we may set m = ker(®P). O
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The ring Z is Jacobson (prove this). Hence any finitely generated
algebra over Z is a Jacobson ring.

10. DIMENSION

The dimension of a ring R is an invariant of a ring, whose definition
is inspired by algebraic geometry. If R is the coordinate ring of an
affine algebraic variety over an algebraically closed field, the dimension
of R is the ordinary dimension of the variety.

Here is the formal definition.

Definition 10.1. Let R be a ring. The dimension of R is

dim(R) = sup{n | po D p1 D -+ D Pn, Po, ..., Pn € Spec(R)}.
Let p be a prime ideal of R. The codimension (also called height) of p
is

ht(F‘) = Sup{n ’ p D) pl DR pn7 plu s 7pn € SpeC<R>}

Note that the dimension of R as well as the codimension of p might
be infinite. From the definitions, we see that if q is a prime ideal and
q C p then we have ht(p) > ht(q), provided ht(p) < oco.

Let R be a ring. If N is the nilradical of R, then N is contained in
every prime ideal of R and thus

dim(R) = dim(R/N)
and

ht(p (mod N)) = ht(p)
for any prime ideal p of R (where p (mod N) is the image of p in R/N).

Note finally that from the definitions, we have
dim(R) = sup{ht(p) | p € Spec(R)}.
More generally, for any ideal I C R, we clearly have dim(R) > dim(R/I).
END OF LECTURE 12

Exercise 10.2. Let R be a ring and let p € Spec(R). Then ht(p) =
dim(R,). Also, we have

dim(R) = sup{ht(m) | m a maximal ideal of R}.

(This is an exercise on Sheet 4.)

Note that Exercise 10.2 has in particular the following consequence.
Let R be a ring and let S be a multiplicative subset of R. Let p
be a prime ideal of Rg and let \: R — Rg be the natural ring ho-
momorphism. Then ht(p) = ht(A~'(p)) (use the second remark after
Lemma 4.6, as Ry-1() = (Rg)p)-

If Ris aring and I C R is an ideal, we define the codimension or
height ht(I) of I as follows:

ht(7) = min{ht(p) | p € Spec(R), p D I}.
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(this generalises the definition of the height of a prime ideal given
above).

From the definition, we see that if J is another ideal and J C I, then
ht(J) < ht(7).

If ht(I) < oo, there is a prime ideal p, which is minimal among all the
prime ideals containing I, and such that ht(p) = ht(/). This follows
directly from the definitions.

The next two subsections contain some preliminary results (which
are also of independent interest) that we shall need before we resume
the study of dimension in Section 10.2 below.

10.1. The Artin—Rees Lemma and Krull’s theorem. Let R be a
ring. A ring grading on R is the datum of a sequence Ry, Ry,... of
additive subgroups of R, such that R = @;>qR; (where & refers to an
internal direct sum of additive subgroups) and such that R;- R; C R;4;
for every i,j > 0 (i.e., if r € R; and t € R; then rt € R;;;). One can
see from the definition that Ry is then a subring of R and that @, R;
is an ideal of R for any ig > 0. Each R; naturally carries a structure
of an Ryg-module. Finally, the natural map Ry — R/(®;>1R;) is an
isomorphism of rings and we have natural isomorphism of Ry-modules
Riy > (Dizig Ri) [ (Bizig+1 Rs) for any g = 0 (why?).

If r € R, we shall often write [r]; for the projection of r to R; and
we call it the i-th graded component of r.

For example, if £ is a field, the ring k[z| has a natural grading given
by (k[z]); = {a-2'| a € k}. Every ring carries a trivial grading, such
that Rgp = R and R; = 0 for all i > 0.

Suppose that R is a graded ring. Let M be an R-module. A grad-
ing on M (relative to the grading on R) is the datum of a sequence
My, My, ... of additive subgroups of M, such that M = @;5oM; (where
@ refers to an internal direct sum) and such that R;-M; C M, ; for any
i,j >0 (e, if r € R; and t € M; then rt € M,,;). In this situation,
we say that M is a graded R-module (this is a slight abuse of language
because the reference to the grading of R is only implicit).

There is an obvious notion of homomorphism of graded R-modules.

Lemma 10.3. Let R be a graded ring with grading (R;)i=0. The fol-
lowing are equivalent:
(1) The ring R is noetherian.
(2) The ring Ry is noetherian and R is finitely generated as an
Ry-algebra.

Proof. The implication (2)=-(1) is a consequence of Hilbert’s basis the-
orem and passing to quotients.

We prove the implication (1)=-(2). The ring Ry is noetherian since
it is a quotient of a noetherian ring.

To show that R is finitely generated as an Ro-module, let aq, ..., as
be generators of @;~oR; viewed as an ideal of R (this exists, since R
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is noetherian). We claim that the graded components of aq,...,a
generate R as an Ry-algebra (more concretely: the elements

[CLl]l, [CLﬂQ, . [CLQ]I, [CLQ]Q, ce

generate R as an Ry-algebra). This will prove the lemma, since each
a; only has finitely many graded components.

We shall prove by induction on ¢ > 0 that R; lies inside the sub-
Ry-algebra generated by the graded components of aq, ..., a. Since R
is generated by all the R;, this will prove the claim. For i = 0, there
is nothing to prove. So suppose that ¢ > 0 and that the subgroups
Ry, ..., R;_1 lie inside the sub- Ry-algebra generated by the graded com-
ponents of aq, ..., ay.

Let r € R;. By assumption, there are elements ty,...,%, € R such
that r = tya1 + - - - + tra,. We deduce that

r=[r]; = Z Z[tj]i—u[aj]u

7=1 u=1

Now, in this sum, we have [t;];—, € Ry ® Ry @ --- @ R,_; and thus
[t;]i—y lies in the sub-Ry-algebra generated by the graded components
of ay,...,a; by the inductive hypothesis. Thus r lies in this sub-R,-
algebra also, which proves the claim and the lemma. O

Let R be aring and let M be an R-module. A (descending) filtration
M, of M is a sequence of R-submodules

M =My2> M DO MD...

of M. 1If I is an ideal of R, then M, is said to be an I-filtration if
IM; C M;,4 for all ¢ > 0. An [-filtration M, is said to be stable if
IM; = M, for all i larger than some fixed natural number.

