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Overview. These are notes for a first course in analytic number the-

ory. The main aim is to give a proof of the prime number theorem, to-

gether with background on complex analysis, the Riemann ζ-function,

and Fourier analysis.

A particular feature of the notes is the use of smooth cutoff functions.

This has advantages we shall discuss through the course, but it also

means it differs from some traditional presentations of the material.

Note to Oxford students Michaelmas 2026: Since AY2016/17 this

course has been taught by Ben Green and James Maynard. James

takes a slightly different approach to Ben, and we are following Ben’s

approach this year. This means that questions on past exam papers

labelled Trinity 2019–2024 (when James taught the course) may have

1 The original version of the notes and exercise sheets for this course were created

by Ben Green. My thanks to him for providing them. Only minor modifications

have been made to them.
1
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parts that are not quite accessible using only these notes, but questions

on exam papers labelled Trinity 2017, 2018, 2025, and 2026 are relevant

to this version of the course. Prior to Michaelmas 2016 the course was

quite different.

Notation. A certain amount of notation will be introduced as we go

along.

We write log x for the natural logarithm of x. logα x is the same as

(log x)α.

We write ⌊t⌋ for the floor of t, that is the greatest integer less than

or equal to t.

Throughout the course we will be using the following asymptotic

notation: f(x) ≪ g(x), f(x) = O(g(x)), and g(x) ≫ f(x) for x ∈ D

all mean that there is a constant C > 0 such that |f(x)| ⩽ Cg(x) for

all x ∈ D. Crucially, when we say C is constant we mean it does not

vary on D. For example, x + 1 ≪ x for x ⩾ 1, because |x + 1| ⩽ 2x

for all x ⩾ 1. The constant C may be different in different instances of

the notation, and the set D will often be implied.

Sometimes we will want to emphasise other variables k, l, m, . . .

on which C may depend, in which case we write f(x) ≪k,l,m,... g(x),

f(x) = Ok,l,m,...(g(x)), and g(x) ≫k,l,m,... f(x). For example, |k|x≪k x,

and k + l = Ok,l(1).

We write f(x) = o(g(x)) as x→ ∞ to mean that for all ε > 0, there

is M , which may depend on ε, such that if x > M then |f(x)| ⩽ εg(x).

For example, 1
log x

= o(1). As with D above, “x → ∞” will often be

implied, and if we want to emphasise some other variables k, l, m, . . .

on which M may depend, then we write f(x) = ok,l,m,...(g(x)). For

example, |k|
log x

= ok(1).

In understanding analytic number theory, it is important to develop

a robust intuitive feeling for the rough size of certain quantities. For

example, if X is large, (logX)10 is much smaller than X1/10. The

quantity e
√
logX (which will appear again later) lies in between the

two. In the notation above we can write this as (logX)10 = o(e
√
logX)

and e
√
logX = o(X1/10), both as X → ∞.

We write f(x) ∼ g(x), which we read as “f(x) is asymptotic to g(x)”,

to mean that f(x) = (1 + o(1))g(x).



ANALYTIC NUMBER THEORY 3

There are a number of further examples on Exercise Sheet 0 and

Exercise Sheet 1.

Further reading. These notes are self-contained, but there are some

books covering the material: Davenport’s book [Dav00] is the classic

reference, and Koukoulopoulos’ book [Kou19] is a more recent one. The

book [IK04] of Iwaniec and Kowalski is a modern classic containing

significantly more material than this course, presented at a high level.

1. Basic facts about the primes

1.1. Euclid’s proof. This course is largely about the prime numbers

2, 3, 5, 7, . . . .

Theorem 1.1. There are infinitely many primes.

Proof. Suppose not, and that p1, . . . , pN is a complete list of the primes.

Consider the number M = p1 · · · pN + 1. It must have a prime factor

q. However, M is manifestly not divisible by any of p1, . . . , pN , and so

q /∈ {p1, . . . , pN}. This is a contradiction. □

It is possible to ask more refined questions: Does the sequence of

prime numbers grow extremely rapidly (like the powers of two 1, 2, 22,

23, . . . ), or slowly like the odd numbers 1, 3, 5, 7, . . . , or somewhere

in between? This is the question that will occupy us in this course.

1.2. Elementary bounds. If X > 1 is a real number then we write

π(X) for the number of primes less than or equal to X. “Elementary

methods” suffice to get the correct order of magnitude for π(X).

Theorem 1.2. There are constants 0 < c1 < 1 < c2 such that, for all

sufficiently large X,

c1
X

logX
⩽ π(X) ⩽ c2

X

logX
.

Remarks. In asymptotic notation, X
logX

≪ π(X) ≪ X
logX

, and π(X) =

O( X
logX

).

The lower bound immediately implies the infinitude of primes. The

upper bound implies, in particular, that the density of the primes up

to X, that is to say π(X)/X, tends to zero as X → ∞.
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Proof. We begin with the lower bound. We look at the prime factori-

sation of
(
2n
n

)
, which we write as(

2n

n

)
=
∏
p⩽2n

pep(n).

Now recall (or look up) Legendre’s formula, that is to say the fact that

the power of p dividing m! is
∑∞

i=1⌊m/pi⌋, this sum being composed of

⌊m/p⌋ multiples of p, ⌊m/p2⌋ multiples of p2, and so on. (The sum is

actually finite, since ⌊m/pi⌋ = 0 when pi > m.)

It follows from Legendre’s formula and the definition of binomial

coefficients that

ep(n) =
∞∑
i=1

⌊2n
pi

⌋
− 2
⌊ n
pi

⌋
. (1.1)

Now each term in (1.1) is at most 1, since ⌊2x⌋ − 2⌊x⌋ ∈ {0, 1} for all

real x. Moreover, the terms can only be non-zero for i ⩽ log(2n)/ log p.

It follows that

pep(n) ⩽ plog(2n)/ log p = 2n.

Taking products over p (noting that all primes dividing
(
2n
n

)
are ⩽ 2n)

we obtain (
2n

n

)
⩽ (2n)π(2n). (1.2)

Now
(
2n
n

)
is almost as big as 4n; note that

∑2n
r=0

(
2n
r

)
= 4n and, in

this sum, the middle term
(
2n
n

)
is the largest one. It follows from this

observation and (1.2) that, for n ⩾ 3

2n <
4n

2n+ 1
⩽

(
2n

n

)
⩽ (2n)π(2n).

Taking logs gives

π(2n) ⩾
log 2

2
· 2n

log(2n)
.

This is the lower bound in Theorem 1.2 in the case X = 2n an even

integer (with c1 =
1
2
log 2). The general case follows easily by consider-

ing the greatest even integer ⩽ X, and reducing c1 slightly. We leave

the details as an exercise.

We turn now to the upper bound in Theorem 1.2. We again consider

the binomial coefficient
(
2n
n

)
, noting now that if n is an integer and if

https://en.wikipedia.org/wiki/Legendre's_formula
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2n ⩾ p > n then p divides
(
2n
n

)
precisely once. Therefore

nπ(2n)−π(n) ⩽
∏

n<p⩽2n

p ⩽

(
2n

n

)
⩽ 4n,

and so, taking logs,

π(2n)− π(n) ⩽
n log 4

log n
.

Applying this with n = 2, 22, 23 . . . , 2k−1 and summing gives

π(2k) ⩽ 2k
( 1

k − 1
+

1

2(k − 2)
+

1

22(k − 3)
+ · · ·+ 1

2k−2

)
.

We claim that the bracketed expression is O(1/k). There are many

ways to see this. For instance, the ratio between the terms 1/2i−1(k−i)
and 1/2i(k− i− 1) is 2(k− i− 1)/(k− i), which is ⩾ 4/3 for i ⩽ k− 3,

so
k−1∑
i=2

1

2i−1(k − i)
⩽

1

k − 1

(
1 +

3

4
+
(3
4

)2
+ . . .

)
+

1

2k−2
≪ 1

k
.

Therefore π(2k) ≪ 2k/k, which we write as π(2k) ⩽ C2k/k for some C

to make the next calculation clearer.

Finally, let 2k be the smallest power of two which is greater than or

equal to X. Then

π(X) ⩽ π(2k) ⩽
C2k

k
⩽

2CX

log2X
⩽ c2

X

logX
,

where c2 = 2C log 2. □

Remark. Euclid’s proof of the infinitude of primes can be modified to

give an explicit lower bound on π(X), but it is very weak: we leave it

as an exercise to show that π(X) ≫ log logX by this method.

1.3. The prime number theorem. The main aim of this course will

be to prove the prime number theorem, which states that c1 and c2 in

Theorem 1.2 can be taken arbitrarily close to 1.

Theorem 1.3 (Prime number theorem). Suppose that 0 < c1 < 1 < c2.

Then, if X is sufficiently large, we have

c1
X

logX
⩽ π(X) ⩽ c2

X

logX
.

Equivalently, π(X) = (1 + o(1)) X
logX

, or π(X) ∼ X
logX

.
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The proof of this will involve tools from most of the course. The

formal argument starts on p. 59.

We now give a reformulation of the prime number theorem using a

weight function, which turns out to be much more natural than simply

counting the primes for reasons we will see later.

The weight function in question is the von Mangoldt function. It is

defined by

Λ(n) :=

{
log p if n = pk, p a prime;

0 otherwise.

One should think of Λ as being roughly a function that assigns weight

log p to the prime p; the contribution of the genuine prime powers pk,

k ⩾ 2, is negligible.

We define

ψ(X) :=
∑
n⩽X

Λ(n). (1.3)

Proposition 1.4. The prime number theorem is equivalent to the state-

ment that ψ(X) ∼ X, that is to say that the average value of Λ(n) over

n ⩽ X is asymptotically 1.

Proof. Write

a(X) :=
π(X)

X/ logX
, b(X) := ψ(X)/X.

Thus the task is to show that a(X) → 1 if and only if b(X) → 1.

We first obtain an upper bound for b(X) in terms of a(X). For a

given prime p, the maximum k for which pk ⩽ X is k = ⌊logX/ log p⌋.
The contribution of this prime p to ψ(X),

∑
k:pk⩽X log p, is therefore

at most

log p
⌊ logX
log p

⌋
⩽ logX.

Only those primes p with p ⩽ X contribute at all, and so we have the

inequality

ψ(X) ⩽ π(X) logX,

and thus

b(X) ⩽ a(X). (1.4)
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Now we obtain a bound in the other direction. Assume throughout

this argument that X is sufficiently large. Now

a(X)− b(X) ⩽
1

X

∑
p⩽X

(logX − log p), (1.5)

the contribution of the proper prime powers pk, k ⩾ 2, to −b(X) being

negative. We split the sum over p into two ranges p ⩽ X(logX)−2 and

X(logX)−2 < p ⩽ X (there is a certain amount of flexibility in these

choices). We bound the contribution from the first range using a trivial

bound and then the lower bound in Theorem 1.2, obtaining

1

X

∑
p⩽X(logX)−2

(logX − log p) <
1

logX
⩽

1

c1 logX
a(X). (1.6)

On the second range, we have

logX − log p ⩽ log
(
(logX)2

)
⩽ 2 log logX.

Thus

1

X

∑
X(logX)−2<p⩽X

(logX − log p)

⩽
2 log logX

X
#{p : X(logX)−2 < p ⩽ X}

⩽
2 log logX

logX
a(X).

Combining this with (1.5) and (1.6) gives

a(X)− b(X) ⩽
( 1

c1 logX
+

2 log logX

logX

)
a(X) = o(1) · a(X),

which with (1.4) gives the result. □

To conclude this chapter, we record an immediate consequence of

(1.4) and Theorem 1.2:

Proposition 1.5. We have the bound∑
n⩽X

Λ(n) = O(X).
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2. Arithmetic functions

An arithmetic function is simply a function f from N to C. The

most important arithmetic function in this course is the von Mangoldt

function Λ, introduced in the last chapter. However, this is far from the

only interesting arithmetic function. Here are some other commonly

occurring arithmetic functions:

• The δ-function, defined by δ(1) = 1 and δ(n) = 0 for all n > 1;

• The constant function 1;

• The Möbius function µ is defined by µ(n) = (−1)k if n =

p1 · · · pk for distinct primes p1, . . . , pk, and µ(n) = 0 otherwise;

• Euler’s ϕ-function ϕ(n) is defined to be the number of integers

x ⩽ n which are coprime to n, which is the same thing as

the order of the multiplicative group (Z/nZ)×, the group of

invertible elements in Z/nZ;

• The divisor function τ(n) (sometimes written d(n)) is defined

to be the number of positive integer divisors of n, including 1

and n itself;

• The sum-of-divisors function σ(n) is defined to be
∑

d|n d.

Dirichlet convolution. If f, g : N → C are two arithmetic functions

then we define

f ⋆ g(n) :=
∑
d|n

f(d)g(n/d) =
∑
ab=n

f(a)g(b).

This operation is commutative and associative, and has the δ-function

as an identity.

Multiplicativity. We say that an arithmetic function f is multiplica-

tive if f(1) = 1 and f(mn) = f(m)f(n) whenever m,n are coprime.

Note we do not require f(mn) = f(m)f(n) for all m,n. For example,

the Möbius function µ is multiplicative, as may be checked immediately

from the definition.

2.1. Möbius inversion. Some of the material of this section is not

really necessary for the main development of the course, and in partic-

ular for proving the prime number theorem. However, it helps us place

Λ in a more general context.
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Proposition 2.1 (Möbius inversion). Let f, g : N → C be two arith-

metic functions. Then g = f ⋆ 1 if and only if f = g ⋆ µ.

Proof. Note that µ ⋆ 1 = δ, where δ(n) = 1 if n = 1 and 0 otherwise.

This is a routine check: if n = pα1
1 . . . pαk

k with k ⩾ 1 (and the pi primes)

then ∑
d|n

µ(d) =
∑

εi∈{0,1}

µ(pε11 . . . pεkk )

=
∑

εi∈{0,1}

µ(pε11 ) · · ·µ(pεkk ) = (1− 1) · · · (1− 1) = 0.

Here we used the multiplicativity of µ. Now if g = f ⋆ 1 then,

g ⋆ µ = (f ⋆ 1) ⋆ µ = f ⋆ (1 ⋆ µ) = f ⋆ δ = f.

Conversely if f = g ⋆ µ then similarly

f ⋆ 1 = (g ⋆ µ) ⋆ 1 = g ⋆ (µ ⋆ 1) = g ⋆ δ = g.

This concludes the proof. □

This leads to an important link between the von Mangoldt function

and the Möbius function.

Lemma 2.2. We have Λ = µ ⋆ log, that is to say

Λ(n) =
∑
d|n

µ(d) log(n/d).

Proof. Considering the prime factorization of n, we see that

Λ ⋆ 1(n) =
∑
d|n

Λ(d) = log n.

Indeed, the only divisors of n which make a nontrivial contribution are

the prime powers, and each contributes log p for a total contribution of

k log p where pk is the exact power of p dividing n.

The result then follows from Möbius inversion. □

3. Introducing the Riemann ζ function

3.1. Dirichlet series. An important tool for working with arithmetic

functions – particularly when they arise from considerations that are

somehow multiplicative – is that of Dirichlet series.
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Let f : N → C be an arithmetic function. Then the Dirichlet series

of f is

Df (s) :=
∑
n

f(n)n−s.

In other words,

Df (s) := lim
N→∞

D
(N)
f (s) where D

(N)
f (s) :=

N∑
n=1

f(n)n−s.

At the moment this limit might not exist for any s, for example if f

grows extremely quickly. In practice, f will have reasonable growth.

Commonly, for example, |f(n)| = Oε(n
ε) for all ε > 0. This is the

case when f is the constant function 1, the Möbius function µ, the von

Mangoldt function Λ, or the divisor function τ (by contrast to the first

three, this last one takes a little extra work and is on Exercise Sheet

1). In this case we have the following:

Proposition 3.1. Suppose that f : N → C has |f(n)| = Oε(n
ε) for

all ε > 0. Then Df (s) is holomorphic whenever Re s > 1, and

D′
f (s) = −

∞∑
n=1

f(n) log n

ns
whenever Re s > 1. (3.1)

Proof. Suppose that Re s > 1 and take ε = 1
2
(Re s− 1). We have that

∣∣∣ ∞∑
n=N+1

f(n)n−s
∣∣∣ ⩽ ∞∑

n=N+1

|f(n)|
nRe s

= Os

(
∞∑

n=N+1

1

n1+ε

)
= Os

(
1

N ε

)
.

It follows that Df (s) converges absolutely for Re s > 1.

Write g(n) := −f(n) log n so that g(n) = Oε(n
ε) for all ε > 0, and

hence Dg(s) exists for Re s > 1. Recall from Lemma A.2 that

|n−h − 1 + h log n| ⩽ 1

2
|h|2(log n)2max{1, n−Reh} for h ∈ C, n ∈ N.

Suppose that Re s > 1 and |h| < 1
4
(Re s− 1). Then∣∣∣D(N)

f (s+ h)−D
(N)
f (s)− hD(N)

g (s)
∣∣∣

⩽
1

2
|h|2

N∑
n=1

|f(n)|(log n)2max{1, n−Reh}
nRe s

.
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Let ε = 1
4
(Re s − 1), so that f(n) = Os(n

ε), (log n)2 = Os(n
ε), and

max{1, n−Reh} = Os(n
ε). Hence the right hand side above is

Os

(
|h|2

N∑
n=1

n−1−ε

)
= Os(|h|2).

