3. SEQUENCES OF FUNCTIONS

3.1 Convergence

We now consider how sequences of functions converge, which can happen in crucially different
ways.

Definition 3.1 Let X C R or C. Let f,: X — R or C be a sequence of functions and
f: X —>RorC.
(a) We say that f, converges pointwise to f on X if

Ve>0 VeeX 3IN.,eN Vn>xN |f.(x)—f(z)|<e.
(b) We say that f, converges uniformly to f on X if
Ve>0 IN.eN VeeX Vn>N |fulz)— f(z)] <e.

Note that (b) is a stronger statement than (a), so that uniform convergence implies pointwise
convergence.

Example 3.2 Let X = (0,1) and for n > 1 define

(=1)"n
n+z’

fa(x) = gn(x) = 2", ha(z) =

x
.
(a) fn(x) does not converge pointwise on (0,1).

(b) gn(x) converges pointwise to the zero function, but not uniformly.
(¢) hy(x) converges uniformly to the zero function.

Solution. (a) Fix x € (0,1). By AOL

n 1 1

= =1.
n+x 1+:c/n_> 14+0

Thus fon(x) — 1 and fo,41(x) — —1. So f,(z) diverges for all z € (0,1).

(b) Fix x € (0,1). For this z, as n — oo, then 2™ — 0. This is true for all z € (0,1), so
this shows pointwise convergence to the zero function.

Take e = 1/2. For any N, there exist x € (0, 1) such that

1 1
N
> - = -0 > —=.
T 9 lgn () \ 5
This means there is no N such that
1

Ve e (0,1) |gn(z)—0] < >
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so the convergence is not uniform. See Figure 3.1.
(c) Let € > 1. By the Archimedean property, there is n € N such that n > 1/¢. So, for all

x € (0,1), we have

1
hy (2) — 0] = £ < = <&
n n

This shows uniform convergence to the zero function. See Figure 3.2. m

Fig 3.1. — pointwise-only convergence Fig. 3.2. — uniform convergence

Remark 3.3 Confirming pointwise convergence of a sequence of functions f,: X — R or C
simply means checking that for all x € X the limit f(x) = lim f,(x) exists .
Given pointwise convergence to f(x), we can confirm uniform convergence by defining

sn = sup |fu(z) = f(2)],

zeX

understanding this as oo if the supremum does not exist. Note that (s,) is a sequence in [0, 0o].
The functions f, converge uniformly to f if and only if s, — 0.

Example 3.4 Returning to the functions g, and h, in the previous example, both of which
converge to the zero function, we have:
(a) s, = sup |z" — 0] =1 for alln and 1 - 0 as n — oo. So the convergence is not uniform.
(b) s, = sup |x/n—0| = 1/n for all n and 1/n — 0 as n — oo. So the convergence is
uniform.

Example 3.5 Investigate the convergence of the functions
fo(@)=n*(1—x)a" 0<z <L

Solution. Note f,, (1) = 0 for all n and for 0 < x < 1 we have f,, () — 0 as powers dominate
polynomials. So f,, converges pointwise to the zero function.
If we (prematurely) use differentiation to find the maximum of f,, we note

fl(x) =nPna" "t — (n+ 12" =n’2" ' n—(n+ 1] =0

n
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at * = 0, a minimum, and at z = n/(n + 1), a maximum. Now

Ju (nil) = <1_nil) (nil)n: (nin:;”“ - <n7f1)/(1+%)"

Recall that (1 +n1)" — e and hence

Sp = sup |fu(z)—0|=f, (#) — 00.

0<z<1

So we have pointwise convergence to 0, but not uniform convergence. m

Remark 3.6 (Importance re integration) Note that the above example is one where the
order in which two limit processes — integration and convergence — are performed is significant.