Now we are given a ring R, an ideal [ C R, an R-module M and an
[-filtration M, on M.

Note that the direct sum of R-modules R = @;>I" (where I° = R)
carries a natural structure of graded ring, with the grading given as
follows: if o € I and B € I7, then the product of o and 3 in R¥ is
given by the product of o and 3 in R, viewed as an element of 1“1,
The ring R” is often called the blow-up algebra associated with R and
I (this terminology comes from algebraic geometry). The direct sum
M?#* = @;>0M; of R-modules then carries a natural structure of graded
R#*-module (if « € I' and 8 € M;, then the multiplication of 3 by
a in M* is given by the multiplication of S by « in M, viewed as
an element of M;,;, in which it lies since M, is an I-filtration). Note
that R* is naturally an R-algebra, since there is an natural injective
homomorphism of rings R — R”, sending r € R to the corresponding
element of degree 0. The corresponding R-module structure on M7 is
then simply M# = @;50M; viewed as a direct sum of R-modules.
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Lemma 10.4. Let R be a ring and let I C R be an ideal. Suppose
that R is noetherian. Then the ring R associated with R and I is also
noetherian.

Proof. Let ry,...,r € I be generators of I (this exists because R is
noetherian). There is a homomorphism of rings ¢: R[zy, ..., 2] — R¥,
given by the formula P(xy,...,z) — P(ry,...,7). Hererq,... 7y are
viewed as elements of degree 1 in R# and the coefficients of P(xy, ..., zy)
are viewed as elements of degree 0 (so that ¢ is a homomorphism of
R-algebras). By construction, ¢ is surjective and hence R is also
noetherian by the Hilbert basis theorem. O

Note that in this context there is a slight inaccuracy in [AM], p. 107,
before Lemma 10.8.

Lemma 10.5. Let R be a ring. Let I C R be an ideal. Let M, be an I-
filtration on M. Suppose that M; is finitely generated as an R-module
for all 7 > 0. Let R* be the corresponding graded ring and let M7 be
the corresponding graded R -module. The following are equivalent:

(1) The R*-module M¥ is finitely generated.
(2) The filtration M, is stable.

Proof. Let n > 0 and consider the graded subgroup
MG = (D M) & (P IM
§=0 k=1

of M#. Note that M(ﬁ ) is a sub-R*-module of M# by construction.
Note also that each M; with j € {0,...,n} is finitely generated as
an R-module by assumption and thus Mgi ) is finitely generated as a
R#-module (it is generated by @7_, M;). We have inclusions

# # #
Mgy © Mgy © My, ©

and by construction we have M# = -2, M(;#)
Note that saylng that the [-filtration M, is stable is equivalent to
saying that Mn +k,) M(ﬁo) for all k¥ > 0 and some ny > 0. We claim

that M(ﬁ . ( 0) for all £ > 0 and some ny > 0 if and only if
M# is finitely generated as an R#-module. Indeed, if M# is finitely

generated as an [t¥-module, then M (no+k) = M, (#fzo) for all & > 0 as soon
as M(# ) contains a given finite set of generators for M # =z, M(#)

On the other hand, if Mﬁ E) = M for all £ > 0 then M# = ]\/[(# X

and M7 is finitely generated since M(nO is finitely generated. U

Proposition 10.6 (Artin-Rees Lemma). Let R be a noetherian ring.
Let I C R be an ideal. Let M be a finitely generated R-module and let
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M, be a stable I-filtration on M. Let N C M be a submodule. Then
the filtration N N M, is a stable I-filtration of N.

Proof. By construction, there is a natural inclusion of R¥-modules
N# C M#. By Lemma 10.5, the R#”-module M7 is finitely generated.
The module N# is thus also finitely generated by Lemma 10.4 and by
Lemma 6.3. Hence N N M, is a stable [-filtration by Lemma 10.5. [J

Corollary 10.7 (Krull’s theorem). Let R be a noetherian ring. Let
I C R be an ideal and let M be a finitely generated R-module. Then

we have
ﬂI"M: U ker([r])

n>0 rel+l
where [r]: M — M is defined by m +— r-m.

Proof. Let N = ﬂ@O I"M. The Artin—Rees Lemma applied to the
filtration I*M of M gives a natural number ny > 0 such that

IN=II"MNN)=I""MnN=N.

We deduce from Q4 of Sheet 1 (the general form of Nakayama’s lemma)
that there exists r € 1+ I such that rN = 0. Hence N =, ., ["M C
U,c14rker([r]). On the other hand, if r € 1+ 1,y € M and ry = 0,
then (1+a)y =y+ay =0forsomea=r—1€ landsoy e IM.
Since y + ay = 0, we conclude that y € I?M. Continuing in this way,
we conclude that y € N. O

END OF LECTURE 13

10.2. Dimension theory of noetherian rings. We first examine the
case of dimension 0. We will call a ring artinian if whenever we have
a descending sequence of ideals

LD, D130 ...

in R, there exists an n > 1 such that I, = I,, for all £ > 0. We then
say that the sequence I, stabilises (compare with Lemma 6.1).

Lemma 10.8. Let R be a noetherian local ring with maximal ideal m.
The following are equivalent:

(1) dim(R) = 0;

(2) m is the nilradical of R;

(3) m™ =0 for somen > 1;

(4) R is artinian.

Proof. We prove a cycle of implications.
(1)=(2): If dim(R) = 0 then every prime ideal of R coincides with
m. Hence m is the nilradical of R.
(2)=(3): This follows from Lemma 6.4, as m is finitely generated.
(3)=(4): Let
LOoOLOI3 D ...
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be a descending sequence of ideals in R. Let & > 0 be the minimal
natural number such that the sequence

mkfl D) mkfg D) mk[3 o...

stabilises. The number k exists since m* = 0 for some k > 0 by
(3). Suppose for contradiction that & > 0. Let ng > 1 be such that
mF [, = mF [, for all n > ng. Consider the descending sequence

mkilll D) mkillg 2 mkilfg DN

By construction we have m*~11,, D mklno for all n > 1. There are thus
natural inclusions

w1 /wf L, D mA T L /mF L, D m T L /m L, DL

and furthermore, for all n > ng, we have m(m*~11,, /m*I,,)) = 0. Hence
mF1T, /m*T, has a natural structure of R/m-module if n > ng. In
particular, the sequence

k— k k—1 k k— k
m* L /b L D wE L s /mE L, D mE T L  /mE L D

is a decreasing sequence of R/m-modules. Also, all these R/m-modules
are finitely generated because R is a noetherian ring. Since R/m is
a field, one thus obtains a decreasing sequence of finite-dimensional
vector spaces and such a sequence must stabilise. Let ny > ng be such
that m*=11, /m*I,, = m*=11, /m*I, for all n > n;. Then we have
by construction m*~17,, = m*~'I, for all n > n;. In particular, the
sequence m*~11, also stabilises. This contradicts the minimality of &
so we must have k = 0, i.e., the sequence I D I, D I3 D ... stabilises.