Taking the limit as N → ∞ on the left gives us

|Df (s+ h)−Df (s)− hDg(s)| = Os(|h|2),

and then dividing by h and letting h→ 0 we have thatDf (s) is complex

differentiable at s with derivative Dg(s) for Re s > 1. Since Re s > 1

is an open set, Df is holomorphic there. □

3.2. The ζ function. Perhaps the most basic arithmetic function is

the constant function f = 1. The Dirichlet series of this function is

called the Riemann ζ-function and denoted

ζ(s) =
∞∑
n=1

n−s.

As just noted, the series converges and defines a holomorphic function

in the domain Re s > 1.

Informally unique factorization into primes convinces us of the iden-

tity

ζ(s) = 1+
1

2s
+

1

3s
+ · · · =

(
1+

1

2s
+

1

22s
+ . . .

)(
1+

1

3s
+

1

32s
+ . . .

)
· · · ,

where there is one product for each prime p = 2, 3, 5, . . . . Summing

each of the geometric series suggests then that

ζ(s) =
∏
p

(1− p−s)−1. (3.2)

This is called the Euler product for ζ and is valid for Re s > 1. Let

us pause to justify this formally. Let s, Re s > 1, be fixed. Suppose

Re s = 1 + δ. Fix an N , and suppose that m > log2N . Then the

product

P (m,N) :=
∏
p⩽N

( m∑
j=0

p−js
)

may be expanded, and it equals 1 + 2−s + · · ·+N−s plus a number of

further, distinct, terms n−s with n > N . Thus

|P (m,N)− ζ(s)| ⩽
∞∑

n=N+1

|n−s| ≪ N−δ
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uniformly in m. Letting m→ ∞, we thus obtain

∣∣∣ ∏
p⩽N

(1− p−s)−1 − ζ(s)
∣∣∣≪ N−δ.

Finally, letting N → ∞, we confirm the equality (3.2).

An amusing consequence of the above is yet another proof (our third)

that there are infinitely many primes. Suppose not and the primes are

p1, . . . , pk. Then by (3.2)

ζ(1 + ε) =
k∏

i=1

(1− p
−(1+ε)
i )−1 →

k∏
i=1

(1− p−1
i )−1

as ε→ 0. However this is not the case, since

ζ(1 + ε) ⩾
⌊ε−1⌋∑
n=1

n−(1+ε) ⩾ e−1

⌊ε−1⌋∑
n=1

n−1 → ∞

as ε→ 0.

It turns out that the Dirichlet series of many of the basic arithmetic

functions can be expressed in terms of ζ. In the following proposition

we detail the most basic such relations; others may be found on the

Exercise Sheet 2.

Proposition 3.2. Suppose that f, g are arithmetic functions such that

|f(n)| = no(1) and |g(n)| = no(1), and s ∈ C has Re s > 1. Then

(i) |f ⋆ g(n)| = no(1) and Df (s)Dg(s) = Df⋆g(s);

(ii) Dµ(s) = 1/ζ(s);

(iii) DΛ(s) = −ζ ′(s)/ζ(s).

Proof. For (i), we have

|f ⋆ g(n)| ⩽
∑
d|n

|f(d)||g(n/d)| ⩽ |τ(n)|no(1) = no(1),
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where we use the divisor bound τ(n) = no(1) on Exercise Sheet 1. Hence

Df⋆g exists. Moreover,

|D(N2)
f⋆g (s)−D

(N)
f (s)D(N)

g (s)| =

∣∣∣∣∣∣∣∣
∑

ab⩽N2 and
(a>N or b>N)

f(a)g(b)

(ab)s

∣∣∣∣∣∣∣∣
⩽
∑
a>N

|f(a)|
aRe s

D|g|(Re s)

+D|f |(Re s)
∑
b>N

|g(b)|
bRe s

.

Now Df (s) and Dg(s) converge absolutely hence this last expression

tends to 0, but D
(N2)
f∗g (s) converges to Df∗g(s), and D

(N)
f (s) and D

(N)
g (s)

converge to Df (s) and Dg(s) respectively. The identity is proved.

For (ii) we use µ ⋆ 1 = δ. Note that D1(s) = ζ(s) and Dδ(s) = 1. By

(i), it follows that Dµ(s)ζ(s) = 1, which is the stated result.

For (iii), by (3.1) we have ζ ′(s) = −
∑

n log n · n−s, that is to say

Dlog(s) = −ζ ′(s). Since Λ ⋆ 1 = log, we have DΛD1 = Dlog, and the

result follows. □

Corollary 3.3. We have ζ(s) ̸= 0 when Re s > 1.

Proof. This follows immediately from Proposition 3.2 (ii). □

3.3. Looking forward. One of the central results of the course is the

fact that ζ, though it is currently defined only for Re s > 1, extends

to a meromorphic function on the complex plane, holomorphic except

for a simple pole at s = 1. The function (s − 1)ζ(s) is then entire. It

has zeros ρ, and we shall show that they are of two types: the trivial

zeros −2,−4,−6, . . . and the nontrivial zeros, which all lie in the region

0 ⩽ Re s ⩽ 1. To understand ζ in terms of its zeros, it is natural (by

analogy with polynomials) to ask to what extent (s−1)ζ(s) is related to∏
ρ(s−ρ), or even if we can make sense of the latter quantity. Though

this is not quite possible, something like this can be made to work.

Here, then, is a summary of the main facts about ζ we will establish

in this course that will be important for the later theory.

Theorem 3.4. The Riemann ζ-function extends to a meromorphic

function, holomorphic except for a simple pole at s = 1. It has trivial



14 TOM SANDERS

zeros at s = −2,−4,−6, . . . , all simple, and nontrivial zeros in the

critical strip 0 ⩽ Re s ⩽ 1. Finally, there are constants A and B such

that we have the Weierstrass product expansion

(s− 1)ζ(s) = eAs+B
∏
ρ

(
1− s

ρ

)
es/ρ,

where the product is over all zeros of ζ.

The product expansion will be established in Theorem 6.2, and the

remainder of the theorem shown in Corollary 5.5.

At least one of the facts used in the proof of this theorem – the

functional equation (Theorem 5.4) – is of great importance in its own

right.

We will not actually show in the main part of the course that there

are any nontrivial zeros, but the existence of at least one is shown on

Exercise Sheet 4. In fact, sharp asymptotics are known for the number

of such zeros with imaginary part ⩽ T ; see for instance Davenport’s

book.

3.4. Meromorphic continuation to Re s > 0. To conclude this in-

troductory discussion of the ζ-function, we give a useful alternative

expression.

Proposition 3.5. For Re s > 1 we have

ζ(s) =
s

s− 1
− s

∫ ∞

1

{x}x−s−1 dx,

where {x} := x− ⌊x⌋.

Proof.

ζ(s) =
∞∑
n=1

n−s =
∞∑
n=1

n(n−s − (n+ 1)−s)

= s

∞∑
n=1

n

∫ n+1

n

x−s−1 dx

= s

∫ ∞

1

⌊x⌋x−s−1 dx

=
s

s− 1
− s

∫ ∞

1

{x}x−s−1 dx.

□
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The integral on the right is defined whenever Re s > 0 and one can

use it to show ζ(s) has a meromorphic continuation to Re s > 0 which

is holomorphic apart from a simple pole at s = 1.

4. Some Fourier analysis

A key role will be played in the rest of the course by Fourier analysis.

We take the time to develop the parts of the subject that we need in

this chapter.

4.1. Introduction. Many students will have met both the Fourier

transform and “Fourier series” at undergraduate level. It turns out

that these are just two instances of the same concept, that of a Fourier

transform on a locally compact abelian group (LCAG). We will not go

into any details of the theory in this generality – in fact there is not

even any need to define a LCAG. The reader may, however, benefit

from seeing the unified context at least in vague outline.

If G is a LCAG then we associate to G its dual Ĝ, which consists

of all continuous homomorphisms (characters) from G to S1, the unit

circle {z ∈ C : |z| = 1}. It is easy to see that Ĝ is a group under

pointwise multiplication.

It turns out that every LCAG G has an essentially unique Haar

measure µG that is invariant under translation by G. Then for f :

G→ C a µG-integrable function and γ ∈ Ĝ the Fourier transform f̂(γ)

is defined to be

f̂(γ) :=

∫
G

f(x)γ(x) dµG(x) = ⟨f, γ⟩.

We will not need the general theory here, and instead illustrate with

examples:

Example (G = R). It turns out that all characters have the form x 7→
eiξx, for ξ ∈ R. Thus R̂ = R, that is R is self-dual. Haar measure can

be taken to be the usual Lebesgue measure. If f : R → C is integrable

then we define

f̂(ξ) :=

∫ ∞

−∞
f(x)e−iξx dx. (4.1)

Strictly speaking, R̂ is not equal to R, it is homeomorphically iso-

morphic to R. A similar abuse appears in all the remaining examples

too.
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Example (G = Z). It turns out that all characters have the form n 7→
e2πiθn, where θ ∈ R/Z. Thus Ẑ = R/Z. Haar measure can be taken

to be counting measure. If f : Z → C is integrable, which here just

means
∑

n∈Z |f(n)| <∞, then we define

f̂(θ) :=
∑
n∈Z

f(n)e−2πiθn.

Example (G = R/Z: “Fourier series”). Here all the characters have

the form θ 7→ e2πinθ, where n ∈ Z. Thus R̂/Z = Z. Haar measure

can be taken to be Lebesgue measure on the circle. If f : R/Z → C is

integrable we define

f̂(n) :=

∫ 1

0

f(θ)e−2πiθn dθ.

The last two groups, Z and R/Z, are an example of a dual pair.

Example (G = Z/NZ: Discrete Fourier transform). Here all characters

have the form x 7→ e2πirx/N , where r ∈ Z/NZ (thus Ĝ ∼= G). Haar

measure can be taken to be the uniform probability measure on G, and

in this finite setting every f : Z/NZ → C is integrable, and we define

f̂(r) :=
1

N

∑
x∈Z/NZ

f(x)e−2πirx/N .

Conventionally, in analytic number theory one writes e(t) := e2πit

for t ∈ R; this makes the notation of these last three examples cleaner.

Example (G = R×
>0: Mellin transform, special case). In fact, G is home-

omorphically isomorphic to R via the map x 7→ log x. The characters

are x 7→ xiξ for ξ ∈ R. Here the Haar measure may be taken to be dx
x

where dx is Lebesgue measure. For f integrable we define

f̂(ξ) =

∫ ∞

0

f(x)x−iξ dx

x
.

The Mellin transform will be defined later in Definition 4.15.

Much of the theory of Fourier analysis is concerned with such ques-

tions as when one can prove an inversion formula and what the decay

of Fourier coefficients tells us about the smoothness of a function. This

is a fascinating theory. However, for much of analytic number theory

the deeper parts of this theory can be avoided.
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In this course we will work with particularly nice classes of functions

called Schwartz functions, where most of the analytic issues can be

avoided and Fourier analysis takes on an almost “algebraic” flavour.

4.2. Fourier analysis of Schwartz functions on R. In this section,

and for the rest of the course, we use the symbol ∂ for the differentiation

operator. We also use the notation ∥f∥1 :=
∫∞
−∞ |f(x)| dx.

The Fourier transform of a smooth, that is infinitely differentiable,

function decays rapidly. This fundamental fact will be used repeatedly

in this course.

Lemma 4.1. Suppose that g : R → C is a smooth function, all of

whose derivatives lie in L1(R) (that is, are integrable) and decay at

infinity, meaning for all m, ∂mg(x) → 0 as |x| → ∞. Then for any

m ⩾ 0 (and ξ ̸= 0) we have the decay estimate

|ĝ(ξ)| ⩽ |ξ|−m∥∂mg∥1.

Remark. In particular, if g is regarded as fixed then we have |ĝ(ξ)| ≪m

|ξ|−m for all m.

Proof. Recall the definition of the Fourier transform, that is to say

ĝ(ξ) :=

∫ ∞

−∞
g(x)e−iξx dx.

Repeated integration by parts gives

ĝ(ξ) =
(
− 1

iξ

)m ∫ ∞

−∞
∂mg(x)e−iξx dx.

The result then follows immediately from the triangle inequality. □

We now introduce the notion of a Schwartz function, which is a

smooth function, all of whose derivatives decay rapidly at infinity.

Definition 4.2. Suppose that f is smooth. We say that f belongs to

Schwartz space S(R) if

lim
|x|→∞

|x|n∂mf(x) = 0

for all integers m,n ⩾ 0.

In particular, since ∂mf(x) ≪ |x|−2 for large x, every derivative of a

Schwartz function f lies in L1(R) and hence has a well-defined Fourier

transform.
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One of the main reasons for introducing this definition is that the

Fourier transform maps Schwartz functions to Schwartz functions.

Lemma 4.3. Suppose that f ∈ S(R). Then f̂ ∈ S(R).

Proof. Note first of all that if f ∈ S(R) then, for any fixed n ∈ Z⩾0,

xnf ∈ S(R) as well. Indeed, by the general general Leibniz rule

∂m(xnf) is a sum of Om(1) terms of the form xk∂jf , and every such

term decays quicker than any power of x.

Now for θ ∈ R we have |e−iθ − 1 + iθ| ⩽ 1
2
θ2 (Lemma A.2), and so∣∣∣f̂(ξ + h)− f̂(ξ) + ih(xf)∧(ξ)

∣∣∣ ⩽ 1

2

∫
R

|f(x)||hx|2 dx.

Since x2f ∈ S(R) ⊂ L1(R), and the integral on the right is Oξ,f (h
2).

Hence as h→ 0 we have ∂f̂(ξ) = −i(xf)∧(ξ). Inductively this gives

∂nf̂(ξ) = (−i)n(xnf)∧(ξ).

Since xnf is a Schwartz function, all of its derivatives lie in L1(R). It

follows from Lemma 4.1 that ∂nf̂(ξ) decays quicker than any polyno-

mial, and hence f̂ ∈ S(R). □

The Fourier transform also has a certain useful duality:

Lemma 4.4. Suppose that f, g ∈ L1(R). Then∫
R

f(ξ)ĝ(ξ) dξ =

∫
R

f̂(x)g(x) dx.

Proof. The function (x, ξ) 7→ f(ξ)g(x)e−iξx is integrable on R×R, and

so by Fubini’s theorem (Theorem A.4),∫
R

f(ξ)ĝ(ξ) dξ =

∫
R

f(ξ)

∫
R

g(x)e−iξx dx dξ

=

∫
R

∫
R

f(ξ)g(x)e−iξx dx dξ

=

∫
R

∫
R

f(ξ)g(x)e−iξx dξ dx

=

∫
R

(∫
R

f(ξ)e−iξx dξ

)
g(x) dx =

∫
R

f̂(x)g(x) dx

as required. □

We will need an explicit form for the Fourier transform of Gaussian

functions. This is also used, in its own right, in the proof of Lemma 5.7.

https://en.wikipedia.org/wiki/General_Leibniz_rule
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Lemma 4.5. Suppose that t ∈ R>0, and set f(x) = e−πx2t. Then

f̂(ξ) = 1√
t
e−ξ2/4πt.

Proof. The general case follows from the case t = 1 by change of vari-

ables. Suppose, then, that f(x) = e−πx2
. Observe that

f̂(ξ) = e−ξ2/4π

∫ ∞

−∞
e−π(x+ iξ

2π
)2 dx = e−ξ2/4π

∫
Γ1

f(z) dz, (4.2)

where Γ1 is the line contour running from −∞+iξ/2π to∞+iξ/2π. To

evaluate this contour integral, integrate f (which is clearly defined on

all of C) around the box defined by contours Γ1,R = [R+ iξ/2π,−R+

iξ/2π], Γ2,R = [−R + iξ/2π,−R], Γ3,R = [−R,R] and Γ4,R = [R,R +

iξ/2π]. Clearly
∫
Γ2,R

f(z) dz and
∫
Γ4,R

f(z) dz both tend to 0 as R →
∞, and so by Cauchy’s integral theorem∫
Γ1

f(z) dz = − lim
R→∞

∫
Γ1,R

f(z) dz = lim
R→∞

∫
Γ3,R

f(z) dz =

∫ ∞

−∞
e−πx2

dx.

This last integral is well known to be exactly 1. This concludes the

proof of the lemma. □

Let ε > 0. Taking t = ε2/4π2 in the preceding lemma we see that if

gε(x) :=
1

ε
e−πx2/ε2

then gε(u) = ϕ̂ε(u), where

ϕε(x) :=
1

2π
e−x2ε2/4π.

We are now in a position to prove one of the key results concerning

Fourier analysis on R, the Fourier inversion formula:

Proposition 4.6. Suppose that f ∈ S(R). Then

f(x) =
1

2π

∫ ∞

−∞
f̂(ξ)eixξ dξ.

Proof. First note that it suffices to prove the result when x = 0, since

if f is Schwartz then so is the “translate” function g defined by g(t) =

f(t + x). One may check that ĝ(ξ) = eixξf̂(ξ), and so applying the

inversion formula at 0 to g yields

f(x) = g(0) =
1

2π

∫ ∞

−∞
ĝ(ξ) dξ =

1

2π

∫ ∞

−∞
f̂(ξ)eixξ dξ.

https://en.wikipedia.org/wiki/Cauchy%27s_integral_theorem
https://en.wikipedia.org/wiki/Gaussian_integral
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Whilst not a crucial step, this simplification affords some notational

simplicity.

