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Preface

These notes accompany my lecture on Continuous martingales and Stochastic Cal-
culus (B8.2). However, not having the strict time-limit imposed on a lecture course,
they tend to go into various (interesting!) digressions and cover additional material
which is meant to provide the reader with a “larger and clearer picture”. In general
I try to point out the parts of the material which are additional and are not covered
in the lectures. However, this is not always possible.

I should stress that the material presented in the lectures is examinable — nothing
less or more. PLEASE GO TO THE LECTURES AND TAKE YOUR OWN NOTES. Then
read these as a supplement.

I first gave these lectures in HT 2014. It was the very first time stochastic calculus
was taught as part of the undergraduate curriculum at Oxford. It was, and remains,
a rather challenging course. At the same time, it covers exciting and beautiful math-
ematics so, all in all, I hope you enjoy it!

These notes are work in progress and are constantly being improved. I am very
grateful to all who helped me to improve them. Your comments, corrections, but
also questions in lectures, are precious.

Last but not least, I want to thank Zhaoxu Hou for his help with typing up these
notes.

Oxford, January 2015 Jan Obtoj

PS. Please send all your comments and corrections to jan.obloj@maths.ox.ac.uk.
Many thanks in advance!
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Chapter 1
Introduction

1.1 Stochastic process - an introduction

A stochastic (from Greek word o Toyog, which means ”aim’) process is a random
phenomenon evolving in time. Our lives, science or fiction give us numerous ex-
amples of such process, from stock prices, through temperature, population size to
cloud shapes or ice levels in Antarctic. In this course we will study the mathemati-
cal theory required to properly define the mathematical representations of such phe-
nomenon. We will develop tools necessary to make sense of differential equations
driven by random process. These will be studied in part C.

Our basic example will be Brownian motion. First described by an English
botanist R.Brown in 1827 it represents the chaotic movement of a pollen particle in
a liquid resulting from constant hitting of the pollen by the much smaller molecules
of the liquid. The physical theory of this motion was set up by Einstein in 1905 and
mathematics were formalised by Wiener in 1923. We will study BM in some detail,
see that its paths have infinite variation, are nowhere differentiable or monotone and
yet we can sensibly integrate against them. BM also yields direct representation of
solutions to partial differential equations, such as

2
{g,v(t,x) + %%v(l,x) =0, t<T, (L.1)

v(T,x)=¢(x), xeR.

Definition 1.1.1. Let .7 be a set and (E, &) a measurable space. A stochastic process

indexed by .7 and taking values in (E, &) is a family of random variables (X, 1te
) defined on a common probability space (£2,.%,P) and valued in (E, &) which
is called the state space.

Although sometimes it is useful to consider rather general sets .7, here we focus
on the interpretation of ¢t € .7 as time. In past, you considered .7 = N, here we
consider .7 = [0,00) or [0, T].

In this perspective the mapping t — X;(w), for a fixed @ € 2, represents a given
realisation of the process, called a sample path or a trajectory.
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Note that it is not clear (nor true in general) that t — X;(®) : [0,00) — R is
a measurable function. This is why we really want to see X as a function of two
variables.

Definition 1.1.2. A stochastic process indexed by [0,0) and valued in R (or R?) is
called measurable if the mapping

(t,0) — X, () : ([0,00) x Q,%8(]0,)) ©.F) — (R,B(R))

is measurable (i.e. VA € B(R) {(tr,w) : X; € A} is in the product c-algebra
A([0,00)) @ F.

It follows (part of Fubini’s Thm) that its trajectories are Borel-measurable. We
can now talk about two ways in which two processes can be close to one another.

Definition 1.1.3. Let X, Y be two stochastic processes defined on a common proba-
bility space (Q,.#,P) .

We say that X is a modification of Y if for all # > 0 we have X; =Y; a.s.

We say that X and Y are indistinguishable if P(X; =Y, forall 0 < < o0) = 1.

If X and Y are modifications of one another than in particular they have the same
finite dimensional distributions. Note however that indistinguishability is a much
stronger property and implies that X and Y are modification of each other. It also
takes the trajectory as our basic object of interest and implies we could see (X; : t >
0) as arandom variable valued in RI%*). We need to then endow it with a G-algebra.

[0,%)

Definition 1.1.4. An n-dimensional cylinder set in R is a set of the form

C={wecR): (o(n),...,0()) €A}
forsome 0 <f; <tfp...<t, and A € B(R").

Let € be the family of all finite-dimensional cylinder sets and %(R[Q‘”)) the
o-algebra it generates. This is small enough so that we will be able to build prob-
ability measures on %(R[O~“)) using Carathéodory’s Theorem. On the other hand
%’(R[O’“’)) has events which can be defined using at most countably many coor-
dinates. It follows that {® € BRO=)) : w(r) is continuous} is not B(RIO~))-
measurable. This is problematic since it is natural to build process with continuous
paths, or more generally to measure P({@w € B(RI**)) : w(r) is continuous}). To
overcome this problem we will work (hard) to show that many processes can be as-
sumed to be continuous or right-continuous. Such samples paths are fully described
by their values for t € Q, i.e. at countably many times. This will simultaneously
simplify the study of other quantities of interest, such as

sup |X;|, 7(w)=inf{t >0 : X;(®) > 0}.
0<s<t
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1.2 Monotone class theorem

We recall an extremely useful measure theoretic result, which is known under a
variety of names including: 7—A systems lemma, Dynkin’s lemma and monotone
class theorem. It allows us to extend a property, such as equality of measures, inde-
pendence of random variables, measurability of functions, from a m—system to the
o—algebra it generates. We state two versions: one in terms of sets and another is
terms of functions. Both are state for a general probability space (Q2,.7,P).

Lemma 1.2.1 (7—A systems lemma, Dynkin’s lemma).
Let ¢ be a collection of subsets of Q such that

1.Qe 7

2.ifA,Be Z and A CBthenB\A€ ¢
3. if {A,} is an increasing sequence of elements of 7 then U,A, € 7.

Then if & C 7 is closed under finite intersections then 6(.9) C 7.

The collection _# of sets above is often called a d—system or a A-system. A col-
lection .# which is stable under intersections is called a 7—system. An immediate
consequence of the above lemma is that if two measures agree on a 7-system then
they agree on the c-algebra it generates. In particular, if two probability distribu-
tions i, v on R have the same cumulative distribution function then i = v.

The functional version of the above can be phrased as follows:

Theorem 1.2.2 (Monotone Class Theorem).
Let F be a vector space of bounded real-valued functions on £ such that

1. constant functions are in I
2. if {h,} is an increasing sequence of non-negative elements of 7 s.t. h = sup,, hy,

is bounded then h € J7.

Then if € is a subset of 7 which is stable under pointwise multiplication then
contains all bounded c(€) -measurable functions.






Chapter 2
An overview of Gaussian variables and processes

2.1 Gaussian variables

A random variable X is called centred standard Gaussian (or normal) if its distribu-
tion admits a density

1 2

px(x): \/Tinei% x e R.

It follows that X has finite exponential moments and its Laplace transform is easily
computed as

A2 _(=2)? A2

1 2 1
E[e*X :—/elx_de:eT—/e T di=eZ,ALeR.
] V2m JR V2m JR

The above also shows that E[¢*X] is well defined for all z € C and is an analytic
function. The above equality on R between two analytic functions on C extends to
all of C:

2

<

E[e*]=e7, z€C.

In particular, taking z = i€ for & € R, we find the characteristic function E[¢/5X] =
e 812, £ € R. We write X ~ .4(0, 1).
We say Y has Gaussian distribution with mean m and variance 62, Y ~ .4 (m, 6?),

ifY = 6X +m for some 6 >0,m € Rand X ~ .47(0, 1). This is equivalent to saying
that

) 2£2
E[e®Y] = exp (zmé - Gf ), £ eR,
or, if o > 0, that the density on R is
1 _ ()cfm)2
pr(x)= ——=e 22 , x€eR.
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Note that we consider here a constant to be a degenerate Gaussian random vari-
able.

The space of Gaussian variables (resp. distributions) is closed under convergence
in probability (resp. convergence in distribution). More precisely we have the fol-
lowing result.

Proposition 2.1.1. Let (X,,) be a sequence of Gaussian random variables, X, ~
N (my,62), which converges in distribution to a random variable X. Then

(i) X is also Gaussian, X ~ A (m,c?) with m = lim, . m,, 6> = lim,,_,e. 02,
(ii)and if X, converge to X in probability then the convergence is also in L? for all
1<p<on

Proof. The convergence in distribution is equivalent to saying that the characteristic
functions converge:

E {ei‘?xn} = exp(imnE — 62E2/2) — E {eié’(} , E€R.

