C4.1 Further Functional Analysis
Sheet 2 — MT 2026

For classes in week 5 or 6

This problem sheet is based on material up to and including Section 6 of the notes,

together with appendix A.

Section A

1. Let X and Y be normed spaces and T' € B(X,Y)
(a) Show (ran 7)° = ker T™.
(b) Use the Hahn-Banach theorem to show (ran 7%), = ker 7.

Solution:
(a)

(ran T)° ={feY": f(Tx) =0, ze X}={feY" :T"f =0} =ker T™".

(b) If z € KerT, then for any f € Y* (T*f)(z) = f(Tz) = 0, so z € (ran T%),.
For the converse, if © € (ran T*),, then for all f € Y* (T*f)(x) = f(Tx) = 0.
Hahn-Banach then implies that x € KerT (as if not Tz # 0, and so there would
exist f € Y* with 0 # f(Tx) = (T*f)(x)).

2. Let X be a normed space.
(a) Let C' C X be convex set. Show that the closure, C is convex.

(b) Given a subset A C X, show that

{zn:)\iai:nEN, a; € A, \; >0, Z)\izl}

i=1 i
is the smallest convex subset of X containing A. This is known as the convex hull
of A, and denoted co(A).

(c) Given a subset A C X, show that ¢o(A) is the smallest closed convex subset of X

containing A. This is known as the closed convex hull of A, denoted ¢6(A).

(d) Use an example on the last sheet to provide closed convex sets Cp,Cy C X such
that co(C} U Cy) is not closed.
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Solution:

(a) Suppose 7,y € C and 0 < A < 1. Taking sequences z,, — x and y, — y with
T, Yn € C, we have Az, + (1 — Ny, € C and Az, + (1 — Ny, — Az + (1 — N)y.
Thus Az + (1 — \)y € C and so C is convex.

(b) Tt is easy to see that the given set is convex. Then show by induction that any
convex set C' has the property that » ., A\;¢c; € C' whenever ¢q,...,¢, € C and
Ai > 0 have > A\; = 1. Thus the displayed set is contained in any closed convex

set containing A.

(¢) In this case co(Cy UCy) = {Ac1 + (1 = AN)eg i g € Oy, ¢ € Cy, 0 < A < 1}. Once
one sees this closure follows exactly as in (a). To see this, note that the set on the
right hand side is clearly contained in co(Cy U Cy) from the expression of this set

in (b); but it is also easily checked to be convex and contains C U Cs.

(d) Sheet 1 provides an example, with C; =Y and Cy = Z.

3. (a) Let C be a convex absorbing subset of a normed space. Show
{reX po(z) <1} CCC{re X :po(x) <1},

with equality in the first inclusion when C'is open, and equality in the second when
C is closed.

(b) Let C' be a convex balanced subset of a normed space, which contains a neighbour-

hood of 0 and is bounded. Show that po gives an equivalent norm on X.

(c¢) Let Y be a subspace of a normed space (X, ), and let ||| - ||| be an equivalent norm
on Y. Show that ||| - ||| can be extended to an equivalent norm on X.
Solution:

(a) If pc(x) < 1, then there exists 0 < A < 1 with A™'z € C. As 0 € C (as a
consequence of absorption), convexity gives x € C. If x € C, then pc(x) < 1 by
definition. If C' is open, then for x € C| there is a sufficiently small § > 0 such that
(14 6)x € C. Thus pe(x) < (1+8)~' < 1. When C is closed and po(z) = 1, there
exists a sequence )\, — 1, such that \-'z € C, so x € C.