Using Lemma 4.4 we obtain∫ ∞

−∞
f(u)gε(u) du =

∫ ∞

−∞
f(u)ϕ̂ε(u) du =

1

2π

∫ ∞

−∞
f̂(ξ)e−ξ2ε2/4π dξ.

Since |f̂(ξ)e−ξ2ε2/4π| ⩽ |f̂(ξ)| and ∥f̂∥1 is bounded since f ∈ S(R),

we may apply the dominated convergence theorem (Theorem A.3) and

take limits as ε→ 0, giving

1

2π

∫ ∞

−∞
f̂(ξ)e−ξ2ε2/4π dξ → 1

2π

∫ ∞

−∞
f̂(ξ) dξ.

It suffices, then, to show that

f(0) = lim
ε→0

∫ ∞

−∞
f(u)gε(u) du.

This is a reflection of the fact that gε is a spike around 0 with integral

1. In detail, since
∫∞
−∞ gε(x) dx = 1, it suffices to show that

lim
ε→0

∫ ∞

−∞
(f(u)− f(0))gε(u) du = 0.

Divide the integral into the two ranges |u| ⩽
√
ε and |u| ⩾

√
ε. The

integral over the first range is bounded by

sup
|u|⩽

√
ε

|f(u)− f(0)|.

The integral over the second is at most

2∥f∥∞
∫
|u|⩾

√
ε

gε(u) du.

Note that ∫
x⩾

√
ε

gε(x) dx =

∫
x⩾1/

√
ε

e−πx2

dx,

which clearly tends to 0 as ε→ 0. Putting these two facts together we

obtain∣∣∣ ∫ ∞

−∞
(f(u)− f(0))gε(u) du

∣∣∣ ⩽ sup
|u|⩽

√
ε

|f(0)− f(u)|+ oε→0(∥f∥∞).

Since f is continuous at 0, this indeed tends to zero as ε→ 0. □
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Remarks. The proof above works equally well for all f with f ∈ L1(R)∩
C(R) and f̂ ∈ L1(R).

It is possible to axiomatize the properties of the system (gε) that

made this work, obtaining the notion of a sequence of “approximations

to the identity”. We shall not do so here.

A consequence of this and Lemma 4.4 is Plancherel’s formula:

Proposition 4.7. Suppose that f ∈ S(R). Then∫ ∞

−∞
|f(x)|2 dx =

1

2π

∫ ∞

−∞
|f̂(ξ)|2 dξ.

Proof. Take g := f̂ in Lemma 4.4, we get∫ ∞

−∞
f(x)ĝ(x) dx =

∫ ∞

−∞
f̂(ξ)g(ξ) dξ =

∫ ∞

−∞
|f̂(ξ)|2 dξ.

Meanwhile

ĝ(x) =

∫
f̂(ξ)e−iξx dξ = 2πf(x),

by the inversion formula. The result follows. □

4.3. Fourier analysis on Z and R/Z. In the proof of the functional

equation for ζ we will make use of some Fourier analysis on the group

Z and its dual R/Z. We will only develop this theory for sufficiently

smooth “Schwartz” functions, and it parallels the theory over R – just

discussed very closely. This is an illustration of the fact that the natural

place for harmonic analysis is on a general LCAG.

Definition 4.8. We define S(R/Z) to be the space of smooth func-

tions on R/Z. For the avoidance of doubt this exactly means that

f ∈ S(R/Z) if and only if f̃ : R → C; θ 7→ f(θ+Z) is infinitely differ-

entiable. For S(R/Z) there is no “decay at infinity” condition because

the group is compact.

We define S(Z) to be the space of functions f : Z → C with the

property that lim|n|→∞ |n|k|f(n)| = 0 for all k. For S(Z) there is no

“smoothness” condition for the group since it is discrete.

Recall the definition of the Fourier transform on R/Z:

f̂(n) :=

∫ 1

0

f(θ)e−2πinθ dθ (4.3)
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for n ∈ Z. Recall also the definition of the Fourier transform on Z:

f̂(θ) =
∑
n∈Z

f(n)e−2πiθn (4.4)

for θ ∈ R/Z. Although we are using the hat symbol in two rather

different contexts at once, these can be distinguished by looking at the

group upon which the function under consideration is defined.

Lemma 4.9. If f ∈ S(R/Z) then f̂ ∈ S(Z). If f ∈ S(Z) then f̂ ∈
S(R/Z).

Proof. For the first statement

f̂(n) =

∫ 1

0

f(θ)e−2πinθ dθ = (−2πin)−(k+1)

∫ 1

0

∂k+1f(θ)e−2πinθ dθ.

Thus we have

|nkf̂(n)| ≪ 1

n

∫ 1

0

|∂k+1f(θ)| dθ ≪ 1

n
,

so indeed lim|n|→∞ nkf̂(n) = 0.

For the second, recall that for θ ∈ R we have |e−iθ − 1 + iθ| ⩽ 1
2
θ2

(Lemma A.2). Hence, if f ∈ S(Z) we have nf(n), n4f(n) ∈ S(Z) and
so∣∣∣f̂(θ + h)− f̂(θ) + 2πih(nf)∧(θ)

∣∣∣ ⩽ 1

2

∑
n∈Z

4π2h2n2|f(n)| = Of (h
2).

Taking limits as h → 0 we have that f̂ is differentiable and ∂f̂ =

−2πi(nf)∧. Now we show by induction that every f ∈ S(Z) is r-times

differentiable for every r ∈ Z⩾0. The base case is vacuous and then

the preceding showed the inductive step since nf ∈ S(Z). The result

is proved. □

This time the dominated convergence theorem (Theorem A.3) allows

one to conclude the following analogue of Lemma 4.4 by interchanging

the order of integration and summation.

Lemma 4.10. Suppose that f ∈ S(R/Z) and g ∈ S(Z). Then∑
n∈Z

f̂(n)g(n) =

∫ 1

0

f(θ)ĝ(θ) dθ.
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Now it is time to prove the inversion formula. In this setting, with

two different groups Z and R/Z, there are two different inversion for-

mulæ. One is almost trivial:

Proposition 4.11. Suppose that f ∈ S(Z). Then

f(n) =

∫ 1

0

f̂(θ)e2πinθ dθ.

Proof. Substitute in the definition of f̂(θ) and swap the order of sum-

mation and integration. Then use the fact that∫ 1

0

e2πimθ dθ = 0

when m ∈ Z \ {0}. □

The other inversion formula is less trivial (it is also the one that

we need in establishing the Poisson summation formula). It is proved

using a type of “approximation to the identity” rather analogous to

the use of Gaussians in the proof of Proposition 4.6.

Proposition 4.12. Suppose that f ∈ S(R/Z). Then

f(α) =
∑
n∈Z

f̂(n)e2πinα.

Proof. We will use Lemma 4.10 and will deal with the case α = 0 for

notational simplicity (the general case may, as before, be deduced from

this rather easily). Define, for N ∈ N,

gN(n) :=
(
1− |n|

N

)
1|n|⩽N .

By direct computation one may see that

ĝN(θ) =
1

N

∣∣∣∣1− e−2πiθN

1− e−2πiθ

∣∣∣∣2 = sin2(πθN)

N sin2(πθ)
.

Write

KN(θ) :=
sin2(πθN)

N sin2(πθ)
.

This is called the Fejér kernel.

From Lemma 4.10 we know that∑
n∈Z

f̂(n)gN(n) =

∫ 1
2

− 1
2

f(θ)KN(θ) dθ.
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(Later on, it is notationally convenient to take the range of integration

over [−1
2
, 1
2
]; since the integrand has period 1, this is permissible.) It

is quite easy to see that

lim
N→∞

∑
n∈Z

f̂(n)gN(n) =
∑
n∈Z

f̂(n).

It remains, then, to show that

lim
N→∞

∫ 1
2

− 1
2

f(θ)KN(θ) dθ = f(0). (4.5)

Since for large N the mass of KN(θ) is concentrated near θ ≈ 0, this

is intuitively reasonable in the same way the analogous statement was

in the proof of Proposition 4.6. The details are remarkably similar as

well, and depend on the following properties of the Fejér kernel, which

again constitute a notion of “approximation to the identity”:

(i) KN(θ) ⩾ 0

(ii)
∫ 1

2

− 1
2

KN(θ) dθ = 1

(iii)
∫

1
2
⩾|θ|⩾δ

KN(θ) dθ ≪ 1
Nδ

.

To prove (ii), one would do best to recall the definition of KN(θ) as

ĝN(θ), rather than attempt to integrate the closed form of KN directly.

Indeed,∫ 1
2

− 1
2

KN(θ) dθ =

∫ 1
2

− 1
2

ĝN(θ) dθ =

∫ 1
2

− 1
2

∑
n

gN(n)e
−2πinθ dθ

=
∑
n

gN(n)

∫ 1
2

− 1
2

e−2πinθ dθ = gN(0) = 1.

To prove (iii) we use the fact that | sin t| ⩾ 2|t|/π for |t| ⩽ π/2.

Indeed we have∫
1
2
⩾|θ|⩾δ

KN(θ) dθ ≪
1

N

∫ 1
2

δ

1

|θ|2
dθ ≪ 1

δN
.

Returning to the proof of (4.5), observe that from (ii) we have∫ 1
2

− 1
2

f(θ)KN(θ) dθ − f(0) =

∫ 1
2

− 1
2

(f(θ)− f(0))KN(θ) dθ.

Split the range of integration into two ranges, |θ| ⩽ δ and δ < |θ| ⩽
1
2
, where we will specify δ later. The integral over the first range is
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bounded by

sup
|θ|⩽δ

|f(θ)− f(0)|
∫ 1

2

− 1
2

|KN(θ)| dθ

which, by (i) and (ii), is at most

sup
|θ|⩽δ

|f(θ)− f(0)|. (4.6)

The integral over the second range is bounded by

2∥f∥∞
∫
δ<|θ|⩽ 1

2

|KN(θ)| dθ

which, by (iii), is at most

≪ ∥f∥∞
1

Nδ
. (4.7)

Taking N = ⌈1/δ2⌉ (say) and letting δ → 0, we see that both (4.6)

(since f is continuous at 0) and (4.7) tend to 0. This concludes the

proof of Proposition 4.12. □

We conclude this section by stating, as a corollary, the only result

concerning Fourier series that is actually needed in the course (in the

proof of the Poisson summation formula). This is usually called the

uniqueness principle for Fourier coefficients.

Corollary 4.13. Suppose that f1, f2 ∈ S(R/Z) are two functions with

the property that f̂1(n) = f̂2(n) for all n ∈ Z. Then f1 ≡ f2 identically.

Proof. This is immediate from Proposition 4.12. □

4.4. The Poisson summation formula. An important ingredient in

the proof of the functional equation for the ζ-function is a version of

the Poisson summation formula, which is the following statement.

Lemma 4.14. Suppose that f ∈ S(R). Then∑
n∈Z

f(n) =
∑
n∈Z

f̂(2πn).

Proof. Consider two functions F,G : R/Z → C, defined by

F (θ) :=
∑
n∈Z

f̂(2πn)e2πinθ

and

G(θ) :=
∑
k∈Z

f(θ + k).
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We shall show F and G are well-defined and lie in S(R/Z). In the first

case, because f ∈ S(R) we have f̂ ∈ S(R), and so a fortiori for every

k ⩾ 0, |n|kf̂(2πn) → 0 as |n| → ∞. It follows that g : Z → C;n 7→
f̂(2πn) has g ∈ S(Z), but then F (θ) = ĝ(−θ) and so F ∈ S(R/Z).

The function G is a little different. By Taylor’s theorem for every

θ, h ∈ R we have

|f(θ + h)− f(θ)− h∂f(θ)| ⩽ 1

2
h2 sup {|∂2f(ξ)| : |ξ − θ| ⩽ |h|}.

Note that we use the integral form of the remainder and estimate

that. The Lagrange form of the remainder does not in general hold

for complex-valued functions. The fact that f ∈ S(R) means that the

sum in G converges absolutely, and also ∂f ∈ S(R) so

H(θ) :=
∑
k∈Z

∂f(θ + k)

also converges absolutely. Hence for |h| ⩽ 1 we have

|G(θ + h)−G(θ)− hH(θ)|

⩽
∑
k∈Z

|f(θ + h+ k)− f(θ + k)− h∂f(θ + k)|

⩽
1

2
h2
∑
k∈Z

sup {|∂2f(x)| : |x| ⩾ |θ + k| − 1}.

Since ∂2f ∈ S(R) we also have |∂2f(x)| = O((1 + |x|)−2), and hence

this last term is Oθ(|h|2). Dividing by h and taking limits we get that

G is differentiable and G′ = H. Since H has the same form as G we

can repeat this process and by induction we conclude that G is smooth.

We now compute the Fourier coefficients of F and G, the aim being

to show that these are equal. On the one hand we have, for m ∈ Z, by

the dominated convergence theorem (Theorem A.3) that

F̂ (m) :=

∫ 1

0

(∑
n∈Z

f̂(2πn)e2πinθ
)
e−2πimθ dθ

=
∑
n∈Z

f̂(2πn)

∫ 1

0

e2πi(n−m)θ dθ = f̂(2πm).

https://en.wikipedia.org/wiki/Taylor%27s_theorem
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On the other hand, again by dominated convergence theorem (Theo-

rem A.3), we have

Ĝ(m) :=

∫ 1

0

(∑
k∈Z

f(θ + k)
)
e−2πimθ dθ

=

∫ 1

0

(∑
k∈Z

f(θ + k)
)
e−2πim(θ+k) dθ

=
∑
k∈Z

∫ k+1

k

f(x)e−2πimx dx = f̂(2πm).

Hence F̂ (m) = Ĝ(m) for all m ∈ Z, which by Corollary 4.13 implies

that F = G identically. In particular F (0) = G(0), which is exactly

the Poisson summation formula. □

4.5. The Mellin transform. The Fourier transform deals with uni-

tary characters – that is continuous homomorphisms into S1. This

leads to excellent unitary results such as Plancherel’s formula above.

It will also be useful for us to deal with slightly more general continuous

homomorphism into C∗, where the corresponding transform is called

the Mellin transform:

Definition 4.15. Suppose that W : R>0 → C has∫ ∞

0

|W (x)|xt dx <∞ for all t ∈ R. (4.8)

Then for any complex number s we define the Mellin transform W̃ by

W̃ (s) :=

∫ ∞

0

W (x)xs
dx

x
.

The condition (4.8) ensures that W̃ (s) is defined for all s ∈ C. More-

over, we have the following:

Proposition 4.16. Suppose that W : R>0 → C satisfies (4.8). Then

W̃ (s) is entire.

Proof. Note that∣∣∣∣W̃ (s+ h)− W̃ (s)− h

∫ ∞

0

W (x)xs log x
dx

x

∣∣∣∣
⩽

1

2
|h|2

∫ ∞

0

|W (x)|xRe s(log x)2max{1, xReh} dx

x
. (4.9)
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Now (log x)2 ⩽ x+ x−1 and so, if |h| ⩽ 1 we have

xRe s(log x)2max{1, xReh} ⩽ x|Re s|+2 + x−|Re s|−2.

It follows from (4.8) that the right hand side of (4.9) is Os(|h|2) and

hence W̃ is complex differentiable at s. Since s was arbitrary, W̃ is

holomorphic as claimed. □

Note that if W : R>0 → C is smooth and compactly supported then

certainly it satisfies (4.8), and for these functions we have the Mellin

inversion formula:

Proposition 4.17. Let W : R>0 → C be a smooth function with

compact support. Then for any σ ∈ R we have the Mellin inversion

formula

W (x) =
1

2πi

∫ σ+i∞

σ−i∞
W̃ (s)x−s ds.

Proof. Note that

W̃ (σ + it) = ŵ expσ(−t), (4.10)

where w(u) := W (eu) and expσ(u) := eσu. The function w expσ is

compactly supported, since W is compactly supported and u 7→ eu is

a homeomorphism. It is also smooth since W is smooth, u 7→ eu is

smooth, and expσ is smooth. In particular it is in S(R) and hence we

may apply the Fourier inversion formula (Proposition 4.6) to get

w(u) = e−σu 1

2π

∫ ∞

−∞
ŵ expσ(−t)e−itu dt = e−σu 1

2π

∫ ∞

−∞
W̃ (s)e−itu dt,

which is equivalent to the stated formula if one substitutes u = log x

and writes s = σ + it. □

It is not obvious that there are any smooth functions with compact

support that are not identically zero. It turns out that there are as we

show in Appendix B. We will revisit this discussion when we develop

the explicit formula (Section 7).

5. The meromorphic continuation and functional

equation

Entire functions can be thought of as a generalisation of polynomials.

For polynomials there is a useful fact that every polynomial p can

be written in the form p(z) = a0(z − ρ1) · · · (z − ρn) for some zeros
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ρ1, . . . , ρn. This is the fact that C is algebraically closed. We also have

a converse: given zeros ρ1, . . . , ρn ∈ C the function a0(z−ρ1) · · · (z−ρn)
is a polynomial with exactly those zeros.

