C3.4 Algebraic Geometry

Lecture 1: Introduction
Dominic Joyce, Oxford University, MT 2026
PRELIMINARY VERSION. WILL BE REWRITTEN.
With particular thanks to Baldzs Szendréi, on whose

lectures these lectures are based.
Thanks also to Alexander Ritter and Damian Rossler.

Dominic Joyce, Oxford University Lecture 1 1/290



What is algebraic geometry about?

Algebraic geometry is the study of geometric spaces given by polynomial
equations. More precisely, it is the study of geometric spaces given by the
vanishing of polynomial equations of (Cartesian) coordinates.
Polynomials: very natural notion. As soon as we have “numbers” that we
can add and multiply, we can take a bunch of variables and write down
polynomials.
We get polynomial rings S[z1, 22, ...] over rings S.
In this course,

@ we will consider polynomial rings over fields k, and

@ we will have a finite number of indeterminates (variables), so
R = /-6‘[1}1, PN ,:L'n].

We will think of variables x1, ..., x, as Cartesian coordinates on affine
space
p=(z1,...,2p) € A" = A} = k"
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Familiar examples

You already know some examples from earlier studies!

@ Fix constants aq,...,a,,c € k. Then

H:{Zaixi—c:O}CA”

i=1

is an affine hyperplane. If ¢ = 0, then H is a hyperplane (codimension
one linear subspace).

@ More generally, if we take several such equations, we get affine linear
subspaces, respectively (if all constants are zero) linear subspaces.

@ Take kK = R. Then
{224+ y* —1=0} c A%

is a circle. More generally, any quadratic equation in (x,y) describes
a (real) plane conic or conic section.
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More familiar examples

@ Take £k =C. Then
{p(z,y) =0} C AZ

for any polynomial p € Clz,y| is a (complex) affine plane curve,
studied in the Oxford Part B course on Complex Algebraic Curves
(and of course elsewhere).

o Take k = R again. Then
{22+ =22 —c=0} C A}

is a hyperboloid, with number of sheets depending on the sign of
¢ # 0. For ¢ = 0, we get the quadric cone.

e With k£ =R and arbitrary n, we have the (real) (n — 1)-sphere

sl = {fo -1 :o} C AR
=1
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Familiar examples over R in pictures
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General features

@ A lot of the theory works for arbitrary fields k. We will assume
» k has characteristic 0;
> k is algebraically closed.
o Just take k = C if you wish!
@ Number of variables will be arbitrary (finite!).
@ Number of equations will also be arbitrary (finite! but now not a
restriction).
@ Drawing pictures remains a lot easier if k =R and n < 3...
o Don't forget other fields such as ), F,, Q,, C(t),. .. in further studies.
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Applications of algebraic geometry

@ Within pure mathematics: interacts with many different fields!
» Key role in Wiles' proof of Fermat's Last Theorem
@ Recent prominent role in theoretical physics
» Spacetime models in string theory from algebraic geometry via
supersymmetry
@ Prominent applications in other areas

» Algebraic robotics: describe motion of automate constrained by
polynomial conditions.

» Cryptography: cryptosystems from geometry (elliptic curves, abelian
varieties...)

» Algebraic systems biology: describe equilibria of complicated
polynomial interaction systems
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Sources of information

@ Lecture notes by Prof Ritter on course website
» Will follow the same notation.
» The material in lectures forms a subset of the notes; will ignore

categorical aspects but feel free to read those sections for a different,
important point of view.

@ Books

» Many books around. Reid: UAG is perhaps the most useful.

Hartshorne: Algebraic geometry is the “bible” but is too advanced just
for this course.

@ Problem sheets

» There will be 5 problem sheets in total. Sheet 0 is not for handing in.
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Commutative algebra in algebraic geometry

k denotes a field, algebraically closed and of characteristic 0, with unit
1ek.
R a finitely generated, unital, commutative k-algebra: finitely generated as
a commutative ring, has multiplication by elements of &, also has unit
1 € R. For example,

R= k‘[l’l, cen ,l‘n].

We will consider ideals I <1 R, their intersections, products, quotient rings,
etc. Also ring/algebra homomorphisms, kernels, images, etc.

| will quote results from Commutative Algebra. They can be taken without
proof in this course; the Part B course Commutative algebra proves most
of these results.
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A simple but important proposition

Proposition 1.1

Let k be a field, S a finitely generated commutative k-algebra. Then
S = k[xy,...,xn)/1

for some n and an ideal I < k[z1,...,zp].

Proof.
Let s1,...5, € S be a set of k-algebra generators of S. Consider the ring
homomorphism
o: k[z1,...,zp] = S
defined by ¢(x;) = s;. Then ¢ is surjective, since s; generate S.

CeneE g I =%keryp <k[xy,..., o],

we get indeed S~ kzn, ..., z0)/I
by the Isomorphism Theorem for rings. []

o
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Vanishing sets

We are working in the space k" = {a = (a1,...,a,) : a; € k}.
This space corresponds to the polynomial ring R = k[x1,...,x,].

X C k™ is an affine (algebraic) variety, if X = V(I) for some ideal I C R,
where

V(I)={a€k™: f(a)=0forall fel} CEk".

Example 1.2
@ For the zero ideal, V(0) = k".
e For the ideal (1) = R generated by the identity, V(R) = 0.

e For some nonconstant f € R\ k generating principal ideal (f) < R,
we get

Vi =V((f) ={a€k™: f(a) =0},
the hypersurface defined by f.
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Recollection: vanishing sets

We are working in the space k" = {a = (a1,...,a,) : a; € k}.

This space corresponds to the polynomial ring R = k[z1,...,Zy).

X C k™ is an affine (algebraic) variety, if X = V(I) for some ideal I C R,
where

V(I)={a€k™: f(a) =0forall fel} Ck"
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An easy but important example

Let a = (a1,...,a,) € k™ and consider
my, = (x1 —ay,..., Ty, —ap) < R.

The following are all easy to check:
o V(m,) = {a} C k™
@ The ideal m, <1 R is the kernel of the evaluation homomorphism

evy: R — k

defined by f — f(a).
@ The ideal m, <0 R is a maximal ideal of R.

Recall that an ideal m <t R of a ring is maximal if it is not equal to R, nor
is properly contained in another proper ideal of R. Remember that m <« R
is maximal if and only if the quotient R/m is a field.
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Some basic properties of vanishing sets

Q@ IcCcJ=V(I)DV().
Q@ V(HUV(J)=V({I-J)=V({InNnJ).
Q@ V(II)NV(J)=V({I +J). (Note: (JUJ)=1+J.)
Q If I, J are relatively prime (i.e. I+ J = (1)), then V(I),V(J) are
disjoint.
The proofs are easy exercises.

Assuming that k is algebraically closed, the converse to (4) also holds; to
prove this, one needs to use Corollary 2.8 below.
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Hilbert's Basis Theorem

Theorem 2.1 (Hilbert's Basis Theorem)

R = k[x1,...,x,] is a Noetherian ring. In other words, it satisfies the
following equivalent conditions.

© Every ideal is finitely generated (f.g.)

= {05 0 ooy g — FfL 9 000 4= R
@ ACC (Ascending Chain Condition) on ideals:

IICIQC"' ideals :>IN:IN+1:"'

eventually all become equal.
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Equations of affine varieties

Corollary 2.2

Any vanishing set V.= V(I) is the common zero locus in k™ of a finite
number of polynomials:

V={aecA": fi(a)=...= fm(a) =0}.

Proof.

Use the Hilbert Basis Theorem: take a set of generators fi, ..., f;, of the
ideal I. So

IZ(fl?afm><]R

Then clearly f(a) =0 for all f € I if and only if f;(a) = 0 for all
1=1,...,m. L]

v

We will often refer to fi ..., f;, as the “equations of V"', even though the
set of equations is not really well defined.
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On Noetherian rings

Easy Proposition 2.3
If R is Noetherian, any quotient of R is also Noetherian.

Corollary 2.4
A finitely generated k-algebra S is Noetherian.

Easy Proposition 2.5
If R is Noetherian, any ideal of I is contained in a maximal ideal m.

Proof.
Keep adding elements; eventually you must get to a maximal ideal by the
ACC. O

V.

This statement is true in fact in arbitrary rings, but the proof is harder and
requires Zorn's Lemma.
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Hilbert's Weak Nullstellensatz
Theorem 2.6 (Weak Nullstellensatz)

Assume that k is algebraically closed. Then every maximal ideal of the ring
R = k[z1,...,xy) is of the form m, < R for some a = (ay,...,a,) € k™.

This fails over fields that are not algebraically closed.

Example 2.7

Let k=R, R=R[z], and [ = (x2 4 1).

Then I =ker for ¢p: R — C given by f — f().

So R/I is a field, and in particular I <t R is maximal. But clearly I is a
principal ideal not generated by degree one polynomial(s).

Corollary 2.8
ViI)=0<1el<1=R.
Proof.

If 1 ¢ I then I is a proper ideal, so it lies inside some maximal ideal m. By
the Weak Nullstellensatz m = m, for some a € A".
But I C m, implies V(1) D V(m,) = {a}. O

v
- = = — oyt
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The Zariski topology on k"
The Zariski topology on k™ is defined by declaring that the closed sets are
the sets of the form V(I).

Easy Proposition 2.9

This is indeed a topology. J
Proof.

Use easy properties of vanishing sets listed above. DJ

The open sets of the topology look as follows:
Ur=k"\V({I) = k" \ (V(fi))N---NV(fm))
= K"\ V() U UK\ V(fm))
=Dy U---UDy,,
where I = (f1,..., fm) and the Dy, are called the basic open sets
Dy = K"\ V(f) = {a € k" : f(a) # O},

Let A™ be affine n-space, the topological space k™ with the Zariski
topology.
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The Zariski topology on Al

Example 2.10
Al = k has the following closed sets: (), A!, and all finite subsets of A!.

Proof.
Let I < R = k[z]. As R is a PID, we have I = (f) for some f € R. If fis
not constant, it has a finite set of roots.

Conversely, any finite subset of k is clearly the root set of some polynomial
J. O

v

Correspondingly, the open sets in Al are (), A, and the complement of any
finite set of points.
Some things to observe:
@ This topology is not Hausdorff, since any two non-empty open sets
intersect.
@ The open sets are dense, as the only closed set with infinitely many
points is Al (note k is infinite).
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The Zariski topology on A?

The following statement is not obvious; see Problem Sheet 1.

Example 2.11

A? = k? has the following closed sets: (), A2, and finite unions of
@ plane curves given by equations p(z,y) = 0, and
@ points of AZ.
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The Zariski topology on general affine varieties

Recall that the Zariski topology on A™ = k™ is defined by declaring that
the closed sets are the sets of the form V([I) for ideals

I<R= k‘[l’l,...,l‘n].

Let X = V(I) be a vanishing set defined by an ideal I < R.

Definition

The Zariski topology on X C A" is the subspace topology inherited from
A"

A vanishing set X = V(I) C A" together with its Zariski topology is
called an affine variety.

Note that thus the closed sets in X are V(I + J) = X NV(J) for any
ideal J C R, or equivalently, V(S) for ideals I C S C R.

Definition
An affine subvariety Y C X is a closed subset of X.
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Vanishing ideal

For any subset X C A", let

I(X)={f€eR: f(a) =0forallaec X}

Example 2.12

0 I({a}) =ms ={f € R: f(a) = 0}.
Q I(V(2?)) = (z) C k[x], so I(V(I)) # I in general.
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Vanishing ideal
Recall: for any subset X C A™, let
I(X)={f€eR: f(a) =0forallaec X}

Easy properties of the vanishing ideal

QO XCY=IX)DIY).

Q@ I CI(V()).
Lemma 3.1
VIV(I))) = V().

Proof.

We have I C I(V(I)) so V(I) D V(I(V(]))).

Conversely, let a € V(1) \ V(I(V(]))).

Then there is an f € I(V(I)) with f(a) # 0.

But such an f vanishes on V(I), and a € V(I). Contradiction. O

Corollary 3.2
V(I(X)) = X for any affine variety X.
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Dictionary between ideals and affine varieties

What we are doing here is building up a dictionary between ideals
I <R =Fk[xy,...,z,]

and affine varieties X C A™.
e From ideals to varieties: I — V(I).
e From varieties to ideals: X — I(X).
@ One-sided inverse: V(I(X)) = X for any affine variety X.
°

The mappings are inclusion-reversing: subvarieties Y C X correspond
to over-ideals J D I.

Maximal ideals m <1 R correspond to minimal (closed) subvarieties:
points p € A"™.
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Reducible and irreducible varieties

An affine variety X is reducible if X = X1 U X5 for proper closed subsets
Xi (X; € X). Otherwise, we call X irreducible.
Examples and properties

Q V(z1x2) = V(x1) UV(z2) is reducible.
@ If X irreducible, then any non-empty open subset is dense. (Exercise)

© If X irreducible, then any two non-empty open subsets intersect.
(Exercise)

Theorem 3.3

An affine variety X = V(I) # 0 is irreducible if and only if its ideal
I(X) C R is a prime ideal.

Note this is a statement about the ideal I(X) C R, not about I that was
used to define X on the left hand side!
Think about the example I = (x2) <1 k[z] above.
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Irreducible varieties and prime ideals

Theorem 3.4

An affine variety X = V(I) # 0 is irreducible if and only if its ideal
I(X) C R is a prime ideal.

Proof.

If I(X) is not prime, then pick f1, fo satisfying f1 ¢ I(X), fo ¢ [(X),
fifa € ]I(X) Then

X C V(fif2) = V(f1) UV(fa)

so take X; = X NV(f;) # X (since f; ¢ I(X)).

Conversely, if X is not irreducible, X = X; U X5, X; # X, so there are

fi € I(X;) \ I(X) but f1f2 € I(X), so I(X) is not prime. (Here we used
V(I(X)) = X for X;). O

v
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Irreducible varieties: some examples

Here are some examples of irreducible varieties.

© The variety A" itself is irreducible. Proof: it corresponds to the zero
ideal I = 0, which is prime since R is an integral domain.

@ V((zy,)) C A" is irreducible, since I = (z,,) is a prime ideal, as
R/I = k[xy,...,2n-1]

is an integral domain.

© More generally, if f is an irreducible polynomial in R, then
Vi =V((f)) is an irreducible variety. Indeed, I = (f) is a principal
ideal in the UFD k[z1,...,2,] and as f is irreducible, it generates a
prime ideal inside it.
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Extending the dictionary between ideals and affine varieties

Dictionary between ideals I < R = k[z1, ..., x| and affine varieties
X C A"

e Maps: I — V(I)and X — [(X).
@ One-sided inverse: V(I(X)) = X for any affine variety X.

@ Inclusion-reversing: subvarieties Y C X correspond to over-ideals
JDI.

@ Maximal ideals m <1 R correspond to points p € A”™.

@ Prime ideals I <1 R correspond to irreducible subvarieties X C A",
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Decomposition into irreducible components
Theorem 3.5

An affine variety X C A" can be decomposed into irreducible
components: there exists a decomposition

X=X UXoU---UXpy,
where X; C A" are irreducible affine varieties, and the decomposition is
unique up to reordering if we ensure X; ¢ X; for all i # j.

Proof.

We show existence of the decomposition.

Suppose X is not irreducible. Then we can write X =Y; U Y] for proper

subvarieties Y7, Y{. Suppose one of these is not irreducible, say

Y1 = Yo UY]. Keep going, assume that the process does not end in a finite

number of steps. We obtain a sequence X D Y] D Y5 D ---. But then
I(X) C (V1) CI(Ya) & - -

This contradicts the ACC on ideals of R.

Proof of uniqueness: see notes. O
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An example

Consider I = (zy,zz) < k[x,y, z]. Let us work out the irreducible
decomposition of X = V(I).

We have I = (z).(y, 2).

This means that if we let I1 = (z), Iy = (y, z) and X; = V(I;) then

X = X7 UXos.

Clearly X1, X5 are not contained in each other. Also both X; are
irreducible, since k[x,y, z]/I; are both integral domains (easy check).
So this is an irreducible decomposition of X.

Geometrically:

e X is the (y, z) plane {x = 0}.
e X is the z-axis {y = z = 0}.

e X1 N Xy = X3 is given by the ideal I3 = I + Iy = (x,y, z): the
origin.
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An example
Here I = (xy,x2) < klz,y, 2] and X = V(I).

X, AN, = (18]

><>>(:LUXL
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Another example

Consider J = (x? — 4) <1 k[z,y]. Let us work out the irreducible
decomposition of Y = V().

This polynomial is reducible, so we have J = (x — 2).(z + 2). So if we let
Ji=(x—2), Jo=(x+2) and Y; = V(I;) then

Y=Y1UYs

a union of two lines in A2. Indeed, both components are irreducible, as the
corresponding ideals are prime (check!).
In this case, the intersection is given by the ideal J3 = J; + J; = (1) = R,
so

Ys=Y1NY, =0.
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Another example

Here J = (22 — 4) < k[z,y] and Y = V(J).
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|deals and varieties: completing the dictionary

We have our dictionary between ideals I << R = k[z1,...,x,]| and affine
varieties X C A". Maps: I — V(I) and X — [(X), and

V(I(X)) = X.

We also know that I(V(I)) may be different from I. Example: I = (22).
Key observation: for any X C A", I(X) has the property that if
fmel(X) then f € [(X), as [(X) is defined by a vanishing condition.
Definition

An ideal I < R of a ring is called a radical ideal, if r™ € I for some m > 1
implies r € I.

Given any ideal I <1 R, its radical is the set

VI={feR:f™el for some m > 1}.
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Radicals and radical ideals
Easy Lemma 3.6
@ VI <R is an ideal of R.

@ I C R is radical if and only if the quotient R/I has no nilpotent
elements.

@ V(1) = V().
© Forany X C A", I(X) < R is a radical ideal.

Example 3.7

V(e = (a).

Expectation: we can only hope for I(V(I)) = I if the right hand side is
radical, since the left hand side is.

Caveat: condition still not sufficient!

Example 3.8

Let k=R, and I = (22 + 1) < R[z]. Then V(1) = 0}, so I(V(I)) = R[z]
still does not equal I.

v

™ = = — Tyt
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Strong Nullstellensatz, completion of the dictionary

Theorem 3.9 (Hilbert's Nullstellensatz)

Assume that k is algebraically closed. For any ideal I < R = k[z1,...,x,),
we have

I(V(I)) = V1.
In particular, if I is radical then 1I(V(I)) = 1I.

Corollary 3.10

There are order-reversing bijections between affine varieties
X C A" and radical ideals I << R = k[x1,...,x,].