(b) It follows from results in lectures that pc is a norm on X. Since C contains a
neighbourhood, say B%(¢) of 0, in X, for ||z|| < €, we have x € C, so po(x) < 1.
Thus pe(z) < e '|z||. Suppose K > 0 is a bound for C. Then if pc(x) < 1, then
z € C,so ||z|]| < K. Thus ||z|| < K 'pc(z).
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(c) By rescaling ||| - ||| if necessary, we may assume that [|y||| < ||ly|| for all y € Y. Let
C be the convex hull of the union B(x .y U B(y,|)- Then C' is a bounded convex
set containing a neighbourhood of 0 in X, so pc defines a norm on X equivalent to
the original norm. Notice that (as Y is a subspace) y € Y, pc(y) = pony (v), and
since Bx,j.p NY € By, we have CNY = Byy,.y- Thus pe(y) < 1 if and only
i lyll < 1, te. poly) = lyll for y € Y.
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Section B

1. Let X be a normed vector space and let Y be a subspace of X.

(a)

Suppose that Y is finite-dimensional. Show that Y is complemented in X, and
that if Z is any closed subspace of X such that X =Y @ Z algebraically, then X

is in fact the topological direct sum of Y and Z.

What can you say if Y has finite codimension in X7 [Recall that the codimension

of Y in X is the dimension of the quotient vector space X/Y .|

Let X be a Banach space and suppose that {z,, : n > 1} is a bounded subset of X.
Show that there exists a unique operator T' € B(¢*, X) such that Te, = z,, for all
n > 1and ||T|| = sup,,>; ||zn]]-

Prove that if X is a separable Banach space then X = (!/Y for some closed
subspace Y of /1.

Deduce that ¢! contains closed subspaces which are uncomplemented.

[You may assume that any closed infinite-dimensional subspace of * has non-

separable dual. We might prove this at the end of the course.]

Let X be an infinite dimensional real normed space, and f: X — R a linear
functional. Show that if there is an open ball B%(zo,r) such that f(z) > 0 for
x € B%(zg,7), then f is continuous. Deduce that if f is unbounded, then ker f is

dense in X.

Use the previous result to show that any infinite dimensional normed space X can
be decomposed into a union AU B of disjoint convex sets, with both A and B dense
in X.

4. Let X and Y be normed vector spaces and let T € B(X,Y). Suppose there exists a
constant r > 0 such that |7 f|| > 7| f]| for all f € Y™

(a)

(b)

Using the Hahn-Banach Separation Theorem, or otherwise, show that By (r) is

contained in the closure of T'(Bx).

If X is complete, deduce that T is a quotient operator, and that 7" is an isometric

quotient operator if 7™ is an isometry.

[This question is asking you to complete the missing bits from Theorem 5.16.]
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5. Let X = (> and Sz = (z,,41) for x = (x,,) € X. Moreover, let T'=1 — S.
(a) Show that KerT = {(A\, A\, A,...) : A € F} and that RanT NKer T = {0}.

(b) Let Y = RanT & KerT and let P: Y — Y be the projection onto Ker7 along
RanT. By considering the operators

n—1
1
An:—§ SE on>1,
n
k=0

or otherwise, show that P is bounded and that ||P|| = 1.

(c) Prove that there exists a functional f € X* with || f|| = 1 such that f(Sz) = f(z)
for all z € X and
f(x) = lim z,

n—o0

whenever x = (x,,) € ¢.! Evaluate f(x) when z is a periodic sequence.

'Recall that ¢ is the subspace of £>° consisting of convergent sequences.
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Section C

1. Let X be a normed vector space and let Y be a subspace of X.

(a) Writing Y°° = (Y°)° for the double annihilator of Y in X**, show that there exists
an isometric isomorphism 7': Y** — Y°° such that T o Jy = Jx|y. Deduce that Y
is reflexive if and only if Y°° C Jx(Y).

(b) Show that if X is reflexive and Y is closed, then both Y and X/Y are reflexive.
[Hint: Do the case of Y being reflexive first, and then consider (X/Y)*.]

(¢) Now suppose X is Banach and Y is a closed subspace such that both Y and X/Y
are reflexive. Show that X is reflexive by following the outline:
(i) Fix ¢ € X**. Let m: X — X/Y denote the canonical quotient operator, and
show that there exists € X such that Jyy(z +Y) = ¢on*

(ii) Show that ¢—Jx(x) € Y°°, and use 7(b) to find y € Y for which ¢ = Jx(x+y).

Solution:

(a) Let S: Y — X be the embedding operator. Then S is an isometry, so S* is an
isometric quotient operator and therefore S** is again an isometry. Since S*: X* —
Y* is the restriction operator given by S*f = fly, f € X*, we also have Ran S** =
(Ker S*)° = Y°°. So we may define 7" = S** but with codomain Y*°°. Since

S** o Jy = Jx oS we have that T o Jy = Jx|y, as required.