Taking absolute values we see that the sequence exp(—o02£2/2) converges which in
turn implies that 62 — 62 € [0,0), where we ruled out the case 6, — oo since the
limit has to be the absolute value of a characteristic function and in particular has to
be continuous. We deduce that

by 01078 [eiéx} , EeRr

We now argue that this implies the sequence m,, converges to some finite m. If the
sequence is bounded this is clear. Indeed, suppose it had subsequences converging
to m and m’ then we see that €5 = ¢4 for all & € R, which gives m = m’. Now
suppose the sequence is not bounded so that there is a subsequence m,,, ,/* +oo (the
case of —co is analogous). Then

P(X > M) > limsupP(X,, > M) >

k—so0

for any M > 0,

N —

where the first inequality follows from convergence in distribution and [M, o) being
closed and the second inequality follows since m,, > M for any fixed M and k large
enough. Clearly the above is impossible for any fixed r.v. X and gives us a desired
contradiction. This completes the proof of (i).

To show (ii) observe that the convergence of 6, and m,, implies in particular that

supE {eeX”} = supE®™0701/2 — o orany 6 € R.
n n

Since exp(]x|) < exp(x) +exp(—x), the above remains finite if we take |X),| instead
of X,,. This implies that sup, E[|X,|?] < e for any p > 1 and hence also

supE[|X, —X|P] <o, Vp>1.
n
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Fix p > 1. Then the sequence |X,, — X |P converges to zero in probability by assump-
tion and is uniformly integrable by the above. It follows that it also converges in L!
which gives the desired result. O

2.2 Gaussian vectors and spaces

We define Gaussian vectors taking values in R?. However it is easy to see that every-
thing which follows also holds when we replace R¢ with an isomorphic euclidean
vector space E.

Definition 2.2.1. A random vector taking values in R is called Gaussian if and only
if
d
<u,X >= ulx = Z u;X; is Gaussian for all u € R,

i=1
By definition, an image of a Gaussian vector under a linear transformation remains
Gaussian: if X is a Gaussian vector taking values in R? and A is an m x d matrix
then AX is a Gaussian vector taking values in R”. We will use this key observation
throughout without an explicit mention.

Lemma 2.2.2. Let X be a Gaussian vector and define my := (E[X],...,E[X,]) and
Iy := (cov (X, X )<, jgd): the mean vector and the covariance matrix respectively.
Then qx (1) := u'Ixu is a non-negative quadratic form and

u'X ~ N (u"my,qx(u)), ueR 2.1

Proof. Clearly E[u"X] = uTmyx and

d 2
var(uTX) =E (; M,‘(Xl‘ ]E[X,])) = Z M,'ujCOV(Xi,Xj) = MTI_)‘(M =d(dx (I/t),

1<ij<d

which also shows that gx (#) > 0. O
The identification in (2.T)) is equivalent to

. . 1
E |:el<u,X>:| — el<u,mx>77qx<u)’ uc Rd.

From this we derive easily the following important fact:

Proposition 2.2.3. Let X be a Gaussian vector and Iy its covariance matrix. Then
Xi,...,Xy are independent if and only if I'y is a diagonal matrix (i.e. the variables
are pairwise uncorrelated).

Note that it is crucial to assume X is Gaussian and not just that Xi,...,X,; are all
Gaussian. Indeed, consider X; ~ .#7(0,1) and € an independent random variable
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taking values +1 with probability 1/2. Let X, := €X;. Then X, ~ .47(0,1) and
cov(X1,Xp) = 0 while clearly X;,X; are not independent.

By definition, a Gaussian X remains Gaussian if we add to it a deterministic vec-
tor m € RY. Hence, without loss of generality, by considering X — my, it suffices to
consider centred Gaussian vectors. We note that I'y is symmetric and non-negative
definite, as observed above. We now show the reverse: for any such matrix I', a
Gaussian vector X with Iy = I" exists and can be obtained via a linear transforma-
tion of a Gaussian vector with iid coordinates.

Theorem 2.2.4. Let I" be a symmetric non-negative definite d x d matrix. Let
(€1,...,&4) be an orthonormal basis in RY which diagonalises T': T'&; = A;&; for
some Ay >A>...>A>0=A441 =...= Ay, where 1 <r <d isthe rank of I'.

(i) A centred Gaussian vector X with covariance matrix Iy = I' exists.
(ii) Further, any such vector can be represented as

,
x =Y ve, 2.2)
i=1

where Y1, ...,Y, are independent Gaussian, Y; ~ A (0, 4;).
(iii) If r = d then X admits a density given by

1 1

Px (x) = (27.c)d/2 det(F)

1
exp ( — ExTF_1x>, xeRY
Proof. Let A be a matrix whose columns are & so that Iy = AAAT where A is the

diagonal matrix with A; on the diagonal. Let Z;,...,Z, be i.i.d. standard centred
Gaussian variables and ¥; = v/A;Z;. Let X be given by (2.2), i.e. X = AY. Then

d
<u,X >=<u,AY >=< ATu,Y >= Z \/I, <u,&>27;

i=1

is Gaussian, centred. We can compute its variance, using the formula in the proof of
Lemma[2.2.2) or directly, to see that it is given by

d
Ai(u'g)? = Z u'gdigtu= (ATu)TAATu=u" AAATu=u"Tu,
1 i=1

N

1

as required for (7).
Reversely, suppose X is a centred Gaussian vector with covariance matrix I" and let
Y =ATX . Foru € R?, < u,Y >=< Au,X > is centred Gaussian with variance

(Au)"TAu = u" ATTAu = u” Au

and we conclude that Y is also a centred Gaussian vector with covariance matrix
A. Independence between Y1, ..., Y, then follows from Proposition[2.2.3] It follows
that when r = d, Y admits density on R? given by
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1 1 Tor, i d

pr(y) = 2n)12 =) exp < >V A y), y e R

Change of variables, together with det(A) = det(I") and |det(A)| = 1 gives the de-
sired density for x. 0O

The representation in (2.2), combined with Proposition [2.2.3] allows us to com-
pute conditional expectations within the family of random variables which are linear
transformations of a Gaussian vector X. These conditional expectations essentially
reduce to a suitable projection operation. Consider X a Gaussian vector in R? and
let K be the vector space spanned by X3, ...,X;. Then

ElX|o(X2,....Xa)] = px(X1) ZaX,,
where the coefficients are obtained solving the system of equations

cov(X) — px(X1),X;) = cov(Xy,X; Za]cov =0,2<i<d.

The most striking feature above is that E[X|c(K)] is an element of the vector space
K itself and not a general o(K)-measurable random variable. In particular, thisjus-
tifies the principle of linear regression: if (X;,X,X3) is a Gaussian vector then the
best (in the L? sense) approximation of X; in terms of X,, X3 is in fact a linear func-
tion of X; and X;. This extends to a more general setup of Gaussian spaces described
below.

2.2.1 Gaussian spaces

Note that to a Gaussian vector X in R? we can associate the vector space span by its

coordinates:
d
{ZuiXi LU ER}
i=1

and by definition all elements of this space are Gaussian random variables. This is a
very simple example of a Gaussian space and it is useful to think of such spaces in
a much greater generality.

Definition 2.2.5. A closed linear subspace H C L?(Q,.%,P) is called a Gaussian
space if all of its elements are centred Gaussian random variables.

In an analogy to Proposition [2.2.3] two elements of a Gaussian space are indepen-
dent if and only if they are uncorrelated, which in turn is equivalent to being orthog-
onal in L2. More generally we have the following result.

Theorem 2.2.6. Let Hy, Hy be two Gaussian subspaces of a Gaussian space H. Then
H\,H; are orthogonal if and only if o(H;) and o(H,) are independent.



10 2 An overview of Gaussian variables and processes

Proof. Use Lemma|1.2.1|and Proposition O

Note that the above extends instantly to the case of an arbitrary family of Gaussian
subspaces (H; : i € %) of H. In particular this greatly generalises Propositionm
As a corollary of the above property we see that the conditional expectation on such
spaces is just the L? projection.

Corollary 2.2.7. Let H be a Gaussian space and K its closed subspace. Let px
denote the orthogonal projection on K. Then for X € H
E[X|o(K)] = px(X). (2.3)

Proof. Let Y = X — pg(X) which, by basic properties of pg, is orthogonal to K. It
follows from Theorem that Y is independent of o(K) and hence

E[X|o(K)] = E[pk(X)|o(K)] + E[Y|o(K)] = px(X) + E[Y] = px (X).

O
Recall that for an arbitrary X € L?> we would have

EX|o(K)| = D12(Q,0(K),P) (X)

while for a Gaussian X it is enough to consider the projection on a much smaller
space K, as already observed this before for a finite dimensional K. We will use this
observation repeatedly in the sequel.

2.3 Gaussian processes

Definition 2.3.1. A stochastic process (X; : r > 0) is called a (centred) Gaussian
process if any finite linear combination of its coordinates is a Gaussian variable.

