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Overview. These are notes for a first course in analytic number the-
ory. The main aim is to give a proof of the prime number theorem, to-
gether with background on complex analysis, the Riemann (-function,
and Fourier analysis.

A particular feature of the notes is the use of smooth cutoff functions.
This has advantages we shall discuss through the course, but it also
means it differs from some traditional presentations of the material.

Note to Oxford students Michaelmas 2026: Since AY2016/17 this
course has been taught by Ben Green and James Maynard. James
takes a slightly different approach to Ben, and we are following Ben’s
approach this year. This means that questions on past exam papers
labelled Trinity 2019-2024 (when James taught the course) may have

I The original version of the notes and exercise sheets for this course were created
by Ben Green. My thanks to him for providing them. Only minor modifications

have been made to them.
1
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parts that are not quite accessible using only these notes, but questions
on exam papers labelled Trinity 2017, 2018, 2025, and 2026 are relevant
to this version of the course. Prior to Michaelmas 2016 the course was

quite different.

Notation. A certain amount of notation will be introduced as we go
along.

We write log z for the natural logarithm of z. log® x is the same as
(log x)«.

We write |¢] for the floor of ¢, that is the greatest integer less than
or equal to t.

Throughout the course we will be using the following asymptotic
notation: f(x) < g(z), f(z) = O(g(x)), and g(z) > f(x) for x € D
all mean that there is a constant C' > 0 such that |f(x)| < Cg(z) for
all x € D. Crucially, when we say C' is constant we mean it does not
vary on D. For example, x + 1 < z for > 1, because |z + 1| < 2z
for all x > 1. The constant C' may be different in different instances of
the notation, and the set D will often be implied.

Sometimes we will want to emphasise other variables k, [, m, ...
on which C' may depend, in which case we write f(x) <yim.. 9(z),
f(x) = Okm...(9(x)), and g(x) >k m,.. f(x). For example, |k|z <} ,
and k + [ = Oy, (1).

We write f(z) = o(g(z)) as * — 0o to mean that for all € > 0, there
is M, which may depend on ¢, such that if z > M then |f(x)| < eg(z).
For example, @ = o(1). As with D above, “r — oo” will often be
implied, and if we want to emphasise some other variables k, [, m, ...

on which M may depend, then we write f(z) = ogym.. (9(z)). For

example, 1<‘>§|a; = ox(1).

In understanding analytic number theory, it is important to develop
a robust intuitive feeling for the rough size of certain quantities. For
example, if X is large, (log X)'” is much smaller than X'/, The
quantity ev'sX (which will appear again later) lies in between the
two. In the notation above we can write this as (log X)'° = o(eVIeX)
and eV1°sX = o(X1/19) both as X — oo.

We write f(z) ~ g(x), which we read as “f(z) is asymptotic to g(z)”,
to mean that f(z) = (1 + o(1))g(x).
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There are a number of further examples on Exercise Sheet 0 and

Exercise Sheet 1.

Further reading. These notes are self-contained, but there are some
books covering the material: Davenport’s book [Dav00] is the classic
reference, and Koukoulopoulos’ book [Koul9] is a more recent one. The
book [IK04] of Iwaniec and Kowalski is a modern classic containing

significantly more material than this course, presented at a high level.

1. BASIC FACTS ABOUT THE PRIMES

1.1. Euclid’s proof. This course is largely about the prime numbers
2,3,5,7,....

Theorem 1.1. There are infinitely many primes.

Proof. Suppose not, and that py,...,py is a complete list of the primes.
Consider the number M = p;---py + 1. It must have a prime factor
q. However, M is manifestly not divisible by any of p,...,py, and so

q ¢ {p1,...,pn}. This is a contradiction. O

It is possible to ask more refined questions: Does the sequence of
prime numbers grow extremely rapidly (like the powers of two 1, 2, 22,
23, ...), or slowly like the odd numbers 1, 3, 5, 7, ..., or somewhere

in between? This is the question that will occupy us in this course.

1.2. Elementary bounds. If X > 1 is a real number then we write
m(X) for the number of primes less than or equal to X. “Elementary

methods” suffice to get the correct order of magnitude for 7(X).

Theorem 1.2. There are constants 0 < ¢; < 1 < ¢y such that, for all
sufficiently large X,

X (X) < X
c < <c
1logX 2logX
Remarks. In asymptotic notation, % <7m(X) K &, and 7(X) =
O(log(X)'

The lower bound immediately implies the infinitude of primes. The
upper bound implies, in particular, that the density of the primes up
to X, that is to say 7(X)/X, tends to zero as X — 0.
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Proof. We begin with the lower bound. We look at the prime factori-

. 2 . .
sation of (:), which we write as

Qn) H ep(n)
= p p .
( " p<2n
Now recall (or look up) Legendre’s formula, that is to say the fact that
the power of p dividing m!is Y2, [m/p'], this sum being composed of
|m/p| multiples of p, |m/p?| multiples of p?, and so on. (The sum is
actually finite, since |m/p’| = 0 when p' > m.)

It follows from Legendre’s formula and the definition of binomial
coefficients that
= 2n n
e,(n) = {—J - 2[—}. (1.1)
=2 Ll
Now each term in (1.1) is at most 1, since [2z| — 2|z € {0, 1} for all
real x. Moreover, the terms can only be non-zero for i < log(2n)/ log p.
It follows that

pep(n) < plog(2n)/logp - .

Taking products over p (noting that all primes dividing (2:) are < 2n)

20\ < (onyren, .
(%) < camye (12)

n

we obtain

Now (2:) is almost as big as 4™; note that Ziio (27’,1) = 4" and, in
this sum, the middle term (277) is the largest one. It follows from this
observation and (1.2) that, for n > 3

4m 2n
o < < (2 7r(2n)‘
2n+1 (n) < (2n)

Taking logs gives
log 2 2n

m(2n) > 2 log(2n)

This is the lower bound in Theorem 1.2 in the case X = 2n an even
integer (with ¢; = %log 2). The general case follows easily by consider-
ing the greatest even integer < X, and reducing c¢; slightly. We leave
the details as an exercise.

We turn now to the upper bound in Theorem 1.2. We again consider

the binomial coefficient (2:), noting now that if n is an integer and if


https://en.wikipedia.org/wiki/Legendre's_formula
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2n = p > n then p divides (277) precisely once. Therefore

2n
7T(2TL)*7T(TL) < g < 411
" [T r<(2) <

n<p<2n

/

and so, taking logs,

nlog4

m(2n) — m(n) < ogn

Applying this with n = 2,22,2% ..., 2"~ and summing gives
CHN B +~~+L).
k—1 2(k—2) 22(k—3) 2k—2
We claim that the bracketed expression is O(1/k). There are many

7(2%) < 2’“(

ways to see this. For instance, the ratio between the terms 1/2°71(k—1)
and 1/21(k —i— 1) is 2(k —i — 1)/(k — i), which is > 4/3 for i < k — 3,

SO

% 1 _ 1 (1+3+(3)2+ >+ L1
—~ 2k —i) k-1 4 ‘4 ) 2k2 TR

Therefore m(2%) < 2% /k, which we write as 7(2%) < C2*/k for some C
to make the next calculation clearer.
Finally, let 2% be the smallest power of two which is greater than or
equal to X. Then
C2F 20X X
< < Co 3
k log, X log X
where ¢y = 2C'log 2. U

m(X) < 7(2%) <

Remark. Euclid’s proof of the infinitude of primes can be modified to
give an explicit lower bound on 7(X), but it is very weak: we leave it
as an exercise to show that 7(X) > loglog X by this method.

1.3. The prime number theorem. The main aim of this course will
be to prove the prime number theorem, which states that ¢; and ¢y in

Theorem 1.2 can be taken arbitrarily close to 1.

Theorem 1.3 (Prime number theorem). Suppose that 0 < ¢; < 1 < ¢s.
Then, if X s sufficiently large, we have

Equivalently, 7(X) = (1 +o(1)) =g, or m(X) ~ —=.
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The proof of this will involve tools from most of the course. The
formal argument starts on p. 59.

We now give a reformulation of the prime number theorem using a
weight function, which turns out to be much more natural than simply
counting the primes for reasons we will see later.

The weight function in question is the von Mangoldt function. It is
defined by

logp if n = pF, p a prime;
A(n) = .
0 otherwise.
One should think of A as being roughly a function that assigns weight
log p to the prime p; the contribution of the genuine prime powers p*,
k > 2, is negligible.
We define

P(X) =) An). (1.3)

Proposition 1.4. The prime number theorem is equivalent to the state-
ment that (X)) ~ X, that is to say that the average value of A(n) over
n < X is asymptotically 1.

Proof. Write

a(X) = )

= X M) = U)X

Thus the task is to show that a(X) — 1 if and only if b(X) — 1.

We first obtain an upper bound for b(X) in terms of a(X). For a
given prime p, the maximum k for which p* < X is k = |log X/ logp|.
The contribution of this prime p to ¥(X), Zk;pkgx log p, is therefore

at most
log X
logpt 08 J < log X.
log p
Only those primes p with p < X contribute at all, and so we have the
inequality
P(X) < m(X)log X,
and thus

b(X) < a(X). (1.4)
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Now we obtain a bound in the other direction. Assume throughout

this argument that X is sufficiently large. Now

a(X) = H(X) < 5 S (og X ~logp), (15)

p<X

the contribution of the proper prime powers p*, k > 2, to —b(X) being
negative. We split the sum over p into two ranges p < X (log X)~2 and
X(log X)™? < p < X (there is a certain amount of flexibility in these
choices). We bound the contribution from the first range using a trivial

bound and then the lower bound in Theorem 1.2, obtaining

1
e Z (log X —logp) <

p<X (log X) 2

1 1
< a
log X =~ cplogX

(X).  (16)

On the second range, we have

log X —logp < log ((log X)?) < 2loglog X.

Thus
1
e (log X — log p)
X (log X)—2<p<X
2loglog X
< R H{p X (log X) 7 < p < X}
2loglog X
< ———a(X).
log X a(X)

Combining this with (1.5) and (1.6) gives

1 2loglog X
c1log X log X

a(X) = b(x) < ( )alX) = o(1)- a(X),
which with (1.4) gives the result. O

To conclude this chapter, we record an immediate consequence of
(1.4) and Theorem 1.2:

Proposition 1.5. We have the bound

> An) = O(X).

n<X
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2. ARITHMETIC FUNCTIONS

An arithmetic function is simply a function f from N to C. The
most important arithmetic function in this course is the von Mangoldt
function A, introduced in the last chapter. However, this is far from the
only interesting arithmetic function. Here are some other commonly

occurring arithmetic functions:

e The d-function, defined by §(1) = 1 and 6(n) = 0 for all n > 1;

e The constant function 1;

e The Mobius function p is defined by u(n) = (=1)F if n =
p1 -+ py for distinet primes py, ..., pg, and p(n) = 0 otherwise;

e Euler’s ¢-function ¢(n) is defined to be the number of integers
xr < n which are coprime to n, which is the same thing as
the order of the multiplicative group (Z/nZ)*, the group of
invertible elements in Z/nZ;

e The divisor function 7(n) (sometimes written d(n)) is defined
to be the number of positive integer divisors of n, including 1
and n itself;

e The sum-of-divisors function o(n) is defined to be }_,  d.

Dirichlet convolution. If f,g : N — C are two arithmetic functions

then we define

frgln) =2 f(d)gn/d) =" fa)g(b).

dln ab=n

This operation is commutative and associative, and has the J-function
as an identity.

Multiplicativity. We say that an arithmetic function f is multiplica-
tive if f(1) = 1 and f(mn) = f(m)f(n) whenever m,n are coprime.
Note we do not require f(mn) = f(m)f(n) for all m,n. For example,
the Mobius function p is multiplicative, as may be checked immediately

from the definition.

2.1. Mobius inversion. Some of the material of this section is not
really necessary for the main development of the course, and in partic-
ular for proving the prime number theorem. However, it helps us place

A in a more general context.
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Proposition 2.1 (Mé&bius inversion). Let f, g : N — C be two arith-
metic functions. Then g = f =1 if and only if f = g* p.

Proof. Note that px1 = ¢, where 6(n) = 1 if n = 1 and 0 otherwise.
This is a routine check: if n = p* ... py* with & > 1 (and the p; primes)
then

doud)y= > i p)

dln €.€{0,1}

= > i) up) =011 (1-1) =0

€,€{0,1}
Here we used the multiplicativity of u. Now if g = f x 1 then,
grp=(frxl)xp=fx1xp)=fxd=f.

Conversely if f = g x p then similarly

frl=(gxp)xl=gx(uxl)=g*d=g.
This concludes the proof. O

This leads to an important link between the von Mangoldt function

and the Mobius function.

Lemma 2.2. We have A = pxlog, that is to say

Zu )log(n/d).

Proof. Considering the prime factorization of n, we see that

Ax1(n Z A(d) = logn.
dln
Indeed, the only divisors of n which make a nontrivial contribution are
the prime powers, and each contributes log p for a total contribution of
klog p where p* is the exact power of p dividing n.