(4)=(1): We argue by contradiction, and assume that R is artinian
and that dim(R) # 0. Then there are two prime ideals pg,p; of R
such that py D p;. In particular, we have m D p;. This implies that
m is not the nilradical of R (since the nilradical is contained in p; by
Proposition 2.2).

Since R is artinian, we know that there is a natural number ny > 0
such that m" = (72, m’. Moreover, (2, m" = [, ¢, ker[r] by Krull’s
Theorem. Every such r is a unit since m is the maximal ideal of the
local ring R, and hence (2, m’ = 0. Thus m™ = 0. In particular,
every element of m is nilpotent and m is the nilradical of R. This is
the desired contradiction. O

Theorem 10.9 (Krull’s principal ideal theorem). Let R be a noether-
tan ring. Let f € R be an element which is not a unit. Let p be minimal
among the prime ideals containing f. Then we have ht(p) < 1.

Proof. Note that the maximal ideal of R, is minimal among the prime
ideals of R, containing f/1 € R, (use Lemmata 4.6 and 4.7). Further-
more, the height of p is the same as the height of the maximal ideal of
R, (again, use Lemmata 4.6 and 4.7). Since R, is also noetherian by
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Lemma 6.2, we may thus suppose that R is a local ring and that p is
a maximal ideal.

Write q for a proper subideal of p. If no such q exists, then we are
done. Otherwise, by assumption, we have f ¢ q.

Write A\: R — R, for the natural map (sending r to r/1). Forn > 1,

write A(qm) for the ideal of R, generated by A(q"). We know that A(q")
consists of the elements of the form r/t, where r € q* and t € R\ q
(see Lemma 4.6). Also, it is easily checked that A(q") = (A(q))".

Now consider the ideal I, = A=*(\(q")) (this ideal is called the n-th
symbolic power of q). By construction, we have I, O q". Furthermore,
we have Iy = q by Lemma 4.6. The ideal I,, has the advantage over

q" that if fr € I, for some r € R, then we must have r € I,, (because

A(fr)(1/f) = A(r) € AM(q™), noting that f € R\ q).

Now consider the ring R/(f). The ring R/(f) is also local (because
if R/(f) had more than one maximal ideal, then so would R) and it
is noetherian. The ring R/(f) has dimension 0, since its only maxi-
mal ideal (given by p (mod (f))) is a minimal prime ideal of R/(f) by
construction.

Now we are given a descending sequence of ideals

(1) LD2L,2I;...

We conclude from Lemma 10.8 that the image of this sequence in R/(f)
must stabilise (note that the image of an ideal by a surjective homomor-
phism is an ideal). In other words, there is an ng > 1 with the property
that for any n > ng, we have I, C I,,41 + (f). Furthermore, in this
situation, if r € I,,, t € I,,1 and r =t + hf for some h € R, then we
have r—t € I,,, and so h € I,, (see above). This means that we actually
have I,, C I,,,1+ (f)I,, and in particular I,, C I,,,1+pI,. In particular,
the natural map I,,11/pl,+1 — I,/pl, is surjective. By Corollary 2.7
(Nakayama’s lemma) we conclude that I,,,1 — I, is surjective, so that
I,+1 = I,. So the sequence (1) stabilises at ny.

Now note that since I,, D q" for all n > 1, we have A\(I,) = A(q") =

(A(q))". Hence the descending sequence of ideals of R,
Ma) 2 (Ma)* 2 (AM@)* 2.

also stabilises at ng. Also, A\(q) is the maximal ideal of R, (by Lemma 4.6).
But now (this is the crucial step of the proof), Krull’s theorem (Corol-
lary 10.7) implies that

(@) =0,

i20

and so we have (A(q))"™ = 0. Since A(q) is the maximal ideal, we
conclude from Lemma 10.8 that R, has dimension 0. In particular, we
have ht(q) = 0 (by Exercise 10.2). In other words, q cannot contain
any prime ideal other than itself. Hence k = 1. Il
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Corollary 10.10. Let R be a noetherian ring. Let fi,..., fr € R. Let
p be a prime ideal minimal among those containing (fi,..., fr). Then
ht(p) < k.

Proof. By induction on k. The case £ = 1 is Krull’s principal ideal
theorem. We suppose that k£ > 1 and that the statement is true for
k — 1 in place of k.

Just as at the beginning of the proof of Krull’s principal ideal theo-
rem, we may suppose that R is a local ring with maximal ideal p.

Let

POpP1OP2DO ...
be a (possibly infinite) chain of prime ideals beginning with p and of
length ht(p). We also assume that there are no prime ideals between p
and pq, other than p and p;. Note that this last condition is automati-
cally satisfied if ht(p) < oo, because the chain then has maximal (finite)
length. If ht(p) = co we can create a chain satisfying this condition,
see sheet 4.

We want to show that that ht(p) < k. We may suppose that ht(p) >
0, otherwise there is nothing to prove. Let q = p;. We claim that
ht(q) < k — 1 (so, in particular, we cannot have ht(p) = oo).