We have ) )
1 1 n
/Of”(x)dx " [n—i—l n+2} (n+1)(n+2) ’

S0

1 1 1
lim fo(z) de =1, yet / lim f, (z) dz = / 0dx = 0.
0 0

n—oo 0 n—oo

So pointwise convergence and integration (another limit process) do not ‘commute’ here.
The reason for this is clear in the diagram below. Whilst (f,) converges pointwise to the
zero function, there remains a narrow region of width O(1/n) but height O(n) near to 1.

Fig. 3.3. — area and convergence.

This cannot happen with uniform convergence. In fact, in Analysis 111 it’s shown that if (f,)
is a sequence of (Riemann) integrable functions on |a,b] that converge to f, then f is itself

integrable and
b

lim [ f,(2) doz = /b,}LH;o fo(z) doe = /bf(:c) dz.

n—oo

This should not be that surprising because, if |f, — f| < & on all of the interval [a,b], then it’s
intuitively clear and straightforward to show that

/abfn(x) dx—/abf(x) dz
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Notice that uniform convergence is sufficient for the above result, but far from necessary. From
Ezample 3.2, we have 2™ — 0 pointwise on (0,1), but not uniformly, yet

1 1 1
lim z"dx = lim =0= / lim z"dz.
0

n—oo Jq n—oo N, + 1 n—00

Example 3.7 Let D: R — R denote the Dirichlet function (Example 1.19). We will show

D(z) = lim lim (cos (mlrz))*".

m—00 N—00

For x € Q, note there is some m such that cos (m!wzx) = 1 and that this remains true for all
greater m. Then lim,,_ (cos (mlmz))* =1 and this value is retained as m increases, gwing a
limit of 1 = D(x).

For x ¢ Q, there is no value of m such that cos(m!rz) = 1. So for all m we have
lim, oo (cos (mlmz))*” = 0. Letting m — co we obtain a limit of 0 = D(z).

Thus the Dirichlet function is the pointwise limit of a double sequence of continuous func-
tions. It can be shown that the Dirichlet function is not the pointwise limit of a single sequence
of continuous functions. Were this the case, then the set S of points of continuity of D would
be dense in R, that is we’d have S = R. However the Dirichlet function is discontinuous
everywhere so that S = @.

It is straightforward to see that continuity is not preserved by pointwise convergence. For
example, the continuous functions f,(z) = 2" on [0, 1] converge to

0 for0< oz <1,

f(x):{ 1 for z =1,

which is not continuous. But uniform convergence does preserve continuity as follows.

Theorem 3.8 Let X CR orC and let f,: X — R or C be a sequence of continuous functions
which uniformly converge to f. Then f is continuous.

Proof. Let p € X and € > 0. As the convergence is uniform
INEN VYn=N VoeX |fy()—f(2) <§.
As fy is continuous at p,
B>0 VeeX |p-pl<s = |fy@)-fx0l<g
Hence if |z — p| < §, by the triangle inequality
F @)= F O <1 @) = @)+ 1w @) = fy O]+ 1fx (0) = Sy () < S+ 5 +5 =<

3 3 3

This shows f is continuous at p. As p was arbitrary then f is continuous on X. m
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Example 3.9 Though we have yet to properly discuss differentiability, we note here that the
uniform limit of differentiable functions need not be differentiable. See Figure 3.4. Consider

fn: R — R defined by
fn(:c):\/x2+% n > 1.

The pointwise limit as n — oo is f (x) = |z|, which is not differentiable. The convergence is
wn fact uniform. By differentiating

to get

showing that the convergence is uniform.

Fig. 3.4. — a uniform non-differentiable limit

You will discover in Part A Complex Analysis that the uniform limit of analytic functions —
ones defined locally by a convergent power series — is analytic.

An important sufficient condition for the uniform convergence of a series is the following.

Theorem 3.10 (Weierstrass M-Test, c. 1861) Let X CR or C. Let f,: X =R orC be a
sequence of bounded functions such that |f, (x)| < M, for all x € X. If > M, converges, then
> fn converges uniformly and absolutely.