For entire functions the situation is more complicated: First we must

have some constraint on the zeros since we know by the identity theo-

rem if they have a limit point then the function will be identically zero.

Secondly, the obvious analogue taking an infinite product above does

not in general converge. The next proposition remedies the situation

for some sets of zeros using what are called Weierstrass products.

Proposition 5.1. Suppose that ρ1, ρ2, . . . is a sequence of non-zero

complex numbers with
∑∞

n=1 |ρn|−2 <∞. Then the function

∞∏
n=1

(
1− z

ρn

)
ez/ρn

is well-defined, entire, and has zeros in the right places with the right

multiplicities, meaning that z ∈ C is a zero with multiplicity m(z) :=

#{j : ρj = z} where m(z) = 0 means z is not a zero.
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Proof. Let K :=
∑∞

n=1 |ρn|−2 < ∞, and write RN for the tail RN :=∑∞
n=N |ρn|−2 so that by hypothesis RN → 0. Write

E(z) :=
∞∏
n=1

(
1− z

ρn

)
ez/ρn and EN(z) :=

N∏
n=1

(
1− z

ρn

)
ez/ρn .

First note that |(1− z)ez| ⩽ e
1
2
|z|2 for all z ∈ C, hence

|EN(z)| ⩽ e
1
2
K|z|2 . (5.1)

We also have |(1 − z)ez − 1| ⩽ |z|2 whenever |z| ⩽ 1. Since Rn → 0

we have ρn → ∞, and so may take M large enough that |z| ⩽ |ρn|
for all n ⩾M . Hence by Lemma A.1, for N > M we have∣∣∣∣∣

N∏
n=M+1

(
1− z

ρn

)
ez/ρn − 1

∣∣∣∣∣ ⩽ eRM+1|z|2 − 1.

It follows that

|EN(z)− EM(z)| ⩽ (eRM+1|z|2 − 1)e
1
2
K|z|2 ,

and by continuity of the exponential function, the first factor on

the right tends to 0 as M → ∞. We conclude that the sequence

E1(z), E2(z), . . . is Cauchy and so converges pointwise for all z ∈ C.
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The function EN is entire and so by Taylor’s theorem

EN(z + h) = EN(z) + hE ′
N(z) + h2

∫ 1

0

(1− t)E ′′
N(z + th) dt. (5.2)

By Cauchy’s integral formula

E ′′
N(z + th) = 2

∫ 1

0

EN(z + th+ e2πiθ)e−4πiθ dθ.

Inserting this into (5.2) and using (5.1) we get∣∣∣∣EN(z + h)− EN(z)

h
− E ′

N(z)

∣∣∣∣ ⩽ |h|e
1
2
K(1+|h|+|z|)2 .

Suppose that hj → 0 with hj ̸= 0. Then, for j, k large enough that

|hj|, |hk| ⩽ 1 we have∣∣∣∣EN(z + hj)− EN(z)

hj
− EN(z + hk)− EN(z)

hk

∣∣∣∣
⩽ (|hj|+ |hk|)e

1
2
K(2+|z|)2 .

Letting N → ∞ we conclude that 1
hj
(E(z + hj) − E(z)) is Cauchy.

Hence it converges to a limit (necessarily the same for every such

sequence by interlacing), and E is complex differentiable at z. Since

z was arbitrary, E is holomorphic.

It remains to check that E has the right zeros. It is enough to show

that

TN(z) :=
∞∏

n=N

(1− z/ρn)e
z/ρn

is nonzero at z onceN is sufficiently large. Concretely, since |ρn| → ∞
we may let N be sufficiently large that |ρn| > 2|z| for all n ⩾ N . Then

|(1 − z/ρn)e
z/ρn| ⩾ e−|z|2|ρn|−2

(since |z/ρn| ⩽ 1
2
). Hence |TN(z)| ⩾

e−|z|2K > 0. The result is proved. □
We shall find it helpful to also use some different notation: If Ω is a

countable multiset, not containing 0, and such that
∑

ρ∈Ω |ρ|−2 < ∞,

then the preceding proposition tells us the function

EΩ(z) :=
∏
ρ∈Ω

(
1− z

ρ

)
ez/ρ

is well-defined, entire, and has zeros with the correct multiplicities and

nowhere else. The sum and product over Ω are taken with multiplicity.

5.1. The Γ-function.

https://en.wikipedia.org/wiki/Taylor%27s_theorem
https://en.wikipedia.org/wiki/Cauchy's_integral_formula
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Definition 5.2. Define the Γ-function by

Γ(z) =

∫ ∞

0

e−ttz−1 dt (5.3)

for Re z > 0. Observe that if Re z > 0 then, since |tz−1| = tRe z−1, the

integral converges.

Proposition 5.3 (Basic facts about Γ).

(i) Γ(z), as defined by (5.3), is holomorphic in Re z > 0.

(ii) Γ(z) extends to a meromorphic function on all of C, satisfying

the functional equation zΓ(z) = Γ(z + 1). It has simple poles

at z = 0,−1,−2, . . . and no other poles.

(iii) Set Ω = {−1,−2,−3, . . . }. Then we have the Weierstrass for-

mula

1

Γ(z)
= zeγzEΩ(z) = zeγz

∞∏
n=1

(1 + z/n)e−z/n

for all complex z, where

γ := lim
n→∞

(
1 +

1

2
+ · · ·+ 1

n
− log n

)
(5.4)

is Euler’s constant. In particular, Γ(z) is never 0.

Remark. One can establish that γ exists by comparing the sum
∑n

j=1
1
j

with the integral
∫ n

1
dx/x. We have γ = 0.577 . . . . Euler’s constant γ

is rather mysterious, and in fact it is not even known to be irrational.

Proof. (i) Recall (from Lemma A.2) the inequality

|th − 1− h log t| ⩽ 1

2
|h|2(log t)2max{1, tReh}

for h ∈ C and t > 0. Then∣∣∣∣Γ(z + h)− Γ(z)− h

∫ ∞

0

e−ttz−1 log t dt

∣∣∣∣
⩽

1

2
|h|2

∫ ∞

0

e−ttRe z−1(log t)2max{1, tReh} dt.

If |h| < 1
2
Re z then the integral on the right is Oz(1) by splitting into

0 < t ⩽ 1 and 1 < t < ∞. Dividing by h and letting h → 0 we

conclude that Γ is differentiable at all z with Re z > 0 and hence Γ is

holomorphic in this region.
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(ii) Suppose first that Re z > 0. Integrating by parts we have, pro-

vided Re z > 0,

Γ(z + 1) = [−tze−t]∞0 + z

∫ ∞

0

e−ttz−1 dt

= zΓ(z).

This relation may be used to extend Γ meromorphically to the whole

complex plane. One begins by extending it to the domain Re z > −1

via the formula Γ(z) := Γ(z + 1)/z. One can then iterate, extending

in turn to the domains Re z > −n, n = 2, 3, . . . . In the process of

extending to Re z > −1 we introduce a pole at z = 0 (a pole because

Γ(1) = 1). This propagates along so that we get simple poles at all

negative integers n = −1,−2, . . . as well. Γ(z) is meromorphic, and

the poles just described are the only ones.

(iii) Define the function Γ̃ by

1

Γ̃(z)
:= zeγz

∞∏
n=1

(1 + z/n)e−z/n. (5.5)

By Proposition 5.1, 1
Γ̃
is entire and has zeros only at 0,−1,−2, . . . .

Therefore Γ̃ is meromorphic on C (with poles at 0,−1,−2, . . . ).

Our aim, of course, is to show that Γ(z) = Γ̃(z) for all z ∈ C. By

the identity principle and the fact that both Γ and Γ̃ are meromorphic,

it suffices to establish this when Re z > 0.

Consider, for positive integer m and for t ∈ R⩾0, the function

fm(t) := (1− t/m)m1[0,m](t).

Note that fm(t) ⩽ e−t for all m (since 1 − x ⩽ e−x when x ⩾ 0) and

that limm→∞ fm(t) = e−t for every t. By the dominated convergence

theorem (Theorem A.3) it follows that if Re z > 0 then

lim
m→∞

∫ ∞

0

fm(t)t
z−1 dt =

∫ ∞

0

e−ttz−1 dt = Γ(z). (5.6)

We claim that the formula∫ ∞

0

fm(t)t
z−1 dt =

mzm!

z(z + 1) . . . (z +m)
(5.7)

holds. To see this, first make the substitution t = mu to write the

integral as mzI(m, z), where

I(m, z) :=

∫ 1

0

(1− u)muz−1 du.
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Integration by parts gives

I(m, z) =
m

z
I(m− 1, z + 1).

Applying this repeatedly yields

I(m, z) =
m

z
· m− 1

z + 1
· · · 1

z +m− 1
I(0, z +m),

and the claim (5.7) follows upon noting that I(0, z +m) = 1
z+m

.

From (5.5) and some rearrangement we have∫ ∞

0

fm(t)t
z−1 dt = Γ̃(z)e(γ−1− 1

2
−···− 1

m
+logm)z

∞∏
n=m+1

(1 + z/n)e−z/n.

Since the infinite product converges for every z, it follows from this

and the definition of γ that

lim
m→∞

∫ ∞

0

fm(t)t
z−1 dt = Γ̃(z).

Comparing this with (5.6) tells us that indeed Γ(z) = Γ̃(z) for Re z >

0. □

Remark. From (ii), we have Γ(k + 1) = k! for all positive integers k.

5.2. The functional equation for ζ. Define the completed ζ-function

by

Ξ(s) = γ(s)ζ(s) for Re s > 1, (5.8)

where the gamma factor γ(s) is defined to equal π−s/2Γ(s/2). Our

objective in this section is to prove the following theorem:

Theorem 5.4. The completed ζ-function Ξ has a unique meromorphic

continuation to C, and its only poles are simple ones at s = 0 and 1.

It satisfies the functional equation

Ξ(s) = Ξ(1− s).

The formal proof starts on p. 36.

As a corollary we obtain the first part of Theorem 3.4, the main

result of this chapter about the ζ-function.

Corollary 5.5. The ζ-function has a unique meromorphic continua-

tion to all of C extending the identity (5.8). It has a simple pole at

s = 1, no other poles, and ζ(0) ̸= 0. It has zeros at s = −2,−4,−6, . . .
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and no other zeros outside of the critical strip 0 ⩽ Re s ⩽ 1. Fur-

thermore, if ρ is a zero in the critical strip then so are ρ, 1 − ρ, and

1− ρ.

Proof. We may rewrite (5.8) as

ζ(s) = πs/2(Γ(s/2))−1Ξ(s) for Re s > 1.

Ξ has a meromorphic continuation to C by Theorem 5.4, and Γ by

Proposition 5.3 (ii). πs/2 is entire, and hence ζ(s) has a, necessarily

unique, meromorphic continuation to C.

By Proposition 5.3 (iii) Γ(s/2) has no zeros. On the other hand πs/2

has no poles, so the only possible poles of ζ are poles of Ξ. The latter

only has simple poles at 0 and 1 by Theorem 5.4, and since Γ(s/2) has

a simple pole at 0 but not at 1, and πs/2 has no zeros at all, we see

that ζ has a simple pole at 1 and ζ(0) ̸= 0.

From Corollary 3.3 we have ζ(s) ̸= 0 for Re s > 1. It follows that

Ξ(s) ̸= 0 for Re s > 1, since neither Γ(s/2) nor π−s/2 have zeros in

Re s > 1. By the functional equation for Ξ we therefore conclude that

Ξ(s) ̸= 0 for Re s < 0. Since πs/2 also has no zeros in Re s < 0, it

follows that ζ(s) = 0 if and only if s/2 is a pole of Γ. This exactly

tells us that ζ has simple (because the poles of Γ are simple) zeros at

{−2,−4, . . . } and nowhere else in Re s < 0. In particular, other than

{−2,−4, . . . }, all the zeros of ζ lie in the critical strip.

By the functional equation for Ξ if ρ is a zero in the critical strip

then so is 1 − ρ. Finally, the function ζ(s) is meromorphic as can be

seen, for example, by expanding ζ in a Taylor series about any point in

C \ {1}. But for Re s > 1, we see that ζ(s) = ζ(s) from the Dirichlet

series. Hence by the identity theorem ζ(s) = ζ(s) for all s ∈ C \ {1}.
In particular ρ is a zero of ζ if and only if ρ is a zero of ζ. □

Definition 5.6. The set of all zeros of ζ will be denoted by Z. We

further divide this set into the set of trivial zeros Ztriv, by which we

mean −2,−4,−6, . . . , and nontrivial zeros Znontriv, by which we mean

all the other zeros. By the above corollary every zero in Znontriv lies

in the critical strip 0 ⩽ Re s ⩽ 1.

We will often be summing over elements in Z, and we will want to

do so with multiplicity. For this purpose we think of Z as a multiset,
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though it is conjectured that all zeros of ζ are simple and hence that

Z is, in fact, a set.

Remarks. With our knowledge at this point, Znontriv could be empty.

In fact it is infinite and one can obtain quite good control on the number

of nontrivial zeros with imaginary part at most T . We will see this later

in Proposition 6.8.

On the other hand, while we know that Znontriv is discrete (i.e. it

has no accumulation points in C), the only points in the critical strip

we currently know not to be zeros are 0 and 1. One of the main results

of the course – Proposition 8.1 – will be showing that in fact the line

Re s = 1 (and so also Re s = 0) does not intersect Znontriv.

5.3. Proof of the functional equation. We turn now to the proof

of Theorem 5.4. A key tool here will be the θ-function: For z in the

upper half-plane H := {z : Im z > 0} set

θ(z) :=
∑
n∈Z

eiπn
2z.

This is a uniform limit of continuous functions on Im z ⩾ δ for any

δ > 0, and hence it is continuous. In fact it is holomorphic on the

upper half-plane but we will not need that.

Lemma 5.7. Suppose that t ∈ R>0. Then θ(it) =
1√
t
θ(i/t).

Proof. Set f(x) = e−πx2t, and note that f ∈ S(R). In Lemma 4.5 we

computed

f̂(ξ) =
1√
t
e−ξ2/4πt,

and the lemma now follows by applying the Poisson summation formula

Lemma 4.14. □

This symmetry lets us establish some bounds. First we have∣∣∣∣θ(it)− 1

2

∣∣∣∣ ⩽ 1

eπt − 1
for t > 0. (5.9)

For t ∈ (0, 1] we have θ(i/t) = 1 +O(e−π/t) from this, which combined

with Lemma 5.7 gives∣∣∣∣θ(it)− 1

2

∣∣∣∣ = O(t−1/2) whenever t ∈ (0, 1]. (5.10)
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The next lemma relates the ζ-function to the θ-function. It turns

out that the ζ-function is, roughly speaking, the Mellin transform of θ

(see Definition 4.15 later).

Lemma 5.8. Suppose that Re s > 1. Then

Ξ(s) =

∫ ∞

0

(θ(ix)− 1

2

)
xs/2

dx

x
.

Proof. First note that since Re s > 1, the integrand is O(x
1
2
(Re s−1)) for

0 < x ⩽ 1 by (5.10) and O(xRe s/2e−πx) for x ⩾ 1 so that the integrand

is integrable. Now observe that∫ ∞

0

e−πn2xxs/2
dx

x
= π−s/2n−s

∫ ∞

0

e−uus/2
du

u
= π−s/2Γ(s/2)n−s.

Summing over n ∈ N and applying the dominated convergence theorem

(Theorem A.3) to interchange the sum and the integral gives the result.

□

Proof of Theorem 5.4. Suppose that Re s > 1. We split the integral in

Lemma 5.8 into the ranges [0, 1] and [1,∞), and then apply Lemma 5.7

to the first of these. We have∫ 1

0

(θ(ix)− 1

2

)
xs/2

dx

x
=

1

2

∫ 1

0

θ(ix)xs/2
dx

x
− 1

s

=
1

2

∫ 1

0

θ(
i

x
)x(s−1)/2 dx

x
− 1

s

=
1

2

∫ ∞

1

θ(iu)u(1−s)/2 du

u
− 1

s

=

∫ ∞

1

(θ(iu)− 1

2

)
u(1−s)/2 du

u
− 1

s
− 1

1− s
.

Thus ∫ ∞

0

(θ(ix)− 1

2

)
xs/2

dx

x

=

∫ ∞

1

(θ(ix)− 1

2

)
(xs/2 + x(1−s)/2)

dx

x
− 1

s
− 1

1− s
,

which implies that

Ξ(s) =

∫ ∞

1

(θ(ix)− 1

2

)
(xs/2 + x(1−s)/2)

dx

x
− 1

s
− 1

1− s
. (5.11)
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A priori this formula is valid only for Re s > 1. Note, however, that

the integral on the right is just

W̃

(
1

2
s

)
+ W̃

(
1

2
(1− s)

)
where

W (x) := 1[1,∞)(x)
(θ(ix)− 1

2

)
.

By (5.9) we have 1
2
|θ(ix)−1| = O(e−πx) for all x ⩾ 1, and henceW sat-

isfies the hypotheses of Proposition 4.16, and so W̃ is entire. It follows

that the right hand side in (5.11) defines a function that is meromor-

phic in the whole complex plane, with simple poles at s = 0 and 1. This

is a meromorphic continuation of Ξ which is then necessarily unique.