X = I(X)
V({I) « I
{varieties} <« {radical ideals}
{irreducible varieties} <> {prime ideals}
{points} <+ {mazimal ideals}

— v
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Towards proof of the Strong Nullstellensatz

We are going to assume the Weak Nullstellensatz, and deduce the strong
version. Let us start with

Lemma 3.11
For any proper ideal I < R, we have V(I) # 0.

Proof.

Pick a maximal ideal I C m C R.

By the Weak Nullstellensatz, m = m, = (z1 — a1,...,x, — ay) for some
a € k™.

Hence V(I) D V(m,) = {a} D V(R) = 0. O

v

Remember this statement already needs k algebraically closed; otherwise it
is false.
Proof of NSZ, easy direction
We showed above that I(V(I)) is always radical, also I C I(V([)), so
VI cI(V(I)).
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Conclusion of the proof of the Strong Nullstellensatz
We want to show I(V(I)) € V/I. Let I = (f1,..., fy), and take
g € I(V(I)).
Trick: let I' = (I,yg — 1) C k[z1,...,2n, Y]
Observe that V(I') = () c A"*L,
By Lemma 3.11, I' = k[z1,...,Zn, yl.
So 1 € I, giving an equality
1= GO(xlv"'axnvy) ’ (yg— 1) +ZGi(x17"'a$n7y) : fz

for some polynomials G.
Multiplying this with a large power of g, for some large ¢ we can turn this
into

gf = Fo(xl,...,xn,gy) ’ (yg_ 1) +ZE(x17axnagy) f’L
for some polynomials Fj.
Finally substitute gy by 1 here, to get

9" => Fi(x1,...,zn,1)- fi€ L.

So g € V1T as required. O
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The coordinate ring of an affine variety

Let X C A™ be a (nonempty) affine variety. Let R = k[z1,...,x,] as
usual.

Definition
The coordinate ring of X is the quotient ring

k[X] = R/I(X).

Interpretation

The ring k[X] is the ring of polynomial functions on the variety X.
Polynomial functions on A™ which are zero everywhere along X do not
change the value of such a function on X.
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The coordinate ring of an affine variety
Let X C A™ be a (nonempty) affine variety. Let R = k[z1,...,x,] as
usual.
Definition
The coordinate ring of X is the quotient ring
k[X] = R/I(X).

Interpretation

The ring k[X] is the ring of polynomial functions on the variety X.
Polynomial functions on A™ which are zero
everywhere along X do not change the value of such a function on X.

Properties:
e k[X] is a finitely generated, so Noetherian, k-algebra.
@ As discussed before, I(X) is always a radical ideal, so k[X] is a
reduced ring (it has no nilpotent elements).
e k[X] is an integral domain if and only if X is irreducible.
e k[X] is a field if and only if X = {a} a point (k is algebraically
closed!).
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The coordinate ring of an affine variety: examples
Let X C A™ be an affine variety. Let R = k[z1,...,2,]. The coordinate
ring of X is the quotient ring

k[X] = R/I(X).

Example 4.1
e For X = A", we have I(X) = 0 so k[X] = R.
e For a € A" a point, we have [(a) = m,, the maximal ideal at a, and

as we saw before,
kla] = R/m, = k.

@ For X =V} a hypersurface defined by an irreducible f € R (or at
least one without repeated factors), we get

k[Vil = R/(f),

the quotient of R by the principal ideal generated by f.

= — Ty
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The ideal-subvariety correspondence for an affine variety
Consider a ring R and an ideal I < R. Set S = R/I and let

q: R — S be the quotient map. Easy result in commutative algebra:
Proposition 4.2

There there is an inclusion-preserving one-to-one correspondence between
ideals I C J < R and ideals J <1 S, given by J = ¢ *(J).

Since the correspondence is inclusion-reversing, it preserves maximal ideals.
We thus recover a more general version of the ideal-variety correspondence.

Corollary 4.3

There are order-reversing bijections between affine subvarieties
Y C X and radical ideals J <1 k[X].

(Y CX) o [@x(Y)<KX)
(V(J) c X) < (J<k[X])
{irred. subvarietiesY C X} < {prime ideals p < k[X]}
Ad

{points a € X} {mazimal ideals m, < k[X]}

o
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Subvarieties and quotient algebras

It is worth spelling this correspondence out one more time from another
point of view.

For any subvariety Y C X C A™, we have

I(X)CcI(Y)< R=k[z1,...,2n).

We also have coordinate rings

k[X] = R/I(X)
and
kY] = R/I(Y).
From I(X) C I(Y'), we get a surjection
R[X] — K[Y],

with kernel Ix(Y) <0 k[X], the ideal of functions on X that vanish on'Y .
So closed affine subvarieties (closed inclusions of affine varieties) Y € X
correspond to surjective ring homomorphisms between their coordinate
rings.
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A basis for the Zariski topology on general affine varieties
We emphasize once more a basic aspect of the Zariski topology on a
general affine variety X C A™.

Take f € k[X], then we get, by the correspondence above, a closed

subvariety V(f) C X C A", and hence a Zariski open set, a so-called basic
open set

Dy =X\V(f)={pe X: f(p) #0}.
Proposition 4.4

The basic open sets form a basis of the Zariski topology on X : any open
set is a finite union of basic open sets.

Proof.
Any open set in X is of the following form, for I = (fi,..., fm) < k[X]:
U=X\V(I)=X\(V(f)n---NV(fm))

=X\ V() U---UX\V(fm))
:DflU---UDfm. ]

v
™ (md = — oyt
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Basic open sets: a restatement

It seems worth spelling out the following, equivalent form of this. Let
X C A" be an affine variety.

Corollary 4.5

Letpe X and p € U C X a Zariski neighbourhood of p. Then there
exists f € k[X] such that
pE Df cU

is also a Zariski neighbourhood of p.

Proof.

As proved above, any open set is covered by (finitely many) such. O

v

While simple, this is often very useful: when considering neighbourhoods
of points in affine varieties, we can restrict to basic affine opens.
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Morphisms between affine varieties

A function F': A" — A™ is a morphism (or polynomial map) if it is
defined by polynomials:

F(a)=(fi(a),..., fm(a)) for some fi,..., fmn € R=kl[z1,...,xy].

We sometimes colloquially write y; = f;(x;) for the polynomial map F'.
Given two affine varieties X C A™, Y C A™, a morphism of affine varieties
F : X — Y is defined by the restriction of a morphism A" — A™, given by

F(a)=(f1(a),..., fm(a)) for some f1,..., fm € k[X].

Note that indeed, f; € k[X] is enough information to define F' on X.

We require that for all @ € X, the image point

F(a) = (fi(a),..., fm(a)) €Y.

F : X — Y is an isomorphism, if I is a morphism and there is an inverse
morphism G : Y — X with Fo G =id, Go F =id.
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Examples of morphisms between affine varieties
(E1) Linear projections. Let n > m, and F: A™ — A™ be defined by

F(ay,...,an) = (a1,...,an).

(E2) Inclusions of linear subspaces. Let n < m, and F': A" — A™ be
defined by
F(ay,...,an) = (a1,...,an,0,...,0).
These can of course also be applied to subvarieties of A™. For
example,

(E3) Projection of a hyperbola Let X = {zy —1 =0} C A?, and let
F: X — A! be defined by

F(z,y) = z.

Note that in this example, the image set is A!\ {0} so the image of a

morphism does not need to be an affine subvariety.

Dominic Joyce, Oxford University Lecture 4
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Examples of morphisms between affine varieties

8 (x u(,_}
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More examples of morphisms between affine varieties

(E4) A polynomial map defined on the affine line. Let F: Al — A3 be
defined by
F(t) = (t, 2, %).

(E5) The map to the cuspidal cubic. Let X = A!, and
Y = {2® — y*} Cc A%
Let F': X — Y be defined by
ft) = (%,1%).

This is obviously a polynomial map A! — AZ; to make it into a map
to Y we just need to check that the image is contained in Y. This is
easy.
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Morphisms and coordinate rings
Given affine varieties X C A" and Y C A™, write
K[X] = kl1,. .., 2n]/I(X), K[Y] = E[y1, - .., ym]/I(Y). Define

Hom(X,Y) = {morphisms F': X — Y}
and

Homy, a1 (k[Y], k[X]) = {k-algebra homs k[Y] — k[X]}.

Theorem 4.6 (Fundamental theorem of affine algebraic geometry)
There is a one-to-one correspondence
Hom(X,Y) <— Homy_a,(k[Y], k[X])
F:X—=Y w— F kY] — k[X]
e X =Y <« p:k[Y] - k[X]

with a morphism F' given in coordinates by F(a) = (fi(a),..., fm(a)) and
the maps given by

F*(yj) = fj($1,...,mn),
e*(a) = (py)(a),...,e(ym)(a)).

L
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More on morphisms and coordinate rings

The statement is almost a “tautology”: it is easy to check that the maps
in the statement are indeed mutual inverses (see Lecture Notes).
Note that in particular, we can think of

k[X] = Hom(X,Al),
sir;ce an element f € k[X] is nothing but a function a — f(a) from X to
ﬁ '.chis language, given a morphism F': X — Y, the map
F* kY] — k[X]
can be thought of as composition of F with a map to Al
F*:Hom(Y,A') = Hom(X,Al), g F*g=goF
and in particular, it indeed “goes backwards”.
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How the correspondence works in practice

It is easy to run the correspondence in practice!

Work with coordinates {z1,...,x,} on A™ and {y1,...,ym} on A™. A
morphism F': A™ — A™ is given in these coordinates by a bunch of
polynomial expressions

yi = fi(zr,...,zpn), j=1,...,m,
giving the map
F(a1,..,xp) = (fi(@i), f2(2i), -y fin(®4)).
You can read the same formulae as
yj = fi(xr,...,zp), j=1,...,m
which immediately defines a ring morphism
Elyi, .. ym] — klz1, ..., x4),

which is exactly the dual map F*!
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How the correspondence works in practice

More generally, for affine varieties X C A™, Y C A™, the story is exactly
the same: have F' defined by

F(zy,...,20) = (fi(®i), fa(xi), - s fm(T0))
and dually F* defined by
Yj — fj(xla---al‘n)? J=1...,m,

with the following conditions:

@ The map F must have the property that a € X must be mapped to
F(a) €Y.

@ Dually, the map F* must descend to a ring map

k‘[Y] = k[yl, - ,ym]/]ly — k[X] = k}[yl,. .. ,.’En]/]lx.
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Morphisms and coordinate rings: Example 1

(E1) Linear projection. Let n > m, and F': A™ — A™ be defined by
F(a17' "7an) = (a’lv"'vam)‘
This corresponds to the k-algebra homomorphism

F* : kly,.-yym)] — klri, ..., @]

Yi =X
Note that:
@ The image of F is dense in Y = A™ (in fact it is equal to A™ in this
case).

@ F™* is injective.
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Morphisms and coordinate rings: Example 2

(E2) Inclusions of linear subspaces. Let n < m, and F': A" — A" be
defined by
F(ay,...,an) = (a1,...,ay,0,...,0).

This corresponds to the k-algebra homomorphism

F* : Eklyi,..yym] — Elxi,...,zp]
) sy ZT; if 7 <n
Yi 0 otherwise

Note that:
@ F'is a closed inclusion.

e [ is surjective.
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Recall: morphism between affine varieties

For affine varieties X C A", Y C A™, have F defined by
F(z1,... zn) = (fi(zi), fo(2i), - s fn(®s))
and dually F'* defined by
yj = filxr, ... zp), j=1,...,m,

with the following conditions:
@ The point @ € X maps to F(a) €Y.

@ Dually, the map F* must descend to a ring map

kYT =Ky, - yml /Iy — k[X] = k[y1, ..., 20]/Lx.
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Morphisms and coordinate rings: Example 3

(E3) Projection of a hyperbola. Let X = {zy — 1 =0} C A%, and let
F: X — A! be defined by

F(z,y) =x.
This corresponds to the k-algebra homomorphism

F* : kA=K — k[X]=kzy]/(zy—1)
t = x.

Note that
e The image Al \ {0} of F is dense in Al.

@ F™* is injective.
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Morphisms and coordinate rings: Example 4

(E4) A polynomial map defined on the affine line. Let F': A' — A3 be
defined by
F(t) = (t,2,1%).

This corresponds to the k-algebra homomorphism

F* o kA% = kx,y, 2] — k[AY = k[

T — t
Y — t2
z — 3

Note that, once again, this is a closed inclusion, and correspondingly the
ring map is surjective.
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Morphisms and coordinate rings: a variant of Example 4
(E4’) A variant. Let

Y ={2—y=0,2y — 2 =0} C A%
Let F: A' — Y be defined by
F(t) = (t,2,1%).

Note we are using the same formulae; to make sure this is a map to
Y, we need to make sure that the image points are contained in Y,
but that's easy to check. This corresponds to the k-algebra
homomorphism

F* o kY] =k[z,y,2]/{vy — 2,y — 2%) — K[A'] = k[t]
T — 1
Y i
z — 3

To make sure that this is well defined, we need to check that polynomials
in the defining ideal of Y are mapped to zero, but that's easy.
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Morphisms and coordinate rings: a variant of Example 4

(E4") A variant, continued. On the other hand, let G: Y — A! be
defined by G(z,y,2) = x, so

G* : kIAY =k[t] — k[Y]=klxy, z]/{vy— 2,y — 2?)
t = T

Compute composites:
(F*oG*)(t) = F*(G*(t)) = F"(z) =t
whereas

(G* o F*)(x) G*(t) x
(G o F*)(y) G (t?) = 2 =y modI(Y)
(G*oF*)(z) = G*(#}) = 2% =2 modI(Y).

So F*,G* are mutual inverses, and so are F,G. In other words, A! and Y
are isomorphic affine varieties.
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General properties of the correspondence

The correspondence between morphisms F': X — Y between affine
varieties, and dual morphisms F*: k[Y] — k[X] between coordinate rings,
has the following basic properties.
@ F'is the inclusion of a closed affine subvariety if and only if F* is
surjective.
We call such F' a closed embedding.
@ The image of I is a Zariski dense subvariety of Y if and only if F™* is
injective.
We call such F' dominant.
For proofs, see Problem Sheet 1. For examples, see earlier!
Here ends (for now) our discussion of affine algebraic geometry.
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Motivation for projective algebraic geometry

Affine algebraic geometry is a natural and beautiful subject. However, it
lacks an essential “completeness” or “compactness” property.

This is not compactness in the Zariski topology, nor completeness in a
metric sense, but rather the issue of “including points at infinity”.
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Bézout’s theorem. Two non-overlapping plane curves of degrees d; and
do meet in exactly d; - do points.

@ We need to work over an algebraically closed field.
@ We need to count multiplicities.
@ We need to work in projective space.

Simple special case. Two distinct lines in the plane meet in exactly one
point.

@ No need for an algebraically closed field; no issue with multiplicities.

@ Still need to work in projective space!
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Ways to discuss projective space

There are different ways to approach projective space and projective
geometry, all having different merits.

(1) Axiomatic approach.
(2) Approach based on linear algebra.
(3) Coordinate-based approach.

Of these, (1) is beautiful but takes a long time to get to substantial results.
We are going to use a combination of (2) and, for the most part, (3),
following on from the Oxford Part A Projective Geometry course.
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Definition of projective space via linear algebra
Let V be a finite-dimensional vector space over a field k. We let

P(V') = {lines through the origin (1-dim linear subspaces) in V'},

the projective space of V.

Let £* =k \ {0} = be the set of units (invertible elements) of k.

Since every line through the origin in V' is determined by a direction (every
1-dim subspace has a generating vector, well defined up to scale), we can
write

PV) = (V\{0})/ ~

where ~ is the equivalence relation on nonzero vectors in V' given by
v ~ w if and only if w = Av for some \ € k*.
Sometimes we simply write
P(V) = (V\{0}) /K"

with the rescaling action of k* understood.
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Coordinate-based definition of projective space

It is easy to turn this description into coordinates. Choosing a basis of V/,
we have V =2 k" *! and every vector can be represented in coordinates as
v =(ag,...,an).

We get the definition of projective n-space over k:

PP = (K"t \ {0}) / k* for all A € k¥,
where the rescaling action is
(ag, ... ,an) ~ (Aag, ..., \ay) for all X\ € k*.

Write [ag : a1 : ... : ay] for the equivalence class of

(ag,ai,...,a,) € k"1 \ {0}; so in these projective or homogeneous
coordinates,

[ag : ... ap] =[Xag:...: Aa,] forall A € k*.

Note not all a; can be zero: [0:...: 0] is not a valid choice.
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Change of coordinates

Always remember: our coordinates [z : ... : x,] on P" depend on a
choice of basis in the underlying k-vector space.

A change of basis corresponds to a matrix A € GL(n + 1, k), which gives
a new coordinate system related to the old one by a linear transformation.
Change of basis might allow the simplification of a given polynomial (trick
already used in Part A Projective Geometry course).

Example 5.1

For P!, these changes of basis correspond to the action of Mobius
transformations:

[xo : 1] = [azo + b1 : cxo + daq]

< . ) € GL(2, k).

for
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The projective line and the projective plane

Consider n = 1.

We have _
lap - a1] = [1:0] ifa; =0
0= [52:1]  otherwise.
So we get

P = Aj. L {0}

For k = C, this is the Riemann sphere P{. = C U {co}.
Now consider n = 2. We have

[aoza1:0] ifa2:0
[ap : a1 : ag] =

(0.9 : 1] otherwise.
2 a2

So we get

2 2 1
This is the description of the projective plane as the affine plane together
with the ideal line at infinity.
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Homogeneous polynomials

We continue to work with the ring of polynomials R = k[xq, ..., zy],
thought of as polynomials in our variables xg, ..., z,. We also continue to
assume k algebraically closed.

Definition

A polynomial F € R is a homogeneous polynomial of degree d, if all the
monomials zy - - - xin appearing in F' have degree

d=1i9+ -+ in.
By convention, 0 € R is homogeneous of every degree.

Lemma 5.2

F € R is homogeneous of degree d, if algld only if for all A € k*, we have
F(Axzo,..., A\xn) = \*F(zg,...,%n).

Example 5.3

i d; o g 25
All monomials [, " are homogeneous (of some degree); zj + z123 is
homogeneous of degree 3; 23 + z122 + x3 is not homogeneous.

v
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Evaluating polynomials

How to evaluate polynomials on projective space?

@ Given a polynomial F' € R, it does not make sense to “evaluate F' at
a point p € P™", since the value of f is not well-defined because of
the equivalence relation.

o Given a homogeneous polynomial F' € R, it still does not make sense
to “evaluate F' at a point p € P™".

o Given a homogeneous polynomial F' € R, it does make sense to ask
whether “F' vanishes at a point p € P™", as

F(\xo,..., xn) = NF (20, ..., 2,)

with \ € k*.
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Homogeneous ideals

Definition

An ideal I < R is a homogeneous ideal, if it is generated by homogeneous
polynomials.