Equivalently, X is a centred Gaussian process if for any n, 0 <t <t < ... <t,,
(th Xy ,Xz,) is a (centred) Gaussian vector. It follows that the distribution of a
centred Gaussian process on % (R[O*“’)), is characterised by the covariance function
I':[0,0)?—R,ie.

I(s,1) :=cov(X,Xy).

For any fixed n-tuple (X;,,...,X;,) the covariance matrix (I"(#;,¢;)) has to be sym-
metric and positive semi-definite. As the following result shows, the converse also
holds — for any such function we may construct an associated Gaussian process.

Theorem 2.3.2. Let I : [0,00)% — R be symmetric and such that for any n € N and
0<H<n<...<t

Z wiu ;I (t;,17) >0, ueRd,

1<i,j.<n

Then there exists a centred Gaussian process with covariance function I.
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This result will follow from the more general Theorem [2.4.2] below. Finally, recall-
ing that by Proposition an L? limit of Gaussian variables is also Gaussian, we
observe that the closed linear subspace of L? spanned by the variables (X; : ¢ > 0) is
a Gaussian space.

2.4 Constructing distributions on (R**), 2(R0~)))

Let T be the set of finite increasing sequences of non-negative numbers, i.e. t € T if
and only if t = (71,t2,...,t,) forsome nand 0 <1 <tp < ..., <ty.

Suppose that for each t € T of length n we have a probability measure Q¢ on
(R", B(R™)). The collection (Qq : t € T) is called a family of finite (marginal)
dimensional distributions.

Definition 2.4.1. A family of finite dimensional distribution is called consistent if
for any t = (t1,f2,...,t,) ETand 1 < j<n

Qt(Al XA2><...><AJ',1 XRXAj+1 X...XAn):Qs(A] ><A2><...><Aj,| XAj+1 X.o..

where A; € B(R) and s := (t1,t2,...,1j—1,tj11,-- -, 1n).

If we have a probability measure QQ on (R[O"”) , %(R[O"”))) then it defines a consis-
tent family of marginals via

Q(4) =Q({@ € R (0(n),..., (1)) € A})

where t = (11,12,...,t,), A € B(R") and we note that the set in question is in
B(R%)) as it depends on finitely many coordinates.

We are interested in the converse, that is in existence of processes — seen as
distributions on A (R[O’“’)) — which given finite dimensional marginal distributions.

Theorem 2.4.2 (Daniell-Kolmogorov). Let {Q; : t € T} be a consistent family
of finite-dimensional distributions. Then there exists a probability measure P on
(R[O*”>,%(R[O=°">)) such that for any n, t = (11,...,t,) € T and A € B(R")

QA) =P{o e R : (0(1)),...,0(t,)) € A}). (2.4)

Remark about the proof: the relation (2.4) defines P on (finite dimensional)
cylinders. It remains to show that so defined map is countably additive and apply
Carethéodory’s extension theorem. P is unique by 7 — A systems lemma.

This theorem establishes existence of a process (seen as identity mapping on
(R[O""’),%’(R[O”)))) with given (consistent) finite dimensional distributions. In par-
ticular (exercise) it implies Theorem [2.3.2)]

It does not however assert anything else and, as seen before, we can not mean-
ingfully ask about path properties such as continuity. To remedy this we will study
modifications of a given process.

X Ap)



12 2 An overview of Gaussian variables and processes

2.5 Continuity of paths and Kolmogorov’s criterion

Recall Definition which introduced notions in which two processes can be
close to one another.

Theorem 2.5.1 (Kolmogorov, Centsov).
Suppose that a stochastic process (X, : t < T) defined on (Q,F,P) satisfies

E[X, —X,|*] <Clt —s|'"B, 0<st<T (2.5)

for some positive constants o, B and C.
Then there exists X, a modification of X, whose paths are y-locally Holder continu-
ousVy € (0,8/a) a.s. i.e. there is a positive § and a constant € s.1.

X, —X
sup M < a.s. (2.6)

0<r—s<8,s,t,€[0,T] |t —s[Y —

In particular, the sample paths of X are a.s. continuous.



Chapter 3
Brownian Motion and First Properties

3.1 Definition of Brownian motion

As will become clear, we could use general results to construct a Brownian motion.
We prefer however to pursue a self-contained direct construction to prove existence
of Brownian motion.

Recall that Brownian motion, also called a Wiener process, is supposed to model
the displacement of a pollen in a liquid. (B; — By) is the change of position between
times s and ¢. It results from infinitely many tiny collisions, with molecules, each
giving an identically distributed push, independent of other collisions. By Central
Limit Theorem, we then expect B, — Bs ~ .4 (0,62 (¢ — 5)) and to be independent of
anything happening before time s. Lastly, the pollen travels in a continuous manner.

Definition 3.1.1 (Definition of Brownian motion).
A stochastic process (B; : t > 0) on (2,.%,P) is called a (standard one-dimensional)
Brownian motion if

(i) Bp=0a.s.,
(ii) for any s,7 s.t. 0 < s <t, B, — By ~ 4 (0,f — 5) and is independent of (B, :
u<s),
(iii) its sample paths ¢ — B,(®) are a.s. continuous.

The second requirement in the above definition is often referred to as BM having
independent and stationary increments. The above definition appears to be the natu-
ral and desirable mathematical abstraction for the phenomenon we wanted to model.
However the immediate question is then whether it actually makes sense, i.e. if it is
non-void. To this end we need to prove that a BM exists — a task we undertake in
the following section.

13
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3.2 Lévy’s construction of Brownian motion on [0, 1]

Exercise 3.2.1. show that conditionally on {Bs = x, B, = z} the intermediate value

Buys has Gaussian distribution N (52, 0).

This suggests to build (B;) through an interpolation:

e first draw Bj,
¢ then B, conditional on By and By,

2
e then B 1 B 3 conditional on By, B; and B 15 B respectively.

To realise this idea, take a countable collection {ék(") chel(n),n=0,1,....}
of independent .#(0,1) variables, where I(n) are odd integers between 0 and 2":
10)={1},1(1) ={1},1(2) = {1,3}, etc

Define (B,(O) 11 <1)via B(() ) =0, B 51 and a linear interpolation in be-

=B" D fork=0,1,...,2"!

tween. Having defined (B" " : + < 1), let B](cz) w1 =B

and Bz({z) L= %(B&"_l) +B,("_l>) + \/%5,( , k€ I(n), where s = (k—1)27" and
t=(k+1)27", 5 = 2~("+1) Then define (Bf") : t < 1) by interpolating the values
in (k27" : 0 < k < 2") linearly.

We rewrite the construction using convenient orthonormal base in L2([0, 1], Leb).
Define Haar functions H,E"> by HI(O) (t)=1fort €[0,1] and

2" it <r< £
H" (=4 2% it zk,, <r< il G.1)
0 otherwise

for k € I(n), n > 1, and Schauder functions through their integrals

r
:/OH,E">(u)du, t<1,n>0,kel(n).

Clearly B 51 ( ) and by induction on n we obtain
Z Y M) (), 0<i<lin>0. (3.2)
m=0kel(m)

Lemma 3.2.2. The sequence of functions in (3.2) converges uniformly in t, as n —
oo, f0 a continuous function denoted (B;), a.s

Proof. Let b, = max¢/(, |§k |. Then, for x > 0,

n 2 [ 2 2 [~y _A 21 2
P(Ié;f)>x):\/;/x e )2dy§\/;/x %e Zdy:\/;xe . (33)
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In consequence,

22" 2
P(by > n) (U{Iék”|>}<ZP|§k|>) —e T,nzl
n
kel(n) kel(n
Since Y77, 2 - Lo & < oo the Borel Cantelli lemma implies that there exists Q C Q

with P(Q) = 1 and on which there is an integer no(®) satisfying b,(@) < n for all
n > no(®). Then, for ® € Q and 7 € [0, 1]

Z Y \@ ) < Z n2

m=ng(®)kel(m m=n(®

where we used that S(m),(r) is non-zero for only one k € I(m). It follows that
Bt(”)(a)) converge uniformly in # to some B;(®). Continuity of (B;(®) : 7 > 1) fol-

lows from the uniform convergence and continuity of Bt(") (w). O

To establish that B is a Brownian motion we need to show independence of incre-
ments and that B, — By ~ .4(0,¢ —s). It is not hard to check that Haar functions form
an orthonormal system in L([0, 1], ([0, 1]), Leb) and hence the Parseval identity,
see Proposition[A.2.6] gives us that

[ rswa=tr0 =¥ ¥ (rH e H).
n=0kel(n)
Applying itto f= 1y, and g = 1}y we obtain
snt=min{s, )} =Y Y S(0)S"(s); 0<s<1. (3.4)

n=0kel(n)

Theorem 3.2.3. The process (B, : t < 1) defined above is a Brownian motion on
[0,1].