It manifestly satisfies the claimed relation Ξ(s) = Ξ(1− s). □

6. The partial fraction expansion

6.1. Statement. In prime number theory, the ζ-function itself is less

important than the logarithmic derivative ζ ′/ζ. This is, of course,

because −ζ ′/ζ is the Dirichlet series of the von Mangoldt function Λ,

that is to say −ζ ′(s)/ζ(s) =
∑

n Λ(n)n
−s.

The heart of the link between primes and zeros of ζ is the partial

fraction expansion of ζ ′/ζ.

Proposition 6.1. There is a constant A such that

ζ ′(s)

ζ(s)
= A− 1

s− 1
+
∑
ρ∈Z

( 1

s− ρ
+

1

ρ

)
,

where Z is the (multi-)set of zeros of ζ, as in Definition 5.6. Moreover,∑
ρ∈Z |ρ|−2 <∞.

The fact that
∑

ρ∈Z |ρ|−2 <∞ means that the sum over ρ converges

for s /∈ Z and defines a meromorphic function on C; this is on Exercise

Sheet 3.

The constant A can be computed explicitly by setting s = 0, so that

A = ζ′(0)
ζ(0)

− 1 = log 2π − 1 = 0.837 . . . . The computation of ζ(0) is on

Exercise Sheet 3.

Proposition 6.1 is a consequence of a product expansion given in

Theorem 6.2, and repeated use of the fact that

(fg)′

fg
=
f ′

f
+
g′

g
.
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In fact, we need some version of this for infinite products ; the justifi-

cation of this is on Exercise Sheet 4.

Theorem 6.2. There are constants A and B such that

(s− 1)ζ(s) = eAs+B
∏
ρ∈Z

(
1− s

ρ

)
es/ρ,

where again Z is the (multi-)set of zeros of ζ, as in Definition 5.6.

Moreover, we have
∑

ρ∈Z |ρ|−2 < ∞, so the product here is a Weier-

strass product and converges as described in Proposition 5.1.

As with Proposition 6.1, the constants A and B are known: A =

0.837 . . . as in Proposition 6.1, and B = − log 2 = −0.693 . . . .

Theorem 6.2 is quite reminiscent of the well-known fact that if f :

C → C is a polynomial then f(z) = C
∏

ρ(z − ρ), where the product

is over the (finite) collection of zeros of f . Of course, (s − 1)ζ(s) is

not a polynomial. However, Theorem 6.2 may still be obtained as a

consequence of a quite general theorem about entire functions, rather

than any particular specific properties of ζ. We state such a theorem

now.

Definition 6.3. Suppose that f : C → C is an entire function satis-

fying a growth condition |f(z)| = eOε(|z|1+ε) for all ε > 0 and |z| ⩾ 1.

Then we say that f is an integral function of order (at most) one.

Proposition 6.4. Suppose that f is an integral function of order (at

most) one. Suppose that f has a zero of order r at 0, and write Ω for

the set of other zeros of f . Then
∑

ρ∈Ω |ρ|−1−ε < ∞ for every ε > 0

and there are constants A and B (depending on f) such that

f(z) = zreAz+B
∏
ρ∈Ω

(
1− z

ρ

)
ez/ρ.

The proof is given in Sections 6.3 and 6.4.

6.2. The product expansion of ζ. In this section we will deduce

Theorem 6.2 from Proposition 6.4, the product expansion for integral

functions of order (at most) one.

Rather than prove that (s−1)ζ(s) is an integral function of order (at

most) one, it is convenient to first include some Γ- and other factors.

Define

f(s) = s(1− s)π−s/2Γ(s/2)ζ(s) = s(1− s)Ξ(s). (6.1)
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Lemma 6.5. The function f is entire and

|f(s)| ⩽ eO(|s| log |s|) for |s| ⩾ 3,

so in particular f is an integral function of order (at most) one.

Proof. The function f is entire since Ξ is meromorphic except for two

simple poles at s = 0 and s = 1. We have from (5.11) that

Ξ(s) =

∫ ∞

1

(θ(ix)− 1

2

)
(xs/2 + x(1−s)/2)

dx

x
− 1

s
− 1

1− s
.

On the other hand (5.9) tells us that |θ(ix)− 1| = O(e−πx) for x ⩾ 1,

and hence for |s| ⩾ 3 we have

|f(s)| ≪ |s|2
∫ ∞

1

e−πx(x
1
2
Re s−1 + x−

1
2
(1+Re s)) dx

⩽ |s|2Γ(|s|+ 1) ⩽ |s|2(|s|+ 2)|s|+2 ≪ eO(|s| log |s|).

The result is proved. □

Proof of Theorem 6.2. Lemma 6.5 means we can apply Proposition 6.4

to get

f(s) = eAs+B
∏
ρ

(
1− s

ρ

)
es/ρ, (6.2)

where the product is over the zeros ρ of f . In making this claim we

have observed that f(0) ̸= 0; the simple zero of s cancels the simple

pole of Γ(s/2), and ζ(0) ̸= 0 (the calculation of its exact value is on

Exercise Sheet 3). The zeros ρ satisfy
∑

ρ |ρ|−2 < ∞. These zeros ρ

are precisely the nontrivial zeros Znontriv of ζ(s), namely those in the

critical strip 0 ⩽ Re s ⩽ 1, because the factor of Γ(1
2
s) cancels out the

trivial zeros of ζ at −2,−4,−6, . . . . It is clear that
∑

ρ∈Ztriv
|ρ|−2 <∞,

so
∑

ρ∈Z |ρ|−2 <∞.

Of course,

(s− 1)ζ(s) = −π
s/2

s

1

Γ(s/2)
f(s).

We may now recover the claimed product expansion (with different

constants A,B) for (s− 1)ζ(s) from (6.2) and the Weierstrass product

for 1/Γ, that is to say Proposition 5.3 (iii). □
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6.3. The size of a holomorphic function and its zeros. To prove

Proposition 6.4 we need various facts about the relation between the

size of a holomorphic function and the number of its zeros. We collect

the facts we need in this section.

Write BR := {z ∈ C : |z| < R}.

Theorem 6.6 (Jensen’s formula). Let R, ε > 0. Suppose that f is

holomorphic on BR+ε, and that f(z) ̸= 0 for R ⩽ |z| < R + ε and for

z = 0. Then∫ 1

0

log |f(Re2πiθ)| dθ = log |f(0)|+
∑
ρ

log
R

|ρ|
, (6.3)

where the sum is over zeros ρ of f in BR, counted with multiplicity.

Proof. Observe that if the identity is true for functions f1 and f2 then

it is also true for f1f2. Write

gρ(z) =
R(z − ρ)

R2 − ρz

and define a meromorphic function F by

f(z) = CF (z)
∏
ρ

gρ(z),

where C is chosen so that F (0) = 1. If ε is chosen so small that the poles

z = R2/ρ lie outside of BR+ε then F has no zeros in BR+ε. Jensen’s

formula being manifestly true for constant functions, it suffices to check

it for F and for the functions gρ. Now we may define a single-valued,

holomorphic logarithm of F in BR+ε by the formula

logF (z) :=

∫
[0→z]

F ′(w)

F (w)
dw.

Since F (0) = 1 the function z−1 logF (z) is also holomorphic in BR+ε.

Hence by Cauchy’s integral theorem we have∫
∂BR

logF (z)

z
dz = 0.

Parametrising the circle ∂BR by z = Re2πiθ, 0 ⩽ θ < 1 we get∫ 1

0

logF (Re2πiθ) dθ = 0.

https://en.wikipedia.org/wiki/Cauchy%27s_integral_theorem
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Taking real parts gives∫ 1

0

log |F (Re2πiθ)| dθ = 0.

This is one side of (6.3); the other side is clearly zero. Thus we have

verified the formula for F .

Turning our attention to the functions gρ, if |z| = R then

|gρ(z)| =
∣∣∣∣z(z − ρ)

R2 − ρz

∣∣∣∣ = 1.

Thus the left-hand side of (6.3) equals 0. As for the right-hand side,

|gρ(0)| = |ρ|/R. Thus the right-hand side is zero as well. □

The next result applies Jensen’s formula to get a fairly tight relation

between the size of a holomorphic function and the number of its zeros.

Corollary 6.7. Let f be an entire function with f(0) = 1. Then for

any R the number of zeros ρ of f with |ρ| < R is at most

2 sup
|z|⩽3R

log |f(z)|.

Proof. Pick a radius R0 ∈ [2R, 3R] such that f(z) ̸= 0 whenever |z| =
R0. This is possible since otherwise f would have infinitely many zeros

in the compact set |z| ⩽ 3R, contrary to the identity principle. Jensen’s

formula (Theorem 6.6) immediately gives∑
ρ

log
R0

|ρ|
=

∫ 1

0

log |f(R0e
2πiθ)| dθ

⩽ sup
|z|=R0

log |f(z)| ⩽ sup
|z|⩽3R

log |f(z)|,

where the sum is over all zeros ρ inside BR0 . Each term log R0

|ρ| is

positive, and the terms corresponding to zeros ρ with |ρ| < R contribute

at least log 2 > 1
2
. □

A corollary of this and some of our earlier estimates is a bound for

the number of zeros of ζ.

Proposition 6.8. Let T ⩾ 2. The number of nontrivial zeros ρ of the

Riemann ζ-function with | Im ρ| ⩽ T is O(T log T ).

Proof. Consider the function f(s) = s(1−s)π−s/2Γ(s/2)ζ(s) as defined

in (6.1), which vanishes at all nontrivial zeros of ζ. We showed in
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Lemma 6.5 that |f(s)| ⩽ eO(|s| log |s|), and so it follows from Corollary 6.7

(technically applied to f(s)/f(0), and this can be done since f(0) ̸= 0

since ζ(0) ̸= 0, and Γ has a simple pole at 0 which is cancelled by the

s-factor in the definition of f(s)) that the number of nontrivial zeros

of ζ with |ρ| ⩽ T + 1 is O(T log T ). If ρ is nontrivial and | Im ρ| ⩽ T

then |ρ| ⩽ T + 1, which gives the result. □

The next result does not use Jensen’s formula. It tells us the struc-

ture of entire functions of moderate growth with no zeros.

Proposition 6.9. Suppose that g is an entire function with no zeros

which satisfies the bound |g(z)| = eO(|z|3/2) whenever |z| = Rj, j =

1, 2, . . . , where Rj → ∞ as j → ∞. Then g(z) = eAz+B for some

constants A,B.

Proof. Multiplying through by a constant, we may assume that g(0) =

1. Since g is nonvanishing, it has a holomorphic branch of logarithm

h(z) := log g(z) with h(0) = 0, exactly as in the proof of Jensen’s

formula. We cannot immediately conclude that |h(z)| ≪ |z|3/2 = R
3/2
j

for |z| = Rj, but it does at least follow that Reh(z) = log |g(z)| ⩽
CR

3/2
j for some constant C, and hence

|Reh(z)| ⩽ 2CR
3/2
j − Reh(z)

(consider the cases Reh(z) ⩾ 0 and Reh(z) ⩽ 0 separately). It follows

that∫ 1

0

|Reh(Rje
2πiθ)| dθ ⩽ 2CR

3/2
j −

∫ 1

0

Reh(Rje
2πiθ) dθ (6.4)

= 2CR
3/2
j − Re

∫ 1

0

h(Rje
2πiθ) dθ = 2CR

3/2
j ,

by Cauchy’s integral theorem.

Now if the Taylor expansion of h(z) is
∑∞

n=0 cnz
n then we have

2Re(h(Rje
2πiθ)) =

∑
n⩾0

cnR
n
j e

2πinθ +
∑
n⩾0

cnR
n
j e

−2πinθ.

Writing c−n := cn for n > 0, and noting that c0 = 0 since h(0) = 0,

these are just the Fourier coefficients of f(θ) := 2Re(h(Rje
2πiθ)) by

Corollary 4.13. (f ∈ S(R/Z) since h is holomorphic, so smooth, and

https://en.wikipedia.org/wiki/Cauchy%27s_integral_theorem
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e2πiθ is smooth, z 7→ Re z is smooth (but not holomorphic), and the

composition of smooth functions is smooth.) It follows that

cm = 2R−m
j

∫ 1

0

Re(h(Rje
2πiθ))e−2πimθ dθ,

and so by the triangle inequality and (6.4), that

|cm| ≪ R
3/2−m
j .

Letting j → ∞, this implies that c2 = c3 = · · · = 0, and so h(z) =

c0 + c1z is linear. This concludes the proof. □

6.4. Weierstrass products: proof. The aim of this section is to give

a detailed proof of:

Proposition 6.4. Suppose that f is an integral function of order (at

most) one. Suppose that f has a zero of order r at 0, and write Ω for

the set of other zeros of f . Then
∑

ρ∈Ω |ρ|−1−ε < ∞ for every ε > 0

and there are constants A and B (depending on f) such that

f(z) = zreAz+B
∏
ρ∈Ω

(
1− z

ρ

)
ez/ρ.

We begin by recalling the properties of EΩ(z):

Proposition 5.1 (Weierstrass product). Suppose that Ω is such that

0 /∈ Ω and
∑

ρ∈Ω |ρ|−2 < ∞ (where the sum over Ω is taken with

multiplicity). Then the function

EΩ(z) :=
∏
ρ∈Ω

(
1− z

ρ

)
ez/ρ

is well-defined, entire, and has zeros at Ω with the correct multiplicities

and nowhere else.

Proof of Proposition 6.4. We may write f(z) = Czrh(z) for an entire

function h with h(0) = 1. Since f is an integral function of order (at

most) one and z−r is bounded for |z| ⩾ 1, we have |h(z)| = eOε′ (|z|1+ε′ )

for all ε′ > 0 and |z| ⩾ 1. Apply Corollary 6.7 to h to get that

#{ρ : R ⩽ |ρ| ⩽ 2R} ≪ε′ R
1+ε′ , (6.5)
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for every ε′ > 0. In particular, given ε > 0 and taking ε′ = ε/2 in (6.5),

we see that∑
ρ̸=0

|ρ|−1−ε ⩽
∑
ρ ̸=0
|ρ|⩽1

|ρ|−1−ε +
∞∑
j=0

#{ρ : 2j < |ρ| ⩽ 2j+1}(2j)−1−ε

= O(1) +
∞∑
j=0

Oε(2
−jε/2) <∞.

This gives the first part of the conclusion. Taking ε = 1 we may

apply Proposition 5.1 with Ω being the set of zeros of f other than

0, obtaining an entire function EΩ(z) which vanishes (with the correct

multiplicity) precisely at Ω. Define

g(z) :=
f(z)

zrEΩ(z)
.

By construction, g is an entire function of z with no zeros. To complete

the proof of Proposition 6.4, we need only show that g(z) = eAz+B. We

already have a tool for doing precisely this, namely Proposition 6.9.

Applying this proposition, we see that all we need do is establish an

upper bound

|g(z)| ⩽ eO(R
3/2
j )

for |z| = Rj, for some sequence of radii Rj → ∞.

Since we already have a bound on f (by assumption) and z−r is

bounded, it is enough to establish the lower bound

|EΩ(z)| ⩾ e−O(R
3/2
j ) for all z with |z| = Rj. (6.6)

This is slightly delicate, and must involve a careful choice of the Rj,

since EΩ(z) vanishes at the points of Ω. In the light of this, it makes

sense to choose the radii Rj to lie away from any of the zeros ρ.

We will show that for every j we can choose an Rj ∈ [2j, 2j+1] such

that (6.6) is satisfied. Write Sj for the set of zeros with 2j ⩽ |ρ| < 2j+1.

Then, (6.5) with ε = 1, certainly implies that |Sj| < C22j . It follows

that Rj may be chosen in such a way that for every zero ρ,

|z − ρ| ⩾ 2

21C
2−j ≫ 2−j whenever |z| = Rj. (6.7)

To see this, note that for (6.7) to hold each zero ρ ∈ Sj−1 ∪ Sj ∪ Sj+1

excludes radii in the interval [|ρ|− 2
21C

2−j, |ρ|+ 2
21C

2−j]. These intervals

have length 4
21C

2−j, and so their union has measure at most (|Sj−1| +
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|Sj|+ |Sj+1|) · 4
21C

2−j < 2j. However the interval [2j, 2j+1] has measure

2j so there must be a radius not excluded.

Having chosen our radii, suppose that z has |z| = Rj. To get a lower

bound on EΩ(z), we write

EΩ(z) = E∗
Ω(z) ·

∞∏
j′=0

E
(j′)
Ω (z) (6.8)

where

E
(j′)
Ω (z) :=

∏
ρ∈Sj′

(1− z/ρ)ez/ρ for j′ = 0, 1, 2, . . . ,

and

E∗
Ω(z) :=

∏
|ρ|<1

(1− z/ρ)ez/ρ.

Since f is entire it has finitely many zeros ρ with |ρ| < 1 and so it

follows that

|E∗
Ω(z)| ⩾ e−O(Rj). (6.9)

For the infinite product in (6.8) we have three ranges for j′:

(i) j′ < j− 1: for any zero ρ occurring in the product E
(j′)
Ω (z), we

have |1− z/ρ| ⩾ 1 and |ez/ρ| ⩾ e−2j−j′
. Hence

|E(j′)
Ω (z)| ⩾ (e−2j−j′

)|Sj′ | ⩾ e−O(25j/4),

the last bound here being a consequence of (6.5) with ε′ := 1/4.