If YV is reflexive then given any ¢ € Y°°, there exists y € Y with Jy(y) = T7(¢)
so ¢ = T(Jy(y)) = Jx(y), ie. Y°° C Jx(Y). Conversely, if Y°° C Jx(Y) and
¢ € Y, there exists y € Y with T'(¢) = Jx(y). But T'(Jy(y)) = Jx(y), so that as

T is an isomorphism ¢ = Jx(y) and Y is reflexive,.

(b) Suppose that X is reflexive and let ¢ € Y°°. Since Y°° C X** there exists z € X
such that ¢ = Jx(z). Moreover, ¢(f) = f(z) = 0 for all f € Y° and hence, using
the fact that Y is closed, we see that = € (Y°), =Y. Thus Y°*° C Jx(Y),so Y is
reflexive. Next we observe that (X/Y)* = Y° and that Y° is a closed subspace of
X*. If X is reflexive then so is X*, and by what we have just shown so must Y°
be. Hence (X/Y)* is reflexive. But X is reflexive and therefore complete, so X/Y

is also complete. It follows that X/Y is reflexive.

(c) (i) As gpor* € (X/Y)™ which is reflexive, there exists x € X such that ¢ o 7* =
Jx)y(x+Y).

(ii) We start by showing that Y° C Ran(7*). Indeed, for f € Y°, define g €

(X/Y)* by g(x +Y) = f(z) (this is well defined and continuous by usual
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argument since 7 is quotient) and note that 7*¢g = f. This is the asserted

inclusion. We continue with the sam notation and have then

¢(f) = (¢o(m7)g) = g(x +Y) = f(z) = Jx(2)(f)

Therefore ¢ — Jx(z) € Y°°. As noted in the first part of the proof of B.7(b),
as Y is reflexive, we have Y°° C Jx(Y') so there exists y € Y with ¢ — Jx(z) =

Jx(y), i.e. ¢ = Jx(z +y), and hence Jy is surjective and X is reflexive.

2. (a) Let X be a normed vector space and let P € B(X**) be given by P = Jx-J%.
Show that P is the projection onto Jx-(X*) along Jx(X)° and that ||P| = 1.

(b) (i) Show that if T € B(¢*°) with ||T|| =1 and Te, = e,, n > 1, then T" = I.
(ii) Deduce that there does not exist a projection of norm 1 from ¢ onto .

(iii) Prove that there is no normed vector space X such that X* is isometrically

isomorphic to cy.

Solution:

(a) For f € X* we have
(T (x-N) (@) = (xa)(f) = f(z), @€ X,
so J%Jx« is the identity operator on X*. Hence P? = P. Note also that
Jx+(X*) = P(Jx~(X")) CRan P C Jx-(X"),

so Ran P = Jx«(X™). Since Jx~ is injective, Ker P = Ker Jy = Jx(X)°. Moreover,
|P|| < ||[Jx+||||/%]| = 1. Since P # 0 we must have ||P|| = 1.

(b) (i) Let x € £ and let y = Tz. Fix n > 1. Then ||z + Ayl = |z, + A| and
lly + Aenlloo = |yn + A| for all A € F with |\| sufficiently large. Thus

Y + Al = [y + Aenlloo = [|T(2 + Ae) oo < |2 + Al

for A € F as above. It follows from elementary geometric considerations that

Tp = Yp. Since n > 1 was arbitrary, we have x = y and hence T' = I.

(i) Suppose that P € B(¢*°) has norm 1 and is such that P? = P and Ran P = .
Then P fixes elements of ¢y and in particular Pe,, = e,, n > 1. By the previous
result we see that P = I contradicting the fact that Ran P # ¢°°.
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(iii) Let Y = ¢p and suppose that S: X* — Y is an isometric isomorphism. Let
$: (*° — Y** be the usual isometric isomorphism and let P € B(X**) be
as in part (a). Note that Jy oS = S** o Jx« and that S** is an isometric

isomorphism. Consider the operator T € B(£>) given by
T =o' JySIiP(S™) o,

where we write Jy! for the inverse of the map Jx- with codomain Jyx-(X*).
Then ||T'|| = 1 and, using the fact that Jy (y) = ®(y) for y € ¢y, we have

Ty = (@ Iy ST P(S™) VW y ) (y) = (27 Iy STt PIx:S™Y) (y) = y.