Proof. It suffices to establish that forany N > 1and 0 =1y <#; < ... <ty <1,

N
lexp< Z Bt/ B | >] Hexp <—)L —tj 1)>, Vll,...,lNéRN.

J=

Let Ay 1 := 0. Using properties of (5,5")) and the definition of B we observe that
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=exp<—;ﬁi@,~+l WY TS >)

j=li=1 m=0kel(m

Letting n — oo, since convergence a.s. implies convergence in distribution and hence
convergence of characteristic functions, and using we obtain

e o (<1 L (a1, )

J=1

=exp (— Z Z 1 — ,+1 )L) min{ti,tj}> .

j=li=

Now, observing that the LHS equates to the quantity of interest and continuing re-
arranging the sums, we obtain

as required. 0O

Corollary 3.2.4. There exists a probability space (2,.7 ,P) and a stochastic pro-
cess B= (B, : t > 0) on it which is a standard real-valued Brownian Motion.

Proof. Using Theorem take a sequence of probability spaces (2, %, Px),
each with a Brownian motion (B : ¢ < 1) constructed in Theorem Let
Q= xHx..,.F =F1%...and P:=P; xP, x.... Define B on
Q recursively by
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B,=B! for0<r<1,
B, =By +B!  fork<r<k+1.

It is straightforward that (B, : t > 0) is indeed a Brownian motion on (Q,.%,P).
O

Exercise 3.2.5. Using Kolmogorov’s lemma show that Brownian motion admits a
modification which is locally Holder continuous of order ¥ for any 0 < y < %

3.3 Wiener Measure

Let C(R4,R) be the space of continuous functions from [0, ) to R. Given a Brow-
nian motion (B, : ¢ > 0) on (2,.%,P), consider

Q — C(R4,R), givenby o— (B/(@):1>0) (3.5)

which is measurable w.r.t. Z(C(R;,R)) — the smallest o-algebra such that the
coordinate mappings (i.e. (@ : t > 0) — ®(t) for a fixed fo) are measurable. (In
fact Z(C(R4,R)) is also the Borel o-algebra generated by the topology of uniform
convergence on compacts).

Definition 3.3.1. The Wiener measure W is the image of P under the above mapping
in (3.9), it is the probability measure on the space of continuous functions s.t. the
canonical process, i.e. (W;(®) = (), > 0), is a Brownian motion.

Corollary 3.3.2 (Wiener measure).
The Wiener measure is the unique probability measure on (C(R4,R), B(C(R+,R)))
such that

() W({o € C(R, . R),0(0) = 0}) =
(ii) foranyn > 1,V0 =1y <t; < ... <t, A € ZR")
W({0 € C(RLR) : (0(1),..., 01) € A})

7/ 1 dy -~ dyy ( z (yi_)"fl)z) .
= a exp| — )y ——+~ where yy := 0.
A (27)2 \/ti(ta—11) ... (tn—ta—1) 5 2(ti—ti)

Proof. Existence follows from construction in Section with (ii) above following
directly from (ii) in Definition The uniqueness of is an immediate conse-
quence of T—A systems lemma since (C(R,R))) is generated by finitely dimen-
sional projections.

O
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3.4 Extensions and first properties

Definition 3.4.1. Let u be a probability measure on R?. A d-dimensional stochastic
process (B, : t > 0) on (Q,.#,P) is called a d-dimensional Brownian motion with
initial distribution u if
(i) P(Bo € A) = pu(A) A€ B(RY)
(ii) VO < s <t the increment (B; — By) is independent of (B, : u < s) and is
normally distributed with mean 0 and covariance matrix (f —s) x I
(iii) B has a.s. continuous paths.

If u({x}) = 1 for some x € R, we say that B starts at x.

Proposition 3.4.2. Let B be a standard real-valued Brownian motion. Then

(i) —By is also a Brownian motion,  (symmetry)
(ii) Ve >0, CBL2 is a Brownian motion, (scaling)

c
(iii) Xo = 0, X; :=tB1 is a Brownian motion, (time reversal)
t

(iv) Vs > 0, B, = B,y — By is a Brownian motion independent of o(B, : u < s),
(simple Markov property).

Proof. (i) and (ii) are immediate from the definition and X ~ .4#(0,62) where
X ~ A4(0,1). We leave (iii) as an exercise. Finally, By =0 and B has a.s. contin-
uous paths. Further, B, — B, = B, s — By+s ~ A (0,t —u) and is independent of
o(B, : r <u+s) which contains 6(B, : r < u). Finally, each B, is independent of
0(B, : u <s) and hence B is independent of (B, : u <s). O

3.5 Basic properties of Brownian sample path

From now on, when we say “Brownian motion”, we mean a standard real-valued
Brownian motion. We are interested in the mapping ¢ — B,(®), how wiggly it is
and what is its typical behaviour close to O or co. We already know that t — B,(®)
is a.s. continuous, and in fact locally Holder continuous of order 7, for any y < 1/2.
We now look at variation and quadratic variation of the paths. Given a subdivision A
of [0,1]: A={0=1ty<t; <...<t, =1}, wecall mesh(A) = maxo<j<n—1(tit1 — 1)

Definition 3.5.1. A (real-valued) stochastic process (X; : r > 0) is said to be of finite
quadratic variation if there exists a (finite) process ((X,X);, ¢ > 0) such that for
every ¢ and every sequence (A,) of subdivisions of [0,7] such that mesh(4,) — 0 as
n — oo, we have

OV (X) = (X,X), in probability, as n — oo
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(Xti+1 _Xt;)Z,A = {OS[O <h <<ty :l}.

=

where QVA (X)) =
=1

Note that it follows (X, X); — (X, X )s = lim,_,e(QV;*" (X) — QVA7(X)) > 0 in prob-
ability and hence (X,X) has a.s. non-decreasing paths.

Theorem 3.5.2. Brownian motion is of finite quadratic variation and (B,B), =1 a.s.

Proof.

n—1 2
E[(QVzAn (B) _t)z] =E <Z (BtiH _Bt)2 —(tin1 —fi)>

i=0

n—1

=Y E[((B, —B,)* — (i1 —fi))z]
i=0
n—1

=Y (61 —6)°E[(&* = 1)*] with & ~.4#/(0,1)
i=0

n—1
=2y (11— 1)
i=0

n—1
<2 sup (ti1—1) Z (tjv1—1t))
0<i<n—1 j=0
=2mesh(Al')t — 0

where the first equality is due to independence of increments. Hence QV,A” (B) —t
as n — oo in L? and in particular in probability. O

Remark 3.5.3. The convergence thus is a.s along a subsequence. It can be shown
that if the sequence A, is nested that QV,*" (B) — 1 a.s. Vr.

Corollary 3.5.4. Brownian sample paths are of infinite variation on any interval
almost surely.

Corollary 3.5.5. Brownian sample paths are almost surely nowhere locally Holder
continuous of order y > %

Proofs. Fix interval [s,¢]. By Theorem and the above remark, we have 2y C
Q,P(Q) = 1 s.t. Yo € 2

r}grolo Z (B,,.H(a))—B,i(a)))2 =r—s as.

€,

and B;(®) is continuous. Let V! be the variation of B(®) i.e.

Vi(®)= sup Y |By, —Byl.
AC[st] ;e
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Then
Y, (B, (0) =B, () < sup [By,,(0) = By(@)|V{ ()
1LEQ, ey,
and the RHS would converge to 0 if V/(®) < e by continuity of B;(®). Hence
Vf((l)) = +o0 0n £2y.
Similarly, if |B,(®) — B.(0)| < Klu—r

Y fors < ru<tandy>1/2then

Y (B, (@) — By(@)) < K3t —s5) sup 1 — 42~ >0 asn— oo
LEQ, i€y,

giving a contradiction. O

To study the behaviour of Brownian motion at 0+ it is useful to establish the follow-
ing 0 — 1 law. For a Brownian motion (B;);> on (Q,.7,P) let #F :=6(B, : u<t)
and 7, = o(FE, ¥ (P)), where A4 (P) are P are negligible sets, i.e. A4 (P):={A €
Q:3B € % A C Band P(B) =0}. Finally let #,; := Ny, Fs.

Proposition 3.5.6 (Blumenthal’s 0-1 law).
Foy is trivial, that is P(A) € {0, 1} for all A € %

Proof. For 0 < &€ <t let #; = 0(B;—Be : € < s <t)Vo(AN(P)). Note that
A€ Fg,ifandonly if A=A’ as. with A’ € 6(B; — Be : € < s <t). By Proposition
[3.4.2](iv) the c-algebras 6(B; —Be : € < s <t) and 6(B, : u < €) are independent
and it follows that so are . %, ; and .%;. In particular, .%¢; and .%(;. are independent.