Notes

@ There is no requirement that the generators should all be of the same
degree.

@ Of course I will contain lots of non-homogeneous elements; the
requirement is that it should be generated by such.

Example 5.4

o I = (xo,...,xk) <k[xg,...x,] is @ homogeneous ideal generated by
linear generators.

o Iy = (F) < k[xg,...xzy,] for a homogeneous polynomial F'is a

principal, homogeneous ideal generated by a single homogeneous
generator.

o Iy = (z3 + 2} + a3, 2% — 23) < k[xo, 71, 2] is a homogeneous ideal
generated by a quadric and a cubic.
v,
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Projective varieties

Definition
X C P" is a projective variety if
X =V(I) ={[a] € P": F(a) = 0 for all homogeneous F € I}

for some homogeneous ideal I <1 k[xg ..., xy).
Example 5.5
e For I} = (xo,...,xk) <k[zg,... Ty,
V(Il):{I():...:xk:O} cp?

is a projective linear subspace.
e For Iy = (F) < k[xg,...xzy,] with F' a homogeneous polynomial,
V() ={F =0} CP"
is a projective hypersurface.
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More projective varieties
Some special cases:
o If F € k[xg,z1,x2] is homogeneous of degree d,

V((F)) = {F =0} c P?
is a projective plane curve of degree d.
@ The Fermat hypersurface is

V((:L‘g+a:‘11+...+:vg>):{xg+accf+...+x‘fl20} c P

o Consider the vector space V' = M, (k) of n x n matrices over k, with
its standard basis. Then PV = P"°~1 with homogeneous coordinate
variables being the matrix entries x;;. Inside }P’”z_l, we have the
determinantal hypersurface

{det(A) =0} c P 1.

Indeed det is a homogeneous polynomial of degree n in the matrix
entries.
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Zariski topology on projective varieties

Definition

The Zariski topology on P™ has closed sets being projective varieties V(I).
The Zariski topology on a projective variety X C P" is the subspace
topology, so the closed subsets of X are X NV(J) = V(I + J) for any
homogeneous ideal J.

Equivalently, closed subsets in X are V(K') for homogeneous ideals
ICcK<R.

Example 5.6

The Zariski closed subsets of P (over an algebraically closed field k) are
P} itself, 0, and finite sets of points.

Proof.
This is basically a homogeneous version of the proof we had for AL. If F'is
a homogeneous polynomial of degree d, then

2y *F (w0, 1) = f(1/m0)
for an ordinary polynomial of the ratio 1 /x¢. The latter has a finite
number of zeros in A} C P}. O
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Projective subvarieties

A projective subvariety Y C X is a Zariski closed subset of X = V(7). So
as before, Y = V(K) for a homogeneous ideal I C K < R.

Example 5.7
e Forl >k,

{ro=...=2;=0} C{xo=... =2, =0} CP"

is a closed subvariety inside a projective linear subspace.
@ In the projective space of matrices PM,, (k) = P,

{A? = 0} C {det(A) = 0} c P**~!

is a projective subvariety defined by quadratic equations. Indeed, for a
matrix over a field k, if A2 =0, then det(A) = 0.

v
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The affine cone
For a projective variety X C P", the affine cone X c A"t s the
union of the straight lines in k"*! corresponding to the points of X.

Lemma 6.1

IF) # X = V(I) C P" for some homogeneous ideal I C R, then X is the
affine variety associated to the ideal I C R:

X =V(I) c A"

This follows basically from the definitions.

Note that the lemma does not hold if X = (). This will happen if I C R
does not vanish on any line in A™"!1. By homogeneity of I, this forces
V(I) € A" to be either () or {0}, which by Nullstellensatz corresponds
respectively to I = R or VT = (x¢,...,x,).

The ideal I = (xo, ..., xy) is called the irrelevant ideal of the ring R.
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The vanishing ideal
Definition
For any set X C IP", define the vanishing ideal I"(X) to be the

homogeneous ideal generated by the homogeneous polynomials vanishing
on X:

I"(X) = (F € R : F homogeneous, F(X) = 0).

Lemma 6.2
If I is homogeneous, then V(I"(V(I))) = V(I) and I C T"(V(I)).
This follows, as in the affine case, essentially from definitions.
Lemma 6.3
For X C P™ a projective variety, we have an equality of ideals
I"(X) = I(X)
between the homogeneous vanishing ideal of X and the affine vanishing
ideal of the cone over X.
Proof.

See notes. O

v
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The projective Nullstellensatz

Let R = k[xo, ..., xy), with k algebraically closed. Let
Iiyy = (x0,...,25) < R be the irrelevant ideal.

Theorem 6.4 (Projective Nullstellensatz)

For any homogeneous ideal I <i R with VI % Ly, we have

(1)) = VI

Proof.

We have Vyugine() # {0} by the affine Nullstellensatz, Theorem 3.9, as
\/T ?é Iirr- .

So X = V(I) C P" is non-empty, with affine cone X = V(I) c A"+1.
Using Lemma 6.2 and the affine Nullstellensatz, we obtain:

I"(X) = I(X) = I(V(I)) = V1. O

v
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Projective varieties and homogeneous ideals

The maps X ~ I"(X) and V(I) + I set up 1: 1 correspondences

{proj. vars. X C P"} <+ {homogeneous radical ideals I # I;.,}
{irred. proj. vars. X C P"} <+ {homogeneous prime ideals I # I;,}
{points of P"} <+ {“maximal” homogeneous ideals I # I;»,}
() <> {the homogeneous ideal I, (or R)}.

Here a point p = [ag : - - - : a,] € P™ corresponds to the homogeneous ideal
m, = (a;x; — a;x; : all i, j) = {homogeneous polys vanishing at a}.

These are homogeneous ideals different from I;;.., maximal such with
respect to inclusion.
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Projective space covered by affine spaces

We work in projective space P™ over a field k. We have homogeneous
coordinates [z] = [zg : ... : z,] € P™.
Define the Zariski closed sets

Hiz{[x]E]P’":xizo}CIF’"
and the Zariski open sets

UizP”\Hiz{[x]GIP’":xi#O}CIP”.

Easy Lemma 6.5
We have

(1) There are bijections U; <+ A™ for each i.
(2) We have

P" = LnJ Ui.
i=0

So P" is covered by the Zariski open sets Uy, . ..,U,.

y
™ il = ot
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Projective space covered by affine spaces

Proof.
For (1), the bijection between U; and A" is given by

¢i:Ui—>An
Zo Ti—1 Tit1 Z Zo Ti—1 Tjy41 xZ
T T ) I .
iz €T; €T, iz €Ty Z; €Ty €Ty

Next, for every point of P™, at least one of the homogeneous coordinates
must be nonzero. So indeed P" = U7 U;. L]

v

The quantities % for fixed i are called affine coordinates in the affine chart
U;.
In calculations, it is often advisable to introduce new variables for these
affine coordinates:

T

Yi ==
are affine coordinates, identifying U; C P™ with affine space A™ with
coordinates Yo, ..., Yi—1, Yitls- -+ Yn-
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Projective line covered by affine spaces

Example 6.6

For n =1, we get
P' = Uy U Us.

Points which have both coordinates nonzero are in both open sets.

The complements of the open sets are Hy = {[0: 1]} and H; = {[1 : 0]}.
On Uy = A, we have the affine coordinate y = i—é. On U; = A', we have
the affine coordinate z = 2¢.

For k = C, this is the Riemann sphere as a union of two complex lines

(planes), identified using stereographic projection:
P(%: =CypUCy

with Cy being the chart around 0 = [0 : 1] and C, the chart around
oo =[1:0].
The special points are the north and south poles on the Riemann sphere.

v
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Projective varieties covered by affine varieties

For any projective variety X C P", the sets X N H; are Zariski closed in it,
so the sets X N U; are Zariski open. We have

n

X =J&Xnuw).
=0

Claim X NU; C U; = A™ are affine varieties.

Proof.

The set X NU; C A" is defined by the vanishing of all the equations of
X C P after the substitution z; = 1 (or, what is equivalent, re-expressing
the equations in the affine coordinates on U;). O

So indeed “projective varieties are locally affine”: they are covered by open
sets which are affine varieties. This is a very fruitful point of view.

We will call X NU; C A™ the affine charts of the projective variety

X cpP
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Affine charts of a quadric
Example 6.7
Let us look at the quadric
Q = {z% + 22 — z = 0} C P2
We have three affine charts
P? = Uy U U; U Us.
(0) On Up, we have xy # 0, and we have affine coordinates
= i—é, Yo = i—f} Dividing the equation by x%, we get the affine
quadric
QNUo={l+y—ys=0} CUy=A%

(1) On Uy, we have x; # 0, and we choose affine coordinates
20 = i—(l), 29 = z—f Dividing the equation by 27, we get the affine
quadric
QNU ={x2+1-22=0} CU; = A%

(2) Finally on Us with variables ty,t;, we get
QNUy ={t2 +t2 —1=0} C Uy = A2,

4
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Affine charts and coordinate changes

Recall: our coordinates [z : ... : x,] on P" depended on a choice of basis
in the underlying k-vector space.

A change of basis corresponds to a matrix A € GL(n + 1, k), which gives
a new coordinate system related to the old one by a linear transformation.
With respect to a new coordinate system, we get a new system of
hyperplanes, and new system of Zariski open sets identified with A",

Example 6.7 (Continued)

Use the change of coordinates
X():.Z‘o, X1=IL’1+$2, X2=$1—:L’2
to write the equation of our quadric as
Q= {X2+ X1X, =0} C P2
Then in this coordinate system, one of the open charts becomes
QNUy={T2 +T1 =0} C Uy = A%
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Projective closure

Given an affine variety X C A", we can view X C P" via:
XCA"=UyCcP'=A"UP"

The projective closure X C P" of X is the Zariski closure (closure in the

Zariski topology) of the set X C P".

Note that, by definition,

YQU():XCU()ZAn.

How to find equations for X C P"? We need to homogenize.
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Homogenizing polynomials

Given a polynomial f € k[z1,...,xy], write f = fo+ f1+ -+ f4 where
fi are the homogeneous parts of f of degree i. The homogenization of f is

f=alfotal "+ +aofio1+ fa
Easy Lemma 6.8

fe k[xo,...,zy] is homogeneous of degree d, with ﬂxo:l = f.

Example 6.9

o The quadric 2% + y? — 1 € k[, y] becomes the homogeneous quadric
x? 4 y? — 22 € K[z, y, 2.

@ The cubic y?> — z(z — 1)(z — ¢) € k[, y] becomes the homogeneous

cubic
2
y°z —x(x — 2)(xz — cz) € k[z,y, 2].
o
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The ideal of the EI’OJeCtlve closure
Let X = V(I) C A" be an affine variety defined by an ideal

I <klzy,...,x,). Define I = (f: f €I to be the homogeneous ideal in
klxo, ... ,xn] generated by the homogenizations of all elements of I (not
just generators!).

Proposition 6.10

The projective closure X C P" of X of X is
X =V({) c P

Proof.
See Lecture Notes. O

Example 6.11
The Zariski closure of the affine cubic curve
() =z(x—1)(z — )} C A®
is the projective cubic curve
{y?2 = 2(x — 2)(x — c2)} C P2

V.
™ = = — e
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Morphisms of projective varieties
Fix projective varieties X C P and Y C P"™. We work with

(m + 1)-tuples of homogeneous polynomials of the projective coordinates

xo, ..., Ty on X. Let R = k[zog,...,xy).

Definition

A morphism F : X — Y of projective varieties is a function F' such that

for every p € X, there is an open neighbourhood p € U C X, and

homogeneous polynomials fy, ..., f,, € R of the same degree, with
F:U —Y isgiven by F([a]) = [fo(a):---: fm(a)].

(1) The fact that the degrees of the f; are equal ensures that the map is
well-defined:

F([A\a]) = [fo(Aa) -+t fm(Aa)]
=\ fo(a) : ---:Adfmm)]
= [fo(a) 1+ : fm(a)]
F([a])
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Morphisms of projective varieties

A morphism F': X — Y of projective varieties is defined on open sets

€ U C X by homogeneous polynomials fy,..., f;n € R of the same

degree:

F:U —Y isgiven by F([a]) = [fo(a):---: fm(a)].

(2) When constructing F', we have to make sure the f; do not vanish

simultaneously at any a.

(3) Need to make sure the image point always lands in Y, i.e. the values
[fola) : -+ fm(a)]

have to satisfy all the defining equations of Y.

(4) Often a single set of polynomials fy,- -, fi, suffices, but already in
relatively simple cases more than one set of polynomials may be needed.

Definition

An jsomorphism of projective varieties is a morphism F': X — Y that has
a (two-sided) inverse G : Y — X.
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An example: a Veronese embedding of P!

Consider the morphism (Veronese embedding)
By P — P?
given by
[s:t] = [s?: st : 7.
This is a morphism:
(1) It is defined on the whole of P! by degree 2 polynomials.

(2) The polynomials do not vanish simultaneously.

(3) There are no equations to check in the image.
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The example revisited

Let
Y =V(zz —y?) C P

Consider the morphism (Veronese embedding)
F:P' =Y CP?
given by the same formula
[s:t] > [s?: st : 2.

This is a morphism from P! to Y
(1) It is defined on the whole of P! by degree 2 polynomials.
(2) The polynomials do not vanish simultaneously.

(3) The image values satisfy the defining polynomial of Y:
(s*)(1?) = (st)*.
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Return to our example (end of Lecture 6)

Start with

Y =V(zz —y*) c P?
and the morphism

F:P' Y CP?

given by

[s:t] — [s?: st : 7.
This is a morphism from P! to Y
(1) It is defined on the whole of P! by degree 2 polynomials.
(2) The polynomials do not vanish simultaneously.

(3) The image values satisfy the defining polynomial of Y

(+5)(t) = (s1)°.

Dominic Joyce, Oxford University Lecture 7 100 /290



The example continued

We want to build an inverse morphism to F5. Define
G:Y — P!
by [z:y:z]—[x:y]ifx#0,and [x:y:z]—[y:z]if 2#0.

Note the Zariski open sets {z # 0} and {z # 0} cover Y.
We get a well-defined map, since on the overlap x # 0, z # 0 we have

[z:yl =[xz yz] = [y* 2] = [y : 2].

It is also easy to check that Fy oG =id, Go Fy = id. So F5, G are inverse
isomorphisms of projective varieties.
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Another example: projection

Consider a projective variety X C P". Assume [1:0:...:0] ¢ X. Define
T X Pt

by the formula
[Tt ... tmp] = [y oty
This is a morphism:
(1) It is defined on X by degree 1 polynomials.
(2) The polynomials do not vanish simultaneously as [1: 0:...: 0] ¢ X.
(3) There are no equations to check in the image.

Geometric interpretation: Projection from the point p=1[1:0:...:0],
see Lecture Notes.
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Last example: projective equivalences

An isomorphism X 'Y of projective varieties X,Y C P" is a projective
equivalence, if it is the restriction of a linear isomorphism

P — P, [z] — [Ax]

given by an invertible (n + 1) x (n 4 1) matrix A over k.

This morphism is induced by a linear isomorphism A"+ — A7+

x — Az, where A € GL(n + 1, k).

Since [Az] = [AAzx], we only care about A modulo scalar matrices A - I.
Thus we only need to consider

Ae PGL(n+1,k)=GL(n+ 1,k)/k".
In particular, the group PGL(n + 1, k) acts on projective space P™ by

projective equivalences.
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Graded rings

Definition
Let A be a commutative ring. An N-grading of A means a direct sum

decomposition
A= Aq
d>0
as an abelian group under addition, so that the grading is compatible with

multiplication:

Ag- A, C Ad—f—e'
The elements in Ay are called the homogeneous elements of degree d.
Note every f € A is uniquely a finite sum Y f; of homogeneous elements
fa € Ag.
A homomorphism of graded rings f : A — B is a homomorphism of rings
which respects the grading so that f|a, : A — Bq.
In all our examples, A will be a f.g. commutative unital k-algebra with
Ag = k.
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Homogeneous ideals

Suppose A is a graded ring as above. For an ideal I < A, let
I;=1NAqy.

Definition

I < A is a homogeneous ideal, if

I:@Id.

Easy Lemma 7.1

@ [ < A is homogeneous if and only if I generated by homogeneous
elements.

@ I is homogeneous if and only for every f € I, also all homogeneous
parts fg € 1.

© Ifis I homogeneous,
I a prime ideal <Y hgs f,g € A, fg € I implies f € I or g € I.

@ Sums, products, intersections, radicals of homogeneous ideals are
homogeneous.

o

= - o =
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Examples

Example 7.2
This is the key example. The ring

R = ]{Z[xo,...,l'n]
is graded, by declaring that degx; = 1. The graded pieces are
Rd = k[l‘o, ooy xn]d,

the spaces of homogeneous polynomials of degree d.

Example 7.3

We could generalize this! Declare deg x; = w;, some positive integer. We

get a different N-grading on the same ring R = k[xo, ..., zy]. We will not

use this construction in this course, but it would be an interesting
direction to go in.

o
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Quotients of graded rings
The following is still easy, but it is a key statement.
Proposition 7.4

Let A= @Ay be a graded ring, I << A a homogeneous ideal. Then the
quotient ring S = R/I is also graded, with

Sa = Rd/Id. |
Example 7.5
Let f € k[xo,...,2zn]q be a homogeneous polynomial of degree d. Then
the ring
S = R/(f)
is graded, with
g _ klxo, ..., Tnle if e < d;
| Klwo,...,xnle/f - klxo, ..., Tnle_q otherwise.

v
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The homogeneous coordinate ring of a projective variety

We work with R = k[zo,...,x,], with the usual grading in which
xQ, - .., Ty all have degree 1.

Consider a projective variety X C P™. The homogeneous coordinate ring
S(X) is the graded ring

S(X) = R/TM(X),
where I"(X) <1 R is the homogeneous ideal of X.

Example 7.6
We have
S(P") = R = k[zo, ..., zn].

Example 7.7
For X = V(yz — 2%) C P2, we have

S(X) = klz,y, 2]/ (yz — 2°).

= = =

= Ty
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Reconstructing a projective variety from a graded ring

There is also a converse process. Suppose that A is a reduced, graded
k-algebra with Ay = k. Suppose also

Key assumption: A is generated by finitely many elements, all in degree
1

Let go, ..., gn be a set of generators in degree 1 of A as a k-algebra.
Consider the homomorphism of graded k-algebras
v: R=kl[zg,...,zn] = A
given by o(z;) = g;. This is surjective, since the elements g; generate A.
Let
I =kerp < R.
Then I is necessarily a graded ideal, since ¢ respects the gradings (as g; is

of degree 1!). I is also a radical ideal, since A is reduced.
Let X = V(I) C PV. Then by the Nullstellensatz I"(X) = I. Hence

S(X)~R/I=~ A.