(ii) j − 1 ⩽ j′ ⩽ j + 1: Here we have |ez/ρ| ≫ 1 and (6.7) gives

|1− z/ρ| ≫ 2−2j, hence

|E(j′)
Ω (z)| ⩾ (c2−2j)|Sj′ | ≫ e−O(23j/2),

this last bound following from (6.5) with any value of ε′ < 1
2
.

(iii) j′ > j + 1. Note that |(1 − w)ew| > e−|w|2 for |w| < 1/2. In

view of the size of j′ we may take |z/ρ| < 1
2
, and so

|E(j′)
Ω (z)| ⩾

∏
ρ∈Sj′

e−|z/ρ|2 ⩾ (e−22(j+1)−2j′

)|Sj′ | ⩾ e−O(22j2−j′/2),

applying (6.5) with ε′ = 1
2
.

It remains to note that∣∣∣∣∣ ∏
j′<j−1

E
(j′)
Ω (z)

∣∣∣∣∣ ⩾ (e−O(25j/4)
)j−1

= e−O(23j/2)
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and ∣∣∣∣∣ ∏
j′>j+1

E
(j′)
Ω (z)

∣∣∣∣∣ ⩾ ∏
j′>j+1

e−O(22j2−j′/2) = e−O(23j/2).

Taking the product of these two with case (ii) above and (6.9) gives

the required bound (6.6). This concludes the proof. □

7. The explicit formula

In this chapter we will take steps towards clarifying the relationship

between primes and the zeros of the Riemann ζ-function, by proving

the so-called explicit formula.

7.1. Definitions and statement of the formula. Recall that the

von Mangoldt function Λ is defined by

Λ(n) :=

{
log p if n = pm is a prime power

0 otherwise.

The fact that Λ(n) ̸= 0 for prime powers pm as well as for the primes

themselves is almost never an issue, since the prime powers are so

sparse.

The prime number theorem asserts that ψ(X) ∼ X, where

ψ(X) :=
∑
n⩽X

Λ(n).

Another way of writing this is

ψ(X) =
∑
n

Λ(n)W
( n
X

)
,

whereW : R → R is 1[0,1], the function defined to equal 1 on [0, 1], and

zero elsewhere. The explicit formula is a formula for sums like this in

terms of the zeros of ζ. However, we will only prove the formula when

W is smooth. This means that in order to apply it to the prime number

theorem we must approximate 1[0,1] by smooth, compactly supported

functions which will take some additional work.

Theorem 7.1 (Explicit formula). Let W be a smooth, compactly sup-

ported function, supported on [1,∞). Suppose that X > 1. Then∑
n

Λ(n)W
( n
X

)
= X

∫
R

W (x) dx−
∑
ρ∈Z

XρW̃ (ρ). (7.1)

The sum here is over the set Z = Ztriv ∪ Znontriv of all zeros of ζ.
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Remark. Since W̃ (1) =
∫
R
W (x) dx, one could if desired write the

right-hand side as

−
∑
w∈C

ordζ(w)X
wW̃ (w),

where ordζ(w) is the order of ζ at w, that is to say r if w is a zero of

order r, and −r if w is a pole of order r.

The term X
∫
R
W (x) dx is the “main term” in (7.1); one would ex-

pect the sum on the left to equal roughly this, at least if one assumes the

prime number theorem, since Λ has average value 1 and
∑

nW ( n
X
) ≈

X(
∫
R
W (x) dx). The remaining terms

∑
ρ∈Z X

ρW̃ (ρ) are, therefore, to

be thought of as “error terms”. It turns out that the contribution from

ρ ∈ Ztriv is negligible, leaving the sum
∑

ρ∈Znontriv
XRe ρW̃ (ρ). Let us

imagine, for the moment (and we will prove various rigorous assertions

about this in the next section) that W̃ (ρ) is on the order of 1. The

contribution of this term rather depends on what we know about the

location of the nontrivial zeros Znontriv; at the moment, all we know

is that they lie in 0 ⩽ Re ρ ⩽ 1. For all we know, it could be that

some zero ρ lies on the line Re s = 1, in which case one would expect

the term XRe ρW̃ (ρ) to have the same order of magnitude, as the main

term. Thus, once one has the explicit formula, further progress on the

prime number theorem depends on pinning down further information

about the nontrivial zeros.

7.2. Proof of the explicit formula – overview. In this section we

outline the proof of the explicit formula, leaving some technical details

to the next sections. Recall that the Mellin transform of W is

W̃ (s) :=

∫ ∞

0

W (x)xs
dx

x
,

and that (as in (4.10) in our proof of the Mellin inversion formula

(Proposition 4.17)) it can be expressed in terms of the Fourier trans-

form:

W̃ (σ + it) = ŵ expσ(−t),

where w(u) := W (eu) and expσ(u) := eσu. However, we know from

Chapter 4 how to obtain decay estimates for the Fourier transform of

smooth functions – see for example Lemma 4.1 – and we can use these
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to get corresponding estimates for the Mellin transform. We will work

out some relevant details of this in Lemma 7.2.

Now we can outline the proof of the explicit formula (Theorem 7.1).

The proof begins with the Dirichlet series∑
n

Λ(n)n−s = −ζ
′(s)

ζ(s)
,

valid for Re s > 1. We established this in Proposition 3.2 (iii).

By the Mellin inversion formula, Proposition 4.17, and this Dirichlet

series expansion we have∑
n

Λ(n)W
( n
X

)
=
∑
n

Λ(n)
1

2πi

∫ 2+i∞

2−i∞
W̃ (s)(n/X)−s ds

=
1

2πi

∫ 2+i∞

2−i∞

(∑
n

Λ(n)n−s
)
XsW̃ (s) ds

=
1

2πi

∫ 2+i∞

2−i∞
−ζ

′(s)

ζ(s)
XsW̃ (s) ds. (7.2)

The interchange of summation and integration here is unjustified, but

in the course of the proof of the explicit formula (Theorem 7.1) we will

effectively do so. For now it provides motivation for the heart of the

argument.

The idea is to start with (7.2) and to move the contour of integration

far to the left, picking up residues due to the poles of ζ ′/ζ at s = 1, at

the non-trivial zeros ρ ∈ Znontriv in the critical strip, and at the trivial

zeros Ztriv = {−2,−4,−6, . . . }. To this end

Ress=1
ζ ′

ζ
= −1,Ress=−2k

ζ ′

ζ
= 1, and Ress=ρ

ζ ′

ζ
= ordζ(ρ) (7.3)

for k ∈ N and ρ ∈ Znontriv. (As before ordζ(ρ) is the order of the zero

ρ in ζ.) These residues produce the terms on the right hand side of the

explicit formula (7.1).

To make all this precise we use a rectangular contour Ck,T = C(1)
k,T ∪

C(2)
k,T∪C

(3)
k,T∪C

(4)
k,T , where C

(1)
k,T = [2−iT, 2+iT ], C(2)

k,T = [2+iT,−2k−1+iT ],

C(3)
k,T = [−2k− 1 + iT,−2k− 1− iT ] and C(4)

k,T = [−2k− 1− iT, 2− iT ],

and for ℓ = 1, 2, 3, 4 write

I
(ℓ)
k,T := − 1

2πi

∫
C(ℓ)
k,T

ζ ′(s)

ζ(s)
XsW̃ (s) ds. (7.4)



We will choose values of k and T tending to infinity in such a way

that we can estimate the I
(ℓ)
k,T s. We will choose k an integer so that

C(3)
k,T avoids the poles of ζ ′/ζ at the trivial zeros Ztriv. The choice of T

is harder as we need to make sure that neither C(2)
k,T nor C(4)

k,T pass close

to any of the poles of ζ ′/ζ at the nontrivial zeros Znontriv. In fact we

will produce a sequence of Tjs that are “good” in the sense of avoiding

these zeros, with Tj → ∞, and then define a corresponding sequence

of kjs also tending to infinity. With these choices we will be able to

show the following:

lim
j→∞

I
(1)
kj ,Tj

=
∑
n

Λ(n)W
( n
X

)
(7.5)

(which also gives a rigorous justification of (7.2)) as well as

lim
j→∞

I
(2)
kj ,Tj

, lim
j→∞

I
(4)
kj ,Tj

= 0 (7.6)

and

lim
j→∞

I
(3)
kj ,Tj

= 0. (7.7)

On the other hand we can also calculate
∑4

ℓ=1 I
(ℓ)
kj ,Tj

using the residue

theorem and (7.3), obtaining

4∑
ℓ=1

I
(ℓ)
kj ,Tj

= XW̃ (1)−
∑

ρ∈Znontriv

| Im ρ|<Tj

XρW̃ (ρ)−
kj∑

m=1

X−2mW̃ (−2m). (7.8)

Note that

W̃ (1) =

∫
R

W (x) dx.

Therefore as kj and Tj tend to infinity the right-hand side of (7.8) tends

towards the right hand side of the explicit formula (7.1). To conclude

the proof of the explicit formula (Theorem 7.1) it suffices to show that

we can choose sequences Tj and kj tending to infinity such that (7.5)

to (7.7) hold. Figure 1 illustrates the situation.

7.3. Estimates for some Mellin transforms. The following lemma

gives a decay estimate for the Mellin transform of a smooth function.

In this lemma, we have followed the usual cultural norm, which is that

s = σ + it denotes a general element of the complex plane, while ρ

denotes a zero of ζ which, if ρ is nontrivial, we write as β + iγ.

https://en.wikipedia.org/wiki/Residue_theorem
https://en.wikipedia.org/wiki/Residue_theorem
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Lemma 7.2. Suppose that W : R>0 → R is smooth and has compact

support contained in [1,∞).

(i) If −∞ < σ ⩽ 2, then

|W̃ (σ + it)| ≪W 1; (7.9)

and, for any integer m ⩾ 0,

|W̃ (σ + it)| ≪m,W (1 + |σ|)m|t|−m (7.10)

uniformly for |t| ⩾ 1.

(ii) If suppW ⊆ [1, 10], then

|W̃ (ρ)| ≪m sup
0⩽j⩽m

∥∂jW∥1|ρ|−m (7.11)

whenever ρ ∈ Znontriv has |ρ| ⩾ 2; and

|W̃ (ρ)| ≪ ∥W∥1 (7.12)

uniformly for all ρ ∈ Z = Ztriv ∪ Znontriv.

Remarks. We have formulated this result in two parts with future ap-

plications in mind. Part (i) is the bound we will use in proving the

explicit formula, whereas (ii) are the bounds we will use in applying

the explicit formula, where it is important to understand the penalty

one must pay when approximating a rough cutoff by a smooth function

W .

The bounds are of two types, namely ‘trivial’ bounds (7.9), (7.12)

giving what are essentially very crude constant bounds, and the more

sophisticated bounds (7.10), (7.11) which give decay of the Mellin

transform in the vertical direction.

Proof. The proof of all parts uses (4.10), that is to say

W̃ (σ + it) = ŵ expσ(−t), (7.13)

where w := W ◦ exp. We also use Lemma 4.1, which states that

|f̂(t)| ⩽ |t|−m∥∂mf∥1 (7.14)
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for any f ∈ S(R). For (7.9) and (7.12), we use the case m = 0 of

(7.14), or in other words the simple bound |f̂(t)| ⩽ ∥f∥1. This gives∣∣W̃ (σ + it)
∣∣ ⩽ ∫ ∞

0

|w(u)|eσu du

⩽


(
sup(supp(W ))

)σ∥w∥1 if σ ⩾ 0

∥w∥1 if σ < 0
. (7.15)

The bound (7.9) follows from this since σ ⩽ 2. Note that the range

of integration above may start at 0 because suppw ⊂ [0,∞) since

suppW ⊂ [1,∞).

The bound (7.12) follows from (7.15) and

∥w∥1 =
∫ ∞

0

|w(u)| du =

∫ ∞

0

|W (eu)| du =

∫ ∞

1

|W (x)|
x

dx ⩽ ∥W∥1.

In the case of trivial ρ, we have σ < 0 and so we are in the second case

of (7.15), and hence are done. For nontrivial ρ we have 0 ⩽ σ ⩽ 1 and

so are in the first case of (7.15), and moreover(
sup(supp(W ))

)σ
⩽ 10

from the hypothesis supp(W ) ⊆ [1, 10]. Again, we are done.

For the other statements, we use (7.14) withm ⩾ 1, which requires us

to estimate the derivatives. By the general Leibniz rule (i.e. the higher

order product rule for differentiation) and the triangle inequality,∥∥∂m(w expσ)
∥∥
1
≪m sup

0⩽j⩽m

∥∥(∂jw)(∂m−j expσ)
∥∥
1

= sup
0⩽j⩽m

∥∥(∂jw)σm−j expσ
∥∥
1

⩽ E1E2E3,

where

E1 := sup
0⩽j⩽m

|σ|m−j, E2 := sup
u∈suppw

eσu, E3 := sup
0⩽j⩽m

∥∂jw∥1.

For (7.10), we use E1 ⩽ (1 + |σ|)m, E2 ⩽ (sup suppW )2 ≪W 1,

and E3 ≪W,m 1. Note that the bound on E2 again uses the fact that

suppw ⊂ [0,∞), so the supremum is maximised when σ is maximised.

For (7.11), set ρ = β + iγ, where 0 ⩽ β ⩽ 1, and so |ρ| ≪ |γ|;
therefore it suffices to get bounds in terms of |γ|−m (which is what (7.14)

gives) rather than |ρ|−m. In the definition of E1, E2, E3, set σ = β. We

https://en.wikipedia.org/wiki/General_Leibniz_rule
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have the bounds E1 ⩽ 1, and E2 ≪ 1 since supp(w) ⊂ [0, log 10] and

β ⩽ 1. To complete the proof, we must bound E3 by showing that

sup
0⩽j⩽m

∥∂jw∥1 ≪m sup
0⩽j⩽m

∥∂jW∥1. (7.16)

To see this, observe that by Faà di Bruno’s formula (i.e. the higher

order chain rule) ∂jw(u) is a sum of Oj(1) terms of the form eku∂lW (eu)

where k, l ⩾ 0 are integers with k, l ⩽ j. But∫ log 10

0

eku∂lW (eu) du =

∫ 10

1

xk−1∂lW (x) dx≪j ∥∂lW∥1,

and the result follows. □

7.4. Bounds for ζ ′/ζ at judiciously chosen points. Now it is time

to start thinking about how to choose the ordinates Tj and the corre-

sponding kj in such a way that the poles of ζ ′(s)/ζ(s) do not interfere

with the horizontal contours C(2)
kj ,Tj

, C(4)
kj ,Tj

. Very crude estimates suffice,

ultimately because we are dealing with smooth functions W which en-

joy very advantageous Mellin decay properties.

Lemma 7.3. There is a sequence T1, T2, . . . with Tj → ∞ such that

dist(s, Z) ⩾ 1/Tj whenever | Im s| = Tj.

Proof. Suppose that we have defined T0 ⩽ T1 ⩽ . . . ⩽ Tj for some

j ∈ Z⩾0 with T0 ⩾ 2 sufficiently large. We will show that there is

Tj+1 ∈ [2Tj, 3Tj] such that dist(s, Z) ⩾ 1/Tj+1 whenever | Im s| = Tj+1.

This will prove the lemma.

Let S := {Im ρ : ρ ∈ Znontriv} and Sj := S ∩ [−4Tj, 4Tj]. By

Proposition 6.8 we have

|Sj| ⩽ #{ρ ∈ Znontriv : | Im ρ| ⩽ 4Tj} < C1Tj log Tj,

where C1 > 1 is some absolute constant.

For γ ∈ Sj we want to avoid picking Tj+1 in [γ− 1
2C1 log Tj

, γ+ 1
2C1 log Tj

].

(In fact we want to avoid this for all γ ∈ S, but we will deal with this

in a moment.) The length of each such interval is 1
C1 log Tj

and so the

measure of the set to be avoided is < (C1Tj log Tj) · 1
C1 log Tj

⩽ Tj. On

the other hand the interval [2Tj, 3Tj] has measure Tj and so there is

certainly a Tj+1 avoiding all these intervals i.e. such that |γ − Tj+1| ⩾
1

2C1 log Tj
for all γ ∈ Sj; pick such a Tj+1.

https://en.wikipedia.org/wiki/Fa%C3%A0_di_Bruno%27s_formula
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Now, suppose that | Im s| = Tj+1. If ρ ∈ Z has | Im ρ| > 4Tj then

|s − ρ| > 4Tj − Tj+1 ⩾ Tj ⩾ 1/Tj+1. If | Im ρ| ⩽ 4Tj, then either ρ is

trivial in which case Im ρ = 0 and |s − ρ| ⩾ | Im s| ⩾ Tj ⩾ 1/Tj+1; or

Im ρ ∈ Sj, and hence also − Im ρ ∈ Sj, and so

|s− ρ| ⩾ min{|Tj+1 − Im ρ|, | − Tj+1 − Im ρ|}

= min{|Tj+1 − Im ρ|, |Tj+1 + Im ρ|} ⩾
1

2C1 log Tj
⩾ 1/Tj+1.

The last inequality tells us how large to take T0: take it large enough

that T ⩾ C1 log T for all T ⩾ T0. □

We say that T is good if

dist(s, Z) ⩾ 1/T whenever | Im s| = T,

so T1, T2, . . . from Lemma 7.3 is a sequence of good positive reals tend-

ing to infinity.