It follows from 7 — A systems lemma that 6(Ue>0%¢ ) and ., are indepen-
dent. But for any s € (0,7), By = limg\ (By — Be) is measurable w.r.t. 6(Ug>0-Z¢ )
so that 6(Ug~0-F¢ ;) 2 F2 which implies that 0(Ue>0Fe ) = F;. Since Foy C F4,
it is independent of itself, i.e.

VA € Fo. P(A)=P(ANA)=P(A)*> which gives P(A) € {0,1}.

Corollary 3.5.7. Let B be a standard real-valued Brownian motion, as above.

1. Then, a.s., for any € > 0,

sup B, >0 and inf By<0 a.s.
0<s<e 0<s<ege

In particular, inf{t >0 : B, =0} =0 a.s.
2. Foralla € R, H, :=inf{t > 0, B, = a} < o a.s. (where inf® = o) and in par-

ticular
limsupB; =0 and liminfB; = —c a.s.
1—>o0 [=reo
Remark 3.5.8. Note that sup By is measurable since sup By= sup B;.

0<s<e 0<s<e 0<s<g,scQ
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Proof. (i) Let &, 0 (strictly) and A := (50 An, With A, := {supy<,,, By > 0}.
Note that A is .%o -measurable. On the other hand, by monotonicity,

1
P(A) = lim P(A,) > lim P(Bg, > 0) = R

n—yoo n—yoo

Then by Blumenthal’s 0— 1 law P(A) = 1. Replacing B by —B we obtain P(info<s<¢ By <
0)=1.
(ii) We write

1 :]P’( sup B; > 0) =lim IP’( sup Bs > 5)
0<s<1 N0 No<s<a

= lim P( sup 68,52 >8) by Prop[BA2 i)

0<s5<1

zlimIP’( sup Bu>1>
5\0 Osugl/SZ

:P(supBu > 1).

5s>0

Hence for any A > 0

]P’(susz > 1//1) :]P’(sup/”tBu/;Lz > 1) :P(supBS > 1) —1.

s>0 u>0 s>0

As above, by replacing B by —B, we obtain P(inf,>0By < —1/4) = 1. Taking A =

1/|a|, it follows that H, < o a.s. The last statement then follows since a continuous
function B,(®) has range equal to R if and only if
limsupB;(®) = o0 and liminfB, (@) = —eco.
t—o0 —>o0

Remark 3.5.9. From (i) above and the simple Markov property in Proposition
(iv), we deduce that a.s. t — B; has no intervals of monotonicity. This also follows
from infinite variation property.






Chapter 4
Filtrations, stopping times and first applications

4.1 Filtrations

So far we looked at stochastic processes from “end of time” perspective and we
talked about processes mainly as a random variable taking values in an appropriate
space of functions. We are now going to emphasise the evolution in time. We start
with notions which encode “flow of information” and “strategies” and are defined
with no mention of [P (only possibly through its null sets).

Definition 4.1.1. A filtration on the measurable space (£2,.%) is an increasing fam-
ily (%#);>0 of o-algebras; Z; C # C .% Vt > s > 0. A measurable space endowed
with a filtration is called a filtered space.

Definition 4.1.2. A stochastic process X on (2,.%) is said to be adapted to filtration
(Ft)i>0 if X; is F-measurable for all 7 > 0.

Remark 4.1.3. A process X is always adapted to its natural filtration
FX=0(X, : 0<u<r)

(and it is the smallest filtration to which X is adapted). We can think of %X as the
information set, as time ¢, of an agent who is observing (paths of) X.

We define .%y_ := %, and
Fi = 0(Ust Fy), t >0,
the o-algebra of events strictly prior to . We also let
Fi ' =Nes0Fi1e, t >0,

the o-algebra of events “with an infinitesimal peek into the future”.

We say that filtration (.%,) is right-continuous if .%; = .%,; V¢ > 0 and left-continuous

if #=%,_Vt>0

23
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Definition 4.1.4. A filtration (.%;);>¢ (or the filtered space (2,.7,(.% );>0,P)) is
said to satisfy the usual conditions (assumptions/hypothesis) if it is right-continuous
and % (and hence all .%) contain all P-negligible events in %, i.e. 4 (P) C %
for /' (P):={A€Q:3Be.% ACBand P(B) =0}.

Given a filtered probability space on (2,.%#, (%), P) we can always consider its
natural augmentation replacing the filtration with .%,+ V (A (P)) = o(F+, A).
which satisfies the usual conditions.

Even though these may appear somewhat artificial/technical conditions, they will
turn out to be very useful. They will allow us in particular to construct (modification
of) martingales which are always cadlag (RCLL = right-continuous with left limits).

We saw previously the definitions of a stochastic process and of a measurable
stochastic process. Given a flow of information, the analogous notions are that of an
adapted process and of a progressively measurable process.

Definition 4.1.5. A stochastic process X; on (2,.%, (%;);>0,P) is called progressively
measurable if V7 > 0 the mapping (s, @) — X;(®) is measurable on ([0,7] x 2, %(]0,1]) ®
F).

Note that a progressively measurable process is in particular adapted.

Proposition 4.1.6. An adapted process (X;) whose paths are all right-continuous
(or are all left-continuous) is progressively measurable.

Proof. We present the argument for a right-continuous X. Fort >0, n > 1, k =
0,1,2...,2" — 1 let X" (@) = Xo() and X" (0) := X1, () for & < s < K11,
on

2}1
Clearly (XSW : 5 < 1) takes finitely many values and is Z([0,7]) ® .%;,—measurable.

Further X;(®) = limy,_e Xs(”> () by right-continuity and hence is also measurable
as limit of measurable mappings. O

4.2 Stopping times

Definition 4.2.1. Let (2, (.%,), ) be a filtered space. A random variable 7 : Q —
[0, +oo] is called a stopping time (relative to (%)) if {t <t} € % V¢ > 0.

T represents a valid “stopping strategy” — at any moment ¢ we can describe if we
should stop or continue using only the information available at ¢ i.e. .%;. A deter-
ministic time is a stopping time as is “the first time a certain phenomenon occurs”.
T =sup{r <1 : B, =0} is not as we have to wait until time 1 to know when it
happened.

Our fundamental example will be given by first hitting times. If (X;) is a stochas-
tic process and I' € Z(R) we let

Hr (o) = Hr (X(0)) :=inf{t >0 : X(0) €T} 4.1
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Exercise 4.2.2. Show that

 if (X;) is adapted to (.%;) and has right-continuous paths then Hr, for I" an open
set, is a stopping time relative to (% ).

* if (X;) has continuous paths, then Hr, for I" a closed set, is a stopping time
relative to ().

With a stopping time we can associate “the information known at time 7”:

Definition 4.2.3. Given a stopping time 7 relative to (%;) we define

Fr={AeF An{t <t} € F#}
Fr ={AeF An{t <t} € %}
Feoi=c({AN{Tt >t} : 1 >0,A € F})

which satisfy all the natural properties.

Proposition 4.2.4. Let T be a stopping time. Then

(i) F; is a 6-algebra and T is Fr-measurable.
(ii) Fr— C Fr C oy and Fr = Fry if (F) is right-continuous.
(iii) IfT =t then g‘; = %, ﬁf-i,— = <%+-
(iv) If T and p are stopping times then so are TAp, TV p and T+p and {t<p} €
Fipp. Further if © < p then 7 C Fp.
(v) If T is a stopping time and p is a [0,o0]-valued random variable which is F-
measurable and p > T, then p is a stopping time. In particular

o k+1

Tn = 1;)71 hcrciny ool ey

is a sequence of stopping times with T, \, T as n — oo,

Proof.

We give proof of (v). For the rest, please see the pb sheet.
{p <t} ={p <t} A{r <t} € % since p is Fr-measurable. Hence p is a stopping
time. We have 7, \, 7 by definition, and clearly 7, is .%;-measurable since 7 is .-
measurable. 0O

Theorem 4.2.5. Let (X;) be a progressively measurable process and T a stopping
time. Then X1, ..y is Fr-measurable. The stopped process X* = (Xgp, 2 t > 0) is
progressively measurable (where Xt 1 ;o) () = Xi() () Li1(0) <0} -

Proof. We need to show that for all A € Z(R) and ¢ > 0,

Xeljpewy €AN{T <1} €S



26 4 Filtrations, stopping times and first applications
Note that
{XT]I{T<OQ} S A} N {T < l} = {Xf]l{fg,} S A} n {T < t}.