So the projective variety X C P™ has homogeneous coordinate ring A.
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Veronese subrings of a graded ring
Let A = ®c>0A. be a graded ring, d a fixed integer. Consider

AD = P Aq.,

e>0

the d-th Veronese subring of A. This is a graded ring, with new grading
Agd) = Ad-e-

Example 7.8
Let A = k[z,y] in the standard grading. Then for d = 2,

A® = ko (2%, 2y,9”) ® (2, 2%, 2%, 2y @ .

More General Example
Let R = k[xo, ..., xy] in the standard grading. Then

R(d) =k@k[xo,...,xn]d@k[mo,...,xn]gd@~-- .

™ =T T ——— — S N
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Towards the Veronese embedding
We have the graded ring

R(d) = @ k[m()a s 7xn]6d'

e>0

Easy Lemma 7.9
R s reduced, and generated by its degree 1 piece Rgd) = Ry.

Proof.

R is a subring of the reduced ring R, so it is reduced itself.
Also every monomial of degree ¢ -d in xg,...,x, is a product of d
monomials of degree e (usually in many ways). O

o

Natural question What projective variety do we get if we consider this
graded ring R(Y) and perform the construction of a projective variety from
it?
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The first example of a Veronese embedding

Example 7.10
Consider the simplest case n = 1, d = 2. We have, as before,

R(Q) =ko <$(2)7 Lox1, $%> ® <$éa :ngl? 33(2)"1"%7 x0$z{)a 1‘111> D....
The degree one piece R?’ is generated by three polynomials 13(2),1,‘():1?1,1'%.
So we consider the surjection
©: E[yo, y1, 2] — R
given by yo — 23, y1 — xox1,y2 — z7. The kernel is the ideal
ker o = (yoy2 — y1)-
We get
Y = {yoya — y7 = 0} C P?,
the image of the Veronese embedding F»: P! — Y C IP? we considered in
Lecture 6, and early in this lecture!
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Counting and listing monomials of a given degree

We will count the number of monomials of zg,...,x, of degree d.
Proposition 7.11
d
e e dlmk ]{}[xo,...,.ﬂfn]d: (nz; )
Proof.

Several proofs are possible. A combinatorial proof is explained in the
Lecture Notes. A proof by double induction on (n,d) is left as an
exercise. Ol

v

In concrete calculations, it is also useful to be able to list these monomials
as a linear list. The most common way to do so is the lexicographic
ordering. Instead of a detailed explanation, an example should suffice.

Example 7.12

For n =2 and d = 3, we have dimy, k[zg, x1, z2]3 = (g) = 10.
A lexicographically ordered basis of k[xq, z1,x2]3 is
3.2 2 2 2 .3 .2 2 .3
{zy, 51, TH5T2, TXT, TOT1T2, LTS, LT, TIT2, T1T5, TS}

™ il = .
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Definition of the Veronese embedding

Fix d,n as before. Let N = ("zlrd) —1.
Define the d-th Veronese map on P" to be the projective morphism

vy P" — PN
[xo:...:xp) =[xl

where the index set runs over all monomials z/ = a:éocv’f -~ xin of degree
d =19+ -+ iy, in other words a basis of the space k[zg, ..., xy]q-

The image of vy inside PV is called a Veronese variety.

Note: indeed v, is a projective morphism, as it is defined by homogeneous
polynomials of the same degree d, not all zero as the monomials include

d d
TGy v Ty
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Equations satisfied by the image of the Veronese map
We now want to write down equations that the image of v, satisfies.

The morphism is defined by considering all degree d monomials ! of

TOye-oyTp.

Consider multi-indices of type (ig, .. .,i,) € N"* with i + - + i, = d.
Note that if for multi-indices I, J, K, L, we have [ + J = K + L, then

SCICEJ = SCKZL‘L.

This means that, considering variables z; on PV for all possible

multi-indices I, we get

image(vy) C V(zrzy — zx21) C PN

for all multi-indices I, J, K, L with I +J = K + L.
Example 7.13
For the familiar case n = 1, d = 2, we have
(woz1)® = (3)(27)
which corresponds to the multi-index identity
(1,1) +(1,1) = (2,0) + (0, 2).

v

T
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The main result

Theorem 7.14
The Veronese map is a closed embedding vgq: P < PN . It defines an
isomorphism between P" and its image

Image(vy) = V({2125 —z2xzp: 1+ J =K+ L))

= ﬂ V(Z[ZJ—ZKZL) C PN,
I+J=K+L

where we run over all multi-indices I,.J, K, L of type (ig, ... ,i,) € N*!
with ig + -« + i, = d.
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The main result about the Veronese map

Theorem 8.1
The Veronese map is a closed embedding vg: P" < PN . It defines an
isomorphism between P" and its image
Image(vg) = V(2125 —zxzr: [+ J =K+ L))
= m V(ZIZJ = ZKZL) C ]PN

I+J=K+L

where we run over all multi-indices I,.J, K, L of type (ig, ... ,i,) € N*!
with ig + -+ - + 1, = d.

Proof, Step 1. Let Y =, j_x.; V(zrzs — 2x21) C PN, The
discussion in the previous lecture showed that Image(v4) C Y. So indeed
we can think of v4 as a morphism vy: P* — Y.

To finish the argument, we will write down an explicit inverse morphism
forvgonY.
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The main result: construction of the inverse

Proof, Step 2. Fix J = (ig,...,i,) € N*"t with d — 1 =g + - - - + iy,
and denote Jy = (jo,...,je + 1,...,Jn); these indices now sum to d. Let

@JiY\ZJ—)Pn defined by [z]] — [ZJO P2t ...ZZJn]
which is a well-defined morphism away from the closed set Z; where all
zj, = 0.

These morphisms ¢ s fit together to a morphism

p: Y = P

Indeed for two such J, J’, notice J; + J;, = Jy + J; (this equals J + J'
plus add 1 in the two slots ¢, ¢').
Hence 2j,2,, = 27,2, and thus (20, 2 25, ] = [z : zJé/] and so finally

ei([2]) = wr([2]).
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The main result: checking the inverse properties

Proof, Step 3. We show that vy, ¢ are inverse morphisms, finally proving
Pty c PV,

Notice
orovg(fa]) =[x ... iafr) =[x : ... : 2,

as we can just rescale by 1/z7.
Conversely, one can also check

va o py([z1]) = [z1].

For the somewhat intricate combinatorial argument to prove this, see
Lecture Notes. O
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Rational normal curves

The d-th Veronese embedding of P'. For n = 1, d arbitrary, we get a
closed inclusion

vy: P! < p¢
defined by [zo : z1] = [z : 23 oy oo s 2.

The image is traditionally called the rational normal curve of degree d.
In this case, the equations can be written in the following attractive form.

vg(PY) = {rank< Yoo YL Yd—1 ) < 1} C Py

Yy Y2 .. Yd

Indeed, the condition that the rank of the given matrix is at most 1 is
captured by the vanishing of 2 x 2 determinants

Yi Yj
det = YiYitl — YiYit1-
< Yitl Uil ) YiYj+1 — YjYi+1
These are precisely the quadrics from the theorem above.
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The Veronese surface

The second Veronese embedding of P2. For n = 2,d = 2, we get a
closed inclusion

vg: P2 s PO

defined by [xg : 21 : 2] — [1‘% L TOT1 : ToTo 1 X2 1T ¢ T2
The image S = im(v2) C P? is traditionally called the Veronese surface.
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Products in algebraic geometry

Given two algebraic varieties X and Y (say affine or projective), we would
like to define what it means to form the product X x Y of X and Y.
Reasonable requests from any kind of product:

(1) X x Y should be the same kind of object as X and Y are (affine or
projective variety).

(2) There should be projection maps X xY — X and X xY —» Y
which are morphisms of the appropriate structures.

(3) The set of points of X x Y should be in one-to-one correspondence
with pairs (z,y) with x € X and y € Y.

A brief reflection shows that for X = A™ and Y = A™, the natural choice

is X x Y = A" with affine projection maps. However, this also shows

(4) We cannot require the Zariski topology on X x Y to be the product
topology; that would have too few open sets.
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Ways of forming products in algebraic geometry

There are different points of view on how to form products in algebraic
geometry.

(1) Algebraic: tensor product
(2) Categorical: using the universal property of the product
(3) Geometric: via defining equations and the Segre embedding

(1) and (2) are briefly discussed in the Lecture Notes (non-examinable).
We will follow approach (3).
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The product of two affine varieties

Here we take as our starting point the idea that A" x A™ = A"*™ which
is certainly very natural.
Start with general affine varieties given by equations as follows:

X:V(fl,...,f]v) CA”, fj :fj(l‘l,...,:lin) (S k[ajl,...,xn]

and

Y:V(gla7gM) CAm? gi :gz(y177ym) € k[yhaym]

Definition
Define the product X x Y to be

X><Y:V(fl,...,fN,gl,...,gM)CA"+m

using the coordinate ring k[A"™™] = k[z1,...,Tn, Y1, - - - Ym)-

v
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Checking properties of the product
For X =V(fi,...,fn) CA" and Y =V(g1,...,9m) C A™, we define

X X Y:V(fl,...,fN,gl,...,gM) c AT
Properties:

(1) X x Y thus defined is indeed an affine variety: it is the zero-set of a
finite set of polynomials in A"t

(2) There is a projection morphism
p1: X XY — A"

given by p1(zs,y;) = (z;). If (z,y) € X x Y, then the x coordinates

satisfy the polynomials f; and so we can consider p; as a morphism
of affine varieties

pr: X xY — X.

The argument for the other projection is the same.
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Checking properties of the product

For X =V(f1,...,fn) CA"and Y =V(g1,...,90m) C A™, we define
X XY =V(fi,....fn 91, --,gu) C A"

(3) The argument used to show (2) also shows that indeed the set of
points of X X Y is in one-to-one correspondence with pairs (z,y)
withz € X andy €Y.

Example 8.2

Let

X =V(z?-1) c Al
and

Y =V(y? —4) c AL.
Then both X and Y consist of two points x = +1, respectively y = £2.
Their product

XxY =V(@®-1,y2—4) c A?

consists of four points (+1,42).

v
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The algebra of products

A different point of view: assume X = V(I) C A" and Y = V(J) C A™
for I < kl[z1,...,x,) and J Qkly1, ..., Ym].
Consider

K =1 k[x;,y;]+J - klzi,y;] QE[z1,..., 20,91, Ym]-
Then it is immediate from the definitions that
X xY =V(K).
For those who know tensor products, this leads to the following statement.

Proposition 8.3
The coordinate rings of X,Y and their product are related by

k(X x Y] = k[X] @ k[Y].

Proof.
See notes. O

= = - = = et
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How to form the product of projective varieties?

What should we do when X C P", Y C P"7

In the affine case, we used A" x A™ = An+™,

However, in the projective case P™ x P™ does not have an obvious
projective variety structure. It certainly is not P,

We need to start by realizing the set P x P™ as a projective variety.
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The Segre map

The Segre map is the function

Onm P* x P — pr+1)(m+1)-1 _ prm+nt+m

([zo:---@nls ot -~ tym]) = [Toyo :Toyr -2y TpYm)
The Segre variety is
Shm = O (P x P™) € PrmEntm

At the moment, it is best to regard oy, ,,, as a map of sets, and X, ,, as a
subset of Prmtntm,
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The Segre map in matrix language

One way to understand the Segre map: in the language of matrices.
Its target P+ s the projective space of (n + 1) x (m + 1) matrices.
It maps a pair of vectors [z;], [y;] to the matrix whose (i, ) entry is
Zij = T3Y; - So
@ all the columns are multiples of [z], with proportionality constants y;;
o all the rows are multiples of [y], with proportionality constants x;.
Its image is exactly the locus of rank-1 matrices (up to scale).
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The Segre variety in P
Example 8.4

Look at the first interesting case. We have
o11: P x P! — P3

mapping ([z : y], [u: v]) = [zu : zv : yu : yv] or perhaps

(o alfuse s |(0 20 ).

From an image point [z00: 201 210: 211], We can recover
[z :y] = [ux : uy] = [200: 210]

if w0, or
[ :y] = [vz : vy] = [201: 211]

if v #£ 0. So in all cases, we can recover [z : y].

Similarly, we can also recover [u : v].
The image of 011 is defined by the equation zp9211 — 210201 = 0 inside 3.

o
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Properties of the Segre map
Theorem 8.5

The Segre map is an injection
Tnm + P x Py PFD(mFD =1  pnmtntm,

Its image is exactly the subvariety
V(zijzne — 2rjzin 0 < i<k <n,0<j<€<m)C prmtntm,

Proof.

Everything follows from the matrix interpretation. From an image point
we can recover both [z] and [y] as the one-dimensional column space,
respectively row space.

The stated equations simply say that a matrix is of rank 1 if and only if all
its 2 X 2 minors

Zij 2l
Zkj  Zke
vanish. Ol

v
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Products of projective varieties

We can now define the projective variety P x P™ to be the projective
subvariety of PPt given by the above equations. The Theorem above
shows that its points are indeed in bijection with points of the set P™ x P,
Given X C P", Y C P™ projective varieties, we can now proceed as

before: consider
Onm(X x Y) C prmtntm,

Proposition 8.6

The above set is a projective subvariety of P "™ whose points are in
bijection with X xX Y.

Proof.

Say X ZV(Fl,...,FN), and Y ZV(Gl,...,GM).
The set 0, 1, (X X Y) can then be written as

Snm NV V(EFk(205s - -« s 2nj)s Go(2i0, - - - zim) ¢ all k, £, §) C Prmtntm,

As 0, 1, is an injection, the rest follows. ]

V.
™ = — — SNl
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Projective varieties from matrices

Using the language of matrices, we can begin to write down some
interesting chains of projective varieties.

Example 8.7

Let PMy(3) =2 P® be the projective space of 3 x 3 matrices over k. Then
there is a chain of subvarieties

2272 CAC P8,

Here
A ={[A]: det A=0} CP®

is a projective cubic hypersurface, defined by the determinant polynomial.
Also Y95 2 P2 x P? is the Segre variety in PS.

Note that A C IP® is the (projective) locus of singular matrices: 3 x 3
matrices of rank at most 2. This locus contains the locus of matrices of
rank 1, which is exactly > .

v
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The definition of the Grassmannian
We first define the Grassmannian as a set.
Definition

The Grassmannian of d-planes in k™ is

Gr(d,n) = {d-dimensional vector subspaces U C k"}.

Example 8.8
o Gr(l,n) = P(k") = Pr—1L
o Gr(n—1,n) = P((k")*) =2 Pr-1L.

@ Projective duality more generally says

Gr(d,n) = Gr(n —d,n).

v

As the initial examples suggest, Gr(d,n) may always have the structure of

a projective variety. We will show this, and work out some equations, at
least in a simple case.
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Describing the Grassmannian by linear algebra

The vector space k™ comes with a fixed basis {ej,...,e,}.
Suppose that U C k™ is a d-dimensional linear subspace. Choose a basis
u1,...,uq for it. We can arrange these as rows of a d x n matrix

Ay € Mk(d, TL)
which has maximal rank d (as uq, ..., uq form a basis).

If we change the basis in U using a change-of-basis matrix P € GL(d), we
get a new matrix

BU = PAU S Mk(d, n),

also of rank d, that corresponds to the same subspace U.
Proposition 8.9
There is a one-to-one correspondence

Gr(d,n) «+» Max(d,n)/GL(d)

where Max(d,n) C My(d,n) is the subset of matrices of maximal rank d.
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Describing the Grassmannian by linear algebra

Proposition 8.10
There is a one-to-one correspondence
Gr(d,n) <» Max(d,n)/GL(d)

where Max(d,n) C My(d,n) is the subset of matrices of maximal rank d.

v

Example 8.11
When d = 1, this says that
Gr(1,n) <> Max(1,n)/GL(1).

Here Max(1,n) is row vectors except the zero vector, so

Max(1,n) = k" \ 0.
Also

GL(1) = k.

We recover

P"1 & (k™ \ 0)/k*.

v
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C3.4 Algebraic Geometry
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The Grassmannian

Definition
The Grassmannian of d-planes in k™ is

Gr(d,n) = {d-dimensional vector subspaces U C k"}.

Proposition 9.1

There is a one-to-one correspondence
Gr(d,n) +» Max(d,n)/GL(d)

where Max(d,n) C My(d,n) is the subset of matrices of maximal rank d.

v
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Coordinates on the Grassmannian

Suppose we want to define a map
Gr(d,n) — PN

to some projective space. What should our coordinate functions be?

We need to define functions on Max(d, n) which are independent of the
particular vector representative chosen, i.e. which are invariant under the
action of the change of basis group GL(d).

Answer: consider d x d minors (determinants of d x d submatrices) of the
matrix Ay attached to the subspace U. We need to choose d columns
among the n columns in total, so there are (7}) such minors.

The collection of minors is invariant under the group action: if we
left-multiply Ay by a d x d matrix P, all minors change by det P, so the
projective point they describe does not change.

Also not all minors are zero by the maximal rank assumption.

Dominic Joyce, Oxford University Lecture 9 141 /290



The Pliicker embedding

Theorem 9.2

Associating to a subspace U the collection of d x d minors of its
representing matrix Ay gives a closed embedding

Gr(d,n) — IP’(Z)_l,

whose image is a projective subvariety of p(d)-1, In particular, Gr(d,n) is
projective.

v

We will not discuss the general proof. Instead, we will look at the simplest
nontrivial example.

If n < 3, all Grassmannians are either points or projective spaces. So the
first interesting case is when n =4 and d = 2.
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Pliicker relation(s)
Example 9.3

Let d = 2,n = 4. The Pliicker map is Gr(2,4) — P° given in matrix form

’ (e7 o)

— laf —be:ag —ce:ah —de:bg—cf:bh—df :ch—dg].

Proposition 9.4

The Pliicker map is an embedding
Gr(2,4) — P°
with image

V(yoys — y1ya + y2y3) C P°.

v

Proof. It is easy to check that the image of the Pliicker map satisfies this
quadratic relation, the Pliicker relation. To complete the proof, we
consider affine charts.
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An affine open set in the Pliicker embedding
The Pliicker map of Gr(2,4) has image contained in

V(yoys — y1ya + y2ys) C P°.

Let us consider the affine open set
Gr(2,4)0 C V(yoys — y1ya + y2u3) N {yo # 0} C {yo # 0} = A> C P°.

In the matrix coordinates used before, this means af — be # 0. So for the
corresponding 2-dimensional subspace U C k4, the first two columns of
the matrix Ay are linearly independent.