If T is good then certainly there are no elements of Znontriv, and

hence no poles of ζ ′/ζ, on the horizontal lines Im s = ±T , and hence in

particular no such poles on the contours C(2)
k,T , C

(4)
k,T . We actually need

rather more than this, namely a reasonable upper bound for ζ ′/ζ on

these contours. That said, the following crude bound will do:

Proposition 7.4. Suppose that |s| ⩾ 3. Then

ζ ′(s)

ζ(s)
≪ |s|3 dist(s, Z)−1,

where Z is the set of all zeros of ζ.

Remark. Stronger bounds can be obtained, but for our purposes any

bound of the form |s|O(1) dist(s, Z)−O(1) would be sufficient.

Proof. We use the partial fraction expansion

ζ ′(s)

ζ(s)
= C − 1

s− 1
+
∑
ρ∈Z

(
1

s− ρ
+

1

ρ

)
from Proposition 6.1. The first two terms are O(1) in the domain

|s| ⩾ 3, and hence certainly O(|s|3 dist(s, Z)−1) in this domain, since

dist(s, Z) ⩽ dist(s,−2) = O(|s|).
To bound the sum over the zeros, our main ingredient will be∑

ρ∈Z

|ρ|−2 <∞, (7.17)
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also from Proposition 6.1. We will split the sum into two parts. Sup-

pose first that |ρ| ⩾ 2|s|. Then |s/ρ| ⩽ 1
2
, and hence | s

ρ
− 1| ⩾ 1

2
and

so |s− ρ| ⩾ 1
2
|ρ|. It follows that∣∣∣∣∣∣

∑
|ρ|⩾2|s|

(
1

s− ρ
+

1

ρ

)∣∣∣∣∣∣ ⩽ |s|
∑

|ρ|⩾2|s|

1

|s− ρ||ρ|
⩽ 2|s|

∑
|ρ|⩾2|s|

1

|ρ|2
≪ |s|;

the last step using (7.17). To estimate the contribution from the re-

maining zeros, those with |ρ| < 2|s|, we proceed extremely crudely.

By (7.17) it follows that the number of such zeros is O(|s|2). The

contribution from a given one is

|s|
|s− ρ||ρ|

≪ |s| dist(s, Z)−1,

where here we used the fact that 1
|ρ| ≪ 1, which follows from (7.17).

Therefore ∑
|ρ|<2|s|

(
1

s− ρ
+

1

ρ

)
≪ |s|3 dist(s, Z)−1,

and the proposition follows. □

7.5. Proof of the explicit formula – the details. We are now ready

to fill in the details from our overview in Section 7.2. We choose our

sequences of kj, Tj as follows. Let Tj be any sequence of good values of

T with limj→∞ Tj = ∞ – the existence of such is ensured by Lemma 7.3.

Set kj := ⌈T 1/10
j ⌉. Now we complete the proof of the explicit formula by

verifying (7.5) to (7.7) with these choices. To avoid notational overload

we omit the subscript j, writing (k, T ) = (kj, Tj), and when we talk

about the limit we mean as j → ∞.

Proof of (7.5). We begin by recalling the first step of the calculation

leading to (7.2), namely

∑
n

Λ(n)W
( n
X

)
=
∑
n

Λ(n)
1

2πi

∫ 2+i∞

2−i∞
W̃ (s)(n/X)−s ds. (7.18)

This is just the Mellin inversion formula, Proposition 4.17. Now we

truncate the integral to C(1)
k,T . Recall from (7.10) that we have the
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decay estimate |W̃ (2 + it)| ≪W |t|−2, so∑
n

Λ(n)
1

2πi

∫ 2+i∞

2+iT

W̃ (s)(n/X)−s ds

≪W

∑
n

Λ(n)(n/X)−2

∫ ∞

T

|t|−2 dt≪W
X2

T
.

The last inequality uses that
∑

n Λ(n)n
−2 = O(1) and

∫∞
T
t−2 dt =

O(1/T ). We get a similar estimate for the integrals from 2 − iT to

2− i∞, and so in (7.18) we have∑
n

Λ(n)W
( n
X

)
=
∑
n

Λ(n)
1

2πi

∫
C(1)
k,T

W̃ (s)(n/X)−s ds+OW (X2/T )

=
1

2πi

∫
C(1)
k,T

(∑
n

Λ(n)n−s

)
XsW̃ (s) ds+OW (X2/T )

= I
(1)
k,T +OW (X2/T ).

Interchanging the sum and integral is allowed by the dominated conver-

gence theorem (Theorem A.3) because the Dirichlet series
∑

n Λ(n)n
−s

is uniformly bounded by
∑

n n
−2 log n on C

(1)
k,T , X

sW̃ (s) is continuous

and C(1)
k,T is compact. The last equality is then by Proposition 3.2 (iii).

The statement (7.5) now follows. □

Proof of (7.6). If s ∈ C(2)
k,T ∪ C(4)

k,T then, since T is good, dist(s, Z) ≫ 1
T
.

It follows from Proposition 7.4 that, for s ∈ C(2)
k,T ∪ C(4)

k,T , we have

ζ ′(s)

ζ(s)
≪ |s|3T ≪ k3T 4.

Hence

I
(2)
k,T , I

(4)
k,T ≪ k3T 4

∫ 2

−2k−1

Xσ|W̃ (σ + iT )| dσ.

The bound (7.10) with m = 5 tells us that

|W̃ (σ + iT )| ≪W (1 + |σ|)5T−5,

and therefore

I
(2)
k,T , I

(4)
k,T ≪W k3T−1

∫ 2

−2k−1

(1 + |σ|)5Xσdσ ≪W X2k9T−1,

since X ⩾ 1. Since k = ⌈T 1/10⌉, statement (7.6) follows. □
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Proof of (7.7). If s ∈ C(3)
k,T , say s = −(2k + 1) + it, then dist(s, Z) ⩾ 1

and |s| ⩾ 3, so Proposition 7.4 gives ζ′(s)
ζ(s)

≪ |s|3 ≪ k3max(1, |t|)3.
From (7.10) with m = 5 (and (7.9) for |t| ⩽ 1) we have

|W̃ (−2k − 1 + it)| ≪W k5max(1, |t|)−5.

Thus

ζ ′(s)

ζ(s)
XsW̃ (s) ≪W k8max(1, |t|)−2X−2k−1,

which implies that

I
(3)
k,T = − 1

2πi

∫
C(3)
k,T

ζ ′(s)

ζ(s)
XsW̃ (s) ds≪W k8X−2k−1.

From this and the fact that X > 1 we immediately conclude (7.7). (For

the estimation of I
(3)
k,T there was no need to restrict to T good.) □

8. The prime number theorem

In the last chapter we established the explicit formula, which pro-

vides a relationship between the distribution of prime numbers and the

nontrivial zeros ρ of the ζ-function. To make use of this result, and in

particular to prove the prime number theorem, it is important to have

some information about the location of those zeros.

The prime number theorem turns out to be more-or-less equivalent

to the following statement.

Proposition 8.1. There are no zeros of ζ on the line Re s = 1.

Proof. Consider the Euler product identity

ζ(s) =
∏
p

(1− p−s)−1,

valid for Re s > 1. Set s = σ + it; we will let σ → 1. For 0 ⩽ r < 1 we

have

log |1− reiθ| = −
∞∑
n=1

rn cosnθ

n
,
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and hence for σ > 1 we have

log |ζ(σ)|3|ζ(σ + it)|4|ζ(σ + 2it)|

= −
∑
p

(
3 log |1− p−σ|+ 4 log |1− p−σ−it|+ log |1− p−σ−2it|

)
=
∑
p

∞∑
n=1

1

npσn
(3 + 4 cosnθ + cos 2nθ)

=
∑
p

∞∑
n=1

1

npσn
(1 + cosnθ)2 ⩾ 0.

Exponentiating we conclude that

ζ(σ)3|ζ(σ + it)|4|ζ(σ + 2it)| ⩾ 1. (8.1)

Now suppose that ζ(1 + it) = 0. Certainly t ̸= 0. Now consider what

happens as σ → 1. We have ζ(σ) ∼ (σ−1)−1, but |ζ(σ+it)|4 ≪ (σ−1)4

(by Taylor expansion about the putative zero at 1+it). Since ζ(σ+2it)

remains bounded as σ → 1, we have

ζ(σ)3|ζ(σ + it)|4|ζ(σ + 2it)| → 0,

a contradiction to (8.1). □

We are now in a position to prove the following ‘smoothed’ version

of the prime number theorem, from which the theorem itself will be a

relatively easy deduction.

Proposition 8.2 (Smooth prime number theorem). Suppose that W :

R → R is smooth and that supp(W ) ⊂ [1, 10]. Then

lim
X→∞

1

X

∑
n

Λ(n)W
( n
X

)
=

∫
R

W (x) dx.

Proof. By the explicit formula (Theorem 7.1) it suffices to show that

lim
X→∞

∑
ρ∈Z

Xρ−1W̃ (ρ) = 0.

We handle the contribution from the trivial zeros and the nontrivial

zeros separately. By (7.12) we have W̃ (ρ) ≪W 1 for ρ ∈ Ztriv, and so∑
ρ∈Ztriv

Xρ−1W̃ (ρ) ≪W

∞∑
j=1

X−2j−1. (8.2)

This certainly tends to 0 as X → ∞.
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Turning now to the contribution from the nontrivial zeros. We will

show that for all ε > 0 if X is large enough (in terms of ε and W ) then∣∣∣ ∑
ρ∈Znontriv

Xρ−1W̃ (ρ)
∣∣∣ < ε. (8.3)

With this the result will be proved. Let ε > 0. From (7.11) with

m = 2 we have W̃ (ρ) ≪W |ρ|−2 for ρ ∈ Znontriv and |ρ| ⩾ 2. Moreover,

|Xρ−1| ⩽ 1 since Re ρ ⩽ 1. Hence for K ⩾ 2,∣∣∣∣∣∣
∑

ρ∈Znontriv:|ρ|⩾K

Xρ−1W̃ (ρ)

∣∣∣∣∣∣≪W

∑
ρ∈Znontriv:|ρ|⩾K

|ρ|−2.

From the “moreover” in the partial fraction expansion (Proposition 6.1)

we know
∑

ρ∈Z |ρ|−2 <∞, and hence there is K (depending on W and

ε) such that ∣∣∣∣∣∣
∑

ρ∈Znontriv:|ρ|⩾K

Xρ−1W̃ (ρ)

∣∣∣∣∣∣ < 1

2
ε.

For the nontrivial zeros with |ρ| ⩽ K it follows from (7.9) and the fact

that there are only finitely many such zeros that∑
ρ∈Znontriv:|ρ|<K

Xρ−1W̃ (ρ) ≪W,K Xβ(K)−1, (8.4)

where β(K) = supρ∈Znontriv:|ρ|⩽K Re ρ. Furthermore, since there are only

finitely many nontrivial zeros ρ with |ρ| ⩽ K, the supremum in β(K) is

a maximum and since there are no zeros on Re s = 1 (Proposition 8.1),

we have β(K) < 1. It follows that if X is big enough, in terms of W ,

K, and ε then (8.4) is at most 1
2
ε. It follows that if X is large enough

in terms of W and ε (since K just depends on these) then (8.3) holds

and the result is proved. □

Proof of the prime number theorem (Theorem 1.3). Let ε ∈ (0, 1
4
] and

W+ and W− be smooth such that 0 ⩽ W−(x) ⩽ 1[2,4](x) ⩽ W+(x) ⩽

1[2−2ε,4+4ε] for all x, and∫
R

W+(x)−W−(x) dx ⩽ 4ε.

Figure 2 depicts this.

A construction of such functions is given in Lemma B.2 in the appen-

dix. We need W+ for the upper bound, and W− can be used for the
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2− 2ε 2 2 + 2ε 4− 2ε 4 4 + 2ε

1

W+

W−

1[2,4]

0
x

Figure 2. The smooth functions W+ and W−.

lower bound. Applying the smooth prime number theorem (Propo-

sition 8.2) to W+ and W− (which is admissible since suppW− ⊂
suppW+ ⊂ [1, 5]) tells us that if Y is sufficiently large in terms of

ε then ∑
2Y <n⩽4Y

Λ(n) ⩽
∑
n

Λ(n)W+
( n
Y

)
⩽
(
ε+

∫
R

W+(x) dx
)
Y ⩽

(
1 +

5ε

2

)
2Y,

and ∑
2Y <n⩽4Y

Λ(n) ⩾
∑
n

Λ(n)W−( n
Y

)
⩾
(
− ε+

∫
R

W−(x) dx
)
Y ⩾

(
1− 5ε

2

)
2Y.

In particular, for Y large enough in terms of ε we have∣∣∣∣∣ ∑
2Y <n⩽4Y

Λ(n)− 2Y

∣∣∣∣∣ ⩽ 5ε

2
· 2Y. (8.5)

Applying this with Y = X/4, X/8, . . . , X/2m+1 and summing, we see

that if X is sufficiently large in terms of ε and m then∣∣∣∣∣∣
∑

X/2m<n⩽X

Λ(n)−X

∣∣∣∣∣∣ ⩽ 5ε

2
X +

X

2m
. (8.6)

Finally, by Proposition 1.5 we have∑
n⩽X/2m

Λ(n) = O(X/2m),
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and so ∣∣∣∣∣∑
n⩽X

Λ(n)−X

∣∣∣∣∣ ⩽ 5ε

2
X +O(X/2m).

By choosing m sufficiently large in terms of ε, we can ensure that the

second term is at most 1
2
εX. Therefore, if X is big enough in terms of

ε, we have ∣∣∣∣∣∑
n⩽X

Λ(n)−X

∣∣∣∣∣ ⩽ 3εX.

In other words ∑
n⩽X

Λ(n) = (1 + o(1))X,

which is equivalent to the prime number theorem by Proposition 1.4.

□

9. The zero-free region and error terms

9.1. The classical zero-free region. In the last chapter we showed

that ζ has no zeros on the line Re s = 1, and we saw that this implies

the prime number theorem.

In this section we obtain, using a related argument, a region to the

left of Re s = 1 in which there are no zeros of ζ. This may be used

to prove a stronger version of the prime number theorem, with a good

error term: we provide details of this in the next section.

The following is known as the classical zero-free region.

Theorem 9.1. There is an absolute constant c > 0 such that any zero

ρ = β + iγ with |γ| ⩾ 2 satisfies

β < 1− c

log |γ|
.

Proof. We showed in Proposition 3.2 (iii) that for Re s > 1 we have

ζ ′(s)

ζ(s)
= −

∞∑
n=1

Λ(n)n−s.

Taking real parts gives, provided σ > 1,

−Re
ζ ′(σ + it)

ζ(σ + it)
=

∞∑
n=1

Λ(n)n−σ cos(t log n).

Using the inequality

3 + 4 cos θ + cos 2θ = 2(1 + cos θ)2 ⩾ 0
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(exactly as in the last chapter) it follows that

−3Re
ζ ′(σ)

ζ(σ)
− 4Re

ζ ′(σ + it)

ζ(σ + it)
− Re

ζ ′(σ + 2it)

ζ(σ + 2it)
⩾ 0 (9.1)

for any σ > 1 and for any t ∈ R.

Now we assemble some further inequalities. Since ζ′(s)
ζ(s)

+ 1
s−1

is contin-

uous at 1, and holomorphic for σ > 1, it is continuous on the compact

interval [1, 2] and so bounded. That is, if 1 < σ ⩽ 2 then

−3Re
ζ ′(σ)

ζ(σ)
⩽

3

σ − 1
+O(1). (9.2)

To get bounds for the other two terms in (9.1), we use the partial

fraction expansion (Proposition 6.1)

ζ ′(σ + it)

ζ(σ + it)
= B − 1

σ + it− 1
+
∑
ρ∈Z

( 1

σ + it− ρ
+

1

ρ

)
.

From now on, suppose 1 ⩽ σ ⩽ 2 and that |t| ⩾ 2. Then the first two

terms are bounded by O(1). To bound the sum over ρ, we treat the

trivial zeros separately. If 1 ⩽ σ ⩽ 2 and |t| ⩾ 2, the contribution from

the trivial zeros is∑
k

∑
ρ=−2k

σ + it

ρ(σ + it− ρ)
≪
∑
k⩾1

|t|
k
√
k2 + t2

.

To estimate this sum, we split it into k ⩽ |t| and k ⩾ |t|. On the first

range the summand is O(1/k), so we get a contribution of O(log |t|).
On the second range the summand is O(|t|/k2), and so we get a con-

tribution of O(1). It follows that

−4Re
ζ ′(σ + it)

ζ(σ + it)
= O(log |t|)− 4Re

∑
ρ∈Znontriv

( 1

σ + it− ρ
+

1

ρ

)
.

By an essentially identical analysis we also have

−Re
ζ ′(σ + 2it)

ζ(σ + 2it)
= O(log |t|)− Re

∑
ρ∈Znontriv

( 1

σ + 2it− ρ
+

1

ρ

)
.