Hence, it suffices to show that Xf]l{TSt} is #;-measurable since {t <1} € % But
XTIL{TS,} = th]l{rg,} and hence it suffices to show that X;, is .-%#,—measurable.
This will follow if we argue that X* is progressively measurable. This however is
immediate since Xzp; on [0,7] X 2 is a composition of two maps

(5, 0) =(1(@) As, @),
([0,2] x Q,%((0,1]) @ F) = ([0,1] x 2, A((0,1]) © F1)

and

(u,0) =X, (),
(10,1] x Q,2([0,1]) © 71) = (R, Z(R)),

both of which are measurable since 7 is a stopping time and X is progressively mea-
surable. O

We end this section with an important result which we state without a proof.

Theorem 4.2.6. For a progressively measurable process (X;) defined on a filtered
probability space satisfying the usual conditions Hr is a stopping time for all I €
BR).

The proof relies on “section theorems” which show that a projection H € B(R;) ®
Z on Z is measurable.

4.3 Strong Markov property and reflection principle for
Brownian motion

Theorem 4.3.1. Let B= (B, : t > 0) be a standard Brownian motion on (,.% , (% )i>0,P),
i.e. (B;)i>0 is a standard Brownian motion and is %-adapted and (B; — By) is in-
dependent of %, for any 0 < s <t. Let T be a stopping time. Then, conditional on

{7 < o}, the process

B =B, —B; (4.2)
is a standard Brownian motion independent of 7.

Proof. Assume that T < e a.s. We will show that VA € .%;,0 <1 <...<t, and
continuous and bounded functions 7 on R” we have

E[14F(BY,....B")] = P(A)E[F(B,....,B,)]. 4.3)

This implies that
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1. (taking A = ), B and B9 have the same finite-dimensional distributions and
hence, since B(") has continuous paths, that B is a standard Brownian motion;

2. that (B ;I ), ,Bt(nr)) are independent of .%; and hence by @-A systems lemma
B9 is independent of .Z;.

By continuity of B and F,
(7) _
F(B,", ... ,}ggozﬂ{k larc ke }F( n+t1_Bzi;1" B’§1+tn B%"!‘tnfl) as.

and by dominated convergence theorem

2

(7) _
E[F(Bl] rrc , r}groloZE[ {k I<T§2n}F( 2n+tl _B n szn“v’fn Bzin+l,,,]):| :

For A € .7 the event AN {k’nl <1< 2,1} € 5% so is a.s. equal to an event in

o(B; : 1< %) Using simple Markov property (Proposmon-(lv)) and repeating
the argument above we obtain

E{ {an{i << d }}F( x4 _Bz sz,,+t,, Bzi,,ﬂ,,,l)}
k—1 k
:P(Aﬂ{ o <T< 3 })E[F(Bt(f),...,Bl(:))],

which implies the desired result by taking sum over k. If P(T = o) > 0 we consider
AN {7 < oo} for which the above holds and the result follows. O

We now want to apply this at T = H, =inf{t >0 : B,=a} =inf{t >0 : B, > a}
fora > 0.

Theorem 4.3.2. Let S; .= sup,<, By. Fora > 0 and b < a we have
In particular S; and |B;| have the same distribution.

Proof. We know that H, < o a.s.
P(S, > a, B, < b) =P(H, <1,B, < b) =P(H, <t,B™) <b—a)

since Bflj;}a = B, — By, = B, — a. By strong Markov Property, note that BHa) s in-

dependent of .%y, and hence of H,, and further that (—B ,(H >),20 is also a Brownian
motion hence then couples (H,,B") and (H,, —B")) have the same distribution.
LetI' = {(s,0) e Rt xF(R4,R) : s <t, o(t —s) < b—a} then by the above
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P(S; > a, B, < b) = P((Hq,B") €T')

((Ha,—B")) e T) =P(H, <1, -B™) <b—a)

P
P(H, <t,B, >2a—b)=P(B, >2a—b)

as required, since {B; > 2a —b} O {H, < t}. Finally

P(S; > a) =P(S; >a,B; > a)+P(S; > a, B, < a)
— 2(B, > a) =P(|B]| > a).



Chapter 5
(Sub/super-)Martingales in continuous time

5.1 Definition

We assume that a filtered probability space is given (2,.%, (% )10, P).

Definition 5.1.1. An adapted stochastic process (X;),;>o such that X, € L'(P) (i.e.
E[|X;|] < o) for any 7 > 0, is called

» amartingale if E[X;|.%,] = X, VO < s <1,
 asuper-martingale if E[X;|.%] < X; V0 < s <1,
* asub-martingale if E[X;|.%,] > X, V0 <s <t,

Exercises: Suppose (Z : t > 0) is an adapted process with independent increments:
V0 <s <t, Z —Z is independent of .%;. The following give us examples of mar-
tingales:

1. if Vt > 0Z € L! then Z; := Z, — E[Z] is a martingale,

2. if Yt > 07 € L? then Z? — E[Z?] is a martingale,

3. if for some 8 € R and V¢ > 0 E[¢%%] < oo then % is a martingale.
In particular, By, Bt2 —t and 893,79%/ 2 are all martingales with respect to (.%);>0
for which (B;);> is a Brownian motion.

Remark 5.1.2. A process is a martingale relative to a filtration. An (.%;);>0-martingale
(X;) is also a martingale with respect to (.#X) — its natural filtration. It may
however fail to be martingale with respect to a larger filtration ¢, O .%;. For ex-

ample, recall (e.g. see Problem sheet 1) that E[B% |B;,Bs] = %. It follows

that (B, : s <u <t) is not a martingale with respect to &, := .Z2 v ¢(B,) since

E[Buys |B;,B;] = P5% # By as.

Remark 5.1.3. Note that a martingale has a constant expectation E[X;] = E[E[X;|.%]] =
E[Xp]. It is a mathematical model for an equitable game. A super-martingale repre-
sents a losing game and sub-martingale is a winning one.

29
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Remark 5.1.4. A set of (%;);>0-martingales is a vector space.

Proposition 5.1.5. Let (X;);>0 be a martingale (respectively sub-martingale) and
¢ : R — R convex (respectively convex and increasing) such that E[|¢ (X;)|] < oo for
any t > 0. Then (¢ (X;))r>0 is a sub-martingale.

Proof. Conditional Jensen inequality. O

In particular, if (X;);>0 is martingale with E[|X;|P] < o, for some p > 1 and all
t >0, then |X;|? is a sub-martingale. In consequence, ¢ — E[|X;|”] is non-decreasing.

5.2 Maximal (Doob’s) inequalities

We develop now a series of results which allow us to control the running maximum
of a (sub)martingale. They will be crucial for establishing convergence theorems for
(super-)martingales.

We recall that if (X,),>0 is a discrete martingale (or a positive submartingale)
w.r.t. some filtration (.%,) then forany N >0, p>1and A >0

AR (sup|X,| = 4) <E[1xy]"]
n<N

and for any p > 1

E[|Xy["] <E {sup IXn"] < (=2) ).
n<N pfl

If X is now indexed by 7 € [0,00) we can take a dense countable set D in [0, 7],
e.g. D=QnN][0,T], and an increasing sequence of finite subsets D,, C D, U D, =
D. The above inequalities then hold for X indexed with t € D,, U {T}. Monotone
convergence then yields

AP (suplx| > 4) <E[|x7]7]
teD (5 1)

p
B |supll?| < (5 25) B[l
teD p—1
If X has regular sample paths then the supremum over a dense countable set in
[0,T] is equal to the supremum over the whole interval [0, T]. This gives:

Theorem 5.2.1 (Doob’s maximal and L” inequalities).
If (X;);>0 is right continuous, a martingale or a positive sub-martingale, then for
anyT >0, 1 >0
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AP (sup|X,| > 1) <E[Xr)], p>1
t<T

Y (5.2)

B lspbp| < (S25) B (%], o> 1.

<T
As an application of Doob’s maximal inequality we derive the following bound:
Proposition 5.2.2. For any A > 0 we have

A2
P(S; > At)<e 2, whereS, =supB,.
u<t

2 . . .
Proof. Recall that e®B: =t/ 21>0,isa non-negative martingale. It follows that, for
a>0,

P(S; > Ar) < ]P’(Sup (eaBra%/z) > ealrfazz/z)

u<t

< P(Sup (eaBufazu/Z) S ea)ttfazt/Z)
- u<t -
< e*dll‘FO!zt/ZE {eaBrfazt/z}
—_———
=1

2 2 . .. .
—oAr+ect/2 — o=A7t/2 (with minimum achieved

The bound now follows since ming>q e
whena=A4). O
Note that the above bound could be also easily derived from the explicit distribution
of S, obtained in Theorem [4.3.2]

Finally, we state another version of Doob’s maximal inequality (5.1)), this time

for a supermartingale, which will be used later in the proof of Theorem [5.3.3]

Proposition 5.2.3. Let (X, : t > 0) be a supermartingale. Then

1
P( sup [X|>A) < - QE[|Xr[]+E[Xo]]), VA,T>0. (5.3)
t€[0,71NQ A

In particular, sup,c(o 71ng |Xi| < o0 a.s.