Proof. By comparison with > M,
S(x) =) fulw)
1
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converges pointwise, absolutely in fact. Setting Sy (z) = 3.1 f,(z) we note

an

N+1

o
gZMn—m as N — oo.
N+1

sup |S(z) — Sy(x)| = sup
rzeX zeX

Hence the convergence is uniform. m

Example 3.11 The converse is not true. Consider the functions f,: [0,1] — R, where n > 1,
defined by

S =3 =

O3 =

fn<:c>:{ »

Clearly the pointwise sum s (x) =Y 1 fn (z) exists and in fact this convergence is uniform as

N
Y @] = [ )
1

N+1
However the minimal M, such that |f,| < M, is M,, = % and > M, does not converge.

1
N+1

Corollary 3.12 Let Y a,2" be a power series with radius of convergence R.
(a) The series converges uniformly on every closed disc |z| < r where r < R.
(b) The power series defines a continuous function on the disc |z| < R.

Proof. (a) From Analysis I, we know that a power series is absolutely convergent strictly within
its radius of convergence. So for r < R, the series > |a,|r" converges. Setting M, = |a,|r",
the result follows by the WMT.

(b) As the power series converges uniformly on |z| < r, and each partial sum is continuous,
then the power series is continuous on |z| < r by Theorem 3.8. Hence it is continuous on the
union of all such discs where r < R. This union is |2| < R. m

Example 3.13 A power series need not converge uniformly on its entire disc of convergence.
For example, > ",° 2" does not converge uniformly on the disc \z| < 1.

The power series converges pointwise to S (z) = (1 — 2)7", but this convergence is not
uniform. Setting Sy (z) = évz” we see
Zoo SN+
sup |S (2) — Sy (2)| = sup 2"| = sup = 00,
l2]<1 l2|<1 N+1 o<1 |1 — 2

as S (z) — Sn (z) is unbounded near z = 1.

3.2 Elementary Transcendental Functions

The elementary functions, as opposed to ‘special functions’ include polynomials, rational func-
tions, trigonometric functions, logarithms and exponentials. The first two would be considered
‘algebraic’ but those that need to be defined with power series are known as ‘transcendental
functions’. They were defined naively in Analysis I but we did not have the theory or definitions
to discuss their continuity or properly define log x as the inverse of exp x.
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Example 3.14 (Ezponential function) The exponential function exp: C — C is defined by

the infinite series
X _n

z
expz = E -
= n!

By the ratio test, the exponential series converges on all of C, and by Corollary 3.12 exp 1is
continuous.

Proposition 3.15 (a) exp zexp(—z) =1 for all z € C.
(b) expz # 0 for all z € C.
(b) expz > 1+ x for all x € R.

Proof. (a) Using Cauchy’s product of series (from Analysis I), we have

exp zexp(—z) = Z 2",
0

where, for n > 1,

") F 1 & o (n 1—1)"
i a0 () - e

k=0

and cp=1x1=1.Soexpzexp(—z) =1.
(b) From (a) we see exp z # 0 for all z, indeed that (exp z)™" = exp (—z).
(c) For x > —1, we argue

2 4

trrt o (1+3)+ 5 (1+5) +- 214
>4 — R — R — cee 2 ,
e ST 3) Tl 5 v

as each of the paired summands are non-negative. For z < —1 we first note exp z = (exp (—z))~"

0 from (a) and the series definition. So
l1+r<0<expuz.
u

Corollary 3.16 The real exponential exp: R — R has image (0,00) and has a continuous in-
verse log: (0,00) — R.

Proof. The exponential series on [0,00) is clearly strictly increasing and positive. Hence
expx = (exp (—x)) " 'is increasing and positive on (—co,0), for if a < b < 0 then 0 < —b < —a

and
1 1

exp(—a) ~ exp ()

So exp (R) C (0,00) and is a strictly increasing function; in particular this means that
exp: R — (0,00) is injective. Now for x > 0, expxr > z and so exp takes arbitrarily large
values of z and similarly exp (—z) = 1/exp (x) takes arbitrarily small positive values. Thus,
for any 0 < ¢ < d, there exists a such that expa < ¢ and b such that expb > d. By the IVT
[e,d] C exp([a,b]), showing that exp (R) = (0, 00). Hence

expa = = expb.
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e exp: R — (0,00) is a bijection and hence invertible.

e The inverse, log: (0,00) — R is known as the natural logarithm.