We prove the claim. From the assumptions, there is an f; such that
fi & q (otherwise p is not minimal among the prime ideals containing
(f1,---, fx)). Up to renumbering, we may assume that f; & q. Since
there are no prime ideals between p and q other than p and g, we see
that p is minimal among the prime ideals containing (q, f1). Hence
the ring R/(q, f1) has dimension 0, as p (mod (q, f1)) is maximal. We
conclude from Lemma 10.8 (iii) that the image of all the f; are nilpotent
in R/(q, f1). In other words there are elements b; € q,a; € R and
integers n; > 2 such that

fini = Clifl + bz
Note that
pg(fla 2”2’ :?3""7 ]:;lk>:(f17b27"‘7bk>

and that p is also minimal among all the prime ideals containing

(fi,b2,...,bg), since

o((fo 132 F57 s 0) = ((fy, o fi)-

Write J = (by,...,bx). Note that J C g. Since p is minimal among
all the prime ideals containing fi; and .J, we see that p (mod J) is min-
imal among all the prime ideals of R/J containing f; + J. Hence
ht(p (mod J)) < 1 by Krull’s principal ideal theorem. On the other
hand, we have

p (mod J) D q(mod J)

(since J C q Cpand q C p) so ht(p (mod J)) =1 and ht(q (mod J)) =

0. In particular, q is minimal among all the prime ideals containing
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J. Applying the inductive hypothesis, we see that ht(q) < £ — 1. In
particular, the chain (x) is finite.

Finally, we see from the assumptions that ht(p) = ht(q) + 1 < k and
so the corollary is proven. O

In particular, in a noetherian ring, the height of any prime ideal is
finite. Together with Exercise 10.2, this shows that the dimension of a
noetherian local ring is finite.

It is not true however that any noetherian ring has finite dimension.
For an example of a noetherian ring of infinite dimension, see Ex. 3 of
chap. 11, p. 126 of [AM].

Note also that Corollary 10.10 implies that ht((fy,..., fx)) < k. If
we have ht((f1,..., fr)) = k, then any minimal prime ideal associated
with (f1,..., fx) has height k (because any such ideal has height > &
by assumption, and height < & by Corollary 10.10).

Exercise 10.11. Let R be a noetherian ring. Let p be a prime ideal
of height c¢. Suppose that 0 < k£ < ¢ and that we have elements
t1,...,tx € p such that ht((¢1,...,tx)) = k. Then there are elements
tis1,---,te € p, such that ht(¢y, ..., t.) =c.

(This is an exercise on Sheet 4.)

Here we set (t1,...,tx) = (0), resp. (t1,...,t.) = 0, if &k = 0, resp.
if ¢ = 0. Note also that if ht(¢y,...,t.) = c then p is a minimal
prime ideal associated with the ideal (¢1,...,t.). Indeed, if there were
a prime ideal q such that ¢ C p and q O (¢,...,t.), then we would
have ht(p) = ¢ > ht(q) > ht(¢y, ..., t.) = ¢, which is a contradiction.

END OF LECTURE 14

10.3. The dimension of polynomial rings. We now turn to the
computation of the dimension of polynomial rings. The main result is:

Theorem 10.12. Let R be a noetherian ring. Suppose that dim(R) <
0o. Then dim(R[z]) = dim(R) + 1.

Before we start with the proof, we prove a few intermediate results.

If Ris aring and [ is an ideal of R, we shall write /[z] for the ideal
generated by [ in R[z]. The ideal I[z] can easily be seen to consist of
the polynomials with coefficients in I (hence the notation).

If the ideal p is prime, then so is p[z], since

Rlal/pla] = (R/p)z]
is a domain.
Recall that if N is the nilradical of R then the nilradical of R[z] is
Nz].

Lemma 10.13. If I is an ideal of R and py,...,pr are the minimal
prime ideals associated with I, then the ideals pi[x], ... pg[z] are the
minimal prime ideals associated with I|x].
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Proof. By passing to R/I, and noting that (R/I)[x] ~ R|x]/I[z], we
may assume that [ = (0).

We have (), p; = t((0)) by assumption, and so (), p;[z] = ©((0))[z].
Thus (), p;[z] is a minimal primary decomposition of v((0))[z] (use
Proposition 5.1 (2)). This implies that the minimal prime ideals of R|[x]
are precisely the ideals p;[z], ..., pg[z] (use Theorem 5.8 and Lemma 5.11),
which is what we wanted to prove. U

Lemma 10.14. Let R be a noetherian ring and let I be a proper ideal
of R. Then ht(I) = ht(/[x]).

Proof. We first prove the statement if I = p € Spec(R). Let ¢ = ht(p)
and let J = (ai,...,a.) be a subideal in p such that ht(J) = ¢, so
that p is a minimal prime ideal associated with J. This exists by
Exercise 10.11. By the previous lemma, p[z]| is a minimal prime ideal
associated with J[z]. We conclude from Corollary 10.10 that ht(p[z]) <
¢ (since the elements ay,...,a. generate J[z| in R[z]). On the other
hand, if
POP1LOP2O D Pe
is a descending chain of prime ideals in R, then

plz] D pafe] D p2 D -+ D pele]
is a descending chain of prime ideals in R|x], so ht(p[z]) > ¢. Hence
ht(p[z]) = c.

Now let us look at the general case. We know that there is a minimal
prime ideal p associated with I, such that ht(p) = ht(I). We conclude
from this that ht(/[z]) < ht(p[z]) = ht(p) = ht(/). On the other
hand there is a minimal prime ideal q associated with I[z] such that
ht(q) = ht(I[z]). By Lemma 10.13, we have q = (q N R)[z], and so

ht(I[z]) = ht(q) = ht((gNR)[z]) = ht(qNR) > ht(I[z]NR) = ht(I). O

Lemma 10.15. Let R be a noetherian ring. Let q be a prime ideal of
R[z] and let I be an ideal of R such that I C qN R. Suppose that N R
is a minimal prime ideal associated with I. Let ' C q be a prime ideal
of R[z], which is a minimal prime ideal associated with I[x]. Then

q' = (9N R)x].
Proof. We have

gNROIzINR=1
and thus

(@' N R)[x] 2 I]x].
Hence
2 (a' N R)[x] 2 I]z].

By minimality, we thus have q ( N R)[x]. On the other hand, we
have q' C q, and so

q' = (@' NR)] € (N R)z].
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Now by Lemma 10.13, we know that (¢ R)[z] is a minimal prime ideal
associated with I[x] and thus we must have ¢’ = (q N R)|x]. O

Proposition 10.16. Let R be a noetherian ring and p be a prime ideal
of R[z]. Then

ht(p) < 1+ht(p N R).
If p s maximal, we have

ht(p) =1+ ht(p N R).