This means that we can pre-multiply the matrix Ay by a unique
change-of-basis matrix P so that the first two columns become the
standard basis vectors of a 2-dimensional vector space.

We get an equivalence of matrices
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An affine open set in the Pliicker embedding
For U € Gr(2,4)9, we have the representing matrix

10 C D
01 G H )’

We can then read off the affine Pliicker coordinates of this subspace U as

Uw— (G,H,—-C,—D,CH — DQG).
We deduce the following:
@ The affine Pliicker relation
Ys — y1ya + y2ys =0
indeed holds.

@ There are no further equations involving the Pliicker coordinates.

@ In this open set, we can recover the subspace U uniquely from its
Pliicker image.
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An affine open set in the Pliicker embedding
Considering all such affine charts, we deduce that over the whole
Grassmannian Gr(2,4), the Pliicker map is an embedding, and its image
equals

V(yoys — y1ya + y2y3) C P°.
This proves Proposition 9.4. (]
From the preceding argument, we also deduce

Corollary 9.5

The affine open set Gr(2,4)q is isomorphic to affine four-space A*.

Proof.

The projection A% — A? to the first four coordinates, and the inclusion
A* — A defined by

(21,2, 23, 24) = (T1, %2, —X3, —T4, T2T3 — T1T4),

give inverse isomorphisms between Gr(2,4)y C A® and A*. O

o

= = = >
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Irreducibility
Theorem 9.6

The Grassmannian Gr(d,n) is an irreducible variety.

We need a lemma.

Lemma 9.7

Let GL, (k) C A" be the space of invertible linear matrices inside the
affine space of all n x n _matrices over k. Then GL,,(k) is an irreducible
affine variety.

Proof.

Let A € k[A™] be the determinant polynomial on the space of matrices.
Then GL,,(k) = DA, the principal open subset defined by the
non-vanishing of A. The first statement is then a general instance of the
phenomenon that a basic open set in an affine variety is affine. See
Lecture 12 later!

Also GL,,(k) = Da C A™ is dense, as affine space A™” is irreducible. A
dense subset of an irreducible variety must itself be irreducible. This
concludes the proof. []

v

Dominic Joyce, Oxford University Lecture 9 147 / 290



Irreducibility: the proof

Proof of Theorem 9.6.

We define a surjective polynomial map
¢: GL, (k) — Gr(d,n).

A surjective image of an irreducible variety is irreducible, so the existence
of the map ¢ proves the irreducibility of Gr(d,n).

Inside the vector space k™ with fixed basis {e1,...,e,}, let

W = (e1,...,eq) be a reference d-dimensional subspace.

Suppose that V' C k" is an arbitrary d-dimensional linear subspace.
Choose a basis v1, ...,y for it, and complete to a basis v, ..., v, of k™.
Then A € GL,,(k) with columns v; will map W to V. This defines the
surjective polynomial map ¢, thus concluding the proof. Ol

v
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Irreducibility: a comment

You may have noticed that this proof was a little bit cheating: the
morphism

¢: GL, (k) — Gr(d,n)

is not a morphism of affine varieties, nor a morphism of projective
varieties. We will fill in the gap in Lecture 11, where we will discuss
morphisms of quasi-projective varieties.
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Chains in varieties and dimension

Let X be a variety (affine or projective). A chain of length m means a
strict chain of inclusions

D#XoC X1 C X2 G- C Xy CX,
where each X; C X is an irreducible subvariety.
For example, one can start with Xo = {p} a point of X.
If X is irreducible, then one can end with X,,, = X.
Definition
@ The Jocal dimension dim, X of X at a point p € X is the maximum
over all lengths of chains starting with X¢ = {p}.
@ The dimension of X is the maximum of the lengths of all chains,
dim X = max (3 chain Xo C X; C Xo C--- C X))
m
= max dim, X.

peX

Say X has pure dimension if the dim, X are equal for all p € X.

o
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Some elementary examples

Example 9.8

(a) The chain A® = {0} =V(zy,...,2,) CA' =V(29,...,2,) C--- C
A"l =V(x,) C A" shows dim A" > n.

(b) Similarly, dimP™ > n.

Fact. (to be discussed later) dim A™ = dimP" = n, both varieties being
of pure dimension.

(c) Consider X = V(zy,rz) C A3.

As we saw earlier, X is a union of the (y, z)-plane and the z-axis. We have
dim, X = 2 at points p in the plane, and dim, X =1 at other points.
(d) An (affine or projective) variety X of dimension dim X = 0 is a finite
set of points.

Proof of Example 9.8(d).

Let p € X and Xy an irreducible component of X containing p.

Suppose Xo # {p}. Then we have the chain {p} C Xj in X, so we would
have to have dim X > dim, X > 1. So each of the finitely many
irreducible components of X must be a point. []

T = — — wyort
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Chains in commutative algebra
Let A be a ring (commutative with unit). A chain of length m means a
strict chain of inclusions

02012 2 Pm—1 2 Pm

where each p; < A is a prime ideal.

One can start with a maximal ideal pgp = m C A. If A is an integral
domain, one can end with p,, = {0}.

Fact For A Noetherian, the descending chain condition holds for prime
ideals, i.e. there are no chains of infinite length.

Definition
The height ht(p) of a prime ideal p <1 A is the maximal length of a chain
with po = :

ht(p) = max (3 chain p 2 1 2 -+ 2 Pm—1 2 Pm)-
m
For an arbitrary ideal I <1 A, the height of I is ht(/) = ming ht(p) over all

prime ideals g containing I.
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Dimension in commutative algebra

Definition
The Krull dimension of A is the maximum height of all maximal ideals
m < A (equivalently, prime ideals):

dim A = max ht(m: m < A maximal).

Example 9.9
@ A field A=k hasdim A = 0.
@ If Ais a PID but not a field, then dim A = 1.

@ The chain (z1,...,2,) D (z1,...,2p—1) D -+ D (x1) D {0} shows
dim k[zq, ..., z,] > n.
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Some key results from commutative algebra

The following results are proved in commutative algebra courses.
Theorem 9.10 (Krull's principal ideal theorem, Hauptidealsatz)

For any Noetherian ring A, if f € A is neither a zero-divisor nor a unit,
then

ht((f)) = 1.

Theorem 9.11 (Krull's height theorem)

For any Noetherian ring A, and (f1,..., fm) # A,

ht((f1,..., fm)) < m.

So the height ht(gp) is at most the number of generators of .
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Dimension and transcendence degree

Definition

Consider a field extension K /k. Then the transcendence degree trdeg; K
of K/k is the maximum number of elements of K which are algebraically
independent over k (i.e. they satisfy no polynomial relations with
coefficients in k).

A key result in field theory says that for a finitely generated field extension
K /k, trdeg; K = m if and only if there are m algebraically independent
elements aq, ...,y € K with K/k(aq,...,qy) a finite extension.

Theorem 9.12

Let A be a finitely generated k-algebra which is an integral domain. Let
Frac(A) be the field of fractions of A. Then
dim A = trdeg, Frac(A).

Notice that in this case, a finite set of generators of A as a k-algebra
provides a finite generating set for the field extension Frac(A)/k.

Dominic Joyce, Oxford University Lecture 9 155 /290



Additivity for prime ideals

Our last result from commutative algebra is the following.

Theorem 9.13 (additivity for prime ideals)

Let A be a finitely generated k-algebra which is an integral domain. Then
for every prime ideal p <1 A, we have

ht(p) + dim A/p = dim A.
Compare this with the following, much easier result.
Proposition 9.14

For any Noetherian ring A, let f € A, neither a zero-divisor nor a unit.

Then . .
dimA/(f) <dimA -1,

but equality frequently fails.

Proof.
Lift a chain of prime ideals from A/(f) to A, and use that ht((f)) =1 by
the Hauptidealsatz, Theorem 9.10. []

v
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A key deduction
Corollary 9.15

We have dim k[x1, ..., z,] = n.

Proof 1.

We know the maximal ideals are (x; — ay,..., =, — ay), so they have

height at most n by Krull's height theorem.

So dimk[xy,...,x,] < n.

On the other hand, we noted the easy direction dim k[z1,...,x,] > n

above. 1)

Proof 2.

We have

dimk[zy,...,z,] = trdeg, k(z1,...,zp).

But this latter quantity is clearly n, using the key result in field theory

mentioned before. O
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Algebraic and geometric dimension coincide
Theorem 10.1
If X C A™ is an affine variety, then the (geometric) dimension of X and

the (Krull) dimension of its coordinate ring agree:
dim X = dim k[X].

Proof.

By Hilbert's Nullstellensatz, there is an inclusion-reversing bijection
between irreducible subvarieties X; C X and prime ideals p; <1 k[X], given
by p; = I(X;) and X; = V(gp;). This gives a bijection between maximal
chains. O

v

Similarly,
Theorem 10.2

For a projective variety X C P", dim X equals the maximal length of
chains of homogeneous prime ideals of its projective coordinate ring S(X)
which do not contain the irrelevant ideal (zg,...,zy).

In particular, dimX:dimX'—l, where X C A" js the affine cone of X.

i =T = — TYT
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Basic properties of dimension
Proposition 10.3

If X,Y are isomorphic affine, respectively projective varieties, then they
have the same dimension.

Proof.
This is clear from the geometric definition: isomorphisms map maximal
chains of irreducible subvarieties to each other. [

v

Caveat. Note if X =Y are affine varieties, then k[X] = k[Y] and so we
can also see immediately that Krull dimensions coincide.

However, this is not true in the projective case; an isomorphism of
projective varieties does not induce an isomorphism between homogeneous
coordinate rings!

Proposition 10.4

If X, Y are affine, respectively projective varieties, then
dim(X xY) =dim X + dimY.
Proof is sketched in the Lecture Notes.
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Basic properties of dimension

Proposition 10.5

If X C A" is an irreducible affine variety, and X C P" its projective
closure, then
dim X = dim X.

Proof.

One direction dim X < dim X is clear: given a chain of irreducible

subvarieties in X, we can take their projective closure to get a chain of

irreducible subvarieties of X. The proof of the full result is omitted. O
.

Corollary 10.6

If X C P™ is an irreducible projective variety, and U C A™ an affine open
subset of X, then

dim X = dim U.
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Linear subspaces

A linear subspace of P" = P(k"!) is a projectivization L = P(U) of a
vector subspace U C k"*1.
If dimp U = m —+ 1 in the sense of linear algebra, then

U= (vg,...,0m) CV.

Changing basis in k™1 so that these vectors belong to the basis, we can
write

L=PU ={zmy1 =Tmi2=... =2, =0} CP".
So the homogeneous ideal defining L is
1% = (i1, Tma2s - - Tn) <Dk[Z0, - . - ) Tn).
So its homogeneous coordinate ring is
S(L) = klzo, ..., Tm)
and so
dim L =dimk[L] —1=m
the projective (linear) dimension of L.
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Hypersurfaces

Theorem 10.7

For an irreducible affine variety X C A", we have dim X =n — 1 if

and only if X = V(f) C A" for an irreducible f € R = k[z1,...,xy).
The analogous result also holds for X C P™ an irreducible projective

variety and f homogeneous in k[xq, ..., Tpy].

Proof.

(=):dimX=n—-1=101X)# (0)=3f #0 € [(X).

Since [(X) is prime, it must contain an irreducible factor of the
factorization of f. So we can assume that f is irreducible, hence prime, in
the UFD R.

Then X C V(f) € A" is a chain of irreducibles, dim X =n — 1 and

dim A" = n, thus we must have X = V(f).

(«<): As f is irreducible, p = (f) is a prime ideal. By the Hauptidealsatz,
Theorem 9.10, ht(p) = 1. Now use Theorem 9.13 on additivity for prime

ideals. ]

Such (affine or projective) varieties are called hypersurfaces.
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Examples

Example 10.8

Let f € k[xg, z1,x2] be a non-constant homogeneous polynomial of degree
d. Let
C =V(f) cP%.

Then we have dim C' = 1 by the Hauptidealsatz, Theorem 9.10
Indeed, C' C P? is a plane curve, a hypersurface in P2

Example 10.9
Consider the Segre embedding o1 1: P! x P! — P3. Its image is given by

0‘1’1(]?1 X Pl) = V(l‘ol‘g = 1‘111,‘2) - P3.

This is a hypersurface of dimension 2 = 1 + 1 = dim P! + dim P!,
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An example from the Veronese embedding
Example 10.10

Consider the Veronese embedding v3: P! — P3.
The image is given by

X = Vg(]P’l) >~ V(zore — x%,xlxg — x%7$0$3 — z129) C P3.
Consider also

XCcY = V(x():lfg = .771:172) C Pg.
Then we have

o dimP! = 1.

o dimw3(P!) = 1, as v3 is an isomorphism onto its image.

o dimP? = 3.

o dimY = 2, by the Hauptidealsatz, Theorem 9.10. Y is an irreducible
hypersurface.

@ dimY —dim X =1, even though X C Y is given by two further
equations.

v
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Grassmannians

Recall that Gr(2,4) = V(yoys — y194 + yoy3) < P5. This being a
hypersurface, we get dim Gr(2,4) = 4.

Note that this is compatible with the fact that we found an affine open set
Up = A* C Gr(2,4).

Proposition 10.11

In general, we have
dim Gr(d,n) = d(n — d).

Sketch proof.
The argument given in Lecture 8 generalizes to show that for arbitrary
(d,m), there is an affine open set

Up = Maty(d, n — d) = A9 < Gr(d, n).
As Gr(d,n) is irreducible, its dimension agrees with any of its affine open
sets, so we deduce the statement. O

o

Dominic Joyce, Oxford University Lecture 10 166 / 290



Definition of degree

Recall that a linear subspace of P* = P(k"*1) is a projectivization

L =P(U) of a vector subspace U C k"1,

Consider a projective variety X C P of dimension d. Denote m =n — d,
the complementary dimension.

Definition
We define the degree of X C P" to be

deg(X) =#(X NL): L CP" a general linear subspace, dim L = m.

This needs an explanation. Consider Gr(m + 1,n + 1), the Grassmannian
of (m + 1)-dimensional subspaces of k"1

Fact. There is an open subset U C Gr(m + 1,n + 1) such that for L € U,
there is a finite number of intersection points (X N L), and the number
#(X N L) is maximal. We define this maximal value to be the degree
deg X.

Note: As we know, Gr(m + 1,n + 1) is irreducible, so every open set is
automatically dense in it.
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Linear subspaces

Example 10.12

Let X = P(V) a linear subvariety itself, of dimension d, with V' C k"*! a
vector subspace of dimension d + 1.

Then the dimension of intersection formula in projective geometry says
that for any other projective linear subspace L = PU,

dim(X N L) = dim X + dim L — dim(X, L).
So if dim L = n — dim X, the complementary dimension, we get that
dim(X N L) =0 as long as the linear span (X, L) = P".
The latter will be the case as long as among the m + 1 vectors giving a
basis of U and the d + 1 vectors giving a basis of V/, we can find a basis of
k™ t1. This will happen “most of the time” (in an open set of the
corresponding Grassmannian).
The number of intersection points #(X N L) = 1 in this case, so
deg X = 1.
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Hypersurfaces

Example 10.13

Let X = V(F) C P™ a hypersurface defined by a homogeneous polynomial
of degree d without multiple factors. Then dim X =n — 1, the
complementary dimension is thus m = 1.
Let L C P” be a line. We know L = P! ¢ P*. For example, as before, we
can choose a basis of P so that
L={z2=...=2,=0} CP".

Then

XNL={[zo: ...:zp|: Flzxog,21) =0,29 = ... =z, = 0}.
Here F(xo, 1) is a homogeneous polynomial of degree d in two variables.
The Fact referred to in the definition of degree translates here to the fact
that if we choose a general L, then this polynomial will have d distinct
roots.

Corollary 10.14
For X = V(F) C P™ as above, deg X = d.

v S
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Extreme cases

At one extreme, let p1,...,pq € P" be a finite set of points and

X:{pl,...,pd}CPn.

Note that this has the structure of a projective variety, with dim X = 0, as
discussed in the last lecture.

The complementary dimension is m = n.

So we have

deg X = #(X NP") =d.

At the other extreme, for X = P" C P", the complementary dimension is
m =0, so L = {p} a point. So

deglP" = #(P"NL)=1.

This is of course also covered by the case of general linear subspaces.
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Weak Bézout theorem

We state the following result without proof.

Theorem 10.15 (Weak Bézout Theorem)

Let X,Y C P™ be projective varieties of pure dimension with
dimX NY =dim X +dimY —n.

Then

deg X NY < deg X -degV.

Note: the dimension assumption says that X NY is “of the expected
dimension”, given by the dimension of intersection formula for linear
subspaces spanning P".
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Weak Bézout for plane curves
Example 10.16 (Weak Bézout for plane curves)

Let C;,Cy C P? be plane curves, given by homogeneous polynomials
F; € klxg, x1, z2] of degrees d;. Then as discussed before, dim C; = 1 and
deg CZ = di.
The dimension assumption above translates to the fact that

dimCiNCy =dimCy +dimCy — 2 =0,
so C71 N Cy is a finite set of points. In other words, it means that C7, Cs
should have no common components.

Corollary 10.17 (Weak Bézout for curves)

With these assumptions, we have
#(C1NCy) < dy - do.

Proof.
Use the general Weak Bézout Theorem 10.15, together with
deg(C1 N Cy) = #(C1 N Cy)
for the finite set (C; N Cy). O
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Grassmannians
Recall once again

Gr(2,4) = V(yoys — y1ya + yays) — P°.
This being a hypersurface, we get deg Gr(2,4) = 2.
Theorem 10.18

In general, let
Gr(d,n) — P(2)-!

be the Pliicker embedding. Then in this embedding, we have

1020 (d=1)!
n—d)! - (n—d+1)-...-(n—1

deg Gr(d,n) = (d(n — d))!

v

The proof, as you can guess from the formula, is nontrivial. Note that even
the fact that the right hand side is an integer needs a moment's reflection.
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The Hilbert function of a projective variety
Let X C P" be a projective variety. Its homogeneous ideal

1"(X) < R = k[xq, ..., 2]

"(X)=Prx)

We also have the graded homogeneous coordinate ring

S(X)=R/T"(X) =P S(X

is graded:

with
S(X)m = k[0, - - s T /T (X )
Definition
The Hilbert function of the graded ring S(X) is the function
hX :N—- N
defined by
hx(m) = dimg S(X)m

™y . — — = =
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The Hilbert function of a projective variety: first example

Easy Lemma 10.19
We have the formula

m-+n
m

hx(m) = ( ) — dimy, I"(X),s.

Example 10.20
Let X =P". Then I"(X) = (0), so

hpn(m) = (m+n)

m

(m+n)---(m+1)
n!