By part (b)(i) we have that 7" = I. In particular, Jy must be surjective, which

is a contradiction because ¢j is non-reflexive.

3. Given a normed vector space X, we say that X is injective 2 if whenever Y is a subspace
of a normed vector space Z and T' € B(Y, X) there exists an operator S € B(Z, X) such
that ||S|| = ||T|| and S|y =T.

(a) (i) Show that ¢* is injective
(ii) By proving first that any operator T € B({*, ¢q) such that Te, = e,, n > 1,
must have norm ||T’|| > 2, or otherwise, show that ¢q is not injective.
(iii) Is ¢o complemented in ¢, and if so what can you say about the norm of a
complementing projection?
(b) Suppose that X is an injective normed vector space, and Y is a subspace of a normed

vector space Z such that Y is isomorphic to X. Prove that Y is complemented in
Z.

Solution:
(a) (i) Suppose that Y is a subspace of Z and that 7' € B(Y,¢*). For n > 1 let
pn € (£°)* by given by p,(x) = z, and let g, € Y* be given by g, = T*p,.
Thus Ty = (9.(y)), y € Y, and hence
Il = sup sup |ga(y)] = sup sup |g.(y)| = sup [lgn]

yEBy n>1 n>1 yeBy

By the Hahn-Banach extension theorem there exist f,, € Z*, n > 1, such that
faly = gn and ||full = |lgn|| for all n > 1. Let S € B(Z,{>) be given by

2The terminology comes from category theory; X is an injective object in the category of normed spaces

with contractive linear maps.
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Sz = (fu(2)), z € Z. Then S|y = T and moreover ||S| = sup,s, [|ful =

sup,,>; ||gn|l = ||T]|, as required.

(ii) Suppose that T € B({>, cy) satisfies Te,, = e,, n > 1, and that |T|| < 2. Let
e=(1,1,1,...) and let = Te. Then

|20 — 2| < [lz = 2e || = [|T(e = 2en) | < [ Tlle = 2enl < [T, n=1,

and hence |z,| > 2 — ||T]| > 0, n > 1, contradicting the fact that x € ¢. So if
T € B({>~,cy) and Te,, = €,, n > 1, then ||T'|| > 2. In particular, taking Y = ¢
and Z = (> it follows that the identity operator on Y has no norm-preserving

extension to Z, so ¢y is not injective.

(iii) The same proof as above shows that any projection P of ¢ onto ¢y must have
|P|| > 2. We assert that ¢y is complemented in ¢ by a projection of norm
exactly 2. Indeed, define f: ¢ — F by f((x,)) = lim,_, 2, and then P: ¢ — ¢
by P((x,)22,) = (z, — f(x))32,. This is clearly a bounded linear operator of
¢ (considered with the > norm) and since also P(e,) = e, for all n > 1 it is
easy to see that it is a projection of ¢ onto ¢y. Note that P is the sum of id.

and z — f(x)(1,1,...), so it has norm at most 2. Hence || P| = 2.

(b) T € B(Y, X) is an isomorphism then we may find S € B(Z, X) such that S|y = T.
Consider the operator P € B(Z) given by Pz =T71Sz, 2 € Z. Then P?> = P and

Ran P =Y, so by a result from lectures Y is complemented in Z.

4. Let Y and Z be closed subspaces of a Banach space X and suppose that X* =Y° & Z°

as a topological direct sum. Show that X =Y & Z as a topological direct sum.

Solution: Not so much as a solution, as a link to some hints. This was on the 2020 exam
paper as Q3(b), broken up there in to parts to get you going (the question had not appeared
on a problem sheet in 2020). The last part though is still pretty tricky - see the solutions

to the 2020 exam, which are available for current students through the institute website.
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