Proof. Let § = ht(p N R) and let ¢ = ht(p). Note that since (p N
R)[x] C p, we have § < ¢ by Lemma 10.14. Let ay,...,as € pN R and
asi1,-- -, 0. € p be such that ht((aq,...,a;)) =i foralli € {1,...,c}.
This exists by Exercise 10.11. In particular, (p N R)[z] is a minimal
prime ideal associated with (a4, ..., as).

We shall now inductively define a chain of prime ideals

P=Gooq1i OO0

such that g, is a minimal prime ideal associated with (a4, ..., a._;). We
let qo = p and we suppose that ¢ > 0 and that the ideals qo, ..., q;_1 are
given. We then let g; be a (arbitrary) minimal prime ideal associated
with (aq,...,a.;), which is contained in q;_;. This exists by Sheet 2
and so we have constructed our chain of prime ideals.

Note that we have by construction ht(q;) = ¢ — i (see after Corol-

lary 10.10).

Now note the key fact that both g._s and (p N R)[x] are minimal
prime ideals associated with (ay,...,as). Applying Lemma 10.15, we
find that we actually have

Qe—5 = (p A R) [x]
We thus see that for all ¢ € {0,...,¢— 0}, we have
p2q;2 (PN R[]

implying that
PNRODGNROPNR
and therefore that q; N R = p N R. We now conclude from Problem 11
on Sheet 4 that ¢ — § < 1. This proves the first statement.
For the second one, note that if p is maximal then p # (p N R)[z] =
de—s (because (p N R)[x] is not maximal), so ¢ — & > 1. In particular,
we then have that ¢ = § + 1, as required. O

Proof of Theorem 10.12. Let m be a maximal ideal of R[z] such that
ht(m) = dim(R[z]). This exists by Exercise 10.2. We then have
ht(m) = 1 + ht(m N R) by the last proposition.

Suppose for contradiction that ht(m N R) < dim(R). Then there is a
maximal ideal p in R such that ht(p) > ht(mN R). Let n be a maximal
ideal of R|x], which contains p[z|. By maximality, we have n N R = p,
and so ht(n) = 14 ht(p) > 1 + ht(m N R) = ht(m), a contradiction.
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So we conclude that ht(m) = dim(R[z]) = dim(R) + 1, as required.
U

Remark 10.17. Let R be a noetherian ring and let p C g be prime
ideals of R. We then obviously have

ht(p) + ht(q (mod p)) < ht(q)
(where q (modp) is an ideal of R/p). However it is not true that

ht(p) + ht(q (modp)) = ht(q)

in general. One class of rings, where equality holds is the class of so

called catenary domains. One can show that finitely generated algebras

over fields are catenary. So equality will hold if R is a domain, which

is finitely generated over a field (we will not prove this however).
Note that in the proof of Proposition 10.16, we showed that

ht((m N R)[z]) + ht(m/(m N R)[z]) = ht(m)

(why?) and the fact that equality holds in this situation was crucial in
the proof.

Corollary 10.18. Let R be a noetherian ring. Suppose that dim(R) <
oo. Then dim(R[z1, ..., x]) = dim(R) + t.

Proof. This follows from Theorem 10.12 and Hilbert’s basis theorem.
g

END OF LECTURE 15

10.4. Transcendence bases. Let k be a field and let K be a field
containing k. If S C K is a subset of K, we shall write k(S) for the
smallest subfield of K containing k£ and S. By construction, k(S) is
isomorphic to the field of fractions of the k-algebra k[S] C K (recall
that k[S] is the smallest k-subalgebra of K containing k& and S). If
S ={ai,...,a,} then we shall as usual use the shorthand k(aq, . .., az)
for k({aq,...,an}).

If S;, Sy C K are two finite subsets, we have k(S; U Sy) = k(S1)(S2)
(this follows from the definitions).

Also, recall that if the elements of S are all algebraic (equivalently,
integral) over k, then we actually have k(S) = k[S] — this follows from
Lemma 7.10. Finally note that if all the elements of S are algebraic
over k and S is finite then k(S) is a finite extension of k. This follows
from Corollary 7.4 and Proposition 7.2.

If there is a finite subset S of K such that K = k(S) we say that
K is finitely generated over k as a field. This is a weaker condition
than finitely generated as a k-algebra but by the previous paragraph it
coincides with it if all the elements of S are algebraic over k.

We say that the set S C K is a finite transcendence basis of K over
k if
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e S is finite;

e the elements of S are algebraically independent over k, that is,
for every s € S the element s is not algebraic over k(S \ {s});

e K is algebraic (equivalently, integral) over the field k(S).

It is easy to see that if K is finitely generated over k as a field,
then K has a transcendence basis over k. To obtain such a basis, start
with a finite set S such that K = k(5). Take a subset S’ C S, which
is algebraically independent and has maximal cardinality among such
subsets (note that S’ might be empty). Then each of the elements of
S\ S is by construction algebraic over k(S’) and thus K is algebraic
over k(S’). This subset will be a transcendence basis of K over k.

Proposition 10.19. Let K be a field and k C K a subfield. Suppose
that K is finitely generated over k as a field. Let S and T be two finite
transcendence bases of K over k. Then |S| = |T.

Proof. For convenience, write S = {v1,..., 7%} and T' = {p1,..., pm},
where n = |S| and m = |T'|. Without loss of generality, let us assume
that m < n.

We shall prove that m = n by induction on m = min(m,n). The
statement is true if m = 0, for in that case T' is empty and hence K is
algebraic over k and then S must be empty as well.

We may assume without restriction of generality that SNT = (). To
see this, suppose that SNT = U and that U # (). Then S\ U and
T\ U are transcendence bases for K over k(U). We have

min(|S N\ U|,|T N\ U|) = min(m, n) — |U]|

and thus by induction, we have |S \ U| = |T' \ U| so that |S| =n =
|T| = m.

We also contend that m is minimal among the cardinalities of all
possible transcendence bases of K over k. To see this, suppose that
m < n (say) so that m = min(m,n). Suppose that m = |T| is not
minimal. Choose a transcendence basis 7" of K over k such that |T"| <
m and such that |7"| is minimal. We have min(|7|, |T"|) < min(m,n)
and so by induction we have |T’| = |T| = m, which a contradiction.
Hence m is minimal.

We now start the proof. Suppose without restriction of generality
that m is minimal among the cardinalities of all possible transcendence
bases of K over k.