1, .
= —m + lower order terms in m.
n

. y
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The Hilbert function of a plane curve

Example 10.21

Let C = V(F) C P2, for F irreducible homogeneous of degree d. Then
I"(X) = (F), so for m > d,

We get, for m > d,
m+ 2 m—d+ 2
e = (") =" d")

(m+2)(m+1) (m—-d+2)(m—-d+1)

D) 2
_ % (m2+3m+2—(m2—2md+3m)—(d—2)(d_1))
= dm— W + 1.

v
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The Hilbert function of a plane curve
Introduce the quantity
(d—1)(d—2)

9(C) = 5

Corollary 10.22

The Hilbert function of a plane curve C = V(F) C P? of degree d is given
by

for m > d.

Note. The quantity g(C) is the genus of C, an invariant of fundamental
importance in the study of (plane) algebraic curves. There are many other
definitions.
Example 10.23
@ For d <2, we have g(C) = 0. Indeed, for d = 1 we have
C = L =P!. For d =2, we have a quadric which (if nonsingular) is
isomorphic to P!,
e For d = 3, we have g(C) = 1. This is the case of cubic elliptic curves.

he(m)=d-m—g(C)+1
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The Hilbert polynomial

We state the following fundamental results without proof.

Theorem 11.1

For any projective variety X C P", there exists a polynomial px € Q[z],
such that for sufficiently large m,

hx(m) = px(m).
px Is called the Hilbert polynomial of X C P". The leading term of px is

deg X dim X
dmx) "

In other words, the Hilbert function is “eventually polynomial”, of degree
dim X.

Dominic Joyce, Oxford University Lecture 11 179 /290



The Hilbert polynomial: examples

Example 10.20, revisited. We computed

1
hpn(m) = —'m” + lower order terms in m
n

which agrees with the statement of the Theorem: dimP"” = n and
degP™ = 1.

Example 10.21, revisited. For C' = V(F) C P? a plane curve of
degree d, we computed

he(m)=d-m—g(C)+1

for m > d. This also agrees with the Theorem, as dimC =1 and
deg C = d.
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An important caveat

Note that both the degree deg X and the Hilbert polynomial px of a
projective variety X C P" were defined in terms of the embedding.
They are not invariants of X up to isomorphism! An honest, though
clumsy, notation would be deg(X C P") and pxcpn.

Example 11.2

Recall the Veronese embedding 15 : P! — P2, Its image is a quadric plane
curve

C = {zozy — 22 = 0} C P2
The Veronese map and its inverse on C' give an isomorphism of projective
varieties C' = P!,
Yet we have degP! = 1 and deg C' = 2, and the Hilbert polynomials are
also different.

v

Contrast this with the quantity dim X which, as we discussed before, is an
invariant of X up to isomorphism. Indeed, dim C' = dim P! = 1.
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Regular functions at points and on open sets
Let X C A™ be an affine variety. Then its coordinate ring

k[X] = k[z1,...,z,]/1(X)

can be thought of as the ring of regular or polynomial functions on X.
Every element f € k[X] can be interpreted as a function

f: X —k

by evaluating a representing polynomial in k[x1, ..., x,].

We would like to extend this definition to study functions which are
regular near a point, or on some open set in X.

Let p € X. A function f : U — k defined on a neighbourhood of p is
called regular at p, if on some openset pe W C U,

flw = % for some g, h € k[X] with h(w) # 0 for all w € W.

For an open subset U C X, write Ox (U) for the k-algebra of regular
functions on U, functions f : U — k that are regular at all points p € U.
182 /290



Examples

Q If f € k[X] then f is regular at all points of X: use f = { Thus
feO0x(X).

We will prove later that in fact this inclusion
k[X] = Ox(X)

is an isomorphism; note that this is not at all obvious!

Q@ If X = Al, then 1/2™ € Ox(U) for any open set U not containing
the origin.

© More generally, for any X and f € k[X],

1/f" € Ox(Dy),

where
Dy =X\V(f)

is the basic open set of X defined by the non-vanishing of f.
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Germs of regular functions

Let p € X. We want a notion of “ring of regular functions near p on X".
We want to regard two functions as the same, if they agree “sufficiently
close to p".

Here is how to formalize this idea.

Definition
A function germ at p is an equivalence class of pairs (U, f), with
p €U C X open, and f: U — k a regular function, where we identify

U, f) ~(V,9)

if flw =g|lw onanopenpeW CcUNV.
Denote by Ox ), the set of germs of regular functions at p. This is a
k-algebra in an obvious way.
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Function germs: an example

Function germs can behave in unexpected ways, especially on reducible
varieties.

Example 11.3

Let
X =V(zy) C A%

Then X is a reducible variety: it is the union of the z-axis and the y-axis.
Let

U=X\V(x)
the open subset of X consisting of the z-axis without the origin.
Consider f: U — k given by f = £. This is a regular function on U:

fe Ox(U).

But along the x-axis away from the origin,

U, f) ~ (U,0)
asy=0:U—k, so[(U,f)]=0.

v
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Multiplicative sets in rings

To relate the ring of germs Ox , to other rings of functions algebraically,
we need to recall a notion from Commutative Algebra. Let A be a ring
(commutative with 1).

Definition
A subset S C A is a multiplicative setif 1 € Sand S-S C S.

Example 11.4
Q@ S = A\ {0} for any integral domain A.
@ S = A\ p for any prime ideal p < A.
Q@ S = A\ m for any maximal ideal m < A.
Q@ S={1,f f% ..} forany f € A
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Localizing rings

Let S C A be a multiplicative subset.

Definition

The localization of A at (or with respect to) S is the ring
ST1A=(AxS8)/ ~

where we abbreviate the pairs (r,s) by ©, and the equivalence relation is:

r r/

I~ & t(rs’ —r's) =0 for some t € S.

Remark

If A is an integral domain, then t in the definition of the equivalence
relation is unnecessary. Indeed, for integral domains the theory of
localization substantially simplifies.

Notation. For f € A and S = {1, f, f2,...}, denote

Af = Sil(A)
For a prime ideal p <t A and S = A\ p, denote
A, =S71(A).
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Examples of localization

Example 11.5
Q@ IfA=Zand S=27)\0, then S—14=Q.
@ More generally, if A is an integral domain and S = A\ {0}, then

Frac(A) = S7'A

is the (definition of the) field of fractions of A.

© If A is an integral domain, f € A\ {0} and S = {1, f, f2,...}, then
we have

Ar=Alf ™ = {a/f": a € A}.

If f is a zero-divisor, Ay can be more complicated to describe.
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A further example

Let us see an example where A is not a domain.

Example 11.6

Let A= k[m y]/(xy), and consider the multiplicative subset
S={1,z,z2,...}in A.

In the the Iocallzatlon S~1A, the element y = 4 is zero, since y is
annihilated by z € S.

Thus

klz], = ST1A 2 k[z, 27! C Frac(k[z]) = k(z).
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Some basic algebraic properties
Theorem 11.7 (Algebraic Properties of Localisation)
(1) If A is an integral domain, then for any multiplicative set S in A,

there are injections
A < STY(A) < Frac(A).

(2) For any prime ideal p << A and S = A\ p, the localization A, has a
unique maximal ideal

oAy —{Z:irepsgp}/ .

(3) For A an integral domain,
A= ﬂ An = ﬂ A, C Frac(A).

mazr m<JA prime <A

(4) For any ideal I < A, and for any prime ideal o <1 A containing I, the
localization A, has an induced prime ideal I A, and we have an
isomorphism

(A/D)y = Ag/TA,,

V.
Dominic Joyce, Oxford University Lecture 11 190 /290




The ring of germs of functions is a localization

Proposition 11.8

Let X C A™ be an affine variety. At a point p € X, the ring of germs of
functions at p is the localization
OXJ, = k‘[X]mp
of the coordinate ring k[X| at its maximal ideal
m, =I(p) = {f € k[X]: f(p) = 0}

corresponding to p.

Proof. Consider the map
OXJJ — k‘[X]m

defined by ’
g

(Uaf)Hﬁa

where f|y = £ for g, h € k[X], h(p) # 0.
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The ring of germs of functions is a localization

The map is well-defined: h(p) #0 = h ¢ m, = £ € k[X]n,.

Moreover, if (U, f) ~ (U', f'), so £ = %/, on a basic open

p € Dy CUNU', where s € k[X], then gh/ — g’h =0 on Dx.

Since s(p) # 0, we have s ¢ m;,. Thus s- (gh’ — ¢g’h) = 0 everywhere on
X,so0s-(gh' —¢'h) =0in k[X].

Thus = %/, in k[X]n,.

We build the inverse map: for h ¢ m,, let U = Dy, then send § — (U, ).

If £ = % in k[X]m,, then s- (gh’ — g'h) = 0 for some s € k[X]\ m,,.
Then s(p) # 0 so p € Dg, and gh/ — g’h =0 on Dsy.

Thus % = h—; as functions Dy — k, as required.

By construction, the two maps are inverse to each other, so they both

define isomorphisms. O
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An example

Let us return to A = k[x,y]/(zy), corresponding to X C A? being the
union of coordinate axes.
Consider the point p = (1,0). Its maximal ideal is

mp = (z — 1,y) < klz, yl/(xy) = k[X].

Naively, we would like to invert all functions that do not vanish at p, so
allow denominators from the set

S={feA:[¢l—1y)=A\m,

However, while the global functions 0 and y are different in k[X], as we
saw before, they become equal near p, and also in the localization
S7'A = k[X]m,. Indeed, in this example we get

klx]m, = k[w][% : h(p) # 0] C Frac(k[z]) = k(z).
This is the same as what we would have obtained for
p=(1,0)CY ={y =0} C A%
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An example, continued
Continue with A = k[z,y]/(xy). Consider the point ¢ = (0,0) € X, the
intersection point of the two components. Its maximal ideal is

my = (,y) < k[z,y]/(xy) = k[X].

Now we have y # 0 near this point, so in the local ring k[X]n, .
Indeed there are surjective restriction maps, obtained by setting y = 0,
respectively x = 0:

k[ X]m, = klz]()

and

the local rings at the origin in the two copies of the affine line.
Using these two surjective maps, it is an easy exercise to show that

k[X]m, C kla]y < klyly)

is the subring of elements of the product ring consisting of pairs of
functions with the same value at the origin.
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An example, continued
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Localization: final general properties on irreducible varieties

For X C A™, an irreducible variety corresponding to a coordinate ring
k[ X] which is a domain, we obtain from Theorem 11.7(1) above,

k[X] C Oxp = k[X]m, = k[X][3 : h(p) # 0] C Frac(k[X]) = k(X).

We also have, from Theorem 11.7(3) above,

k[X] = () Oxp C k(X).
peX

In other words, on an irreducible affine variety, a rational function is
regular if and only if it defines a regular germ at each point.
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Localization on reducible varieties
For X C A™ reducible, write

N
X:U&
i=1
an irreducible decomposition.
Consider a point
peXi\|JX;
J#i

lying on a unique irreducible component.
Then essentially the same argument that was used in the example before
proves that the ring of germs at p is

Oxp = k[X]n, = E[Xi|n,.
In other words, for such points the ring of germs “sees” only the (unique)
irreducible component p lies on.
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Localization on reducible varieties
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Intersection numbers via localization

This is “off-topic” but too nice not to mention.
Let f1, fo € k[x,y] be two polynomials without common factors. Let

Ci:{fiZO}CAQ

be the two affine plane curves defined by the f;.
Let p € C1 N Cy be an intersection point. Let m, <1 k[x, y| be the maximal
ideal of this point on the affine plane.

Definition

The intersection multiplicity of C; and Cy at p is the (finite) quantity

dlmk k[i’,y]mp/(fl? f2>

This is the (local) quantity that goes into the full version of Bézout's
theorem.
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Why quasiprojective varieties?

We would like to consider a class (category, if you wish) of “algebraic
varieties” that includes affine and projective varieties, but also (closed and)
open subsets of those.

We would also like to define (to get a category), what morphisms of these
are.

Example 12.1
The open set U = A! \ {0} of A! can be thought of as an affine variety:
the first projection of the affine variety
Y =V(zy — 1) C A?
is a bijection (isomorphism) between Y and U.

Example 12.2

The open set V = A%\ {0} can not be thought of as an affine variety: it is
not (isomorphic to) an affine variety Y C A™.

v

We will see that A2\ {0} is an example of a quasiprojective variety which
is not affine, nor projective.
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Quasiprojective varieties

Let R = k[zo,...,x,] be the homogeneous coordinate ring of projective
space P".

Definition
A quasi-projective variety X C P" is any open subset of a projective
variety, so there exists ideals I, J <1 R with

X =U;nV(I)

where
Uy =P"\V(J).

Notice we can also write X as the difference of two closed sets:
X=VI)\V{I+J).

A quasi-projective subvariety Y of X is a subset of X which is also a
quasi-projective variety.

v
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Examples
The following are all examples of quasi-projective varieties.
@ Any projective variety X C P" is a quasi-projective variety as
X=P"nX.
@ Any affine variety X C A" is a quasi-projective variety as
X=UynX,

where X C P" is the projective closure of X, and Uy = A" is one of
the covering open affines of P".

@ We have
A%\ {0} = (Uy N (U1 UTy)) NP2,

where U; = {z; # 0} are the covering affine open subsets of P2.

@ Any open subset of a quasi-projective variety is also a quasi-projective
variety, since

Up N (UJQV(I)) =UynUy)NV(I).
ST



Morphisms

Morphisms are defined in the same way as for projective varieties.
“Morphisms in projective geometry are defined locally.”

Fix quasi-projective varieties X C P™ and Y C P™. We work with

(m + 1)-tuples of homogeneous polynomials of the projective coordinates
xo, ..., Ty on X. Let R = k[zg,...,xy).

Definition

A morphism F' : X — Y of quasi-projective projective varieties is a
function F' such that for every p € X, there is an open neighbourhood
p € U C X, and homogeneous polynomials fy,..., f,, € R of the same
degree, with

F:U =Y given by F(lap: -+ : an]) = [fo(a) : -+ : fm(a)].

Dominic Joyce, Oxford University Lecture 12 205 /290



Morphisms of affine varieties
We need to check that for X C A™, Y C A™ affine, this definition agrees
with the definition of a morphism of affine varieties.
Suppose a morphism f: X — Y between affine varieties is given by an
m-tuple fi,..., fin of polynomials of the variables x1,...,x, of X:

f: X — Y

(@15 mn) = (fr(@a), ... fm(20)).

Let d = max deg f;, Fo(x) = X¢, F;(X;) = X{fi(x:), where the affine
variables (z1,...,x,) and the projective variables [ Xy : ... : X,,] are

related as usual by z; = X;/ X for i # 0.
Then we can use the quasi-projective representation

[Fo(X0) - Fn(X0)] = [XG = X§ fu(@i) : - 2 XE fon(0)-
On the open set A™ of P where we can set Xy = 1, we indeed get
[Lixy:oixp] = (L fi(z) 0 fin(xg)].
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Affine quasi-projective varieties

As we have a notion of morphism, we automatically have a notion of
isomorphism for quasi-projective varieties.

The following terminology is unfortunate, but completely standard in the
subject.

Definition
A quasi-projective variety X is called affine, if it is isomorphic (as a
quasi-projective variety) to a Zariski closed subset Y C A™.

We could call these “affine quasi-projective varieties” but everybody calls
these “affine varieties”.

As we will see later, the ring k[Y] = K[A™]/I(Y") has an intrinsic definition
in terms of X.

Example 12.3

The open set V = A2\ {0} is not an affine (quasi-projective) variety: it is
not isomorphic to a closed subset Y C A".
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An example of an affine quasi-projective variety

Example 12.4
Consider the quasi-projective variety
U= A"\ {0} =P"\ {0, c0}.
Let
Y =V(zy — 1) C A?,
which can be written as a quasi-projective variety as
Y = V(z1zo — 22) N U C P2
Then the formula
[.%'0: xIq: .%‘2] = [370: :L'Q]
defines a well-defined map of quasi-projective varieties F': Y — U.
Its inverse G: U — Y can be written in the coordinates zg, z; of P! as
G: [20: 21] = [2021: 22: ).

Check that these indeed define mutual inverses and behave as expected!

Dominic Joyce, Oxford University Lecture 12 208 /290



Basic open sets in affine varieties are affine

Lemma 12.5
Let X C A™ be an affine variety, f € k[X]. Then the basic open set

Dy =X\V(f)

is an affine (quasi-projective) variety with

k[Ds] = k[X];.

The proof is just a more general version of the previous example.
Proof. Let [(X) < k[z1,...,2,] be the ideal of X. Let

I= (I(X), zn1f = 1) Ck[z1,. .o 2, Tnga]-

Let B
Y =V(I) c A™!

be the affine variety corresponding to the ideal I. The proof will be
concluded by the following two Claims.
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Basic open sets in affine varieties are affine

Claim 1. We have k[Y] = k[X];.

Proof of Claim 1.

There is a natural map from left to right given by x,+; mapping to

% € k[X]; and g € k[X] mapping to § € k[X];.

There is also a natural map from right to left given by f% = 9T -

It can be checked easily that these maps are mutual inverses. []

Claim 2. We have Y = Dy as quasi-projective varieties.
Proof of Claim 2.

The first projection (a1, ..., an,ap+1) — (a1, ..., a,) restricts to a map

Y — A" whose image is Dy.

It has an inverse which is the map

(a17"'7an) b= (alv"'vanaﬁ)

from Dy to Y.
Introducing homogeneous coordinates, it is easy to write these as genuine
maps of quasi-projective varieties. For details, see Lecture Notes. The
proof of Lemma 12.5 is complete. [
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Quasi-projective varieties are locally affine
Theorem 12.6

Every quasi-projective variety X has a finite open cover by affine
(quasi-projective) subvarieties. In particular, affine open subsets form a
basis for the Zariski topology on X.

Proof.
We have, picking generators for ideals,

P*" D> X ZV(Fl,...,FN) \V(Gl,,GM)
Because P” has an affine open cover by its standard open sets U, it

suffices to check the claim on the open subset Uy N X of X.
Then UyN X is

V(flaafN)\V(ghagM):U] (V(fh?fN)\V(g])):U]ng’
where
ng = {g] #0} CV(flvafN)
is a basic open subset in an affine variety.
Now apply Lemma 12.5.

Ol

o
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Quasi-projective varieties as glued from affine varieties

The Theorem shows that quasi-projective varieties are basically affine
varieties “glued together”. We could take this as a starting point!

X =Jui, with U; c A™ affine.