The result then follows from Mobius inversion. O

3. INTRODUCING THE RIEMANN ( FUNCTION

3.1. Dirichlet series. An important tool for working with arithmetic
functions — particularly when they arise from considerations that are

somehow multiplicative — is that of Dirichlet series.
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Let f: N — C be an arithmetic function. Then the Dirichlet series

of fis
=> fln)n~

In other words,

N
Dy¢(s) == ]\}1_I>r(1)oD )(s) where D}(cN)(S) = Zf(n)n_s
n=1

At the moment this limit might not exist for any s, for example if f
grows extremely quickly. In practice, f will have reasonable growth.
Commonly, for example, |f(n)| = O.(n°) for all ¢ > 0. This is the
case when f is the constant function 1, the Mobius function p, the von
Mangoldt function A, or the divisor function 7 (by contrast to the first
three, this last one takes a little extra work and is on Exercise Sheet

1). In this case we have the following:

Proposition 3.1. Suppose that f : N — C has |f(n)| = O.(n°) for
alle > 0. Then D¢(s) is holomorphic whenever Res > 1, and

)1
D (s) Z —og whenever Res > 1. (3.1)
n=1

Proof. Suppose that Res > 1 and take ¢ = (Res — 1). We have that

i fn)yn~ i %—@:@(i nlﬂg):os(%).

n=N+1 n=N+1 n=N+1

It follows that Dy(s) converges absolutely for Res > 1.
Write g(n) := —f(n)logn so that g(n) = O.(n®) for all € > 0, and
hence D,(s) exists for Res > 1. Recall from Lemma A.2 that

1
In™" — 1+ hlogn| < §|h|2(logn)2 max{1,n~ %"} for h € C,n € N.
Suppose that Res > 1 and |h| < $(Res — 1). Then

DM (s +h) - D;N>(s) — hDM(s)

Reh}

f(n)|(logn)? max{1,n~

nRe s
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Let ¢ = 1(Res — 1), so that f(n) = O4(nf), (logn)? = Oy(n), and
max{1,n~ "} = O,(n®). Hence the right hand side above is

O, <|h|22n‘1_5> = O,(|h)?).

Taking the limit as N — oo on the left gives us
[ Dg(s +h) = Dg(s) — hDy(s)| = Os(|R[*),

and then dividing by h and letting h — 0 we have that D(s) is complex
differentiable at s with derivative Dy(s) for Res > 1. Since Res > 1

is an open set, Dy is holomorphic there. U

3.2. The ¢ function. Perhaps the most basic arithmetic function is
the constant function f = 1. The Dirichlet series of this function is

called the Riemann (-function and denoted

((s) = Zn’s.

As just noted, the series converges and defines a holomorphic function
in the domain Res > 1.

Informally unique factorization into primes convinces us of the iden-

tity

1 1 1 1 1 1
G8) = L ot = (1+§+ﬁ+...><1+§+@+...> o
where there is one product for each prime p = 2,3,5,.... Summing

each of the geometric series suggests then that

C(s)=[Ja—»)" (3.2)

P
This is called the Fuler product for ¢ and is valid for Res > 1. Let
us pause to justify this formally. Let s, Res > 1, be fixed. Suppose
Res = 1+ 6. Fix an N, and suppose that m > log, N. Then the
product

P(m,N) = H (Zp_js>
p<N  j=0
may be expanded, and it equals 1 +27° 4+ --- + N~° plus a number of
further, distinct, terms n=* with n > N. Thus

o0

|P(m,N) = ((s)| < D [n* | <N

n=N-+1
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uniformly in m. Letting m — oo, we thus obtain
‘H 1—p %) ' =((s)| <« N°.

Finally, letting N — 0o, we confirm the equality (3.2).

An amusing consequence of the above is yet another proof (our third)
that there are infinitely many primes. Suppose not and the primes are
P1,- .., Pk Then by (3.2)

k k

1+€ H (1+s % H(l_p;l)fl

i=1 i=1
as ¢ — 0. However this is not the case, since

=) =Y

C(1+¢) Zn 1+8)>e_1z:n — 00

as e — 0.

It turns out that the Dirichlet series of many of the basic arithmetic
functions can be expressed in terms of (. In the following proposition
we detail the most basic such relations; others may be found on the
Exercise Sheet 2.

Proposition 3.2. Suppose that f, g are arithmetic functions such that
|f(n)] = n°D and |g(n)] =n°Y, and s € C has Res > 1. Then

(i) |f % g(n)| = n°D and Dy(s)Dy(s) = Dyug(s);
(i) Du(s) = 1/C(s);
(iii) Da(s) = —¢'(s)/¢(s).

Proof. For (i), we have

[fxg(m)] < Y 1f(@llg(n/d)] < [r(n) |V = no®,
din
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where we use the divisor bound 7(n) = n°") on Exercise Sheet 1. Hence

Dy, 4 exists. Moreover,

: f(@)g(b)
D7) = DY DM =] > S
ab<N? and

(a>N or b>N)

| £(
Z aReS D|g (Res)

a>N

—|—D| fl Res Z |bRes .

b>N
Now Dy(s) and D,(s) converge absolutely hence this last expression
tends to 0, but D}Jj;)(s) converges to Dy,4(s), and D;N)(s) and DéN)(s)
converge to D(s) and D,(s) respectively. The identity is proved.
For (ii) we use pu*1 = §. Note that D;(s) = ((s) and Ds(s) = 1. By
(i), it follows that D,(s)((s) = 1, which is the stated result.

For (iii), by (3.1) we have ('(s) = —)_ logn -n~*%, that is to say
Diog(s) = —('(s). Since A x 1 = log, we have DyD; = Dy, and the
result follows. U

Corollary 3.3. We have ((s) # 0 when Res > 1.
Proof. This follows immediately from Proposition 3.2 (ii). 0

3.3. Looking forward. One of the central results of the course is the
fact that ¢, though it is currently defined only for Res > 1, extends
to a meromorphic function on the complex plane, holomorphic except
for a simple pole at s = 1. The function (s — 1)((s) is then entire. It
has zeros p, and we shall show that they are of two types: the trivial
zeros —2,—4,—6, ... and the nontrivial zeros, which all lie in the region
0 < Res < 1. To understand ¢ in terms of its zeros, it is natural (by
analogy with polynomials) to ask to what extent (s—1)((s) is related to
IT ,(s—p), or even if we can make sense of the latter quantity. Though
this is not quite possible, something like this can be made to work.
Here, then, is a summary of the main facts about ( we will establish

in this course that will be important for the later theory.

Theorem 3.4. The Riemann (-function extends to a meromorphic

function, holomorphic except for a simple pole at s = 1. It has trivial
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zeros at s = —2,—4,—6,..., all simple, and nontrivial zeros in the
critical strip 0 < Res < 1. Finally, there are constants A and B such

that we have the Weierstrass product expansion
(s = 1)¢(s) = e BT (1 - 2)erle,
P
)

where the product is over all zeros of (.

The product expansion will be established in Theorem 6.2, and the
remainder of the theorem shown in Corollary 5.5.

At least one of the facts used in the proof of this theorem — the
functional equation (Theorem 5.4) — is of great importance in its own
right.

We will not actually show in the main part of the course that there
are any nontrivial zeros, but the existence of at least one is shown on
Exercise Sheet 4. In fact, sharp asymptotics are known for the number

of such zeros with imaginary part < 7; see for instance Davenport’s

book.

3.4. Meromorphic continuation to Res > 0. To conclude this in-
troductory discussion of the (-function, we give a useful alternative

expression.

Proposition 3.5. For Res > 1 we have

o)== [ ekt
where {z} = x — |z].
Proof.
((s) = Zn’s = Zn(n’s —(n+1)7%)
n=1 n=1
o0 n+1
=5y n L
ny
= ooLa:Jx_s Ldw
1
= Oo{a;}a: g
1 1
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The integral on the right is defined whenever Re s > 0 and one can
use it to show ((s) has a meromorphic continuation to Re s > 0 which

is holomorphic apart from a simple pole at s = 1.

4. SOME FOURIER ANALYSIS

A key role will be played in the rest of the course by Fourier analysis.
We take the time to develop the parts of the subject that we need in
this chapter.

4.1. Introduction. Many students will have met both the Fourier
transform and “Fourier series” at undergraduate level. It turns out
that these are just two instances of the same concept, that of a Fourier
transform on a locally compact abelian group (LCAG). We will not go
into any details of the theory in this generality — in fact there is not
even any need to define a LCAG. The reader may, however, benefit
from seeing the unified context at least in vague outline.

If G is a LCAG then we associate to G its dual @, which consists
of all continuous homomorphisms (characters) from G to S', the unit
circle {z € C : |z| = 1}. It is easy to see that G is a group under
pointwise multiplication.

It turns out that every LCAG G has an essentially unique Haar
measure fi that is invariant under translation by G. Then for f :
G — C a pug-integrable function and v € G the Fourier transform f(v)
is defined to be

) = /G @)@ dua(a) = (7).

We will not need the general theory here, and instead illustrate with

examples:

Ezample (G = R). It turns out that all characters have the form x +—
e’® for ¢ € R. Thus R= R, that is R is self-dual. Haar measure can
be taken to be the usual Lebesgue measure. If f : R — C is integrable

then we define

f(f) = /Oo f(z)e ™ dz. (4.1)

Strictly speaking, R is not equal to R, it is homeomorphically iso-
morphic to R. A similar abuse appears in all the remaining examples

too.
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Ezample (G = Z). It turns out that all characters have the form n
2" where § € R/Z. Thus Z = R/Z. Haar measure can be taken
to be counting measure. If f : Z — C is integrable, which here just
means Y . |f(n)| < oo, then we define
Fl6) = 3 rme.
neZz
Ezample (G = R/Z: “Fourier series”). Here all the characters have
the form 0 — > where n € Z. Thus R/Z = Z. Haar measure
can be taken to be Lebesgue measure on the circle. If f: R/Z — C is

integrable we define
f(n) = / f(8)e= 2 dg.
0
The last two groups, Z and R/Z, are an example of a dual pair.

Ezample (G = Z/NZ: Discrete Fourier transform). Here all characters
have the form z — 2™/~ where r € Z/NZ (thus G = G). Haar
measure can be taken to be the uniform probability measure on GG, and
in this finite setting every f : Z/NZ — C is integrable, and we define

Fir) =5 30 flaje e,

z€Z/NZ

Conventionally, in analytic number theory one writes e(t) := e*m

for t € R; this makes the notation of these last three examples cleaner.

Ezxample (G = RZ,: Mellin transform, special case). In fact, G is home-
omorphically isomorphic to R via the map x — logx. The characters
are x — 2 for £ € R. Here the Haar measure may be taken to be %

where dx is Lebesgue measure. For f integrable we define
~ > e dx
for = [ st
0 x
The Mellin transform will be defined later in Definition 4.15.

Much of the theory of Fourier analysis is concerned with such ques-
tions as when one can prove an inversion formula and what the decay
of Fourier coefficients tells us about the smoothness of a function. This
is a fascinating theory. However, for much of analytic number theory

the deeper parts of this theory can be avoided.
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In this course we will work with particularly nice classes of functions
called Schwartz functions, where most of the analytic issues can be

avoided and Fourier analysis takes on an almost “algebraic” flavour.

4.2. Fourier analysis of Schwartz functions on R. In this section,
and for the rest of the course, we use the symbol 0 for the differentiation
operator. We also use the notation | f||y := [ |f(z)| dz.

The Fourier transform of a smooth, that is infinitely differentiable,
function decays rapidly. This fundamental fact will be used repeatedly

in this course.

Lemma 4.1. Suppose that g : R — C is a smooth function, all of
whose derivatives lie in Ly(R) (that is, are integrable) and decay at
infinity, meaning for all m, 0mg(x) — 0 as || — oo. Then for any
m >0 (and £ #0) we have the decay estimate

g < Il 10™glh-

Remark. In particular, if g is regarded as fixed then we have [§(£)] <,

€]~ for all m.

Proof. Recall the definition of the Fourier transform, that is to say

3(6) = / " g()e e dr.

—00

Repeated integration by parts gives
-~ I OO m —i€x
7©9=(-=) [ o"g@edr.
i€/ )
The result then follows immediately from the triangle inequality. [

We now introduce the notion of a Schwartz function, which is a

smooth function, all of whose derivatives decay rapidly at infinity.

Definition 4.2. Suppose that f is smooth. We say that f belongs to
Schwartz space S(R) if

lim |z["0™f(x) =0

|z|—o00

for all integers m,n > 0.

In particular, since 0™ f(x) < |x|~2 for large x, every derivative of a
Schwartz function f lies in L;(R) and hence has a well-defined Fourier

transform.
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One of the main reasons for introducing this definition is that the

Fourier transform maps Schwartz functions to Schwartz functions.
Lemma 4.3. Suppose that f € S(R). Then fe S(R).

Proof. Note first of all that if f € S(R) then, for any fixed n € Z-,,
2"f € S(R) as well. Indeed, by the general general Leibniz rule
O™ (z"f) is a sum of O,,(1) terms of the form z*¥97f, and every such
term decays quicker than any power of z.

Now for § € R we have [e™® — 1 + i9| < 16? (Lemma A.2), and so

F(&+h) — (&) +ih(xf)" /|f )| |k |? da.

Since z2f € S(R) C Li(R), and the integral on the right is O ;(h?).
Hence as h — 0 we have 8f(§) = —i(zf)"(&). Inductively this gives

0" (&) = (=i)" (" ))(©).
Since a™ f is a Schwartz function, all of its derivatives lie in L;(R). It

follows from Lemma 4.1 that 8"]?(§) decays quicker than any polyno-
mial, and hence fAG S(R). O

The Fourier transform also has a certain useful duality:

Lemma 4.4. Suppose that f,g € L1(R). Then

/Rf(f) ) de = /f

Proof. The function (z,£) — f(£)g(z)e %" is integrable on R x R, and
so by Fubini’s theorem (Theorem A.4),

/Rf(g) )de — /f / 78 4 de
_ /R /R F(€)g(x)e™ drdg
= [ | 1©s@e e ac s
-/ ( /| f(f)e@fxds) sle)do = [ Flalgle)do

as required. Il

We will need an explicit form for the Fourier transform of Gaussian

functions. This is also used, in its own right, in the proof of Lemma 5.7.


https://en.wikipedia.org/wiki/General_Leibniz_rule
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Lemma 4.5. Suppose that t € R.q, and set f(x) = et Then
fl&) = Jeerm.