By assumption, there is a non-zero polynomial

P(zo,...,xmy) € k[zo, ..., 2],
such that

P(’Ylapla"'apm) =0
(to obtain this polynomial, start with a non zero polynomial with co-
efficients in k(pq, ..., pm) =~ Frac(k[x1,. .., 2,]), which annihilates ~;,
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and clear denominators). We suppose that P(zo,...,Z,) has minimal
degree among all non-zero polynomials with this property.

By assumption, P(z, ..., x,) contains monomials with positive pow-
ers of z for some k > 1 (otherwise v, is algebraic over k). Renumber-
ing, we may suppose that this variable is x;.

We may thus write

P(xg,...,zp) = ZPj(xo,xQ, .
J

where Pj(zo,%2,...,Tm) € klxo, Z2,...,2n]. Since P(zo,...,zy) is a
non-constant polynomial in the variable z;, we know that

Pj (o, %2, ..., Tpm) # 0

for some jo > 0; take maximal such jy. Also, we cannot have

Pio(1, 2, pm) = 0,
because that would violate the minimality of the degree of P(zy, ..., Zm).

Thus, since P(v1,p15- -5 pm) = D5 Pj(v1,p2, -+, pm)p1 = 0, we see
that p; is algebraic over

k<7171027 s me>

Hence k(v1, p1, p2,-- -, pm) is algebraic over k(vq, pa, ..., pm) and thus
K is algebraic over k(71, p2, - - -, pm) (again use Corollary 7.4 and Propo-
sition 7.2). Since m is minimal, we conclude that {vi, p2,...,pn} is a
transcendence basis of K. In particular {vs,...,v,} and {pa, ..., pm}
are transcendence bases of K over k(7). By induction, we thus have
m—1=n—1,1ie, m=mn and the proof is complete. Il

Let k be a subfield of a field K and suppose that K is finitely gen-
erated over k as a field. In view of the last proposition, we may define
the transcendence degree tr(K|k) of k over K as the cardinality of
any transcendence basis of K over k. As a basic example, we have

tr(k(xy,...,z,)|k) = n for any field k.

Corollary 10.20. Let k be a field and let R be a finitely generated
k-algebra. Suppose that R is a domain and let K = Frac(R). Then
dim(R) and the trace tr(K|k) are finite and equal.

For the proof of the corollary, we shall need the following.

Lemma 10.21. Let R be a subring of a ring T. Suppose that T 1is
integral over R. Then dim(T") = dim(R).

Note that the lemma also holds if R or 7" has infinite dimension (in
which case it says that the other ring also has infinite dimension).

Proof. Suppose first that dim(R), dim(7T") < oco. Let

Po D P1 D D Pdim(R)
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be a descending chain of prime ideals in R, which is of maximal length.
By Theorem 7.9, there is a prime ideal qgim(r) in 7" such that qqimr) N
R = paim(r) and by Q6 of sheet 2, there are prime ideals q; in 7", such
that q; N R = p; and such that

o O g1 O+ D qdim(R)-
Hence dim(7") > dim(R).
Now, resetting notation, let
do O q1 O+ D qdim(T)-
be a descending chain of prime ideals in T', which is of maximal length.
Then we have
GQNRDODGpNRD--- quim(T)ﬂR.

by Q1 of sheet 3. Hence dim(7") < dim(R) and thus dim(7") = dim(R).
The argument in the situation where either dim(R) = oo or dim(7") =
oo proceeds along the same lines and is left to the reader.

Proof of Corollary 10.20. By Noether’s normalisation lemma, there is
for some d > 0 an injection of rings k[z1,..., x4 < R, which makes
R into an integral k[z1, ..., z4]-algebra. From the previous lemma and
Corollary 10.18, we deduce that dim(R) = d. On the other hand, the
fraction field k(x1,...,xq) of k[z1,...,2z4] is naturally a subfield of K

and since every element of R is integral over k[xy, ..., z4], we see that
every element of K is algebraic over k(xy,...,z4) (why?). Hence
tr(K|k) = tr(k(xq, ..., zq)|k) = d = dim(R). O

END OF LECTURE 16

11. DEDEKIND RINGS (NOT EXAMINABLE)

A Dedekind domain is a noetherian domain of dimension one, which
is integrally closed. Examples of Dedekind domains include Z, and
polynomial rings in one variable over a field, which are domains and are
integrally closed. We will see that in a Dedekind domain, every ideal
can be written in unique fashion as a product of powers of distinct
prime ideals. This unique decomposability generalises to ideals the
decomposability into irreducibles of an element that exists in a UFD
(and in fact a Dedekind domain is a UFD if and only if it is a PID -
see Sheet 4).

Recall that a Unique Factorisation Domain (UFD) or factorial ring
is a domain R, which has the following property: for every r € R~ {0},
there is a sequence rq,...,r; € R (for some k > 0), such that

(1) the elements r; are irreducible;

(2) (r) = (ry--- 1) (with the standard convention that the empty
product is equal to 1 € R);
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(3) if r{, ..., 7. is another sequence with properties (1) and (2), then
k = k' and there is a permutation ¢ € Sy such that (r;) = (r(,,) for
alli e {1,...,k}.

We will also see below that the integral closure of Z in a finite exten-
sion of Q is a Dedekind domain. This last kind of ring is much studied
in algebraic number theory.

We first note a couple of simple facts:

Lemma 11.1. Let R be a Dedekind domain.

(1) All the non-zero prime ideals of R are maximal.
(2) If q1, 92 are primary ideals and t(qy1) # v(q2) then q1 and qo are
coprime.

Note that the lemma, together with the Chinese remainder theorem,
shows that if q1,...,qx are primary ideals with distinct radicals in a

Dedekind domain, we have
m qi = H qi-

Proof. We prove the claims in turn.

(1) If p is a non-zero prime ideal, then we have the chain p O (0) of
prime ideals (note that (0) is a prime ideal since R is a domain).
This chain is of maximal length, since R is of dimension one.
Now let m D p be a maximal ideal containing p. We must have
m = p, otherwise

m D p D (0)
would be a chain of prime ideals of length 2, which is impossible
by the above.

(2) Since t(q1) # t(q2), the ideals t(q;) and t(gz) are coprime, since
they are prime, and hence maximal by (i). Thus the conclusion
follows from Lemma 11.2 below. U

Lemma 11.2. Let R be a ring. Suppose that the ideals v(I) and t(J)
of R are coprime. Then I and J are coprime.