Finally, for any y > 0 with logy = z, we can apply the CIFT to exp: [z — 1,2 + 1] — [y/e, ey]
to show that log is continuous at y. m

Recall that in Analysis I we defined general exponents in terms of the exponential and
logarithmic functions as follows.

Definition 3.17 (General Exponents) Given a > 0 and x € R, we define
a® = exp (zloga).
Note a® is continuous as it is the composition of continuous functions. With this definition
e’ =expx forx € R
where e = exp 1.
We then showed for a,b > 0,z,y € R.
e log (ab) = loga + logb.
e log (a”) = xloga.
e "V = qa%aY.
o (a®)! = a®),

Example 3.18 (a) Find all continuous functions f: R — R satisfying f(z + y) = f(z)f(y)
for all x,y.
(b) Find all continuous functions g: R — R satisfying g (zy) = g (z) g (y) for all x,y.

Solution. (a) Note that f(z) = f (z/2)* > 0. If f(a) = 0 for some a, then
flx+a)=f(z)f(a) =0
for all z. So assume f is always positive. We have

log f(x +y) = log f(x) 4+ log f(y).

As log f is continuous also, then log f(x) = cx for some ¢ by Sheet 1, Exercise 6. Hence
f(x) = e,

(b) Assume z,y > 0 and write z = e® and y = €', so that we have

g(et) = g(e”)g(e).
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Setting h(u) = g(e*) we see h(s +t) = h(s)h(t) and we see h: R — R is continuous. Hence
h(u) = e for all real v implying

C

g(x)==x for x > 0.
Note g (1) = 1. For continuity at z = 0, we need ¢ > 0. If ¢ > 0 we need g (0) = 0 for continuity
and when ¢ = 0 we need ¢ (0) = 1.

Now1=g¢g(l)=g ((—1)2) = g(—1)? showing g (—1) = +1.

For ¢ = 0 we have g (z) = 1 for z > 0, so g (—1) = —1 leads to discontinuity. Hence g (x) is
identically 1 is the only possible solution when ¢ = 0.

For ¢ > 0 we have two possibilities then: for any real x,

g(@)=lz[" or  g(z)=sgn(x)|z]"

where
1 x>0,
sgn (z) = 0 z=0,
-1 z=-1.

A quick check shows that these are indeed valid solutions of the functional equation. m

Definition 3.19 (Trigonometric functions) Sine and cosine, for z € C, are defined by

. . oo _1n2n
cos s — exp (iz) + exp ( zz):Z( )z

2 — (2n)!
. _exp(iz) —exp(—iz) = (—1)"2H!
e = 2 _; @n+ 1)’

By Corollary 3.12, both are continuous functions.
Further:

Proposition 3.20 cos?z+sin®z =1 for all z € C. So |cosz| < 1 and |[sinz| < 1 for all z € R.
Proof. We have

cos® z + sin® z

1

= 1 {(exp (iz) + exp (—iz))* — (exp (iz) — exp (—ZZ))Q}
4dexp (iz) exp (—iz)

= =1.
4

Proposition 3.21 cos has a smallest root «v in the interval [0,2]. We define m = 2a.
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Proof. Note cos0) = 1 and that

= (—1)" 2™
cos2 = ;%

2 26 22 210 22
- 1_2+§_E<1_7—8)_1_0'(1_ﬁ)_”'
—_— X Y X g

-~ -~

>0 >0

< 0.