Proof. The general case follows from the case ¢ = 1 by change of vari-
ables. Suppose, then, that f(z) = ™. Observe that

O B T RCL
- 1

o0

where I'; is the line contour running from —oo+i& /27 to co+i&/2w. To
evaluate this contour integral, integrate f (which is clearly defined on
all of C) around the box defined by contours I'y p = [R + i£/2m, —R +
i&)2r), Top = [-R+1i&/2n,—R], I'sgp = [-R,R] and 'y g = [R, R +
i&/2x]. Clearly sz,R f(2)dz and fF4,R f(z)dz both tend to 0 as R —

00, and so by Cauchy’s integral theorem

R—oo Tir R—o0 oo

f(z)dz = — lim (z)dz = lim (2)dz = / e ™ da.
Iy I's,r

This last integral is well known to be exactly 1. This concludes the
proof of the lemma. O
Let € > 0. Taking ¢ = €2/4x? in the preceding lemma we see that if

1 — a2 /e?

ge(x) == —e
then g.(u) = ggg(u), where

1 —x2e2 /4n
x) = —e .
¢(z) 2
We are now in a position to prove one of the key results concerning

Fourier analysis on R, the Fourier inversion formula:

Proposition 4.6. Suppose that f € S(R). Then
1 [ <~
== e
fla) =5 [ Fleeag

Proof. First note that it suffices to prove the result when z = 0, since
if f is Schwartz then so is the “translate” function g defined by g(t) =
f(t + x). One may check that g(§) = e”ﬁf(f), and so applying the
inversion formula at 0 to g yields

f@) =90 = 5= [ s = o [ Foeae

:% N


https://en.wikipedia.org/wiki/Cauchy%27s_integral_theorem
https://en.wikipedia.org/wiki/Gaussian_integral
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Whilst not a crucial step, this simplification affords some notational
simplicity.

Using Lemma 4.4 we obtain

| twgan= [ = o= [ Fige e

Since |f(€)e=€</47| < |f(€)| and ||f]|1 is bounded since f € S(R),
we may apply the dominated convergence theorem (Theorem A.3) and

take limits as ¢ — 0, giving

o | Foeeimaes o [ fe

It suffices, then, to show that

—lg%/ f(u)ge(u

This is a reflection of the fact that g. is a spike around 0 with integral

1. In detail, since f (z)dx = 1, it suffices to show that
tim [ (F() = F(0))ge() du =0,

Divide the integral into the two ranges |u| < /¢ and |u| > /. The
integral over the first range is bounded by

sup_|f(u) = f(0)].
Jul<VE

The integral over the second is at most

20fle [ glwdu
>/

Note that

/ ge(z) dx = / e ™ du,
z2\/e z>1/V/e

which clearly tends to 0 as ¢ — 0. Putting these two facts together we

obtain

[ - 10w du] < sup 170) = £0)] + 017 c)

lul<vE

Since f is continuous at 0, this indeed tends to zero as ¢ — 0. U
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Remarks. The proof above works equally well for all f with f € L;(R)N
C(R) and fe Li(R).

It is possible to axiomatize the properties of the system (g.) that
made this work, obtaining the notion of a sequence of “approximations
to the identity”. We shall not do so here.

A consequence of this and Lemma 4.4 is Plancherel’s formula:

Proposition 4.7. Suppose that f € S(R). Then

I FM——/ )P de

Proof. Take g := ?in Lemma 4.4, we get

| twawae= [~ Fesoan= [ ifor

Meanwhile L
0) = [ Flee = ae = 207(a)

by the inversion formula. The result follows. O

4.3. Fourier analysis on Z and R/Z. In the proof of the functional
equation for ¢ we will make use of some Fourier analysis on the group
Z and its dual R/Z. We will only develop this theory for sufficiently
smooth “Schwartz” functions, and it parallels the theory over R — just
discussed very closely. This is an illustration of the fact that the natural

place for harmonic analysis is on a general LCAG.

Definition 4.8. We define S(R/Z) to be the space of smooth func-
tions on R/Z. For the avoidance of doubt this exactly means that
f€S(R/Z) if and only if f: R — C;0 — f(6 + Z) is infinitely differ-
entiable. For S(R/Z) there is no “decay at infinity” condition because
the group is compact.

We define S(Z) to be the space of functions f : Z — C with the
property that lim, e [n|¥|f(n)| = 0 for all k. For S(Z) there is no

“smoothness” condition for the group since it is discrete.

Recall the definition of the Fourier transform on R/Z:

= / 1 F(0)e™>™0 dp (4.3)
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for n € Z. Recall also the definition of the Fourier transform on Z:
=" f(n)e 2 (4.4)
nez

for 6 € R/Z. Although we are using the hat symbol in two rather
different contexts at once, these can be distinguished by looking at the

group upon which the function under consideration is defined.

Lemma 4.9. If f € S(R/Z) then | € S(Z). If f € S(Z) then f €
S(R/Z).

Proof. For the first statement

! 1
= / F(0)e2™m0 49 = (—27Tin)—(k+1)/ OEFLF(@)e 20 g,
0 0

Thus we have
Iy 1 ! k+1 1
" f(n)| < = [ |07 f(0)]dO < —,
n Jo n

so indeed limy,|— o0 nkf(n) =0.
For the second, recall that for # € R we have [e™ — 1 4 0| < 362
(Lemma A.2). Hence, if f € S(Z) we have nf(n),n*f(n) € S(Z) and

SO

70+ h) — F(0) + 2mih(nf)" ‘ Z47r2h2 2 £(n)] = O;(h?).
nez
Taking limits as h — 0 we have that fA is differentiable and Of =
—2mi(nf)". Now we show by induction that every f € S(Z) is r-times
differentiable for every r € Z-,. The base case is vacuous and then
the preceding showed the inductive step since nf € S(Z). The result
is proved. Il

This time the dominated convergence theorem (Theorem A.3) allows
one to conclude the following analogue of Lemma 4.4 by interchanging

the order of integration and summation.
Lemma 4.10. Suppose that f € S(R/Z) and g € S(Z). Then

/f

nEZ
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Now it is time to prove the inversion formula. In this setting, with
two different groups Z and R/Z, there are two different inversion for-

mulae. One is almost trivial:

Proposition 4.11. Suppose that f € S(Z). Then

f(n) = / F(0)exin qg.

o~

Proof. Substitute in the definition of f(6) and swap the order of sum-

mation and integration. Then use the fact that

1
/ 627rim9 do =0
0

when m € Z \ {0}. O

The other inversion formula is less trivial (it is also the one that
we need in establishing the Poisson summation formula). It is proved
using a type of “approximation to the identity” rather analogous to

the use of Gaussians in the proof of Proposition 4.6.
Proposition 4.12. Suppose that f € S(R/Z). Then
f(a) = 3 Fnpetmine,
neZz

Proof. We will use Lemma 4.10 and will deal with the case a = 0 for
notational simplicity (the general case may, as before, be deduced from
this rather easily). Define, for N € N,

gn(n) = (1 - |£N’)1n|<N-

By direct computation one may see that

1|1 —e2m0N | gin?(70N)
gn(0) = — —| = :
240 N' 1 — 20 N sin?(7f)
Write ,
sin“(m6N)
Kny(0) = ——+.
w () N sin?(76)

This is called the Fejér kernel.

From Lemma 4.10 we know that

S Fmgw(n) = [ f@)Kn(6) 0.

nez

VI



24 TOM SANDERS

(Later on, it is notationally convenient to take the range of integration
over [—3, 1]; since the integrand has period 1, this is permissible.) It

is quite easy to see that
I
Jim Y Flngw(n) = fln
nez nez
It remains, then, to show that

lim [ f(O)Kn(8)d8 = f(0). (4.5)

N—oo |

[T

Since for large N the mass of Ky () is concentrated near § ~ 0, this
is intuitively reasonable in the same way the analogous statement was
in the proof of Proposition 4.6. The details are remarkably similar as
well, and depend on the following properties of the Fejér kernel, which
again constitute a notion of “approximation to the identity”:

() Kn(6) >0

(i) [, Kn(6) 49 =1

2

(i) [1s g5 Kn(0) dO < 5.

To prove (ii), one would do best to recall the definition of Ky(0) as

gn(0), rather than attempt to integrate the closed form of Ky directly.
Indeed,

de — / ZQN —27rin6' dé
2
_ ZgN / —2mind d6 = gN(O) 1.

To prove (iii) we use the fact that |sint| > 2|t|/m for |t] < 7/2.

Indeed we have

Kn(0)do < —/ do <<
[>9|>5 012

Returning to the proof of (4.5), observe that from (ii) we have

l\.‘:\»—‘

*FO)Kx(8)d0 — 1(0) = / (F(6) — F(0)) K (6) .

_1 1
2 2

N|=

Spht the range of integration into two ranges, |6| < ¢ and § < |6] <

2, where we will specify 0 later. The integral over the first range is
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bounded by

sup | f(0) — f(0)| \KN )| 6
0]<5

which, by (i) and (ii), is at most
sup [ f(0) — f(0)]. (4.6)

10]<6

I\J\H

The integral over the second range is bounded by
2Afll [ 1K) 00
5<lol<t

which, by (iii), is at most
1
< flloo 75+
Taking N = [1/6%] (say) and letting & — 0, we see that both (4.6)
(since f is continuous at 0) and (4.7) tend to 0. This concludes the
proof of Proposition 4.12. O

(4.7)

We conclude this section by stating, as a corollary, the only result
concerning Fourier series that is actually needed in the course (in the
proof of the Poisson summation formula). This is usually called the

uniqueness principle for Fourier coefficients.

Corollary 4.13. Suppose that f1, fo € S(R/Z) are two functions with
the property that fl( ) = f2( ) for alln € Z. Then f; = fy identically.

Proof. This is immediate from Proposition 4.12. O

4.4. The Poisson summation formula. An important ingredient in
the proof of the functional equation for the (-function is a version of

the Poisson summation formula, which is the following statement.

Lemma 4.14. Suppose that f € S(R). Then

S ) =3 F(emn).

neZ neZ

Proof. Consider two functions F, G : R/Z — C, defined by

_ Z fA(27Tn>€27rm9

neZ

=> fO+k).

keZ

and
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We shall show F' and G are well-defined and lie in S(R/Z). In the first
case, because f € S(R) we have fE S(R), and so a fortiori for every

~

k>0, |n|*f(2rn) — 0 as |n| — oo. It follows that g : Z — C;n
]?(27m) has g € S(Z), but then F(0) = g(—6) and so F' € S(R/Z).
The function G is a little different. By Taylor’s theorem for every

0,h € R we have

76+ h) — £(60) — hF(8)] < 5h* sup {12 F(€)] - |€ — 0] < [I].

Note that we use the integral form of the remainder and estimate
that. The Lagrange form of the remainder does not in general hold
for complex-valued functions. The fact that f € S(R) means that the
sum in G converges absolutely, and also df € S(R) so

H(0):=Y 0f(0+k)

keZ

also converges absolutely. Hence for |h| < 1 we have

|G(6+h) — G(0) — hH(6)]
<Y |f(O+h+k) = f(0+Fk) —hof(0+ k)

keZ

1 2 2 .
< Gh? Y sup{|0°f(x)] < o] > |0 + k| — 1},

keZ

Since 9°f € S(R) we also have |9%f(z)| = O((1 + |z|)™?), and hence
this last term is Op(|h|?). Dividing by h and taking limits we get that
G is differentiable and G = H. Since H has the same form as G we
can repeat this process and by induction we conclude that G is smooth.

We now compute the Fourier coefficients of F' and G, the aim being
to show that these are equal. On the one hand we have, for m € Z, by

the dominated convergence theorem (Theorem A.3) that

ﬁ(m) = /01 <Z f(?wn)e%iM) e~ 2mmo 49

neZ

= Z f(2mn) /1 e2min=mP 49 — F(27m).
0

neZ


https://en.wikipedia.org/wiki/Taylor%27s_theorem
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On the other hand, again by dominated convergence theorem (Theo-

rem A.3), we have

/ (Zf 6+k) e=2mim0 g

keZ
/ <Zf‘9+k) —2mim(0+k) de
keZ
k+1 N
= Z f(z)e ™™ dx = f(27m).
kez /K

Hence ﬁ(m) = CAJ(m) for all m € Z, which by Corollary 4.13 implies
that I’ = G identically. In particular F'(0) = G(0), which is exactly

the Poisson summation formula. O

4.5. The Mellin transform. The Fourier transform deals with uni-
tary characters — that is continuous homomorphisms into S'. This
leads to excellent unitary results such as Plancherel’s formula above.
It will also be useful for us to deal with slightly more general continuous
homomorphism into C*, where the corresponding transform is called
the Mellin transform:

Definition 4.15. Suppose that W : R~g — C has

/ |W(x)|z" dz < oo for all t € R.. (4.8)
0

Then for any complex number s we define the Mellin transform W by

= /000 W(x)x de

The condition (4.8) ensures that W (s) is defined for all s € C. More-

over, we have the following:

Proposition 4.16. Suppose that W : Ryo — C satisfies (4.8). Then
W (s) is entire.

Proof. Note that

W(s+h)— /W mlogxd—

—\h\2/0 W ()% (log 2)? maX{l,xReh}%. (4.9)
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Now (logz)* < z + 27! and so, if [h] < 1 we have
xRes(logx)Z max{l,az‘Reh} < x|Res|+2 + xf\Res|72.

It follows from (4.8) that the right hand side of (4.9) is O,(|h|?) and
hence W is complex differentiable at s. Since s was arbitrary, W is

holomorphic as claimed. Il

Note that if W : R~y — C is smooth and compactly supported then
certainly it satisfies (4.8), and for these functions we have the Mellin

inversion formula:

Proposition 4.17. Let W : Ryy — C be a smooth function with

compact support. Then for any o € R we have the Mellin inversion

formula
| [otic
Wi(x) = 50 /Uioo W(s)z™*ds.
Proof. Note that
W (o + it) = wexp®(—t), (4.10)

% The function wexp? is

where w(u) := W(e*) and exp”(u) = e
compactly supported, since W is compactly supported and u +— e is
a homeomorphism. It is also smooth since W is smooth, u — e* is
smooth, and exp? is smooth. In particular it is in S(R) and hence we

may apply the Fourier inversion formula (Proposition 4.6) to get
1 [ — , 1 [ . ,
wu) =¢e 7"— wexp? (—t)e M dt = e — W(s)e " dt

which is equivalent to the stated formula if one substitutes u = logx

and writes s = o + t. O

It is not obvious that there are any smooth functions with compact
support that are not identically zero. It turns out that there are as we
show in Appendix B. We will revisit this discussion when we develop

the explicit formula (Section 7).