Proof. Note that we have v(/ + J) C t(¢({) + ¢(J)), since I + J C
t(I) + ¢v(J). On the other hand, we also have v(I) + v(J) C (I + J),
and thus we have t(¢v() +¢(J)) C e(x({ + J)) = (L + J). So we have
t(I+J) =r(e(I)+¢(J)) (this equality holds without any assumptions
on the ideals v(I) and ¢v(.J)). In our situation, we have v(I)+t(J) = (1),
and so t(/4J) = (1). In particular, 1 € I+J, and thus I+J = (1) = R,
as required. O

Exercise 11.3. Let R be an integrally closed domain. Then R, is also
integrally closed for all p € Spec(R).

Hint: use Lemma 7.8.



56 DAMIAN ROSSLER (EDITED BY DAWID KIELAK)

Proposition 11.4. Let R be a noetherian local domain of dimension
one with maximal ideal m. The following conditions are equivalent:

(1) R is integrally closed;

(2) m is a principal ideal;

(3) for any non-zero ideal I of R, we have I = m" for a uniquely
determined n > 0.

Proof. Let K be the fraction field of R.

(1)=(2): Let a € m ~ {0}. Note that the ring R/(a) is local with
maximal ideal m (mod (a)) and noetherian (see the beginning of the
proof of Krull’s principal ideal theorem for details). Furthermore,
we have ht(m (mod (a))) = dim(R/(a)) = 0, because if there were
a prime ideal properly contained in m (mod (a)), this would lead to
a descending chain m D p D (0) of prime ideals in R, which con-
tradicts the assumption that ht(m) = 1. By Lemma 10.8, the ideal
m (mod (a)) is thus nilpotent. Let n > 0 be the minimal integer such
that (m (mod (a)))” = (m" (mod (a))) = (0) and let b € m"~! be such
that b (mod (a)) # 0. Now let z = a/b € K. We have bm C m" C (a)
and so z7'm C R (note that z7'm is an ideal). Furthermore, we have
r~! ¢ R, for otherwise we would have b = 27! - a € (a), which is
excluded by assumption.

We claim that we cannot have z7'm C m. Indeed, suppose that
27'm C m. Then 27! induces a homomorphism of R-modules m — m
(given by multiplication by z71) and such a homomorphism is annihi-
lated by a monic polynomial P(x) with coefficients in R by Proposi-
tion 7.1 (because m is finitely generated, as R is noetherian). We then
have P(x~')(h) = 0 for any non zero element » € m and since R is a
domain this implies that P(z~!) = 0. Since R is integrally closed, this
implies that 7! € R, which is a contradiction.

Hence z7'm € m and since R is local, we thus must have 27 'm = R.
In other words, x € R and m = (z).

(2)=(3): We first prove that I is a power of m. We may suppose
without restriction of generality that I # R (otherwise I = mY). Sup-
pose for contradiction that I is not a power of m. Let b € R be such
that m = (b). The ring R/I has dimension 0 by Lemma 10.8, and thus
the ideal m (mod ) is nilpotent. Let n > 0 be the largest integer such
that I C m"™. This exists by assumption and because some power of m
is contained in I, since m (mod /) is nilpotent. Let a € I be an element
such that a € m™*! (this exists by construction). By construction, we
may write a = tb" for some ¢t € R. We cannot have { € m because
otherwise we would have a € m"*!, which is excluded. Hence t is a
unit of R (since R is local) and thus m" = (¢~ 'a) = (a) C I. Thisis a
contradiction, so we must have I = m” for some n > 0.

Secondly, n is uniquely determined. Indeed, suppose that (b™) =
(b"2) for ny < ny. Then there is a u € R such that b = b"2u. Since
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R is a domain, b">™™y = 1, so b is a unit if ny # ny. Since b is not a
unit, we thus have n; = no.

(3)=(1): The R-module m/m? is not zero (if it were zero, the ideal
m would be zero by Corollary 2.6, which is not possible, since R has
dimension 1). So we may choose an element x € m~m?. By assumption
(x) is equal to some power of m, which must be 1 by construction.
Hence m = (x). We conclude that R is a PID and thus a UFD. We
saw in the solution to Q4 of sheet 2 that any UFD is integrally closed
and thus R is integrally closed. U

Corollary 11.5. The localisation of a Dedekind domain at a non-zero
prime tdeal is a PID.

The proof is immediate — after localising, the ring becomes local.

Corollary 11.6. Let R be a Dedekind domain. Then any primary ideal
15 equal to a power of its radical.

Proof. Let p be a prime ideal and let a be a p-primary ideal. Let
A: R — R, be the natural homomorphism from R to its localisation at
p. Let m = p, be the maximal ideal of R, (recall that this is also the
ideal generated by A(p)).

We claim that A™*(a,) = a. Indeed, consider the exact sequence

0—a— A a,) = A (a,)/a — 0.
The localisation at p of this sequence is
0= ay = (A7 (ap))p = ap = (A7 (ap))p/0p =0 =0
By Lemma 4.4, there is a natural isomorphism of R,-modules

(A (ap)/a)y = (A" (ap))p/ap = 0.

Now note that v(a) = p by assumption and that for any element a €
R~ p, we have (a,p) = (1), since p is maximal by Lemma 11.1 (i).
Hence, by Lemma 11.2, we have (a,a) = (1) if a € R~ p and in that
case the image of a in R/a is a unit. Since A™'(a,)/a is naturally an
R/a-module, we conclude that (A\™(a,)/a), = A"*(a,)/a (as we have
localised at units) and we thus see that A™(a,)/a = 0. In other words,
A1(a,) = a, and the claim is proved.

Now notice that by Proposition 11.4 (3), we have a, = m* = p’; for
some k > 1. Also we have p* = Afl(p'p“), since p* is also p-primary by
Lemma 5.5. We conclude that

a= )‘71(%) = Afl(Pﬁ) =p"
as required. O

Proposition 11.7. Let R be a Dedekind domain. Let I be an ideal in
R. Then all the minimal primary decompositions of I are equal up to
reindexing.
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Note that I has primary decompositions by the Lasker-Noether the-
orem, since R is noetherian.