By the IVT, there is at least one solution to cosz = 0 in the interval [0,2] . As cos is continuous,
then the infimum of the set cos™ (0) N [0,2] is in fact a minimum element o. ™

Corollary 3.22 (a) exp has period 27i.
(b) sin z and cos z has period 2.

Proof. (a) We have cosa = 0 and so by the definition of cosine we have
exp (i) + exp (—ia) =0 = exp(2ia) = —1

and then
exp (z + 4ai) = exp z (exp (2ia))* = exp 2.

Thus exp has period 4ot = 2.
(b) From the definition of cosine

exp (iz + 2mi) + exp (—iz — 2mi)
2
exp (iz) + exp (—i2)

= = COos z.
2

cos (2 +2m) =

A similar argument shows that sine has period 27. m

We will see in due course that a power series is differentiable, infinitely so in fact, within
the radius of convergence, but we shall leave the details till later as we have yet to formally
define differentiability.

3.3 Aside on Fourier Series (Off Syllabus)

As has been previously commented, uniform convergence is particularly helpful when dealing
with the convergence of (Riemann) integrals (this will be covered in the Analysis III course).
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In particular, the following result is true: if f,: [a,b] — R is a sequence of integrable functions
uniformly converging to f, then f is integrable and

/a ’ f(z)dz = lim / ’ Fu(z) da.

So, given a integrable function f on [0, 7] such that the Fourier cosine series
f(z) = 204 ia cos nx
2 n=1 "

converges uniformly to f, we can use the orthogonality relations

m 0 if m#n
/ cosnrcosmrdr =< 7/2 ifm=n>1
0 m ifm=n=0,

to argue as follows: when N > 1 we have

/ f(x)cos Nzdx = / (%jLZancosm:) cos Nz dx
0 0 =t
= Zan/ cosnx cos Nx dx
n=1 0

= Zangan
n=1
™
= —a
9 N>
showing
2 ™
aN:—/ f(x)cos Nx dz
T Jo

with a similar formula holding for N = 0.

The convergence or divergence of Fourier series, and the rate of any convergence, became
important questions of analysis during the nineteenth century. The details are subtle, often
technical and well beyond the scope of this course. There are continuous functions whose
Fourier series diverge. A positive first result is:

e Let f be 2m-periodic, continuous, piecewise-differentiable, with left- and right-sided deriv-
atives. The Fourier cosine series of f converges uniformly to f on [0, 7] .

Example 3.23 (a) Show that the function

18 well-defined and continuous.
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(b) Let
(@_W_Q_Hjo_Q
= "9 Ty
Show, forn > 1, that

™

g(x)cosnrdr = —

[
n2

ERRN
N

and find ag.
(¢) Deduce that f(x) = g(x) for 0 < x < . Sketch a graph of f(z).
(d) Show that > | -5 = %2.

Solution. (a) Setting M,, = n~? and noting Y ,° M,, converges, we see that the sum converges
uniformly by WMT. As each summand is continuous, then f (z) is continuous.
(b) For n = 0 we have

/’TW2 7Tl‘+$2d T 7r+7r 0
an = —_—— — — ar = — — —_— =
°~ ), 6 2 "4 6 1 ’

il
2
so that ag = 0. For n > 1, IBP twice shows

T T (n? mx  2?

Ean = /0 (€—7—I—Z)Cosnxdx

<7r_2_@+x_2) Sinnx]wﬂLi/W(w—x)sinnxdx
6 2 4 no l, 2nJy

1 — " 1 [7
_ —[(W—x)( cosnx)] +_/ cosnz
2n 0

n

and hence a,, = 1/n?.

(c) g(x) has Fourier coefficients a,, = 1/n? which agree with those of f(z). If we extend g
evenly and periodically we note the extended g(z) is continuous, piecewise differentiable with
left- and right-sided derivatives.By the quoted result above, f(z) converges to g(z) on [0, 7] .

A sketch of f(z) is given below:

Fig. 3.5 — Fourier series limit

.(d) Set z = 0 in the Fourier cosine series. m
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