5. THE MEROMORPHIC CONTINUATION AND FUNCTIONAL
EQUATION

Entire functions can be thought of as a generalisation of polynomials.
For polynomials there is a useful fact that every polynomial p can

be written in the form p(z) = ag(z — p1)--- (2 — pn) for some zeros
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P, - -, Pn. This is the fact that C is algebraically closed. We also have
a converse: given zeros py, .. ., p, € C the function ag(z—p1) - - - (z—pp)
is a polynomial with exactly those zeros.

For entire functions the situation is more complicated: First we must
have some constraint on the zeros since we know by the identity theo-
rem if they have a limit point then the function will be identically zero.
Secondly, the obvious analogue taking an infinite product above does
not in general converge. The next proposition remedies the situation

for some sets of zeros using what are called Weierstrass products.

Proposition 5.1. Suppose that pi,ps,... is a Sequence of non-zero

complex numbers with Y o~ | |pn| ™2 < 00. Then the function

ad z
1 — — z/pn
1L=00

15 well-defined, entire, and has zeros in the right places with the right
multiplicities, meaning that z € C is a zero with multiplicity m(z) =

#{j : p; = 2z} where m(z) =0 means z is not a zero.

Proof. Let K := > | |pa|™? < 0o, and write Ry for the tail Ry :=
>0 v |pn] 72 so that by hypothesis Ry-— 0. Write

N
2
1— =) e#Prand Ex(z) = (1——> e*/Pn
O e (o
First note that |(1 = z)e?| < ez*” for all z € C, hence

B (2)] < b (5.1)

We also have |(1 — z)e* — 1| < |z|? whenever |z| < 1. Since R,, — 0
we have p, — oo, and so may take M large enough that |z| < |pu|
for all n > M. Hence by Lemma A.1, for N > M we have

N
I1 (1—i> e*lPn — 1

n=M+1 Pn
It follows that

2
< efarnll® _

|En(2) — Em(2)] < (eRM+1’Z| _ 1>€2K\z|2

and by continuity of the exponential function, the first factor on
the right tends to 0 as M — oo. We conclude that the sequence
Ei(2), Es(2), ... is Cauchy and so converges pointwise for all z € C.
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The function Fy is entire and so by Taylor’s theorem
1
Ex(z + h) = Ex(2) + hE\(2) + h2/ (L=B)EL (= + th) dt. (5.2)
0
By Cauchy’s integral formula
1 . .
EN(z +th) = 2/ En(z + th + e*™)e=1m0 49,
0

Inserting this into (5.2) and using (5.1) we get
En(z+ h) — En(2)

h
Suppose that h; — 0 with h; # 0. Then, for j, k£ large enough that

|hjl, |hi] < 1 we have

EN(Z -+ h]) — EN(Z) _ EN<Z -+ hk) — EN(Z)

h; hy
< (Ihs] + [y ed ED”,

— By (2)| < |BfesEaAIHE?,

Letting N — oo we conclude that %(E(z +h;) — E(z)) is Cauchy.
Hence it converges to a limit (necessarily the same for every such
sequence by interlacing), and ¥ is complex differentiable at z. Since
z was arbitrary, E is holomorphic.

It remains to check that F has the right zeros. It is enough to show
that

[e.9]

T(z) =[] (1= 2/pn)eer
n=N
is nonzero at z once N is sufficiently large. Concretely, since |p,,| — oo
we may let N be sufficiently large that |p,| > 2|z| for alln > N. Then
|(1 = 2/pp)e”/Pr| = e~l#Blenl™ (since |2/pn| < 5). Hence [Tx(z)] >
e~ 1?’K > 0. The result is proved. O

We shall find it helpful to also use some different notation: If €2 is a
countable multiset, not containing 0, and such that - ¢ [p|™* < oo,

then the preceding proposition tells us the function

Eq(z) == H (1- E)ez/”

pEQ P

is well-defined, entire, and has zeros with the correct multiplicities and

nowhere else. The sum and product over () are taken with multiplicity.

5.1. The I'-function.


https://en.wikipedia.org/wiki/Taylor%27s_theorem
https://en.wikipedia.org/wiki/Cauchy's_integral_formula
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Definition 5.2. Define the I'-function by
[(z) = / el de (5.3)
0

for Rez > 0. Observe that if Rez > 0 then, since [t*7} = tR¢*~1 the

integral converges.

Proposition 5.3 (Basic facts about I').
(1) T'(z), as defined by (5.3), is holomorphic in Rez > 0.

(i1) T'(z) extends to a meromorphic function on all of C, satisfying

the functional equation 2I'(z) = I'(z + 1). It has simple poles

at z=0,—1,—2,... and no other poles.
(111) Set Q ={—1,-2,-3,...}. Then we have the Weierstrass for-
mula
1 oo
—— = 2" Fq(2) = ze* | [ (1 + z/n)e™*/"
['(z) g
for all complex z, where
: 1 1
v = lim (1+——|—---+——logn) (5.4)
n—00 2 n

is Euler’s constant. In particular, T'(2) is never 0.

no1
7=17]
with the integral fln dz/x. We have v = 0.577.... Euler’s constant ~y

is rather mysterious, and in fact it is not even known to be irrational.

Remark. One can establish that 7 exists by comparing the sum »

Proof. (i) Recall (from Lemma A.2) the inequality
1
it" — 1 — hlogt| < §|h|2(logt)2 max{1, %"}
for h € C and t > 0. Then

I(z+h)—T(z) — h/ et logtdt’
0
1 oo
< §|h|2/ e~ tRe# 1 (log )% max{1, t"°"} dt.
0

If |h| < %Rez then the integral on the right is O,(1) by splitting into
0 <t<land 1l <t < oo. Dividing by h and letting h — 0 we
conclude that I' is differentiable at all z with Re z > 0 and hence I' is

holomorphic in this region.
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(ii) Suppose first that Rez > 0. Integrating by parts we have, pro-
vided Rez > 0,

L(z+1) = [t P+ z/ e f*mtdt
0
= z2I(2).

This relation may be used to extend I' meromorphically to the whole
complex plane. One begins by extending it to the domain Rez > —1
via the formula I'(z) := I'(2 + 1)/z. One can then iterate, extending
in turn to the domains Rez > —n, n = 2,3,.... In the process of
extending to Rez > —1 we introduce a pole at z = 0 (a pole because
['(1) = 1). This propagates along so that we get simple poles at all
negative integers n = —1,—2,... as well. ['(z) is meromorphic, and
the poles just described are the only ones.
(iii) Define the function I' by

1

oo

= = ze* H(l + z/n)e /™, (5.5)
F(Z) n=1
By Proposition 5.1, % is entire and has zeros only at 0,—1,—2,....

Therefore T is meromorphic on C (with poles at 0, -1, —2,...).

Our aim, of course, is to show that I'(z) = I'(z) for all z € C. By
the identity principle and the fact that both I’ and I’ are meromorphic,
it suffices to establish this when Rez > 0.

Consider, for positive integer m and for ¢t € R, the function

fm(t) == (1 —t/m)™ 1 m(2).
Note that f,,(t) < e for all m (since 1 — 2 < e™* when z > 0) and

that lim,, ,o fin(t) = e~ for every ¢. By the dominated convergence
theorem (Theorem A.3) it follows that if Re z > 0 then

o0

lim frn(®)ttdt = / N e 't dt = T(2). (5.6)
0

m— 00 0

We claim that the formula
mAm/|

/0 fm(0)t7" dt = 2(z+1)...(z+m) (5.7)

holds. To see this, first make the substitution ¢ = mu to write the

integral as m*I(m, z), where

I(m, 2) == /01(1 — u)™u* du.
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Integration by parts gives
m
I(m,z)=—I(m—1,24+1).
z

Applying this repeatedly yields

m m—1 1

I - . e 1(0
(m,2) = 2 (0,54 )
and the claim (5.7) follows upon noting that I(0,z + m) = —-.
From (5.5) and some rearrangement we have
/ fm(t)tzfl dt = f\(z)e(fyfl—%f--.fiJrlogm)z H (1 + Z/n)efz/n.
0 n=m+1

Since the infinite product converges for every z, it follows from this
and the definition of v that

Comparing this with (5.6) tells us that indeed I'(z) = ['(z) for Re z >
0. U

Remark. From (ii), we have I'(k + 1) = k! for all positive integers k.

5.2. The functional equation for (. Define the completed (-function
by
=(s) = v(s)((s) for Res > 1, (5.8)

where the gamma factor ~(s) is defined to equal 7=*/2T'(s/2). Our

objective in this section is to prove the following theorem:

Theorem 5.4. The completed (-function = has a unique meromorphic
continuation to C, and its only poles are simple ones at s = 0 and 1.

It satisfies the functional equation
=(s) = Z(1 — s).

The formal proof starts on p. 36.
As a corollary we obtain the first part of Theorem 3.4, the main

result of this chapter about the (-function.

Corollary 5.5. The (-function has a unique meromorphic continua-
tion to all of C extending the identity (5.8). It has a simple pole at
s =1, no other poles, and ((0) # 0. It has zeros at s = —2,—4,—6, . ..
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and no other zeros outside of the critical strip 0 < Res < 1. Fur-

thermore, if p is a zero in the critical strip then so are p, 1 — p, and

1-7.
Proof. We may rewrite (5.8) as
C(s) = n*/*(T'(s/2))"'2(s) for Res > 1.

= has a meromorphic continuation to C by Theorem 5.4, and I' by

s/2 is entire, and hence ((s) has a, necessarily

Proposition 5.3 (ii). =
unique, meromorphic continuation to C.

By Proposition 5.3 (iii) I'(s/2) has no zeros. On the other hand 7%/2
has no poles, so the only possible poles of ( are poles of =Z. The latter
only has simple poles at 0 and 1 by Theorem 5.4, and since I'(s/2) has
a simple pole at 0 but not at 1, and 7%/ has no zeros at all, we see
that ¢ has a simple pole at 1 and ((0) # 0.

From Corollary 3.3 we have ((s) # 0 for Res > 1. It follows that
Z(s) # 0 for Res > 1, since neither I'(s/2) nor 7—*/2 have zeros in
Res > 1. By the functional equation for = we therefore conclude that
Z(s) # 0 for Res < 0. Since 7*/2 also has no zeros in Res < 0, it
follows that ((s) = 0 if and only if s/2 is a pole of I". This exactly
tells us that ¢ has simple (because the poles of I' are simple) zeros at
{—2,—4, ...} and nowhere else in Res < 0. In particular, other than
{—2,—4,...}, all the zeros of ( lie in the critical strip.

By the functional equation for = if p is a zero in the critical strip

then so is 1 — p. Finally, the function ((5) is meromorphic as can be

seen, for example, by expanding ¢ in a Taylor series about any point in

C\ {1}. But for Res > 1, we see that ((5) = ((s) from the Dirichlet

series. Hence by the identity theorem ((s) = ((3) for all s € C\ {1}.

In particular p is a zero of ( if and only if p is a zero of (. O

Definition 5.6. The set of all zeros of { will be denoted by Z. We
further divide this set into the set of trivial zeros Zipy, by which we
mean —2, —4, —6, ..., and nontrivial zeros Zyoxrrv, by which we mean
all the other zeros. By the above corollary every zero in Zyonrriv lies
in the critical strip 0 < Res < 1.

We will often be summing over elements in Z, and we will want to

do so with multiplicity. For this purpose we think of Z as a multiset,
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though it is conjectured that all zeros of ( are simple and hence that

Z is, in fact, a set.

Remarks. With our knowledge at this point, Zyoxrriy could be empty.
In fact it is infinite and one can obtain quite good control on the number
of nontrivial zeros with imaginary part at most 7. We will see this later
in Proposition 6.8.

On the other hand, while we know that Zyoxrriy is discrete (i.e. it
has no accumulation points in C), the only points in the critical strip
we currently know not to be zeros are 0 and 1. One of the main results
of the course — Proposition 8.1 — will be showing that in fact the line

Res =1 (and so also Re s = 0) does not intersect Zyoxrriv-

5.3. Proof of the functional equation. We turn now to the proof
of Theorem 5.4. A key tool here will be the f-function: For z in the
upper half-plane H := {z : Im z > 0} set
0(z) := Ze”"2z.
nez
This is a uniform limit of continuous functions on Imz > ¢ for any
0 > 0, and hence it is continuous. In fact it is holomorphic on the

upper half-plane but we will not need that.
Lemma 5.7. Suppose thatt € R~g. Then 6(it) = \/Lze(z/t)

Proof. Set f(z) = e ™!, and note that f € S(R). In Lemma 4.5 we
computed
~ 1 2
_ —&% /At
= —€ s
f(&) NG
and the lemma now follows by applying the Poisson summation formula
Lemma 4.14. U

This symmetry lets us establish some bounds. First we have
0(it) — 1
2

1
< 1 for ¢t > 0. (5.9)

For t € (0,1] we have 6(i/t) = 1+ O(e~™*) from this, which combined
with Lemma 5.7 gives
‘H(it) -1

5 ' = O(t™/?) whenever t € (0, 1]. (5.10)
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The next lemma relates the (-function to the #-function. It turns
out that the (-function is, roughly speaking, the Mellin transform of 0
(see Definition 4.15 later).