7

This point of view takes algebraic geometry closer to other subjects like
differential geometry: we specify a set of “local models” and build global

objects from local ones.
This point of view expands the list of possible objects further, allowing
so-called “abstract varieties” and eventually “schemes”:

{affine varieties} C {quasi-proj. varieties} C {abstract varieties} C {schemes}.
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Objects in algebraic geometry

We have as possible objects
{affine varieties} C {quasi-proj. varieties} C {abstract varieties} C {schemes}.

Here

o affine varieties (corresponding to finitely generated reduced
k-algebras) are basic building blocks;

@ quasi-projective varieties are what we can glue inside a convenient
global model (projective space);

@ abstract varieties are what we can glue abstractly, without a global
model;

@ schemes are what we can glue when we do not insist that our algebras
should be reduced.

This list could go on!
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Morphisms in algebraic geometry

Morphisms for our objects
{affine varieties} C {quasi-proj. varieties} C {abstract varieties} C {schemes}

are then defined as follows:

@ morphisms of affine varieties are algebra homomorphisms of the
corresponding to finitely generated reduced k-algebras (backwards);

o for all other types of objects, morphisms are collections of local
morphisms compatible with gluing.

This point of view is explained further in the Lecture Notes
(non-examinable), and in second courses in Algebraic Geometry.

Dominic Joyce, Oxford University Lecture 12 214 /290



Examples of different types of objects in algebraic geometry

Examples:

{affine varieties} C {quasi-proj. varieties} C {abstract varieties} C {schemes}
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Regular functions in the affine case
Start with an affine variety X C A™. For U C X open, recall

Ox(U) = {regular functions f: U — k}
= {f:U — k: f is regular at each p € U}.

Here f regular at p means: on some open p € W C U, the following
functions W — k are equal:

f:% some g, h € k[X] and h(w) # 0 for all w € W.

Example 12.7

Q@ Let U= D, = A%\ V(z) C A%, then f: D, — k defined by
f(z,y) = ¥ is a regular function on U = D,

f € Ox(Dx).

@ More generally, for any g, h € k[X], with h # 0, we have
}% € Ox(Dh).

v
et
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Regular functions on quasi-projective varieties

This definition generalizes readily to quasi-projective varieties,
remembering the slogan “quasi-projective varieties are locally affine”.
Let X C P" be a quasi-projective variety.

Definition

For any open subset U C X, let

Ox(U)={F:U — k: F is regular at each p e U}

be the ring of regular functions on U.
Here F' regular at p means: on some affine open p € W C U, Fly is
regular at p as previously defined.
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Rings of germs of functions on quasi-projective varieties

Let X C IP" be a quasi-projective variety, and p € X. The following
definition is now immediate; note that all terms we use here are now
defined for general quasi-projective varieties.

Definition

A function germ at p is an equivalence class of pairs (U, f), with
p €U C X open, and f : U — k a regular function, where we identify

U, )~ (V,9)

if flw =glw onanopenpeW CcUNV.
Denote by Ox ), the set of germs of regular functions at p. This is a
k-algebra in an obvious way.
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Rings of germs of functions on quasi-projective varieties

In practice, it is easiest to approach Ox ;, on an affine open
neighbourhood p € V C X.
Theorem 12.6 shows that affines cover a quasi-projective variety.

Proposition 12.8
Let p € V C X be an affine neighbourhood of p in the quasi-projective
variety X. Then

OX’p = k[v]mp,
where my, < k[V] is the maximal ideal of p € V' in the coordinate ring of
the affine variety V.

Proof.
Use Proposition 11.8. O

v

One way to view this is to say that that the localization on the right hand
side is independent of the affine neighbourhood of p chosen.
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Gluing regular functions

Consider open sets Uy, Us in a quasi-projective variety X, and regular
functions f1 € Ox(Uy) and fy € Ox(Us).

Claim A necessary and sufficient condition to be able to find a regular
function f € Ox(Uy UUy) restricting to f; on U; is that

filownoe = foloinus,-

Proof.

Necessity is obvious. To see sufficiency, define f = f; on U;. Then

f: UL UUy; — k is well-defined. Regularity follows because regularity is a
local condition and we already know it is satisfied by fi, fo on Uy, Us. [

This result is almost a “tautology”. But it would play an important role in
a different development of the subject; it says that the collection of rings
Ox (U) attached to open sets U C X forms a sheaf. We will not use this
language, but see the Lecture Notes for some more details
(non-examinable).
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Regular functions are not necessarily global quotients
For f € Ox(U), it may not be possible to find a fraction f = { that
works on all of U.
Example 13.1
Consider the affine variety

X = V(zw —yz) C AL,
Let U = Dy, U D,, C X, a quasi-projective variety.
Consider

x oz

f=—=— € k(X) = Frac k[X].

y w

This is a regular function
fe0x(U),

glued from regular functions on D,, D,, that agree on the intersection.

It can be proved that there is no a global expression f = ¢ defined on all
of U that defines f.

For algebra aficionados: this is a reflection of the fact that £[X] is not a
UFD.
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Regular functions on affine varieties
We noted before that for X C A™ an affine variety, elements of its
coordinate ring define regular functions: there is an inclusion

k[X] = Ox(X)

defined by mapping f — {

We now have the means to prove the converse: the locally everywhere
regular functions on an affine variety are exactly elements of its coordinate
ring.

Theorem 13.2

Let X C A™ be an affine variety. Then

Ox(X) = k[X].

This is important, as it gives a “local” way to characterize the coordinate
ring of an affine (quasi-projective) variety as the ring of everywhere regular
functions.
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Regular functions on affine varieties: an application

Before we give the proof, let us see an application.

Proposition 13.3
The quasi-projective variety X = A%\ {0} is not affine. J

The proof consists of two parts.
Claim 1 . We have

Claim 2. This isomorphism implies that X is not affine.
Colloquial summary

o If X were affine, its coordinate ring would have to be its ring of
regular functions.

@ But then X would have to be A2, which it isn't.
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Proof of Claim 1
Claim 1. We have

Proof.

We have A%\ {0} = D, U Dy, so f € Ox(X) defines regular functions
fi = flp, € k[Dz], fo = flp, € k[D,] which agree on the intersection:

filp.np, = flp.nD, = f2|lD.nD, € k[De N Dy).
We know
Ox(Dz) = klz,ylz C k(z,y)

and similarly Ox(Dy) = k[z,y], (Lemma from Lecture 12).
We get the following intersection in k(z,y):

Ox(X) = k[Dz] N k[D,]
= klz,yls N k[z, yly
= klz, &yl Nk[z, g,y ']
= klz, y]. O
Y




Proof of Claim 2

Claim 2. The isomorphism Ox (X) = k[z,y] implies that X is not affine.
Proof.

Suppose that X is isomorphic to an affine variety

X=Y CA"
Then this isomorphism would give us isomorphisms

kY] = Oy(Y) = Ox(X) = klz, y].
So Y =2 A? as affine varieties can be recognized from their coordinate
rings Assume that we have an isomorphism
: k[A%] = 042(A?) — Ox(X). The preimage of the prime ideal

I = (x,y) C Ox(X) yields a prime ideal J = ¢~1(I) <1 k[AZ].
But V(I) =0 C X, so V(J) = o*(V(I)) = 0 C A2
So J = k[z,y] by the affine Nullstellensatz.
But ¢ is an isomorphism, so I = ¢(J) = k[z,y|, contradiction. O

Dominic Joyce, Oxford University Lecture 13 226 /290



Regular functions on affine varieties: the proof

Theorem 13.2 (Repeated)

Let X C A™ be an affine variety. Then
Ox(X) = k[X].

Proof. We will prove the theorem under the additional assumption that X
is irreducible. The general case is treated in the Lecture Notes.

We need to show that any element of Ox(X) comes from the coordinate
ring. So let f € Ox(X).

For all p € X, there exists an open neighbourhood p € U, C X such that

=9
f= R, 28 maps U, =k,
where g, hy, € k[X], and h, # 0 at all points of U,

Note that at this point, we have an infinite collection of (gy, h;)
representing f, one for each point of X.
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Regular functions on affine varieties: the proof

Consider the ideal of denominators
J=(hy:peX)CEk[X]

We have
V(J) = (Z)a

since h,(p) # 0.
By the Nullstellensatz then, J = (1) the whole coordinate ring. So there

exists a finite decomposition
N
1= aihy, € k[X] (13.1)
i=1

for some finite collection of p; € X, and «a; € k[X].

Abbreviate h; = hyp,, gi = gp,, Di = Dp,, . Note that (13.1) implies that
the D; are an open cover of X: at each point of X, at least one of the h;
must be nonzero.
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Regular functions on affine varieties: end of the proof

We have now built a finite open cover {D;} of X, such that on each of
these open sets, f is represented by g;/h;, a ratio of elements of k[X].
On the overlap D; N Dj, we have g;/h; = g;/h;, so on this intersection,

gihj — higj =0¢€ O)((DZ N Dj).
However, since X is irreducible, this vanishing must be true over the whole
of X, so for all 4,7

gih]’ — higj =0€ k?[X]

We then deduce, on D,

N N
g; hig; ng
= =1- aih; - = i = a;g;.
R i R o VX
Once again, Dj C X is dense, so we deduce over the whole of X that
N
f=Yaigi € k[X]. 0

i=1
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Regular functions on projective varieties

Affine varieties admit many global regular functions: elements of their
coordinate rings.

Let us conclude this lecture by discussing the opposite case: projective
varieties.

Theorem 13.4

Let X C IP™ be an irreducible projective variety. Then the only global
regular functions on X are the constants:

Ox(X) 2 k.

The proof, while not difficult, is somewhat lengthy, so we omit it. We
discuss one example, and then sketch the proof of one more general case.

Corollary 13.5
The variety X = A%\ {0} is not projective. J
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Regular functions on the projective line
Example 13.6

Consider X = P! = Uy U Uy, with projective coordinates (zg : x1).
The open sets U; = {x; # 0} = Al intersect in V = U; N U; = A\ {0}.

Then Uy, U; are affine varieties, with

Ox (Uo) = k[Uo] = k[z], Ox(Ur) = Kk[U1] = k[y].

The affine coordinates x = x1 /o, y = xo/x1 are related by y = 1/x, so

we can write
Ox(Up) = k[z], Ox(Up) = k[z™1].

We also have

We thus deduce
Ox(X) = k[z] Nk[z™1] C k[z,z7Y].
This intersection is clearly
Op1 (PY) = k.

V.

™ =
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Regular functions on projective space

Theorem 13.7
The only global regular functions on P™ are the constants:

Opn (P™) = k.

Sketch Proof.

Write P"* = U}"_yU; for the standard open cover with U; = A",
We have

~ ~ i) X

Opn (U;) X E[U;]) 2 k [—, e —"} :
L Z;

A non-constant f would have to restrict as a non-constant polynomial to
each of the U;. That means that its expression as a rational function in
the homogeneous coordinates x; will have a denominator. But this
denominator has to vanish somewhere on P", and f cannot be regular

there. ]

v
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The function field of an irreducible variety

All varieties in this lecture will be irreducible.
Let X C A™ be an irreducible affine variety.
Recall that this means that the coordinate ring

k[ X] = E[x1,...,z,]/I(X)

is an integral domain.

Definition
The function field of X is

k(X) = Frac(k[X]) = {{ : g,h € k[X], h # 0},

the field of fractions of the integral domain k[X].
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Examples

Example 13.8
o For X = A, we have
k[A'] = kla],
and so
E(AY) = k(x),
the field of rational functions in the variable z.
e For X = A\ 0, we have
E[X] = k[z], = k[z, 271,
and so
E(X) = k(z) = k(AY).

e For X = A", we have k[A"] = k[z1,...,x,]. So
E(A"™) 2 k(z1,...,24).

v
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A basic lemma

Let X be an irreducible affine variety.

Lemma 13.9

For h € k[X], let
Dy =X\V(h) CX

be the corresponding basic open subset. Then

k(Dp) = k(X).

Proof.
By Lemma 12.5, we have

k[Dp) 2= k[X]n = k[X][h 7).

Thus

k(Dy,) = Frac(k[X]p,) = Frac(k[X]) & k(X). O

.
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Important corollaries

Corollary 13.10

If U C X is any affine open subset in an irreducible affine variety, then

Proof.

Basic open sets form a basis of the topology of X.
Let D}, C U be a basic open of X for h € k[X]. Consider

g=hlv € Ox(U) = Oy (U) = k[U],

the latter isomorphism following from U being affine.
So Dy, = Dy is also a basic open of U.
Now we obtain

k(U) = k(Dy) = k(Dp) = k(X). O

v
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Important corollaries

Corollary 13.11

If Uy,Uy C X are affine open subsets in an irreducible quasi-projective
variety X C P™, then

k(UL) = k(Us).

Proof.

As affine opens form a basis of the topology of X, the intersection
Uy N Uy contains an affine subvariety V. Then by Corollary 13.10,

k(U) 22 k(V) = k(Us). O]
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The function field of an irreducible quasi-projective variety
Let X C IP” be an irreducible quasi-projective variety.
Definition
The function field of X is
k(X) = k(U) = Frac(k[U]),
where U C X is an affine open subset.

Note that by Corollary 13.11, the answer is independent of the affine open
chosen. We also deduce
Corollary 13.12

If U C X is any open subset of an irreducible quasi-projective variety

X C P, th
o KU) = k(X).

Example 13.13

Let U=A2\V(z) C X = A2\ {(0,0)} C A2.
Then U C A? are both affine, X is not. Their function fields agree:
k(U) = k(X) 2 k(A?) = k(z,y).
238 /290




C3.4 Algebraic Geometry

Lecture 14

Dominic Joyce, Oxford University, MT 2026

=] & = E DA
Dominic Joyce, Oxford University Lecture 14



The structure of function fields

Theorem 14.1

(1) Let X be an irreducible quasi-projective variety. Then k(X) is a
finitely generated field extension of k.

(2) Conversely, given any finitely generated field extension K /k, there
exists an irreducible quasi-projective variety X with k(X) = K.

Proof of (1). We may assume that X C A" is irreducible and affine.
Then

k[X] = k[x1, ..., 2,]/I(X).
So
k(X) = Frac(k[X])

is generated as a field over k by the images of x1,...,x,. In particular,
kE(X) is finitely generated over k.
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The structure of function fields

Proof of (2). Conversely, let K be a field generated over k by some
elements ayq, ..., a,. Define a ring homomorphism

¢: R=k[z1,...,20] = K

by mapping z; to «;.
Let J = ker ¢. Then by the Isomorphism Theorem R/J — K, so J is a
prime ideal as K is an integral domain.
Let
X =V(J) CA"

be the corresponding irreducible affine variety. Then
k(X)=FracR/J — K

contains the generators «; in the image. So k(X) = K. O
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The function field of a hypersurface

Example 14.2

Let Vy C A" be an irreducible hypersurface defined by an irreducible
polynomial f € k[z1,...,zy].

Let us assume that f involves the variable z,, and is of degree d in that
variable:

f(xl, - ,:En) = Co(l‘l, ... ,xn_l)l‘i + 61(5(,‘1, A ,xn_l)l‘i_l + ...
We have
k[Vi] = klz1, ..., 2] /{f)
From Lecture 9, we also know
dim Vy =n — 1 = trdeg;, k(Vy).
There is a map of rings
k[azl, ce ,In_l] — k:[Vf]
which is injective, as there is no algebraic relation between x1,...,z,_1.
So we get an injection

k(l‘l, 500 ,l’n_l) — k(Vf)
4
S




The function field of a hypersurface
We have an injection

k(xy, ..., 2pn-1) = k(Vy).
We get a realization of the function field of V; as
k(Vy) =
k(z1,. .. xp1)[za)/(co(@1, ... Tn_1)xd+er(z1, .. mp )zt T,
a finite extension of degree d of the purely transcendental field
k(A" = E(x1,...,2n—1).

The same argument also computes the function field of an irreducible
projective hypersurface; recall the function field only depends on a dense
open subset, so it is enough to consider any affine chart.

For example, the function field of a plane curve of degree d is a degree d
extension of k(x).
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Rational maps

Let X be an irreducible quasi-projective variety.

Definition

A rational map f : X --+ Y to another quasi-projective variety Y is an
equivalence class of pairs (f,U), where f: U — Y is a regular map
defined on a non-empty open subset of X, and we identify pairs of maps
which agree on a non-empty open subset.

Example 14.3
We have a rational map
P" -5 ]Pn_l
given by
(xo: - :1xp) = (ot Tp_1).
This is defined on U =P\ {[0:---:0: 1]}.
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Rational functions

Definition
A rational function on an irreducible quasi-projective variety X is a
rational map f: X ——» Al

Lemma 14.4
There is a natural bijection
k(X) « {rational functions f : X —-» A'}.

Remark

Compare this with what we had before: for any quasi-projective variety X,
there is a bijection

Ox(X) < {morphisms f: X — A'}.
In particular, if X is affine, we have a bijection
k[X] + {morphisms f : X — A'}.

v

= = = — Ty
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Rational functions
Lemma 14.4 (Repeated)

There is a natural bijection
k(X) « {rational functions f : X —-» A'}.

Proof.
Both sides are invariant under passing to an open subset, so we may
assume that X is affine. In this case,
k(X) = Frac(k[X]).
A natural map is given for f, g € k[X] by

i [(20d)]

We need to check that we get every rational function X --» A! this way.
By the above Remark, any such corresponds to an element h € Ox (U) for
some open U C X. Taking a basic open D, C U, we have an element
hlp, € Ox(Dgy) = k[X],. So we can write h = f/g" for f € k[X]. O

v
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Rational maps to affine space

Corollary 14.5

On an irreducible quasi-projective variety X, the data of a rational map
f:X --» A" is equivalent to n elements f; € k(X):

f(@) = (fi(@), ..., fu(2)),

valid in some open set x € U C X.

Proof.

A rational map f : X --» A™ determines, and is determined by, n rational

functions f;: X --» A!, the coordinates of f. By Lemma 14.4, each of

these can be thought of as an element f; € k(X).

Each f; € k(X) is a regular function on some open set U; C X.

The formula

f(x) = (fi(2), ..., fulz))
is valid on the intersection
U=(UicX

of these open sets U;. i [

I




Composition of rational maps

Rational maps are not functions in the classical sense (they are only
“partially defined").
In general, composition of rational maps may not be possible, even in the

simplest cases.

Example 14.6

Let f: A — A' be defined by a — 0. This is a regular, hence rational
map.

Let g: A’ = Al be a — a~'. This is a rational map.

The image of f is {0} C Al. The domain of g is A\ {0}.

So the composite g o f is not defined.
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Dominant rational maps

Definition
A rational map
f=lUF):X--»Y

is dominant, if the image F'(U) C Y is dense.

The point of the definition is that dominant rational maps can always be
composed.