Combining all this information, we obtain

4Re
∑

ρ∈Znontriv

( 1

σ + it− ρ
+

1

ρ

)
+Re

∑
ρ∈Znontriv

( 1

σ + 2it− ρ
+

1

ρ

)
⩽ C log |t|+ 3

σ − 1
(9.3)

for some C.
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If z ∈ C has Re z > 0 then Re z−1 > 0. Since there are no zeros

on the line Re s = 1 (Proposition 8.1), σ > 1 > Re ρ > 0 for every

ρ ∈ Znontriv, and hence every term on the left here is non-negative.

Ignoring all terms except the contribution of the zero ρ = β+ iγ to the

leftmost sum, and setting t = γ, we obtain

4

σ − β
⩽ C log |γ|+ 3

σ − 1
.

Setting σ = 1 + 1/2C log |γ| and rearranging then gives

β ⩽ 1− 1

14C log |γ|
,

completing the proof. □

Remark. The classical zero-free region is not the largest one known. In

fact, the stronger inequality

β < 1− cε

log2/3+ε |γ|

is known to hold for any ε > 0, where cε > 0 is a constant that depends

only on ε. This is a result of Vinogradov and Korobov.

9.2. The prime number theorem with classical error term. In

this section we examine the implications of the classical zero-free region

for the prime number theorem.

The main result is the following.

Theorem 9.2. We have ψ(X) = X +O(Xe−c
√
logX).

Here, ψ(X) =
∑

n⩽X Λ(n), as usual (1.3). The letter c denotes a

positive absolute constant, but it may vary from line to line.

The proof is very closely related to that in Chapter 8, except now we

must be a little more precise in how we approximate 1[2,4] by smooth

functions.

Proof. Let ε ∈ (0, 1/2], and take Wε to be W+ from Lemma B.2 so

that 1[2,4] ⩽ Wε ⩽ 1, and∫
R

Wε(x) dx ⩽ 2 + 4ε, ∥∂Wε∥1 ≪ 1, and ∥∂2Wε∥1 ≪
1

ε
. (9.4)
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In what follows let Y be a sufficiently large parameter. By the ex-

plicit formula (Theorem 7.1) and the properties of Wε we have

ψ(4Y )− ψ(2Y ) ⩽
∑
n

Λ(n)Wε(
n

Y
) = Y

∫
R

Wε(x) dx−
∑
ρ∈Z

Y ρW̃ε(ρ)

⩽ 2Y (1 + 2ε)−
∑
ρ∈Z

Y ρW̃ε(ρ)

⩽ 2Y (1 + 2ε) +
∑
ρ∈Z

|Y ρ||W̃ε(ρ)|. (9.5)

We split the sum here into four using three different estimates for

W̃ε(ρ). First, from (7.12) we have W̃ε(ρ) = O(1) for ρ ∈ Ztriv∪Znontriv;

secondly, from (7.11) with m = 1 and m = 2 and (9.4) we have

W̃ε(ρ) ≪ |ρ|−1 and W̃ε(ρ) ≪ ε−1|ρ|−2 respectively for ρ ∈ Znontriv.

These then give the following:

∑
ρ∈Z

|Y ρ||W̃ε(ρ)|

≪
∑

ρ∈Ztriv

|Y ρ|︸ ︷︷ ︸
S1

+
∑

ρ∈Znontriv

| Im ρ|⩽2

|Y ρ|

︸ ︷︷ ︸
S2

+
∑

ρ∈Znontriv

2⩽| Im ρ|⩽T

|Y ρ|
|ρ|︸ ︷︷ ︸

S3

+ ε−1
∑

ρ∈Znontriv

| Im ρ|⩾T

|Y ρ|
|ρ|2︸ ︷︷ ︸

S4

,

for any T ; we will explain how to optimise T now. First, S1 = O(Y −2),

and contributes essentially nothing. For S2 we know that ζ has finitely

many nontrivial zeros with | Im ρ| ⩽ 2, and since there are no zeros

on Re s = 1 (Proposition 8.1) there is some absolute c > 0 such that

S2 = O(Y 1−c). For S3 and S4 we need to estimate sums of powers of

nontrivial zeros: write

N(t) := #{ρ ∈ Znontriv : | Im ρ| ⩽ t} =
∑

ρ∈Znontriv

1{| Im ρ|⩽t}.
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Then by Proposition 6.8 we have N(t) = O(t log t), and∑
ρ∈Znontriv

| Im ρ|⩾T

1

|ρ|2
⩽

∑
ρ∈Znontriv

| Im ρ|⩾T

1

| Im ρ|2

= 2
∑

ρ∈Znontriv

| Im ρ|⩾T

∫ ∞

| Im ρ|
t−3 dt

= 2

∫ ∞

T

∑
ρ∈Znontriv

t⩾| Im ρ|⩾T

t−3 dt ⩽ 2

∫ ∞

T

N(t)

t3
dt = O(T−1 log T ).

We also have ∑
ρ∈Znontriv

2⩽| Im ρ|⩽T

1

|ρ|
⩽ 2

∑
ρ∈Znontriv

2⩽| Im ρ|⩽T

∫ 2T

| Im ρ|
t−2 dt

= 2

∫ 2T

2

∑
ρ∈Znontriv

min{t,T}⩾| Im ρ|⩾2

t−2 dt

⩽ 2

∫ 2T

2

N(t)

t2
dt = O(log2 T ).

When ρ = β+iγ ∈ Znontriv has 2 ⩽ |γ| ⩽ T we have β ⩽ 1−c′/ log T in

view of the classical zero-free region (Theorem 9.1), and hence |Y ρ| ⩽
Y 1−c′/ log T . Here c′ > 0 is an absolute constant.

In summary we conclude that

ψ(4Y )− ψ(2Y ) ⩽ 2Y (1 + 2ε) +O(Y −2) +O(Y 1−c)

+O
(
Y 1−c′/ log T log2 T

)
+O

(
ε−1Y log T

T

)
.

Setting ε = exp(−
√
log Y ) and T = ε−2 the error term on the right

hand side here is O(Y exp(−c′′
√
log Y )), for c′′ > 0 yet another absolute

constant.

Finally a telescoping sum argument (like we used to establish (8.6)

from (8.5)), using the above with X/4, X/8, . . . , gives

ψ(X) ⩽ X +O(Xe−c′′
√
logX).

By similar arguments using W− from Lemma B.2 instead of W+, we

may obtain the corresponding lower bound

ψ(X) ⩾ X −O(Xe−c′′
√
logX),
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which completes the proof. □

9.3. The Riemann hypothesis and its implications for primes.

The Riemann hypothesis is the assertion that all the nontrivial zeros

lie on the critical line Re s = 1
2
.

If it holds then in the above argument,

S2 = O(Y 1/2), S3 = O(Y 1/2 log2 T ), S4 = O

(
ε−1Y 1/2 log T

T

)
.

It follows that

ψ(4Y )− ψ(2Y ) ⩽ 2Y + 4εY +O(Y −2) +O(Y 1/2)

+O(Y 1/2 log2 T ) +O

(
ε−1Y 1/2 log T

T

)
.

There is quite a bit of flexibility here; taking T = Y and ε = Y −1 gives

that the right hand side is 2Y +O(Y 1/2 log2 Y ). As before a telescoping

sum and similar lower bound argument can then be used to show

ψ(X) = X +O(X1/2 log2X).

Appendix A. Some analysis results

In this appendix we collect some results from analysis which we have

needed. We begin with a basic inequality that is useful for controlling

products:

Lemma A.1. Let (zn)
N
n=1 be a sequence of complex numbers. Then∣∣∣ N∏

n=1

(1 + zn)− 1
∣∣∣ ⩽ e

∑N
n=1 |zn| − 1.

Proof. We should like to use the fact that 1+ x ⩽ ex for x ∈ R. To do

this we first expand out the product and then take the modulus:∣∣∣ N∏
n=1

(1 + zn)− 1
∣∣∣ = ∣∣∣∑

i1

zi1 +
∑
i1<i2

zi1zi2 +
∑

i1<i2<i3

zi1zi2zi3 . . .
∣∣∣

⩽
∑
i1

|zi1 |+
∑
i1<i2

|zi1||zi2|+
∑

i1<i2<i3

|zi1||zi2||zi3| . . .

=
N∏

n=1

(1 + |zn|)− 1

⩽ e
∑

i |zi| − 1.
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This concludes the proof. □

We will also find the following inequality about exponentials useful:

Lemma A.2. Suppose that h ∈ C and t > 0. Then

|th − 1− h log t| ⩽ 1

2
|h|2(log t)2max{1, tReh}.

Proof. Note the identity

ez − 1− z = z2
∫ 1

0

(1− u)euz du.

Setting z = h log t we have

|th − 1− h log t| ⩽ |h|2(log t)2
∫ 1

0

(1− u)euReh log t du

⩽ |h|2(log t)2max{1, tReh}
∫ 1

0

(1− u) du.

The lemma is proved. □

We make use of two results which refer to measurable functions. An

important feature of measurable functions is that the pointwise limit of

a sequence of measurable functions is measurable. This is to repair the

situation with Riemann integrable functions where such a limit can fail

to be Riemann integrable (and not only because the integrals become

large).

All of the functions we consider in these notes are measurable.

Theorem A.3 (Dominated convergence theorem). Suppose that we

have a sequence f1, f2, · · · : R → C of measurable functions converging

pointwise to a function f , and such that |fn(x)| ⩽ g(x) for every x,

and some g ∈ L1(R). Then f1, f2, . . . , f ∈ L1(R) and∫
R

fn(x) dx→
∫
R

f(x) dx.

This is closely related to Fubini’s theorem:

Theorem A.4 (Fubini’s theorem). Suppose that f : R2 → C is mea-

surable and ∫
R

∫
R

|f(x, y)| dx dy <∞.

Then ∫
R

∫
R

f(x, y) dx dy =

∫
R

∫
R

f(x, y) dy dx.
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The only situation where we use this is for continuous functions

which also have all but ε of their mass supported on a compact set

(for all ε > 0). In this setting this can be proved by a fairly direct

approximation argument.

NOT
EX

AM
IN

AB
LE

NOT
EX

AM
IN

AB
LE

NOT
EX

AM
IN

AB
LE

NOT
EX

AM
IN

AB
LE

NOT
EX

AM
IN

AB
LE

NOT
EX

AM
IN

AB
LE

NOT
EX

AM
IN

AB
LE

Appendix B. Smooth bump functions

Many of the examples of smooth functions that we initially think

of – functions like the exponential function or polynomials – do not

have compact support. This is because they are real analytic, mean-

ing that in some neighbourhood of every point they have a convergent

power series. Just like holomorphic functions onC, real analytic func-

tions satisfy the identity theorem and so can’t have compact support

(without being identically 0).

We are left with the question of whether there are any smooth func-

tions with compact support. There are, and one quick way to see this

is on Exercise Sheet 3. The example there has a rabbit-out-of-hat

quality because it asks you to consider a particular function which

can seem to come out of nowhere. It can be motivated, but in this

section we take a different approach.

Our idea here is to construct a function f as an infinite convolution

of normalised characteristic functions of intervals. The convolution

of two functions f and g, f ∗ g, is defined by

(f ∗ g)(x) :=
∫
f(x− y)g(y) dy.

Convolution is an associative and commutative binary operation, and

the map g 7→ f ∗ g is linear in g. Moreover, the triangle inequality

tells us that

∥f ∗ g∥∞ ⩽ ∥f∥∞∥g∥1. (B.1)

This inequality is a special case of Young’s inequality, and for us,

coupled with linearity it tells us that if fn → f uniformly then fn∗g →
f ∗ g uniformly for any probability density function g.

The normalised characteristic function of [−δ, δ] is νδ(x) := 1
2δ
1|x|⩽δ.

The fact they are normalised exactly means that these functions νδ

are probability density functions. We will be looking at convolutions

of functions with these. Importantly the fundamental theorem of

https://en.wikipedia.org/wiki/Fundamental_theorem_of_calculus
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calculus gives that

∂(νδ ∗ g)(x) =
1

2δ
(g(x+ δ)− g(x− δ)). (B.2)

Writing Ck(R) for the space of k-times continuously differentiable

functions, we therefore (also using linearity of convolution and the

fact that Ck(R) is a vector space) have

νδ ∗ f ∈ Ck+1(R) whenever f ∈ Ck(R). (B.3)

In view of this we would like to take an “infinite” convolution, but

need to ensure that it has compact support. To do this we have one

final observation: since supp f ∗ g ⊂ supp f + supp g we have

supp νδ1 ∗ · · · ∗ νδn ⊂ [−(δ1 + · · ·+ δn), δ1 + · · ·+ δn]. (B.4)

This leads us to the idea of taking smaller and smaller intervals such

that δ1 + · · ·+ δn converges.

Lemma B.1 (A bump function). There is a smooth function W :

R → R that is non-negative, is supported in [−1, 1], and has∫
R
W (x) dx = 1.

Proof. Fix f continuous, non-negative, supported in [−1
2
, 1
2
], and with∫

R
f(x) dx = 1. For example the tent function f = ν 1

4
∗ ν 1

4
. Let

gn := f ∗ ν2−2 ∗ · · · ∗ ν2−n .

Since f is continuous and compactly supported it is uniformly con-

tinuous and so for all ε > 0 there is δ > 0 such that if |x − y| < δ

then |f(x) − f(y)| < ε. Suppose that 2−n < δ. Then for n < m we

have (B.1)

∥gn − gm∥∞ ⩽ ∥(f − f ∗ ν2−(n+1) ∗ · · · ∗ ν2−m) ∗ ν2−2 ∗ · · · ∗ ν2−n∥∞
⩽ ∥f − f ∗ ν2−(n+1) ∗ · · · ∗ ν2−m∥∞.

Now supp ν2−(n+1) ∗ · · · ∗ ν2−m ⊂ (−δ, δ) by (B.4) and the fact that

2−(n+1)+· · ·+2−m < 2−n < δ. Hence ν2−(n+1)∗· · ·∗ν2−m is a probability

density function supported in (−δ, δ) and so f ∗ν2−(n+1) ∗ · · · ∗ν2−m(x)

is a weighted average of f over the interval (x− δ, x+ δ), and hence

within ε of f(x) by the uniform continuity above. We conclude that

∥gn − gm∥∞ ⩽ ε.

https://en.wikipedia.org/wiki/Fundamental_theorem_of_calculus
https://en.wikipedia.org/wiki/Fundamental_theorem_of_calculus
https://en.wikipedia.org/wiki/Fundamental_theorem_of_calculus
https://en.wikipedia.org/wiki/Fundamental_theorem_of_calculus
https://en.wikipedia.org/wiki/Fundamental_theorem_of_calculus
https://en.wikipedia.org/wiki/Fundamental_theorem_of_calculus
https://en.wikipedia.org/wiki/Fundamental_theorem_of_calculus
https://en.wikipedia.org/wiki/Fundamental_theorem_of_calculus
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It follows that the sequence gn is uniformly Cauchy and so converges

uniformly to some function W . Similarly there are functions hk for

k ⩾ 2 such that f ∗ ν2−(k+1) ∗ · · · ∗ ν2−n converges uniformly to hk. By

linearity of convolution and (B.1) we have

hk ∗ ν2−2 ∗ · · · ∗ ν2−k = W.

Given this, (B.3) tells us that W ∈ Ck−1(R) for all k ⩾ 2. We also

have W ⩾ 0, suppW ⊂ [−1, 1] and∣∣∣∣∫
R

W (x) dx−
∫
R

gn(x) dx

∣∣∣∣ = ∣∣∣∣∫ 1

−1

(W (x)− gn(x)) dx

∣∣∣∣
⩽ 2∥W − gn∥∞ → 0,

so
∫
R
W (x) dx =

∫
R
f(x) dx = 1. The convergence of the integral

follows since supp gn ⊂ [−1, 1] is compact and uniform convergence

on a compact set implies convergence of integrals. The lemma is

proved. □

Once we have one bump function, as above, we can dilate it and use

it to create smooth approximations to lots of functions.

A function f is said to be a majorant for g if g(x) ⩽ f(x) for all

x ∈ R; and a minorant for g if f(x) ⩽ g(x) for all x ∈ R.

Lemma B.2 (Smooth majorants and minorants of intervals). For all

ε ∈ (0, 1] there are smooth functions W+ and W− from R to R, such

that

(i) 0 ⩽ W− ⩽ 1[2,4] ⩽ W+ ⩽ 1[2−2ε,4+4ε];

(ii) ∫
R

W+(x)−W−(x) dx ⩽ 4ε;

(iii) and

∥∂kW±∥1 = Ok(ε
−(k−1)) for k ∈ N.

Proof. The picture here is as in Figure 2. Let W be as in Lemma B.1

andWε(x) := ε−1W (ε−1x). By change of variablesWε is a probability

density function. We set W− := 1[2+ε,4−ε] ∗Wε and W
+ := 1[2−ε,4+ε] ∗

Wε. These functions certainly satisfy (i) and (ii) (in fact stronger for

(ii) where there is equality). By (B.2) (or an unnormalised variant

for the interval [2 − ε, 4 + ε]) we have ∂W+(x) = Wε(x − (2 − ε)) −
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Wε(x − (4 + ε)). Now ∂k−1Wε = ε−kW (k−1)(ε−1x). Hence by the

triangle inequality and (B.1)

∥∂kW+∥1 ⩽ 2∥∂(k−1)Wε∥1 = Ok(ε
−(k−1)).

Similarly for W−, and the lemma is proved. □
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