Lemma 5.8. Suppose that Res > 1. Then

=)= [ (M)

Proof. First note that since Re s > 1, the integrand is O(z2(®¢s=D) for
0 <z < 1by (5.10) and O(zR¢*/2¢=™) for x > 1 so that the integrand

is integrable. Now observe that

/ e—ﬂn x 3/2 X — 7TS/27LS/ efuus/2 au = ﬂis/QF(S/2)n7
0 L 0 “

Summing over n € N and applying the dominated convergence theorem

(Theorem A.3) to interchange the sum and the integral gives the result.
O

Proof of Theorem 5.4. Suppose that Re s > 1. We split the integral in
Lemma 5.8 into the ranges [0, 1] and [1, 00), and then apply Lemma 5.7
to the first of these. We have

L (iz) — 1 dz I de 1
N T\ es/2 22 0 s/2 2~ -
/0 ( 2 >$ x / bliz)e x S

— /0 sl/2dx 1
S

= —/ 0(iu)u=*) S/2du—1
1

2 U S

_ /W<M>uu—s>/2d_“_l_ 1
1 2 u s 1l—s

Thus
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A priori this formula is valid only for Res > 1. Note, however, that

the integral on the right is just

=~ (1 -~ (1
O(ix) — 1
W(x) := 1[1700)(@(%).
By (5.9) we have 1|0(iz) —1| = O(e™™) for all z > 1, and hence W sat-
isfies the hypotheses of Proposition 4.16, and so W is entire. It follows

where

that the right hand side in (5.11) defines a function that is meromor-
phic in the whole complex plane, with simple poles at s = 0 and 1. This
is a meromorphic continuation of = which is then necessarily unique.

[t manifestly satisfies the claimed relation Z(s) = Z(1 — s). O

6. THE PARTIAL FRACTION EXPANSION

6.1. Statement. In prime number theory, the (-function itself is less
important than the logarithmic derivative ¢’/¢. This is, of course,
because —(’/( is the Dirichlet series of the von Mangoldt function A,

that is to say —(’(s)/¢(s) = >, A(n)n™".
The heart of the link between primes and zeros of ( is the partial

fraction expansion of {'/(.

Proposition 6.1. There is a constant A such that

g((j)):A_s;Jrl;( : +1>’

S=p P
where Z is the (multi-)set of zeros of (, as in Definition 5.6. Moreover,

ZpEZ ’p’_Q < 00.

The fact that > _, | p|™2 < oo means that the sum over p converges
for s ¢ Z and defines a meromorphic function on C; this is on Exercise
Sheet 3.

The constant A can be computed explicitly by setting s = 0, so that
A= % —1=1log2m —1=0.837.... The computation of ((0) is on
Exercise Sheet 3.

Proposition 6.1 is a consequence of a product erpansion given in
Theorem 6.2, and repeated use of the fact that

o) 1,
fg F g
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In fact, we need some version of this for infinite products; the justifi-

cation of this is on Exercise Sheet 4.

Theorem 6.2. There are constants A and B such that
(s = 1)(s) = BT (1= 2) e,
pEZ p
where again Z is the (multi-)set of zeros of ¢, as in Definition 5.6.
Moreover, we have ZpEZ |p| ™2 < oo, so the product here is a Weier-

strass product and converges as described in Proposition 5.1.

As with Proposition 6.1, the constants A and B are known: A =
0.837... as in Proposition 6.1, and B = —log2 = —0.693....

Theorem 6.2 is quite reminiscent of the well-known fact that if f :
C — C is a polynomial then f(z) = C[] (2 — p), where the product
is over the (finite) collection of zeros of f. Of course, (s — 1)((s) is
not a polynomial. However, Theorem 6.2 may still be obtained as a
consequence of a quite general theorem about entire functions, rather
than any particular specific properties of (. We state such a theorem

Nnow.

Definition 6.3. Suppose that f : C — C is an entire function satis-
fying a growth condition |f(z)| = e2=(*'"™) for all £ > 0 and |z| > 1.

Then we say that f is an integral function of order (at most) one.

Proposition 6.4. Suppose that f is an integral function of order (at
most) one. Suppose that f has a zero of order v at 0, and write Q0 for
the set of other zeros of f. Then _ g
and there are constants A and B (depending on f) such that

f(z) = 2reAP H (1 _ E)eZ/p'

pEQ

|17 < oo for every e > 0

The proof is given in Sections 6.3 and 6.4.

6.2. The product expansion of (. In this section we will deduce
Theorem 6.2 from Proposition 6.4, the product expansion for integral
functions of order (at most) one.

Rather than prove that (s—1)((s) is an integral function of order (at
most) one, it is convenient to first include some I'- and other factors.
Define

f(s) =s(1 = s)m /T (5/2)¢(s) = s(1 — 5)Z(s). (6.1)
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Lemma 6.5. The function f is entire and
[f(s)] < PUTEED for || > 3,
so in particular f is an integral function of order (at most) one.

Proof. The function f is entire since = is meromorphic except for two

simple poles at s = 0 and s = 1. We have from (5.11) that

— ee (9(11') —1 /2 (1—s)/2 dx 1 1
=Z(s) = — T +z _—— - —
o= ("2 )

x s 1—s

On the other hand (5.9) tells us that |6(ix) — 1| = O(e™™) for x > 1,

and hence for |s| > 3 we have

< Il [ et i) g
1
< ISPT(s| 4+ 1) < [sP([s] + 242 < cOlstosis)
The result is proved. O

Proof of Theorem 6.2. Lemma 6.5 means we can apply Proposition 6.4

to get

F(s) = eAstE 1:[ (1 - %)es/p, (6.2)

where the product is over the zeros p of f. In making this claim we
have observed that f(0) # 0; the simple zero of s cancels the simple
pole of T'(s/2), and ((0) # 0 (the calculation of its exact value is on
Exercise Sheet 3). The zeros p satisfy > |p|™2 < oo. These zeros p
are precisely the nontrivial zeros Zyoxrriv 0Of ((s), namely those in the
critical strip 0 < Re s < 1, because the factor of F(%s) cancels out the
trivial zeros of ¢ at —2, —4, —6,.... It is clear that >

0 Yyes lo 2 < o0
Of course,

PEZrriv |p|72 < o0,

721

s T(s/2)

(s = 1)¢(s) = — f(s).

We may now recover the claimed product expansion (with different
constants A, B) for (s — 1)((s) from (6.2) and the Weierstrass product
for 1/I", that is to say Proposition 5.3 (iii). O
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6.3. The size of a holomorphic function and its zeros. To prove
Proposition 6.4 we need various facts about the relation between the
size of a holomorphic function and the number of its zeros. We collect

the facts we need in this section.
Write B == {2 € C: |z| < R}.

Theorem 6.6 (Jensen’s formula). Let R,e > 0. Suppose that f is
holomorphic on Bry., and that f(z) # 0 for R < |z| < R+ ¢ and for
z2=0. Then

1
| sl rRE 00 < g FO) + P or o (63
P

0

where the sum is over zeros p of f in Br, counted with multiplicity.

Proof. Observe that if the identity is true for functions f; and f; then
it is also true for fify. Write

o) = e

and define a meromorphic function F' by

1) = CF) [ a2,

where C'is chosen so that F'(0) = 1. If ¢ is chosen so small that the poles
z = R?/p lie outside of Br . then F has no zeros in Bry.. Jensen’s
formula being manifestly true for constant functions, it suffices to check
it for F' and for the functions g,. Now we may define a single-valued,

holomorphic logarithm of F' in Bg,. by the formula

log F(z) := /[(Hz] ];((5; dw.

Since F(0) = 1 the function z~!log F(2) is also holomorphic in Bg,..

Hence by Cauchy’s integral theorem we have

/ log F'(2) 40
OBg

z

Parametrising the circle 0Bg by z = Re*™ 0 < 0 < 1 we get

1
/ log F(Re*™ ) df = 0.
0
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Taking real parts gives
1
/ log | F/(Re2™%)| dg = 0.
0

This is one side of (6.3); the other side is clearly zero. Thus we have
verified the formula for F'.

Turning our attention to the functions g, if |z| = R then

Z(z — p)
()] = | Fp = | = -
Thus the left-hand side of (6.3) equals 0. As for the right-hand side,
19,(0)] = |p|/R. Thus the right-hand side is zero as well. O

The next result applies Jensen’s formula to get a fairly tight relation

between the size of a holomorphic function and the number of its zeros.

Corollary 6.7. Let f be an entire function with f(0) = 1. Then for
any R the number of zeros p of f with |p| < R is at most

2 sup log|f(2)].
|2|<3R

Proof. Pick a radius Ry € [2R, 3R] such that f(z) # 0 whenever |z| =
Ry. This is possible since otherwise f would have infinitely many zeros
in the compact set |z| < 3R, contrary to the identity principle. Jensen’s

formula (Theorem 6.6) immediately gives
R ! ,
> log 1 = / log | f(Roe*™)| df
» | 0
< sup log|f(2)] < sup log|f(2)],
|5|=Ro |2I<3R

where the sum is over all zeros p inside Bg,. Each term log% is
positive, and the terms corresponding to zeros p with |p| < R contribute
at least log2 > % U

A corollary of this and some of our earlier estimates is a bound for

the number of zeros of (.

Proposition 6.8. Let T' > 2. The number of nontrivial zeros p of the
Riemann (-function with |Im p| < T is O(T logT).

Proof. Consider the function f(s) = s(1—s)7*/2T'(s/2)((s) as defined

in (6.1), which vanishes at all nontrivial zeros of (. We showed in
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Lemma 6.5 that | f(s)] < eUslogls) " and so it follows from Corollary 6.7
(technically applied to f(s)/f(0), and this can be done since f(0) # 0
since ((0) # 0, and I" has a simple pole at 0 which is cancelled by the
s-factor in the definition of f(s)) that the number of nontrivial zeros
of ¢ with |p| < T+ 11is O(T'logT). If p is nontrivial and [Imp| < T
then |p| < T + 1, which gives the result. 0

The next result does not use Jensen’s formula. It tells us the struc-

ture of entire functions of moderate growth with no zeros.

Proposition 6.9. Suppose that g is an entire function with no zeros
which satisfies the bound |g(z)| = eV whenever |z| = R;, j =
1,2,..., where R; — oo as j — oo. Then g(z) = e***B for some
constants A, B.

Proof. Multiplying through by a constant, we may assume that g(0) =
1. Since g is nonvanishing, it has a holomorphic branch of logarithm
h(z) := logg(z) with h(0) = 0, exactly as in the proof of Jensen’s
formula. We cannot immediately conclude that |h(z)| < |z]|*/? = Rjg»/ 2
for |z| = R;, but it does at least follow that Reh(z) = log|g(z)| <

C’RJB-/ ? for some constant C, and hence
3/2
|Reh(2)] < 2CR;” — Reh(z)

(consider the cases Reh(z) > 0 and Re h(z) < 0 separately). It follows
that

1
/ |Re h(R;e* )| dg < 2CR)* — / Re h(R;¢*™) 46 (6.4)
0 0

1
=2CR)* - Re / h(R;e*™?) do = 2R,
0

by Cauchy’s integral theorem.
Now if the Taylor expansion of h(z) is > -, ¢,2" then we have

9 Re( R 627”9 Z Can 2mind + Z Can Qﬂ—mg

n=0 n>0

Writing ¢_,, := ¢, for n > 0, and noting that ¢y = 0 since h(0) = 0,
these are just the Fourier coefficients of f(0) := 2Re(h(R;e*)) by
Corollary 4.13. (f € S(R/Z) since h is holomorphic, so smooth, and
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e?™ is smooth, z — Rez is smooth (but not holomorphic), and the

composition of smooth functions is smooth.) It follows that
1 . .
Com = 2ij/ Re(h(R;e*™))e~2mm? 49,
0

and so by the triangle inequality and (6.4), that

lem| < R;’/z_m.
Letting 7 — oo, this implies that ¢; = ¢3 = -+ = 0, and so h(z) =
co + 1z is linear. This concludes the proof. Ol

6.4. Weierstrass products: proof. The aim of this section is to give

a detailed proof of:

Proposition 6.4. Suppose that f is an integral function of order (at
most) one. Suppose that f has a zero of order r at 0, and write Q for
the set of other zeros of f. Then Zpeﬂ lp|717 < oo for every e > 0
and there are constants A and B (depending on f) such that

f(z) = 27eA=HB H (1 _ E)ez/p'

pEN

We begin by recalling the properties of Eq(z):

Proposition 5.1 (Weierstrass product). Suppose that ) is such that
0 ¢ Qand Y olp|™ < oo (where the sum over Q is taken with
multiplicity). Then the function

Eo(z) = ,,1;[) (1 - g)wp

1s well-defined, entire, and has zeros at ) with the correct multiplicities

and nowhere else.

Proof of Proposition 6.4. We may write f(z) = Cz2"h(z) for an entire
function h with h(0) = 1. Since f is an integral function of order (at
most) one and 2" is bounded for |z| > 1, we have |h(z)| = e (12"")

for all & > 0 and |z| > 1. Apply Corollary 6.7 to h to get that

#{p: R<|p| <2R} < R'*, (6.5)
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for every ¢/ > 0. In particular, given € > 0 and taking ¢’ = £/2 in (6.5),

we see that
S =D T D #p 2 < | < P20
p#0 p#0 Jj=0
lpI<1
=0(1) + Y 0.27) < o0,
=0
This gives the first part of the conclusion. Taking ¢ = 1 we may

apply Proposition 5.1 with €2 being the set of zeros of f other than
0, obtaining an entire function Eq(z) which vanishes (with the correct
multiplicity) precisely at 2. Define

f(2)
2"Eq(z)

By construction, g is an entire function of z with no zeros. To complete

9(2) =

the proof of Proposition 6.4, we need only show that g(z) = e**Z. We
already have a tool for doing precisely this, namely Proposition 6.9.
Applying this proposition, we see that all we need do is establish an
upper bound

l9(2)] < P

for |z| = Rj, for some sequence of radii R; — oo.

Since we already have a bound on f (by assumption) and z7" is

bounded, it is enough to establish the lower bound
|Ea(2)| = e"OF™) for all 2 with |z| = R;. (6.6)

This is slightly delicate, and must involve a careful choice of the R;,
since Fq(z) vanishes at the points of Q. In the light of this, it makes
sense to choose the radii R; to lie away from any of the zeros p.