Consider f = [(F,U)]: X --» Y and g = [(G,V)] : Y --» Z dominant
rational.
Let
W=UnFYV)cX,
an open subset of X.
Then F is defined on W, and maps to V.
Now we can compose with G to get a representative [W, G o F] for g o f.
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Birational equivalence

Definition

A birational equivalence f : X --+ Y is a dominant rational map between
irreducible quasiprojective varieties, which has a dominant rational inverse:
a rational map g : Y --» X with fo g =1idy and go f = idx (equalities
of rational maps).

We say X ~ Y are birational.

Example 14.7

A™ ~ P™ are birational, via the rational map A" --» P" defined by the
inclusion A™ = Uy C P". (This is in fact a morphism.)
It has the rational inverse P --+ A" defined by

x07 7:1;0 Y

defined on Up. (@ 2 2 ] = (

Example 14.8

Similarly, for an irreducible affine variety X C A", let X C P" be the
projective closure. Then the inclusion X — X gives a birational
equivalence X ~ X.
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A famous birational self-equivalence

Consider the Cremona transformation
f:P? -5 P?

given by [z :y:z]— [yz:xz: 2yl

f is defined on the open set U C P?, where at least two coordinates are
non-zero.

This rational map is equivalent to [z : y : 2] — [1 : i : 2], defined on the
open V C P? where all coordinates are non-zero.

This form shows that
f o f = idP27

so the map f is its own inverse, and in particular is a birational
self-equivalence.

Note that f does not have the form [z] — [Az] for A € GL(3, k), which
are the regular self-morphisms (automorphisms) of P2.
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The Cremona group

Let
Aut(P") = {¢: P" — P" | ¢ is an automorphism}.

It is not too hard to show that
Aut(P") 2 PGL(n + 1, k),

the group of projective transformations.
Define also the Cremona group

Bir(P") = {¢: P" --» P" | ¢ is a birational automorphism}.

Then clearly
Aut(P") C Bir(P").

Forn=1,
Aut(P') = Bir(P') =2 PGL(2, k)

is the group of Mobius transformations.
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The Cremona group

For n > 2, the inclusion
Aut(P") C Bir(P")

is no longer an equality, as the classical Cremona transformation above

shows for n = 2.

The study of Bir(P") is an active area of research. For example, it was
only proved recently that Bir(IP?) has nontrivial normal subgroups (i.e. it is
not simple).
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Dominant rational maps and field homomorphisms
Theorem 14.9

Consider quasi-projective varieties X,Y . There is a one-to-one
correspondence between dominant rational maps f: X --» Y and field
homomorphisms ¢: k(Y) — k(X).

Proof, forward construction. We may restrict to open affines, so we may
as well assume X, Y are affine. First assume that we have a dominant
rational map f: X --» Y.
Consider the k-algebra homomorphism
kY] — k(X)
defined by
(y:Y =AY = (ffy=yof: X -—» Al).

We claim that as f is dominant, f* is injective.
If so, we can define f*: k(Y) — k(X) by

9,19

h  f*h
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Dominant rational maps and field homomorphisms
Proof of claim. The k-algebra homomorphism

frkY] — k(X)
is defined by

(y:Y = AY) = (ffy=yof: X -—» Ab).

Suppose that y € k[Y] is in the kernel of Y. Write f = [(U, F')].
Then F*y = 0 implies that for all u € U,

y(F(u)) = 0.
Thus for all uw € U,
F(u) C V(y)
and so
F{U)cV(y cY.

As f was assumed dominant, y = 0.
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Dominant rational maps and field homomorphisms

Proof, reverse construction. Suppose we have a field homomorphism
¢: k(Y) = k(X).

As fields have no proper ideals, ¢ is injective.

Let y1,...,yn be generators of k[Y]. Then

g;
ply;) = - € k(X).
J
Let U = NDp,; = Dp,....1,, an affine subvariety of the affine variety X.
We have ¢(y;) € Ox(U) = k[U].
Since k[Y'] is generated by the y;, we get an inclusion

o k[Y] < k[U.

This corresponds to a dominant morphism ¢* : U — Y of affine varieties.
The pair [(U, ¢*)] represents a dominant rational map ¢* : X --» Y. O
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Birational varieties

Corollary 14.10

Two quasi-projective varieties X,Y are birational if and only if their
function fields are isomorphic.

Example 14.11
As we saw before, we have a birational equivalence A? ~ P2. We also have
Al ~ P! and it is not hard to argue from this that A! x Al ~ P! x P!
We deduce a birational equivalence

P? ~ A7 =2 Al x Al ~ P! x P!,
This is the first example of two projective varieties P? and P! x P! that are
birational to each other. In fact they are not isomorphic!

Sketch proof.

Suppose there is an isomorphism ¢: P! x P — P2. Consider

Co = {0} x P! and C; = {1} x P! inside P! x P!. These are two curves

(one-dimensional varieties) in P! x P!, with Co N Cy = 0.

Let D; = ¢(C;). As ¢ is an isomorphism, Dy, Dy are two curves in P2

with D; N Dy = (. This contradicts Bézout's Theorem. O
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Tangent spaces of an affine variety

Consider f € k[xy,...,zy], and p = (p1,...,pn) € A™.
The linear polynomial d,f € k[z1,...,zy] is defined by

dpf = dflemy (x—p) = > 2L(0) - (25— py).
Consider an affine variety X C A™ with I(X) = (f1,..., fn)-
Definition
The tangent space to X at the point p is the space
T,X =V(dpfi,...,dpfn) = Nkerdf; C A"

This is an intersection of hyperplanes, so a linear subspace of some
dimension.

Trivial Example
For X = A",

T,X = A"
at every point p € A",

™ = - = = et
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Tangent spaces of a hypersurface

Example 15.1
Consider a hypersurface X = V(f) defined by a polynomial f. We have

T, X =V(dpf) = ker(Vf,) C A"

o If the gradient V£, # 0, then this is a codimension-one linear
subspace of A", naturally thought of as the tangent space at p to
X =V(f).

o If the gradient V f, = 0, then

T,X = A™.

Algebraic geometry does not say there are no tangent vectors at such
a pointp € X.
It says all vectors are tangent vectors at such a point p € X.

v

Dominic Joyce, Oxford University Lecture 15 260 /290
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Tangent spaces of a hypersurface
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Smooth and singular points of an affine variety

Key fact For any point p € X,
dimy, T, X > dim, X.

Definition
A point p € X is a smooth point if

dimy, T, X = dim, X.
A point p € X is a singular point if

dimy 7, X > dim, X.
Let

Sing(X) = {p € X : p is a singular point of X} C X.
The variety X is nonsingular if
Sing(X) = 0.
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Smooth and singular points of an affine hypersurface

Example 15.2
For an irreducible hypersurface X = V(f) C A", we have
dim, X =n —1
at every point p € X.
o If the gradient V f,, # 0, then
dimy T, X = n — 1 = dim,, X,
so such a point is smooth.
o If the gradient Vf, = 0, then
dimy, T, X = n > dim, X
so such a point is singular.

Remark

For k = R, near a smooth point p, X = V(f) is a codimension-one
submanifold of R™.

v
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The singular set is Zariski closed
Let X be an irreducible affine variety of dimension d with

I(X) = (f1,---, fn)-

Theorem 15.3

The set Sing(X) C X C A" is a closed subvariety, given by the vanishing
in X of all (n —d) x (n — d) minors of the Jacobian matrix

([ Ofi
Jac = (81']')'

Proof. By definition, T}, X is the zero set of

oF | o
z1 921 lp 9n |p z1—p1
Pp ( : ) = :
Tn OFN . OFN Tn—Pn
oxq p Oxn

P
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The singular set is Zariski closed

We have that T), X is the zero set of

2 I
z1 971 |p 9zn |p T1—p1
Pp - ( : ) = : : :
Tn dFN OF Tn—Pn
Oz Oz P

P

Hence
p € Sing X & dimnp;I(O) > d < dimker Jac, > d.

Claim. The last condition is equivalent to the vanishing of all

(n —d) x (n — d) minors of Jacy.

For otherwise, we could find n — d linearly independent columns in Jac,,
the columns involved in that minor.

Hence the rank of Jac, would have dimension at least n — d.

So the kernel of Jac, would have dimension at most d. O
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The tangent space is an intrinsic notion

Let X C A™ be an affine variety, and let p € X.
Recall the ring of germs of functions Ox ;, and its maximal ideal

my, = {g S Oxyp : f(p) = 0} C OXJ).

Theorem 15.4
There is a canonical isomorphism

T,X = (mp/m?))*.

The vector space m,, /mf, is called the cotangent space.

Remark

What this result shows is that the tangent space can equivalently be
defined in a purely local way, only using information about the ring of local
germs of functions.

7

™ = = = Tyt
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The tangent space is an intrinsic notion

Theorem 15.5
There is a canonical isomorphism
TpX = (my/m2)".

Proof. By a translation that does not change anything, we can assume
p=0€ X C A"

First, we will look at the case X = A" itself. For F' € k[x1,...,x,], we
can consider the linear functional
OF
doF = ) A" = ToA" = k;
8.@@' x;=0

this is basically taking inner product of a vector with VyF'. So we get an
element
doF € (ToA™)",
giving us a linear map
do: k[azl, . ,xn] — (T()An)*.

Dominic Joyce, Oxford University Lecture 15 268 /290



The tangent space is an intrinsic notion

Have a linear map
do: ki[:l?l, Ce. ,:En] — (T()An)*

Restricting to the maximal ideal m at the origin on the left, we get a linear
map
d0|m m— (T()An)*

Claim 1. The linear map dp|w is surjective, and its kernel is m?2.

Claim 1 is easy to check — see Lecture Notes for details.
By the Isomorphism Theorem, we then obtain

(ToA™)* =2 m/m?,

which is the dual of the isomorphism claimed by the Theorem in this case.
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The tangent space is an intrinsic notion

Let us consider the general case X C A™. Let us continue to denote by m
the maximal ideal of the origin in A™.

The inclusion j : ToX — ToA" is injective, so the dual map is surjective,
hence we get a surjection

§*rm/m? 2 (ToA™)* — (TpX)*.

and thus a surjection
j* o do: m — (T()X)*.

Claim 2. We have
ker(j* o dg) = m? + I(X).

For standard details of the proof of Claim 2, see Lecture Notes for details.
We deduce, once again by the isomorphism theorem,

m/(m? + I(X)) = (TpX)*.
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The tangent space is an intrinsic notion

Write m <1 k[X] for the image of m in the quotient k[X] = R/I(X); this is
the maximal ideal of p = 0 in the coordinate ring k[X].
The last isomorphism then implies

m/m? = (TpX)*.

Finally, we need to relate this quotient to the corresponding quotient in
the localized ring.

Claim 3. The standard inclusion k[X] < Ox p gives an isomorphism
m/m” = my,/m?,

where recall m, < Ox p is the maximal ideal of non-vanishing germs of
regular functions at p.

For standard details of the proof of Claim 3, see Lecture Notes for details.
The proof of Theorem 15.5 is complete. O
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The tangent space is an intrinsic notion

Remark
The argument presented above also proves
T,X = (T,/T3)*,
where
Iy = <x1 —Ply---, Ty —pn> C k[X]
is the maximal ideal of an arbitrary point p € X inside the coordinate ring.

Corollary 15.6

The tangent space T, X only depends on an open neighbourhood of
peX.

Proof.

By the Theorem, tangent space only depends on the local ring Ox , and
its unique maximal ideal m,,. Ol

v
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Tangent spaces and nonsingularity, quasi-projective case

Definition

For X a quasi-projective variety, we define the tangent space at p € X by
X = (mp/mf,)*.

A point p € X is smooth if dim;T,X = dim, X.. The quasi-projective

variety X is nonsingular if Sing(X) = 0.

Proposition 15.7

The set of non-smooth (singular) points p € X forms a Zariski closed
subvariety Sing(X) of X

Proof.
This is true in the (affine) neighbourhood of any point. O

Example 15.8

For an irreducible projective hypersurface X = V(f) C P", singular points
p € X are located where
Vfp=0.
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A further example

Recall from Lecture 7 the chain of subvarieties
22,2 CAC ]PS,

inside the projective space PMy(3) =2 P® of 3 x 3 matrices over k.
Here A = {[A]: det A =0} C P8 is the projective cubic hypersurface
defined by the determinant polynomial.

This contains ¥a 9 = P? x P2, the Segre variety in P5.

Fact. The hypersurface A is singular, with singular locus

Sll’lg(A) = 22’2.
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C3.4 Algebraic Geometry

Lecture 16
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The blowup of affine space at the origin

The blow-up of A™ at the origin is the set
BoA™ = {(z,0) : A" x P71z € 1}

Use coordinates (z1,...,2,) on A™ and [y : -+ : y,] on P71,
x € L if and only if (z1,...,2,) and (y1,--- ,yn) are proportional.

Equivalently the matrix
< r1T ... In )
Yyir -+ Yn

has rank 1. This happens if and only if its 2 x 2 minors vanish.
So we can write the equations

BoA™ = V(zy; — zjy;) C A" x P71

This shows in particular that ByA™ is a quasi-projective variety.
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The blowup of affine space at the origin

The morphism
m: BoA" — A" w(z,[y]) ==

is birational with inverse
A" --5s BoA", x> (z,[z])

defined on x # 0: the point is that for x # 0, x lies in a unique line [z].
The fibre 771(z) is a point for z # 0. Also

Ey=710) = {0} x P" !,

called the exceptional set of .
Thus
ﬂ':BoAn\EO —>An\0

is an isomorphism, and 7 collapses Ej to the point 0.
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The blowup of affine space at the origin

£ ~P*
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The blowup of an affine variety in one of its points
Let X C A™ be an affine variety with 0 € X.

Definition
The blow-up of X at 0 is the Zariski closure
By X = W_l(X\{O}) C BoA™.
The map 7|p,x : BoX — X is birational, and we have the exceptional set
E =771(0) N ByX.

Interpretation

The blowup By X keeps track of those directions £ C Ej along which X
approaches 0.

Remark
The blowup By X, the Zariski closure of #=1(X\{0}), is different from
7 YX) = ByX Ug, Ey.

™ = - = = AN
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An example
Consider
X =V(zy) C A%,
the union of the coordinate axes. Then 0 € X, and we can consider its
blowup.
First,
77_1(X \0) =
{((z,y),la: b)) € A2 x P! 1 ab—ya = 0,2y = 0, (z,y) # (0,0)}.
We get the following solutions: either
((x,0),[1:0]) C A% x P!
for x # 0, or
((0,9),[0:1]) € A x P!

for y # 0.
Then we get the closure

BoX = (A' % 0,[1:0) U (0x AL [0:1]) € ByA? c A? x P!,
a disjoint union of two lines.
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An example

We have

BoX = (A'x 0,[1:0) U (0x AL [0:1]) € ByA? c A? x P!,

a disjoint union of two lines.

The exceptional set E consists of two points: ((0,0),[1 : 0]),
((0,0),[0 : 1]), the 2 directions of the lines in X.

Note also that X is singular at the origin, while By X is nonsingular.

Indeed, it is often (though not always) the case that if 0 € X is a singular
point, BoX is ‘less singular’.
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An example
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Another example: the cuspidal curve

Consider the cuspidal curve
Y =V(y? —23) C A%
It is singular at 0 € Y. Let us describe the variety
BoY C A x PL.

Use coordinates ((z,y), [a : b]); we have the equation b — ya = 0 as one
of the equations of the blowup. We want to compute the Zariski closure of

7Y\ {0}) Cc A% x PL.

Instead of this mixture of affine and projective coordinates, it is a lot easier
to work in affine coordinates (remember quasi-projective varieties are
locally affinel).
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Another example: the cuspidal curve
Use the usual open cover of P'. We have the open set

(BoY)a = (BoY) N (a # 0) C A% x Al
with coordinates (z,y,u = b/a) and equation y = ux. Substitute into the
equation of the curve Y, to get the equation

0=1y?— 2% =2%u? — 2%

The proper transform (Zariski closure) is obtained by dropping the z?
factor:
' —x =0.

We obtain a description of our open set
(BoY)a={u®> —2 =0,y =uz} C A?E,y,u'

This is a nonsingular curve, isomorphic (using projection to the last
coordinate u) to Al
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Another example: the cuspidal curve

The second open set is
(BoY)y = (BoY) N (b #0) C A% x Al

with coordinates (z,y,v = a/b) and equation = vy. Substitute into the
equation of the curve Y, to get the equation

0=y — 2 = 2 — P,

The proper transform (Zariski closure) is now obtained by dropping the 3>
factor:
1—yv®=0.
We get
(BoY)p = {1 — yo® =0,z = vy} C Aivy,v'

Again, this is a nonsingular curve.
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Another example: the cuspidal curve

The sets (a # 0) and (b # 0) cover P, So the two open sets we looked at
cover the blowup:

ByY = (B()Y)a U (B()Y)b.

These open sets are described as explicit affine varieties

(BoY)a = {u®> —2 =0,y =uz} C A3

x?y?“

and
(BoY)p = {1 —yv® = 0,2 = vy} C A3

x’y?” :

Both are nonsingular, so BgY is a nonsingular curve.
Finally the blowup map
72 BoA? — A?

induces a surjective, birational morphism

7T|BOY: B()Y—)Y
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Another example: the cuspidal curve
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Strategy for computing a general blowup

Consider in general
0e X CA"™

The blowup
BoX Cc A" x P!
can be computed into the following steps.

@ Cover P"~! by the n standard affine open pieces. Introduce sensible
names for the local coordinates.

@ Use the simplified quadric equations of ByA™ to make substitutions
into the equations of X.

© Remove extra factors of local equations of the exceptional set to find
the Zariski closure (ByX); in this local chart.

@ Check for singularities, etc of the resulting open pieces (BpX);.
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Strategy for computing a general blowup
The whole blowup By X will be covered by the n affine pieces

n—1

BoX = U (BoX);.
=0

We get a surjective, birational morphism
7T|BOX: B()X — X.

In some cases, the singularities of By X will be better than the
singularities of X.

In particularly favourable cases, an iterated blowup of points of X may
lead to a chain of surjective, birational morphisms

X =Xy — ... > X1 =B,X—-X
with p € X a singular point, and X,,, a nonsingular quasi-projective variety.
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Resolution of singularities

Here is the general result, a cornerstone of 20th century algebraic
geometry.

Theorem 16.1 (Hironaka's Resolution of Singularities Theorem)

Assume char k = 0. Given a quasi-projective variety X O Z = Sing(X),
there exists a surjective, birational morphism

1Y —>X,

from a non-singular quasiprojective variety Y, such that with E = f~1(Z),
f induces an isomorphism

Y\EXX\Z

In other words, X is unchanged outside its singular locus.

If X is projective, Y can also be chosen to be projective.

The map f is a composite of certain kinds of blowups (not just that of
closed points).
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