Proof. This relies on a variant of Doob’s maximal inequality for discrete time su-
permartingales. Let us sketch its proof here. Take a sequence of rational numbers
0=t <t <...<t,=T. Applying Doob’s optional stopping theorem to discrete
supermartingale (X;,)"_, and stopping time T = min{z; : X;, > A} AT, we obtain

E[Xo] > E[Xe] > AP( sup X, > A) +E[Xrlyy,__ x, <i-

1<i<n

This leads to
AB( sup X, > 1) < E[Xo] + E[X; .

1<i<n
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On the other hand, the process X, is a non-negative submartingale so we may apply
(5-1) directly to it giving

AP(sup X,- > 1) <E[X;].

1<i<n

Combining, using E[X, ] <E[|X7|], and taking limit in n — e with nested sequences
in [0, 7] NQ, gives the desired inequality. O

5.3 Convergence and regularisation theorems

In many instances so far we saw that processes with right-continuous paths are much
easier to deal with. In this section we show that when looking at martingales there
is no loss of generality to assume such regularity, provided the filtration satisfies the
usual conditions.

We first recall the Doob’s upcrossing lemma in discrete time:

Lemma 5.3.1. Let (X;);>0 be a supermartingale and F a finite subset of [0,T). If
a<bandU ([a,b],(X; : t € F)) is the number of upcrossings of [a,b] by (X; :t € F)
then we have

]E{U([a,bL Xi:te F))} < fggE[()Z—Z)_} < E[(iT:aa)_} .

The last inequality follows since (X; —a)~ is a submartingale. Further, taking in-
creasing sequence F,, U, F, = F, the above Lemma instantly extends to a countable
F C [0, T]. This allows us to deduce two important results. First, non-negative super-
martingales with regular paths converge. More generally,

Theorem 5.3.2. If (X;) is a right-continuous super-martingale and sup, E[X; ] < o
then lim;_,.. X; exists a.s. In particular, a non-negative right-continuous super-
martingale converges a.s. ast — o,

Proof. This is a direct consequence of Lemma and the fact that for a right-
continuous process upcrossings of (a,b) over [0, ) are the same as upcrossings of
(a,b) overt € [0,00)NQ. O

Secondly, for a general super-martingale we can talk about its left- and right- limits.

Theorem 5.3.3. If (X, : t > 0) is a supermartingale then for P-almost every ® € Q,

Vit € (0,00) r/ljgleQX,(w) and r\%tiyrmeQX,(w) exist and are finite. 5.4

Proof. Recall that a sequence of numbers (x,) converges (possibly to +oo) if and
only if U([a,b], (x,)) < o for all a < b, a,b € Q. Now fix T > 0. From Proposition
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and Lemma that there exists a Q7 C Q, with P(Q7) = 1, such that for
any 0 € Q7

Vo U@, (Xi(0):1€[0,TINQ)) <o and  sup |X,(@)] < oo,
a,beQ t€[0,7]NQ

It follows that the limits in (5.4) are well defined and finite forall < T and @ € Q7.
We may then take Q := Q'NQ?>NQ>N... and the result follows. O

The above result shows that even if X is not right-continuous its right-continuous
version is a.s. well defined. This leads to the following fundamental regularisation
result.

Theorem 5.3.4. Let X be a submartingale with respect to a right-continuous and
complete filtration (F,). If t — E[X,] is right continuous (e.g. if X is a martingale)
then X admits a modification with cadlag (RCLL) paths which is also an (%;)-
submartingale.

Remark 5.3.5. If X is a martingale then its cadlag modification above is a martingale.

Proof. By Theorem [5.3.3]and properties of the filtration, the process

%(@) = {nm,\t_yreer(w) ® € Q
0 0] ¢ Q0

is well defined and adapted to (.%;), for some £y C 2 with P(£y) = 1. In particular,

X has cadlag paths. Let 7, "\, be a sequence of rationals. Then (X;,) is a backwards

submartingale, sup, E[|X;,|] < e and hence X, converges to X; = X;; in L!. This

allows us to take limits in

Xt SE[thLg}], to Obtain Xt S E[XIL%] :Xt.

In particular, E[X, — X;] > 0. But then right-continuity of # — E[X;] implies E[X, —
XZ‘} =0 so that Xt = Xt+ a.s.
Finally, let s < ¢ and s, ™\ s rationals smaller than ¢. Then

Xs,, < ]E[XILQ\S,J = E[Xt+|jr,,]o

Taking limits as n — oo, we have X;, — X = X; a.s. and E[X, |F;, | = E[X;1 | F1 ] =
E[X,|.%,] a.s. and we conclude that X is an (.%;) sub-martingale. O

From now onwards, unless otherwise stated, we only consider right-continuous
(sub-/super-) martingales (with left limits) and filtrations satisfying the usual
assumptions.
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5.4 Optional sampling (stopping) theorem(s)

We saw above that a (super/sub) martingale will often converge a.s. to some Xw.
We want to ask if the martingale property is preserved if we include X.. Further we
want to understand if the martingale property is preserved under stopping.

Theorem 5.4.1. Let (X; :t > 0) be a (cadlag ) martingale. TFAE:

(i) X; converges in L! ast — o t0 some Xoo
(ii) A Xoo in L' s5.t. X; = E[Xoo| Z] V2 >0
(iii) the family {X,; :t > 0} is uniformly integrable (Ul).

Under these conditions, we also have X; — X.. a.s.

Proof. (ii) = (iii) Let I; = {|E[X..|.%/]| > a} and
@ ::/ |E[Xm|,%]|d}?§/ |]E[|Xx.\|,%]dIP>:/ IX.a| AP,
I; I; JI;

On the other hand, Markov’s inequality gives

E[1X-o|]
a

P(T) < - E|[EX| 7] <

and hence sup, a; — 0 as o¢ — oo.
(iii) = (i) sup, E[|X;|] < oo and hence by Theorem [5.3.2]X; — X.. a.s. for some
X... Therefore X; converges to X.. in L! by uniform integrability.
(i) = (i) X, = E[X;+5|-%] — E[Xw|-%#] as s — oo by continuity of conditional
expectation with respect to L! convergence.
O

Remark 5.4.2. If sup, E[|X;|P] < oo for some p > 1 then the above conditions hold
and convergence is in L. Note however that p = 1 is not enough.

Theorem 5.4.3. If X is a Ul martingale then in fact {X; : T is a stopping time } is
Ul and for any two stopping times T < p

X; = E[X,| %] = E[X| F1]  as.

Remark 5.4.4. The UI assumption is important. If 0 < a < b then H,(B) < Hp(B)
and
E[Bu,|7n,] = E[b|7n,] = b # a = By,.

Corollary 5.4.5. In particular for any martingale and two bounded stopping times
T<p
EX,|7:| =X: a.s.



5.4 Optional sampling (stopping) theorem(s) 35

Proof. Apply the previous result to X.ap, where T < p <M. O

The above two results, Theorem [5.4.3] and Corollary [5.4.3] are known as the Op-
tional Sampling Theorem and are an essential tool in many computations involving
martingales. To prove Theorem[5.4.3] we first establish the following lemma.

Lemma 5.4.6. Let (M) be a discrete time martingale w.r.t. (¢,),>0 and T < p two
bounded integer valued stopping times. Then

M, =E[M,|%)].

Proof. Recall that if ¢ is bounded process with ¢, being &, | measurable then

(M- @)= Zn: O (M — M)
k=1

is an %,-martingale and hence E[(M - ¢),] = 0.
Take @, = Liz>ny — Lip>ny = Ligsn1) — Lip>n—1}- Thenforn > K > p > 7 as.
we have
(M'(P)n —My :MT_Mp

so that E[M;] = E[M,].

LetI' € %, and ' := 1l +K1; pl :=plr + K1 . Recalling item (v) in
Proposition we see that 7/ and p! are (bounded) integer valued stopping
times and by the above

IE[MT]IF +MK11FE} - ]E[Mpnp+MK11FE
i.e. E[M;1r] = E[M,1r]|, which implies
EMy|9:] =M; as.
O

Proof of Theorem [5.4.3] Lemma[5.4.6]applies to any discrete time martingale.
It follows that if 7, p take values in a finite set in [0, 4-oo] then the statement is true.

Recall that a family U of r.v. E[X.|¥]| where ¢ runs through all sub o-fields of
Z is UL Its closure in L!, U is also UL

Now, as in Proposition for any stopping time T we have 7, \, T and
T, takes finitely many values. Hence X, = E[X.|%;,] € U and X;, — X; as.
by right continuity. It follows that Y_, := X; , n > 0 is a backward martingale
w.rt. (9_, := %, n € N) and hence that X; — X; a.s. and in L'. It follows that
{X¢ : 7 is a stopping time } is UL Further, for any I" € %#; C %,

E[X;, 1r] = E[X.1r]

implies E[X;11] = E[X.. 1] which further implies
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X; =E[X.|F:] as.