We will show that for every j we can choose an R; € [27,277!] such
that (6.6) is satisfied. Write S; for the set of zeros with 27 < |p| < 2771,
Then, (6.5) with e = 1, certainly implies that |S;] < C2% . It follows
that R; may be chosen in such a way that for every zero p,

|z —p| > %Qj > 277 whenever |z| = R;. (6.7)
To see this, note that for (6.7) to hold each zero p € S;_1 U S; U Sj11
excludes radii in the interval [|p| — 5725277, |p|+ 525277]. These intervals

21C

have length %Q*j, and so their union has measure at most (|S;_1| +
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5]+ 1Sj41]) - 535277 < 27. However the interval [27, 2771] has measure
2/ so there must be a radius not excluded.
Having chosen our radii, suppose that z has |z| = R;. To get a lower

bound on Eg(z), we write

Eo(2) = E5(2) - [[ B9 (2) (6.8)
Jj'=
where
B ()= [ (= 2/p)e/? for j' = 0,12,
pESj/
and

E¢(2) == H (1—2z/p)e*'’.

lpl<1
Since f is entire it has finitely many zeros p with |p| < 1 and so it
follows that

|E5(2)] = e W), (6.9)
For the infinite product in (6.8) we have three ranges for j’:
(i) j/ < j—1: for any zero p occurring in the product Eg/)(z), we
have |1 — z/p| > 1 and |e*/?| > =27 . Hence

B (2)] = (727! 5 0

)

the last bound here being a consequence of (6.5) with &’ := 1/4.
(ii) j — 1 < j' < j + 1: Here we have |e*/?| > 1 and (6.7) gives
11— 2/p| > 27% hence

B (2)] > (e27%) %1 700,
this last bound following from (6.5) with any value of £ < %

(iii) 7/ > j + 1. Note that |(1 —w)e”| > e*‘“"2 for |w| < 1/2. In

view of the size of j/ we may take |z/p| < 3, and so

. -/
ES () > T[ e > (e sl 5 0w
PES;

Y

applying (6.5) with ¢/ = 1
It remains to note that

[T 257

J'<i-1

)
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and
[T 8 )| > [T eo2e" =0,
J'>j+1 §'>5+1
Taking the product of these two with case (i) above and (6.9) gives
the required bound (6.6). This concludes the proof. O

7. THE EXPLICIT FORMULA

In this chapter we will take steps towards clarifying the relationship
between primes and the zeros of the Riemann (-function, by proving

the so-called explicit formula.

7.1. Definitions and statement of the formula. Recall that the
von Mangoldt function A is defined by

A(n) logp if n =p™ is a prime power
n):=
0 otherwise.

The fact that A(n) # 0 for prime powers p™ as well as for the primes
themselves is almost never an issue, since the prime powers are so
sparse.
The prime number theorem asserts that ¢(X) ~ X, where
W(X) =) An).
n<X

Another way of writing this is
n
§X) = Y A (L),

where W : R — R is 1) 3}, the function defined to equal 1 on [0, 1], and
zero elsewhere. The explicit formula is a formula for sums like this in
terms of the zeros of (. However, we will only prove the formula when
W is smooth. This means that in order to apply it to the prime number
theorem we must approximate 1y by smooth, compactly supported

functions which will take some additional work.

Theorem 7.1 (Explicit formula). Let W be a smooth, compactly sup-
ported function, supported on [1,00). Suppose that X > 1. Then

ZA(n)W(%) =X /RW(:L’) dr — " X (p). (7.1)

pEZ

The sum here is over the set Z = Zipry U Zyontriv 0f all zeros of (.
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Remark. Since W (1) = = [ W(x)dz, one could if desired write the
right-hand side as
=) orde (w) X"W (w),
weC
where ord¢(w) is the order of ¢ at w, that is to say r if w is a zero of

order r, and —r if w is a pole of order r.

The term X [g W(z)dz is the “main term” in (7.1); one would ex-
pect the sum on the left to equal roughly this, at least if one assumes the
prime number theorem since A has average value 1 and ) W(%) =~

X([gW . The remaining terms > _ ., X* W (p) are, therefore, to
be thought of as “error terms”. It turns out that the contribution from
XRerI¥(p). Let us
imagine, for the moment (and we will prove various rigorous assertions
about this in the next section) that 1 (p) is on the order of 1. The

contribution of this term rather depends on what we know about the

p € Zuy is negligible, leaving the sum )

PE ZxoNTRIV

location of the nontrivial zeros Zyonxrrrv; at the moment, all we know
is that they lie in 0 < Rep < 1. For all we know, it could be that
some zero p lies on the line Res = 1, in which case one would expect
the term X®?TW (p) to have the same order of magnitude, as the main
term. Thus, once one has the explicit formula, further progress on the
prime number theorem depends on pinning down further information

about the nontrivial zeros.

7.2. Proof of the explicit formula — overview. In this section we
outline the proof of the explicit formula, leaving some technical details

to the next sections. Recall that the Mellin transform of W is

= /000 W(x)x de

and that (as in (4.10) in our proof of the Mellin inversion formula

(Proposition 4.17)) it can be expressed in terms of the Fourier trans-

form:
W (o + it) = wexp® (—t),
where w(u) := W(e") and exp?(u) := e’*. However, we know from

Chapter 4 how to obtain decay estimates for the Fourier transform of

smooth functions — see for example Lemma 4.1 — and we can use these
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to get corresponding estimates for the Mellin transform. We will work
out some relevant details of this in Lemma 7.2.
Now we can outline the proof of the explicit formula (Theorem 7.1).

The proof begins with the Dirichlet series
!/
Z A -5 _ C (8)’
¢(s)
valid for Res > 1. We established this in Proposition 3.2 (iii).

By the Mellin inversion formula, Proposition 4.17, and this Dirichlet

series expansion we have

S AW Z Al) 5 /2 :OO () (n/X)~* ds
— % :::O <Z A(n)n75> XSW(S) ds

n

1 24100 C/(S)

27” 2—ico _C(S)

The interchange of summation and integration here is unjustified, but

X*W (s)ds. (7.2)

in the course of the proof of the explicit formula (Theorem 7.1) we will
effectively do so. For now it provides motivation for the heart of the
argument.

The idea is to start with (7.2) and to move the contour of integration
far to the left, picking up residues due to the poles of '/ at s =1, at
the non-trivial zeros p € Zyonrriv in the critical strip, and at the trivial
7er08 gy = {—2,—4,—6,...}. To this end

/ ! !

Resg—1 % =—1, Ress__gk% =1, and Ress_p% = ord¢(p) (7.3)

for k € N and p € Zyoxrry. (As before ord¢(p) is the order of the zero
p in (.) These residues produce the terms on the right hand side of the
explicit formula (7.1).

To make all this precise we use a rectangular contour Cj 1 = C(l) U
c,§ TUCk TUC,S!%, where C,il% = [2—iT, 24T, Cé% = [2+iT, —2k— 1+2T],
c}j} = [~2k — 1+4T, —2k — 1 —iT] and Cfy. = [-2k — 1 —iT,2 — iT},
and for £ = 1,2, 3,4 write

0 _ L [ )i
1= ) S W) ds. (7.4)



We will choose values of £ and T tending to infinity in such a way
that we can estimate the ],g)Ts. We will choose k an integer so that
C,(;’% avoids the poles of ('/( at the trivial zeros Zg;y. The choice of T
is harder as we need to make sure that neither C,E:Q% nor C,(f% pass close
to any of the poles of ¢'/( at the nontrivial zeros Zyoyrryv- In fact we
will produce a sequence of Tjs that are “good” in the sense of avoiding
these zeros, with T; — oo, and then define a corresponding sequence
of kjs also tending to infinity. With these choices we will be able to

show the following;:

Jj—00

lim 7", = ZA(n)W(%) (7.5)

(which also gives a rigorous justification of (7.2)) as well as

Jim 77, lim Iy, = 0 (7.6)
and
Jim L. =0. (7.7)

On the other hand we can also calculate 22‘:1 I IE?TJ, using the residue

theorem and (7.3), obtaining

4 kj
¢ = = —omeE
NI =XWa) - > XW(p) =Y XMW (=2m). (7.8)
=1 PE ZnoNTRIV m=1
[Im p|<T;
Note that

Wm:AW@m.

Therefore as k; and 7T} tend to infinity the right-hand side of (7.8) tends
towards the right hand side of the explicit formula (7.1). To conclude
the proof of the explicit formula (Theorem 7.1) it suffices to show that
we can choose sequences T and k; tending to infinity such that (7.5)
to (7.7) hold. Figure 1 illustrates the situation.

7.3. Estimates for some Mellin transforms. The following lemma
gives a decay estimate for the Mellin transform of a smooth function.
In this lemma, we have followed the usual cultural norm, which is that
s = o + it denotes a general element of the complex plane, while p

denotes a zero of ¢ which, if p is nontrivial, we write as 8 + 7.


https://en.wikipedia.org/wiki/Residue_theorem
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F1GURE 1. The complex plane for computation of % r\wm P M\% X mE\Amv ds in the proof of the explicit formula
(Theorem 7.1).
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Lemma 7.2. Suppose that W : R~g — R is smooth and has compact

support contained in [1,00).
(1) If —oo < o < 2, then

W (o +it)| <w 1; (7.9)

and, for any integer m > 0,

(W (o + it)| <mw (1+ [o])™[e]™ (7.10)

uniformly for |t| > 1.
(11) If supp W C [1,10], then

(W(p)| <m sup [|7W |[u]p| ™™ (7.11)

0<j<m

whenever p € Zyonrry has |p| = 2; and
W (p)| < W] (7.12)
U’lefO’l”mly fO’f’ all p 6 Z — ZTRIV U ZNONTRIV‘

Remarks. We have formulated this result in two parts with future ap-
plications in mind. Part (i) is the bound we will use in proving the
explicit formula, whereas (ii) are the bounds we will use in applying
the explicit formula, where it is important to understand the penalty
one must pay when approximating a rough cutoff by a smooth function
w.

The bounds are of two types, namely ‘trivial’ bounds (7.9), (7.12)
giving what are essentially very crude constant bounds, and the more
sophisticated bounds (7.10), (7.11) which give decay of the Mellin

transform in the vertical direction.

Proof. The proof of all parts uses (4.10), that is to say

W (o + it) = wexp® (—t), (7.13)

where w := W o exp. We also use Lemma 4.1, which states that

~

[F@O < [t [19™ Fla (7.14)
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for any f € S(R). For (7.9) and (7.12), we use the case m = 0 of

~

(7.14), or in other words the simple bound |f(¢)| < ||f]|:. This gives
|W(a +it)| < / |w(u)|e”™ du
0

(sup(supp(W))[lwlly  if o >0

(7.15)
]l ifo <0

The bound (7.9) follows from this since ¢ < 2. Note that the range
of integration above may start at 0 because suppw C [0,00) since
supp W C [1,00).
The bound (7.12) follows from (7.15) and
> (o =W ()]
fwl = [ fwtwldu= [ Wiejdu= [ dr < W
0 0 1

xz

In the case of trivial p, we have 0 < 0 and so we are in the second case
of (7.15), and hence are done. For nontrivial p we have 0 < ¢ < 1 and

so are in the first case of (7.15), and moreover

(sup(supp(W)))” < 10

from the hypothesis supp(W) C [1, 10]. Again, we are done.

For the other statements, we use (7.14) with m > 1, which requires us
to estimate the derivatives. By the general Leibniz rule (i.e. the higher
order product rule for differentiation) and the triangle inequality,

H@m(w exp")H1 < Osup H(ajw)(ﬁm_j exp")H1

EVA

= sup [[(#w)o™ 7 exp” ||1

0<j<m
< BBy B3,
where
L m—j ,_ u . j
Ey:= sup |o|™7, Ey:= sup e’ E; = sup [|0’w];.
o<j<m uEsupp w 0<js<m

For (7.10), we use E; < (1 + |o])™, Ey < (supsuppW)? <y 1,
and F3 <y, 1. Note that the bound on Fj, again uses the fact that
suppw C [0, 00), so the supremum is maximised when o is maximised.

For (7.11), set p = B + iy, where 0 < 8 < 1, and so |p| < |7[;
therefore it suffices to get bounds in terms of |y|~™™ (which is what (7.14)
gives) rather than |p|~™. In the definition of E, Es, E3, set 0 = . We


https://en.wikipedia.org/wiki/General_Leibniz_rule
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have the bounds E; < 1, and Ey < 1 since supp(w) C [0,log 10] and
B < 1. To complete the proof, we must bound E3 by showing that

sup [|dwl])y Km sup [|[PW]|;. (7.16)

0<js<m 0<j<m
To see this, observe that by Faa di Bruno’s formula (i.e. the higher

order chain rule) #w(u) is a sum of O;(1) terms of the form e* "W (e*)

where k,[ > 0 are integers with k,1 < 7. But
log 10 10
/ MO (e*) du = / "W () do < ||0'W |1,
0 1
and the result follows. O

7.4. Bounds for (’/( at judiciously chosen points. Now it is time
to start thinking about how to choose the ordinates 7; and the corre-
sponding k; in such a way that the poles of ('(s)/((s) do not interfere
with the horizontal contours CIS?T]- , C,ij?Tj. Very crude estimates suffice,
ultimately because we are dealing with smooth functions W which en-

joy very advantageous Mellin decay properties.

Lemma 7.3. There is a sequence 11,15, ... with T; — oo such that
dist(s, Z) > 1/T; whenever |Ims| = Tj.

Proof. Suppose that we have defined 7y < 77 < ... < T} for some
J € Zso with Ty > 2 sufficiently large. We will show that there is
Tj41 € [2T5,31}] such that dist(s, Z) > 1/T;1, whenever |Im s| = T}44.
This will prove the lemma.

Let S := {Imp : p € Zyoxrawv} and S; := S N [—4T;,47;]. By

Proposition 6.8 we have
15| < #{p € Znoxrrv 1 [Im p| < 4T;} < C1Tjlog T},

where C; > 1 is some absolute constant.