Proof. Let (;_; a; = I be a minimal primary decomposition of I. By
Corollary 11.6, we have a; = p;" for some distinct prime ideals p; and
some integers n; > 1. Furthermore, we have

n n
(oo~
i=1 =1

(see after Lemma 11.1). We thus have to show that if I = [T, q;~
is another representation of I as a product of powers of distinct prime
ideals, then we have n = m and there is some bijection o : {1,...,n} — {1,...,n}
such that p; = q,¢;) and n; = my() for all 4 € {1,...,n}. So suppose

that . .
[Ia7 =11 =
j=1 i=1

where the q; (resp. the p;) are distinct prime ideals. It will be sufficient
to show that if some prime ideal appears with some multiplicity on the
left of (%) then it will appear with the same multiplicity on the right
of (x). So consider eg q;. Localising (x) at gy, we obtain

H(qj,ﬁu)mj = H(pi,ch)ni

j=1 i=1
Now note that if q; # q1, we have q;4, = (1) = R,,, because q; € q1
(since q; is maximal). Similarly, if p; # q1, we have p; 4, = (1). Hence
we obtain the equality

(ql,m)ml = (pil,m)nil
for some 4, € {1,...,n} such that p;, = q;. On the other hand q; 4, =
Pir,q is the maximal ideal of R, and every ideal in R, is a uniquely
determined power of this maximal ideal by Proposition 11.4 (3). Hence
my = n;,. This concludes the proof. O

We conclude from Proposition 11.7 that in a Dedekind domain, every
ideal can be written in a unique way (up to reindexing) as a product of
powers of distinct prime ideals.

The next three results require some knowledge of Galois Theory.

Proposition 11.8. Let R be an integrally closed domain and let K be
its fraction field. Let L|K be a finite separable extension. Then

(1) the fraction field of the integral closure of R in L is L;

(2) the integral closure of R in L is finite over R.

Proof. Omitted. See [AM], Th. 5.17, p. 64. The proof of (1) is easy
(prove it). The proof of (2) exploits the fact that the so-called “trace
form” associated with a finite separable extensions is non-degenerate.

O
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Remark. The previous proposition is also true if R is a domain,
which is finitely generated over a field (without the requirement that
R is integrally closed) and L|K is any finite extension of fields (in
particular one could take L = K). This is a theorem of E. Noether.
See D. Eisenbud, Commutative Algebra with a view toward algebraic
geometry, par. 13.3, Cor. 13.13, p. 297. Note that if R is domain, it
is in general difficult to show that the integral closure of R in its own
fraction field is finite over R.

Corollary 11.9. Let R be Dedekind domain with fraction field K. Let
L be a finite separable extension of K. Let T be the integral closure of
R in L. Then T is also a Dedekind domain.

Proof. The ring T is clearly a domain, and it is integrally closed by
Lemma 7.7 and Proposition 11.8 (1). Also, the ring 7" is of dimension 1
by Lemma 10.21. Finally, by the Hilbert basis theorem, 7" is noetherian.
Indeed, T is finite, and in particular finitely generated over R, and R
is noetherian by assumption. U

Proposition 11.10. Let R be an integrally closed domain and let K be
its fraction field. Let L|K be a finite Galois extension of K. Let T be
the integral closure of R in L. Letp € Spec(R) and let q1,qs € Spec(T')
be prime ideals of T' such that g N R = qas N R =p. Then there exists
an element o € Gal(L|K) such that o(q1) = qa.

Note that o(7") C T for all 0 € Gal(L|K) (why?). In particular, each
o € Gal(L|K) induces an automorphism o|p : T = T of R-algebras,
with inverse (o71)|r.

Proof. Suppose first that

e |J o)

c€eGal(L|K)

In this situation, Proposition 5.1 (i) implies that g2 C 7(q1) for a
particular 7 € Gal(L|K). According to Q1 of sheet 3, this is only
possible if qa = 7(q;) and hence we are done in this situation.

Now suppose that

2z | o)

o€Gal(L|K)

In particular, there is an element e € g such that e € o(q;) for all o €
Gal(L|K), or in other words such that o(e) & q; for all o € Gal(L|K).

Now consider that the element f = [], g c(e) is invariant
under Gal(L|K) by construction. Hence f lies in K NT, since L|K is a
Galois extension. Since R is integrally closed, we have K N'T' = R, so
f € R. On the other hand, since e € g5 and ¢ is an ideal, we also have
f € g2, so that f € RN gy = p. In particular, f € RN q; = p. Now
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since q; is a prime ideal, this implies that one of the elements o(e) (for
some o € Gal(L|K)) lies in q, which is a contradiction.

Hence we must have g2 C U, cqarx)0(d1) and we can conclude
using the argument given above. O

The following lemma (and the complement that follows) plays a key
role in Algebraic Number Theory.

Lemma 11.11. Let R be a Dedekind domain with fraction field K. Let
L|K be a finite separable extension of K and let T be the integral closure
of R in L (recall that T is also a Dedekind domain by Corollary 11.9).
Let p be a non-zero prime ideal in R. Let p = pT be the ideal generated
by p in T. Let
p=ait-qt

be the minimal primary decomposition of p. Then the q; are precisely
the prime ideals q of T" which have the property that N R = p.

Proof. We have already seen that qi" ---q* = ¢ N---Nq*. Hence

qg; N R O p and thus q; N R = p, since p is maximal. Thus the q; are

among the prime ideals ¢ of T', with the property that ¢ N R = p.
Conversely, let q be a prime ideal of 7', such that ¢ M R = p. Then

q2q7" NNt
and thus by Proposition 5.1 (ii), we have q D q;" for some i; since q; is

the radical of g, we thus have q O q; and thus q = q; (again because
q; is maximal). d

Complement. We keep the notation of the last lemma. If Fy|F} is
a finite field extension, recall that one writes [F, : F}] for the dimension
of I, as a Fj-vector space. Write f; = [T'/q; : R/p]. One can show that

}:mﬁ:uxki

See S. Lang, Algebraic Number Theory, I, par. 7, Prop. 21, p. 24 for
a proof. The integer n; is called the ramification degree of q; over p.
Finally, note that it follows from Proposition 11.7 and Proposition 11.10
that the integers n; and f; are independent of 7 if L|K is a Galois
extension (why?).

END OF LECTURE 17
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