For v € S; we want to avoid picking T}, in [y — 55 llogTj e llogT]-]'
(In fact we want to avoid this for all v € S, but we will deal with this
and so the
measure of the set to be avoided is < (C17}logT;) - m < Tj. On
the other hand the interval [27},37;] has measure 7 and so there is

certainly a T, avoiding all these intervals i.e. such that |y — Tj4] >

in a moment.) The length of each such interval is gy
J

m for all v € S;; pick such a T} 4;.


https://en.wikipedia.org/wiki/Fa%C3%A0_di_Bruno%27s_formula
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Now, suppose that |Ims| = Tj41. If p € Z has [Imp| > 47; then
|s —p| >4T; —Tip > T; > 1/Tj4,. If |[Im p| < 475, then either p is
trivial in which case Imp = 0 and |s — p| > [Ims| > T; > 1/T;41; or
Imp € S}, and hence also —Imp € S;, and so

5 pl > min{|Tys, — T pl, | - Tys — Tm g}

. 1
= min{|Tj1 — Impl, [Tj1 + Imp[} > 20 log T, > 1/Tjn
The last inequality tells us how large to take Tj: take it large enough
that T'> ClogT for all T' > Tj,. O

We say that T' is good if
dist(s, Z) > 1/T whenever |Ims| =T,

so 11, T, ... from Lemma 7.3 is a sequence of good positive reals tend-
ing to infinity.

If T is good then certainly there are no elements of Zyonrriv, and
hence no poles of (' /(, on the horizontal lines Im s = +7, and hence in
particular no such poles on the contours C,E:?%,C,(f%. We actually need
rather more than this, namely a reasonable upper bound for ¢’/{ on

these contours. That said, the following crude bound will do:

Proposition 7.4. Suppose that |s| > 3. Then
¢'(s)
¢(s)

where Z is the set of all zeros of (.

< |s]* dist(s, Z) 7,

Remark. Stronger bounds can be obtained, but for our purposes any
bound of the form |s|°™ dist (s, Z)~°™") would be sufficient.

Proof. We use the partial fraction expansion

RN A CrA)

pEZ

from Proposition 6.1. The first two terms are O(1) in the domain
|s| > 3, and hence certainly O(|s|?dist(s, Z)™!) in this domain, since
dist(s, Z) < dist(s, —2) = O(]s]).

To bound the sum over the zeros, our main ingredient will be

> ol ? < o0, (7.17)

pEZ
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also from Proposition 6.1. We will split the sum into two parts. Sup-
pose first that |p| > 2|s|. Then |s/p| < 3, and hence 2 =1 > 1 and
so |s — p| = 1|p|. Tt follows that

> )| < 2

p
lp|>2]s] lp|>2]s |

S|Z

pupr r < st
|p|>2]s]

the last step using (7.17). To estimate the contribution from the re-
maining zeros, those with |p| < 2|s|, we proceed extremely crudely.
By (7.17) it follows that the number of such zeros is O(|s|?). The

contribution from a given one is

5]
ls — pl|p|

where here we used the fact that ﬁ < 1, which follows from (7.17).

< |s|dist(s, Z)7 ",

Therefore
1 1 31 -1
Z ST+_ < |s]”dist(s, Z) ",
pl<zlsl N7 PP
and the proposition follows. O

7.5. Proof of the explicit formula — the details. We are now ready
to fill in the details from our overview in Section 7.2. We choose our
sequences of k;, T} as follows. Let T} be any sequence of good values of
T with lim;_,,, T; = 0o — the existence of such is ensured by Lemma 7.3.
Set k; = (le/ %1, Now we complete the proof of the explicit formula by
verifying (7.5) to (7.7) with these choices. To avoid notational overload
we omit the subscript j, writing (k,T") = (k;,T}), and when we talk

about the limit we mean as j — oo.

Proof of (7.5). We begin by recalling the first step of the calculation
leading to (7.2), namely

zn:Am)W(%):Z/\(n)zim,/2 T W(s)n/X)tds. (T.18)

n —100

This is just the Mellin inversion formula, Proposition 4.17. Now we
truncate the integral to C,ilc)p Recall from (7.10) that we have the
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decay estimate |W (2 + it)| <w [t|72, so
1 2+i00 B
ZA(n)— W(s)(n/X)*ds

211 ,
n 2+4+1T

2

o0 X
<<WZA (n/X)~ /|t|_2dt<<w?.
T

The last inequality uses that Y A(n)n=? = O(1) and [ ¢t 2dt =
O(1/T). We get a similar estimate for the integrals from 2 — i7" to

2 — 400, and so in (7.18) we have
ZA(n)W o

—Z n)5— [ W(s)0/X) ™ ds + Ow (X*/T)

(1)

=5 0 (ZA ) W(s)ds + Ow (X2/T)

— I(” + Ow(X%/T).

Interchanging the sum and integral is allowed by the dominated conver-
gence theorem (Theorem A.3) because the Dirichlet series > A(n)n~*
is uniformly bounded by > n~%logn on C,g’l%, X SW(S) is continuous
and C,gl% is compact. The last equality is then by Proposition 3.2 (iii).

The statement (7.5) now follows. O

Proof of (7.6). If s € CkZT U C(4) then, since T is good, dist(s, Z) > 7
It follows from Proposition 7.4 that, for s € C U C,g4%, we have

Cgl(( ; < [sPT < KT

Hence )
I, 1) < KT / X°|\W (o +iT)| do.
~2k—1
The bound (7.10) with m =5 tells us that

(W (o +iT)| <w (1 + |o|)°T 7,

and therefore
2
IO I <w KT / (1+ o> X do <w X2kOT 1,
k-1

since X > 1. Since k = [TY/10], statement (7.6) follows. O
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Proof of (7.7). If s € C,S%, say s = —(2k + 1) + it, then dist(s, Z) > 1
and |s| > 3, so Proposition 7.4 gives % < |s]? < k3 max(1, [t])3.
From (7.10) with m =5 (and (7.9) for |¢| < 1) we have

- _ 5 s
—iRk — w ; .
W (=2k — 1+ it)| <w k”max(1, [t])

Thus
¢'(s)
¢(s)

which implies that

X*W(s) <w k®max(1, [t]) 72X 21,

19 =~ L[S0 o) ds sy #Bx2
BT o Jow, () v |

From this and the fact that X > 1 we immediately conclude (7.7). (For

the estimation of / ,53% there was no need to restrict to 7' good.) U

8. THE PRIME NUMBER THEOREM

In the last chapter we established the explicit formula, which pro-
vides a relationship between the distribution of prime numbers and the
nontrivial zeros p of the (-function. To make use of this result, and in
particular to prove the prime number theorem, it is important to have
some information about the location of those zeros.

The prime number theorem turns out to be more-or-less equivalent

to the following statement.
Proposition 8.1. There are no zeros of ¢ on the line Res = 1.

Proof. Consider the Euler product identity

() =JJa-p"

p

valid for Res > 1. Set s =0 +it; we will let 0 = 1. For 0 <r < 1 we

have

. . 0
log |1 — ret®| = _Zﬂ,
n

n=1
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and hence for o > 1 we have

log|¢(a)[*[¢ (0 + it)[*|¢ (o + 2it)]
=— Z (3log|1 — p 7| +4log |l —p | +log |1 — p7 %))

p

= Zznp 3 + 4 cosnb + cos2nb)

p n=1

Exponentiating we conclude that

(o) IC(o +inlC(o +2it)] > 1. (8.1
Now suppose that ((1 + it) = 0. Certainly ¢ # 0. Now consider what
happens as 0 — 1. We have ((0) ~ (6—1)71, but |((c+it)|* < (c—1)*
(by Taylor expansion about the putative zero at 1+it). Since (o +2it)

remains bounded as ¢ — 1, we have
¢(@)*I¢(o +at)[*¢(o + 2it)| — 0,
a contradiction to (8.1). O
We are now in a position to prove the following ‘smoothed’ version

of the prime number theorem, from which the theorem itself will be a

relatively easy deduction.

Proposition 8.2 (Smooth prime number theorem). Suppose that W :
R — R is smooth and that supp(W) [1,10]. Then

Jm DA () = [ Wi
Proof. By the explicit formula (Theorem 7.1) it suffices to show that

lim Y X7 (p) = 0.
X—00
pEZ
We handle the contribution from the trivial zeros and the nontrivial

zeros separately. By (7.12) we have W (p) < 1 for p € Zipy, and so

> X (p) <w iX—QH. (8.2)

PE Zrriv Jj=1

This certainly tends to 0 as X — oo.
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Turning now to the contribution from the nontrivial zeros. We will

show that for all £ > 0 if X is large enough (in terms of £ and W) then

‘ Y X (p)| < (8.3)
PE ZnonTrIV
With this the result will be proved. Let ¢ > 0. From (7.11) with
m = 2 we have W(p) <w |p|72 for p € Zyonrmy and |p| = 2. Moreover,
| X1 <1 since Rep < 1. Hence for K > 2,

oo XTWe)l<w >, ™
pEZNoNTRIvilp‘ZK PEZNONTRI\/3|P|>K
From the “moreover” in the partial fraction expansion (Proposition 6.1)
we know 3, [p|7* < oo, and hence there is K (depending on W and
g) such that

~ 1
Z Xp_1W(p) < 55.

pGZNONTRIV5|P|>K
For the nontrivial zeros with |p| < K it follows from (7.9) and the fact

that there are only finitely many such zeros that

> XMW (p) <we XA (8.4)
PE Zxoxtriv:|p| <K

where 3(K) = sup Znowmw:|p|<ic BR€ p- Furthermore, since there are only
finitely many nontrivial zeros p with |p| < K, the supremum in S(K) is
a maximum and since there are no zeros on Res = 1 (Proposition 8.1),
we have f(K) < 1. It follows that if X is big enough, in terms of W,
K, and ¢ then (8.4) is at most ie. It follows that if X is large enough
in terms of W and ¢ (since K just depends on these) then (8.3) holds
and the result is proved. U

Proof of the prime number theorem (Theorem 1.3). Let € € (0, 1] and
W+ and W~ be smooth such that 0 < W™ () < 1pg(z) < W (z) <

1122444 for all z, and
/ Wt (z) — W (z)dz < 4e.
R

Figure 2 depicts this.
A construction of such functions is given in Lemma B.2 in the appen-
dix. We need W for the upper bound, and W~ can be used for the
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Li2,4
14 —
vl
e
P
P
2—2¢ 2 24 2¢ 4 — 2¢ 4+ 2¢

FI1GURE 2. The smooth functions W+ and W~.

lower bound. Applying the smooth prime number theorem (Propo-
sition 8.2) to W* and W~ (which is admissible since suppW~ C
supp W+ C [1,5]) tells us that if Y is sufficiently large in terms of

€ then
ST Am <3 AmW(5)
< (5—1—/ W(z) dx)Y <(1+ %)25/,
and
S Am =D AmW ()

> (—5—1—/ W’(x)dx)Y} (1—%)23/.

In particular, for Y large enough in terms of € we have

5
<2 oy, (8.5)

> An) -2y 5

2Y <n<4Y

Applying this with Y = X /4, X/8,..., X/2™"! and summing, we see

that if X is sufficiently large in terms of € and m then

5 X
Y Am) - X| < §X + 2 (8.6)
X/2m<n<X
Finally, by Proposition 1.5 we have

Y. Aln) =0(x/2m),

n<X/2m
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and so

S Aln) - 52€X +O(X/2m).

n<X

By choosing m sufficiently large in terms of €, we can ensure that the

second term is at most %5X . Therefore, if X is big enough in terms of

g, we have

— X| < 3eX.

> An)

n<X

In other words

D A(n) = (1+0(1))X,

n<X

which is equivalent to the prime number theorem by Proposition 1.4.
O

9. THE ZERO-FREE REGION AND ERROR TERMS

9.1. The classical zero-free region. In the last chapter we showed
that ¢ has no zeros on the line Res = 1, and we saw that this implies
the prime number theorem.

In this section we obtain, using a related argument, a region to the
left of Res = 1 in which there are no zeros of (. This may be used
to prove a stronger version of the prime number theorem, with a good
error term: we provide details of this in the next section.

The following is known as the classical zero-free region.

Theorem 9.1. There is an absolute constant ¢ > 0 such that any zero

p =B+ iy with |y| > 2 satisfies
g<1—

c
log [y]
Proof. We showed in Proposition 3.2 (iii) that for Res > 1 we have

- Z An)n™*

Taking real parts gives, provided o > 1,

t oo
—Re Zi; ZA n)n~ 7 cos(tlogn).

Using the inequality

34 4cosf + cos 26 = 2(1 + cosh)?
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(exactly as in the last chapter) it follows that

/ / ; ! ;
(o) 4ReC(0+_u‘)_ ecw+a¢>
¢(o) ((o +it) ((o +2it)

for any 0 > 1 and for any t € R.

—3Re >0  (9.1)

Now we assemble some further inequalities. Since 4(( )) +— is contin-

uous at 1, and holomorphic for o > 1, it is continuous on the compact
interval [1, 2] and so bounded. That is, if 1 < o < 2 then

¢(o) 3
—M@Cw)<0_1+oa) (9.2)

To get bounds for the other two terms in (9.1), we use the partial

fraction expansion (Proposition 6.1)
"o+t 1 1 1
Corn_y 1y
C(o +1it) o+it—1 g o+it—p p
From now on, suppose 1 < ¢ < 2 and that |[t| > 2. Then the first two
terms are bounded by O(l). To bound the sum over p, we treat the
trivial zeros separately. If 1 < o < 2 and |t| > 2, the contribution from
the trivial zeros is
o+t |t]
2. 2. < imE
— a+zt—p) k>1k k2 + 17
To estimate this sum, we split it into & < |¢| and k& > |¢|. On the first
range the summand is O(1/k), so we get a contribution of O(log [t]).

On the second range the summand is O(|¢|/k?*), and so we get a con-
tribution of O(1). It follows that

CaRe S 5 og #) — 4Re 3 (——;L——Fl>

C( + t) PE ZNONTRIV g —I— Zt a p p
By an essentially identical analysis we also have
¢'(o +2it) 1 1
—Re ——7—-—= log |t <— —>.
Clo+ 2it) Ollog [t]) - pe;‘ ' 0+2zt—p+p

Combining all this information, we obtain

1 1 1 1
e Y (b Mere Y (k]
¢ Z U+Zt—p+p+ ¢ Z J+2@t—p+p

PE ZNONTRIV PE LNONTRIV
< Cloglt| + — (9.3)
= & oc—1 ’

for some C.
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If z € C has Rez > 0 then Rez~! > 0. Since there are no zeros
on the line Res = 1 (Proposition 8.1), ¢ > 1 > Rep > 0 for every
p € Zyontrv, and hence every term on the left here is non-negative.
Ignoring all terms except the contribution of the zero p = 417y to the

leftmost sum, and setting ¢t = 7, we obtain

4 3
— <l -
p— gyl +——

Setting 0 = 14 1/2C'log || and rearranging then gives

1

1=,
p 14C'log |7

completing the proof. O

Remark. The classical zero-free region is not the largest one known. In

fact, the stronger inequality

CE
f<l——r—
10g2/3+5 h/’
is known to hold for any € > 0, where ¢, > 0 is a constant that depends

only on e. This is a result of Vinogradov and Korobov.

9.2. The prime number theorem with classical error term. In
this section we examine the implications of the classical zero-free region
for the prime number theorem.

The main result is the following.
Theorem 9.2. We have ¢(X) = X + O(Xe cViosX),

Here, ¥(X) = > .x A(n), as usual (1.3). The letter ¢ denotes a
positive absolute constant, but it may vary from line to line.

The proof is very closely related to that in Chapter 8, except now we
must be a little more precise in how we approximate 1j3 4 by smooth

functions.

Proof. Let € € (0,1/2], and take W, to be W¥ from Lemma B.2 so
that 1 < W, <1, and

1
/ We.(x)dr < 2 +4e, oW, |1 < 1, and [|0°W.|; < = (9.4)
R
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In what follows let Y be a sufficiently large parameter. By the ex-
plicit formula (Theorem 7.1) and the properties of W, we have

DY) = 02Y) < AW =Y [ Wela)do = S YAL(p)

pEZ
<2Y(1+2) = > YPW.(p)
pEZ
<2Y(1+2) + ) [Y?[|[We(p)]. (9.5)
pEZ

We split the sum here into four using three different estimates for
Ws(p). First, from (7.12) we have Ws(p) = O(1) for p € ZypwyUZxonrriv;
secondly, from (7.11) with m = 1 and m = 2 and (9.4) we have

W.(p) < |p|™" and W.(p) < e '|p|~2 respectively for p € Zyonrar-
These then give the following:

> YI[W(p)]

pEZ
Yr Yr
< D)W+ DY Y+ D —|| |’ +e D —|| |2‘,
pe Zf]‘mv pEZNONva ﬂE ZNON'[‘I{[\W p pGZ.\Iom‘mv p
—— | Im p|<2 2<| Im p|<T | Im p|>T
Sl N ~~ g A ~~ g \ - ~~ o
So S3 Sa

for any T'; we will explain how to optimise 7' now. First, S; = O(Y 72),
and contributes essentially nothing. For S; we know that ( has finitely
many nontrivial zeros with |Imp| < 2, and since there are no zeros
on Res =1 (Proposition 8.1) there is some absolute ¢ > 0 such that
Sy = O(Y17¢). For S5 and S; we need to estimate sums of powers of
nontrivial zeros: write

N(t> = #{p € Zyontrv ’Im Pl < t} = Z 1{|Imp|<t}-

PE ZNONTRIV
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Then by Proposition 6.8 we have N(t) = O(tlogt), and

1 1
2 RS 2 Thapp

PE ZNnonTRIV PE ZnonTRIV
[ Im p[>T [Im p[>T
00
=2 > t3 dt
PE Znontrv | Im p
[ Im p|>T
> > Nt
:2/ Z t3dt§2/ g)dt:O(TfllogT).
T T t
PE Znontrv
t=|1Im p|>T
We also have
1 2T
Yoo=<2 Y / 2 dt
PE ZnonTrIv ‘p‘ PE ZNoNTRIV | Im p|
2<] Im p|<T 2<| Im p|<T
2T
=2 / > tat
2

PE ZNONTRIV
min{¢,T}>|Im p|>2

2/2T N(t) dt = O(log® T).

/A

12
When p = 414y € Zyontry has 2 < |y| < T we have § < 1—¢/log T in
view of the classical zero-free region (Theorem 9.1), and hence |Y*| <

y1=<¢/1¢T Here ¢ > 0 is an absolute constant.

In summary we conclude that

PAY) —(2Y) <2Y (1 +2¢) + O(Y %) + O(Y'™)

/ “YlogT
+0 <Y1*C/1°ngog2 T) +0 (—8 Tog ) )
Setting ¢ = exp(—+/logY) and T' = €72 the error term on the right
hand side here is O(Y exp(—c”v/logY)), for ¢ > 0 yet another absolute
constant.

Finally a telescoping sum argument (like we used to establish (8.6)

from (8.5)), using the above with X/4, X/8, ..., gives
Y(X) < X 4 O(Xe @ Vies X)),

By similar arguments using W~ from Lemma B.2 instead of W, we

may obtain the corresponding lower bound

Y(X) 2 X — O(Xe " Vs%),
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which completes the proof. Il

9.3. The Riemann hypothesis and its implications for primes.

The Riemann hypothesis is the assertion that all the nontrivial zeros
1

5.

If it holds then in the above argument,

lie on the critical line Res =

—1y/1/2
Sy = O(Y'?), S5 = O(Y/*108>T), Sy = O (—5 X logT) .

T
It follows that
P(AY) —(2Y) < 2Y +4eY + O(Y2) + O(Y'/?)
e Y12 ]og T)

+O(Y'"?10g>T) 4+ O ( T

There is quite a bit of flexibility here; taking T'=7Y and ¢ = Y ! gives
that the right hand side is 2Y +O(Y/21og? Y). As before a telescoping

sum and similar lower bound argument can then be used to show

P(X) =X +O0(X?log? X).

APPENDIX A. SOME ANALYSIS RESULTS

In this appendix we collect some results from analysis which we have
needed. We begin with a basic inequality that is useful for controlling

products:

Lemma A.1. Let (2,)"_, be a sequence of complex numbers. Then
N N
‘ [T +20) - 1( < eXn=t bl 1,
n=1

Proof. We should like to use the fact that 14+ 2 < e” for x € R. To do
this we first expand out the product and then take the modulus:

N
’H(l + z,) — 1‘ = ‘Zz“ + Z Zi Ziy + Z 2i) ZinZig - - - ‘
n=1 i1

11 <i2 11 <12<13
<Z|Zi1|+2|zi1||zz‘z|+ Z |zis |23 [ 2] - - -
11 11 <12 11<i2<13

= [[+1zh -1

L eXilal 1,
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This concludes the proof. Il

We will also find the following inequality about exponentials useful:
Lemma A.2. Suppose that h € C andt > 0. Then
1
ith — 1 — hlogt| < §|h|2(logt)2 max{1,t""}.

Proof. Note the identity

1
ez—l—Z—zz/ (1 —u)e* du.
0

Setting z = hlogt we have

1
ith — 1 — hlogt| < |h|2(logt)2/ (1 — u)eRehlost qy
0

1
< b (logt)? max{l,tReh}/ (1 —u)du.
0
The lemma is proved. Il

We make use of two results which refer to measurable functions. An
important feature of measurable functions is that the pointwise limit of
a sequence of measurable functions is measurable. This is to repair the
situation with Riemann integrable functions where such a limit can fail
to be Riemann integrable (and not only because the integrals become
large).

All of the functions we consider in these notes are measurable.

Theorem A.3 (Dominated convergence theorem). Suppose that we
have a sequence f1, fa,+--: R — C of measurable functions converging
pointwise to a function f, and such that |f.(z)| < g(x) for every z,
and some g € L1(R). Then fi, fo,..., f € L1(R) and

/fn dx—>/f )dx.

This is closely related to Fubini’s theorem:

Theorem A.4 (Fubini’s theorem). Suppose that f : R* — C is mea-

surable and
//If(w,y)ldxdy<oo-
RJR

/R/Rf(x’y)dl“dy:/R/Rf(x,y)dydx.

Then
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The only situation where we use this is for continuous functions
which also have all but € of their mass supported on a compact set
(for all € > 0). In this setting this can be proved by a fairly direct

approximation argument.
APPENDIX B. SMOOTH BUMP FUNCTIONS

Many of the examples of smooth functions that we initially think
of — functions like the exponential function or polynomials — do not
have compact support. This is because they are real analytic, mean-
ing that in some neighbourhood of every point they have a convergent
power series. Just like holomorphic functions on C, real analytic func-
tions satisfy the identity theorem and so can’t have compact support
(without being identically 0).

We are left with the question of whether there are any smooth func-
tions with compact support. There are, and one quick way to see this
is on Exercise Sheet 3. The example there has a rabbit-out-of-hat
quality because it asks you to consider a particular function which
can seem to come out of nowhere. It can be motivated, but in this
section we take a different approach.

Our idea here is to construct a function f as an infinite convolution
of normalised characteristic functions of intervals. The convolution

of two functions f and g, f * g, is defined by

(fxg)(z /fff— dy.

Convolution is an associative and commutative binary operation, and
the map g — f % g is linear in g. Moreover, the triangle inequality
tells us that

1f * glloo < W fllssllglls- (B.1)

This inequality is a special case of Young’s inequality, and for us,
coupled with linearity it tells us that if f,, — f uniformly then f,xg —
f * g uniformly for any probability density function g.

The normalised characteristic function of [—d,4] is v5(z) = 551j5<s-
The fact they are normalised exactly means that these functions v
are probability density functions. We will be looking at convolutions

of functions with these. Importantly the fundamental theorem of
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calculus gives that

Ovs)(w) = 5(9(z + ) — g(z — ). (B2)

Writing C*(R) for the space of k-times continuously differentiable
functions, we therefore (also using linearity of convolution and the
fact that C*(R) is a vector space) have

vs * f € C"™(R) whenever f € C*(R). (B.3)

In view of this we would like to take an “infinite” convolution, but
need to ensure that it has compact support. To do this we have one

final observation: since supp f * g C supp f + supp g we have
supp vs, * -+ - % Us, C [—(01 4+ -+ +0,),01 + -+ dy). (B.4)

This leads us to the idea of taking smaller and smaller intervals such

that 6; + - - - + 6,, converges.

Lemma B.1 (A bump function). There is a smooth function W :
R — R that is non-negative, is supported in [—1,1], and has
JaW(z)dz =1.

Proof. Fix f continuous, non-negative, supported in [—%, %], and with

Jg f(x)dz = 1. For example the tent function f = vi*vy. Let
Ggn = [ * o2 %% Uyn.

Since f is continuous and compactly supported it is uniformly con-
tinuous and so for all ¢ > 0 there is § > 0 such that if |z — y| < 0
then |f(z) — f(y)] < e. Suppose that 2= < 0. Then for n < m we
have (B.1)

190 = Gimlloo S NI(f = fok Voltnsn) * -+ Vopmm) # Vo2 -+ % Vpn|og
<

|
| fo=f * Vo—tarn) * -+ % Vom || .

Now Supp Vy—(n41) * -+ * vg-m C (—0,0) by (B.4) and the fact that
2=t 1. 427 < 27" < §. Hence Vy—(n+1) ¥+ ~klo-m is a probability
density function supported in (=0, ) and so f* vy (ni1) %+ - -k Vg-m (2)
is a weighted average of f over the interval (z — J,z + J), and hence

within ¢ of f(x) by the uniform continuity above. We conclude that

”gn _ gm“oo < E.
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It follows that the sequence g, is uniformly Cauchy and so converges
uniformly to some function W. Similarly there are functions hy for
k > 2 such that f * vy s1) * -« - * Vy-n converges uniformly to hy. By

linearity of convolution and (B.1) we have
hi % Vg—2 % -+« k Vg = W.

Given this, (B.3) tells us that W. e C*71(R) for all £k > 2. We also
have W > 0, supp W C [—1 1} and

z)dr— gn ‘ / gn(x)) dx
so [p W(z)dz = [; f(z)dz = 1. The convergence of the integral
follows since supp g, C [ 1,1} is.compact and uniform convergence

on a compact set implies convergence of integrals. The lemma is

proved. 0

Once we have one bump function, as above, we can dilate it and use
it to create smooth approximations to lots of functions.

A function f is said to be a majorant for ¢ if g(x) < f(x) for all
x € R; and a minorant for g if f(z) < g(x) for all z € R.

Lemma B.2 (Smooth majorants and minorants of intervals). For all
e € (0,1] there are smooth functions W+ and W~ from R to R, such
that

(1)) 0 S W™ <1y S WT < 1p_geataq;
(i)
/ WH(z)— W™ (z)dz < 4
R
(iii) and
10*W (|1 = Op(e=* V) for k € N.

Proof. The picture here is as in Figure 2. Let W be as in Lemma B.1
and W, () := e 'W (e ). By change of variables WV is a probability
density function. We set W~ := 1pyoq-o* W, and W i= 15, 4y *
W.. These functions Certamly satisfy (i) and (ii) (in fact stronger for

(ii) where there is equality). By (B.2) (or an unnormalised variant
for the interval [2 —¢,4 + ¢]) we have OW ™ (z) = W.(x — (2 —¢)) —
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W.(r — (4 +¢)). Now 0 'W, = e #W*D(c~1z). Hence by the
triangle inequality and (B.1)

10" W [l < 20 DWWy = Op(e™*7).
Similarly for W~ and the lemma is proved. 0
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