In particular, if T < p, X; = E[X,|.#;] O

Theorem 5.4.7. If X is a supermartingale and T < p bounded stopping times, then
EX,|.#:| <X: a.s.

Proof. Exercise. 0O

Theorem 5.4.8. An adapted cadlag process X is a martingale if and only if for every
bounded stopping time T, X; € L' and E[X;] = E[Xo].

Proof. = by previous results
< LetA € #;and 7:=11,¢ + 51, a stopping time for 0 < s <t. So

E[Xo] = E[X:] = E[X, 0] + E[X,14].

On the other hand, since ¢ is also a stopping time, we have E[Xy] = E[X;] =
E[X;1,c] +E[X;14]. Combining we obtain

E[X,] = E[X, 1 ,¢] + E[X,14]
= E[Xt]lA] = ]E[XS]lA]

ie. Xy, =E[X,| %] as. O
Corollary 5.4.9. If X is a martingale and T a stopping time then X = (X¢p; 11 > 0)
is a martingale relative to both (%;) and (Faz).

Proof. If p is a bounded stopping time, then so is T A p and we can apply Theorem
to X©:
E[X;] = E[Xtrp] = E[Xo] = E[X;] = X" is (%;)-martingale.

E[Xcnr|-Frns) = Xzas directly by stopping theorem, Corollary |

We conclude with a simple application. Let

which is a stopping time by Exercise [#.2.2]

Proposition 5.4.10. The Laplace transforms of the distributions of H, and H, NH_,
are given by
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cosh(|a|v2)

Proof. With no loss of generality, by symmetry of BM, take a > 0. Let 8 > 0 and
6a

E[efﬂ,Ha] :ef‘”‘m, ]E[elea/\H,a _ 1

recall that M; = exp (6B, — %zt) is a martingale. Further, My, is bounded by e
and hence M™% is also UL We know that H, <  a.s. We get

2
E[M;-Ia] = E[M(Aﬂ =1 = E |:g_62Ha:| _ e—@a

and taking 6 = v/2A we obtain the first desired formula. The second one is left as
an exercise. O

Note that, in particular, if n, ~ H, and 1, ~ H}, are independent then 1, + 1 ~
H, ., which one may argue directly using the strong Markov property.






Chapter 6
Continuous semimartingales (the integrators)

We will see that there are at least two natural operations which we would expect
to operate from martingales to martingales but which in fact lead to a larger class
of processes called local martingales. This includes the operation (@) — [ @dM;.
We will later define this integral and show that it exhibits many desirable features.
We can then go on to ask if such an integral may be extended to more general
integrators. Naturally, we can add a finite variation term for which the Stieltjes-
Lebesgue integral is well defined. This leads to

semimartingale = local martingale + finite variation process.

It then turns out this class of processes is closed under stochastic integration and
when taking (C?) functions on it, as well as under equivalent changes of measure.
We shall here equip ourselves with tools to work with them and in the subsequent
chapter apply these to define stochastic integrals.

Throughout the chapter, we assume that a filtered probability space (Q2,.%#,(%#),P)
satisfying the usual hypothesis is given.

6.1 Functions of finite variation

We consider first functions. Throughout this section we only consider real-valued
right-continuous functions on [0, ). Our arguments will be shift invariant so, with
no loss of generality, we assume that any such function a satisfies a(0) = 0.

Definition 6.1.1. The (total) variation of a function a over [0, T] is defined as
ny—1

V(“)T = sup Z |ati+l _ati|7
A =0

39
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where A = {0 =1y <t <...<t,, =T} is a partition of [0, T].
We say that a is of finite variation on [0,7] if V(a)r < ee. Function a is of finite
variation if V(a)r < oo for all T > 0 and of bounded variation if limz .V (a)r < o.

Remark 6.1.2. Note thatt — V (a), is non-negative, right-continuous and non-decreasing
in z. This follows since any partition of [0, s] may be included in a partition of [0, ],
t>s.

Our aim is define integration with respect to a function of finite variation. Recall
that there is a one—to—one correspondence between non-decreasing functions a and
measures on (0,00) given by a(r) = p((0,7]), i.e. a is the CDF of u. This allows to
define integration with respect to a non-decreasing a. In order to extend this to a of
finite variation we need to build a similar generalised equivalence. The first step is
achieved with the following characterisation of functions of finite variation.

Proposition 6.1.3. a is of finite variation if and only if it is equal to a difference of
two non-decreasing functions.

Proof.
“<": Leta(t) = ay(t) —a—(r) for two non-decreasing functions a. Then

V(a)y <V(ay)+V(a-)i=ay(t)—a_(0)+a_(t)—a_(0) < oo.

“=" Note that
)= V@) V(@) —al) o
2 2
and the two functions are non-decreasing. O
This suggests that the following object on the measure side of equivalence should
be suitable.

Definition 6.1.4. A generalised (or signed) measure on a measurable space (E,&)
is a difference of two o—finite measures on (E,&).

A signed measure has a unique decomposition y = p — f— where f; and pu_
are non-negative measures with disjoint supports. Indeed let 4 = p; — u» be some
decomposition, which exists by definition, and let v := u; + tp. Radon-Nikodym
theorem gives

1 (dx) = b (1) (dx) and g1 (dv) = b (x)v (dv).

Letting i(x) := hj(x) — hy(x) we obtain

with 11, supported on S := {x : h(x) > 0} and u_ on S* := {x : h(x) < 0}, i.e.

pe(M)=p@nsy) and pu (N)=p(ns"), reé.
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Further, the supports are disjoint: Si NS" =0, as required. It follows also that
Ui (') = sup{u(C) : C CI',C € &} and hence p is defined in a unique way.
Finally, we could have also taken S* = E'\ S = {x : h(x) < 0}. The decomposition
of E into \Sﬁ and \S" is referred to as the Hahn decomposition and the decomposi-
tion u = py — p_ is referred to as the (associated) Jordan decomposition of L. From
now on, we restrict our attention to measures on (0, o) with its Borel c-algebra.

Proposition 6.1.5. There is a one-to-one correspondence between right-continuous
functions of finite variation and signed measures |L on (0,00) given by a(t) =
1((0,2]). We further have a(t—) = u((0,t)) and a(t) —a(t—) = u({t}) fort > 0.

Proof. This is straightforward given the definition of a signed measure and Propo-
sition Indeed, a is of finite variation if and only if it is a difference of two
non-decreasing functions, a = a; —a_ which amounts to saying that u is a differ-
ence of two measures defined by py ([0,¢]) =ax(¢). O
Note that in particular, we may take a(¢) which is non-decreasing and then its asso-
ciated signed measure is simply a measure and « its CDF. If we take a(t) = ¢ then
its associated p is simply the Lebesgue measures on [0, o).

In general both @ and u admit many decompositions. We saw however that a
signed measure U admits a unique minimal decomposition. The same is true for a
function of finite variation and such a decomposition was in fact identified in the

proof of Proposition

Proposition 6.1.6. Let a be a function of finite variation and [ its associated gen-
eralised measure, a(t) = n((0,1]). Let W = y — U_ be the Jordan decomposition
of u. Then

V(a), = us((0,¢]) + u—((0,2]), and conversely

Via): +alt Via): —alt
e (0.) = VA gy (0,1 = VW),
Proof. TBC — see pb. sheet. 0O
The above allows us to develop integration with respect to a. Let |u| := py + U
and consider a measurable |t |-integrable function f : [0,0) — R, i.e.

Lo FONI@) = [ 6@+ [ 176k <o 120

i

Given a function of finite variation a, we say that f is a—integrable if f is |u|—
integrable, where u is associated to a, which is equivalent to f being V(a)-
integrable. For such an f, its Lebesgue—Stieltjes integral with respect to a on (0,7]
is defined as

(ra)0= [ 70dat) = [ reuas) = [ ) (@) - @),

(0,1] (0,1]

where 4 = 4 — u_ is the Jordan decomposition of pt. Note that
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\ [ 6)aats)] < [ 176 dato),  where lda(s)] = av (@), = Ju(@s).

Proposition 6.1.7. Let a be of finite variation and f be a—integrable. Then the func-
tion (f - a) is right-continuous and of finite variation.

Proof. Let u be the generalised measure associated to @ and it = i — i its Jordan
decomposition. We can write

(f-a)t) = ((f"-u)O) + (1)) = ((f - u) ) + (T p)(0), 120,

which shows that (f - a) is the difference of two right-continuous non-decreasing
functions and hence is right-continuous and, by Proposition[6.1.3] of finite variation.
O

With the above decomposition, associativity of a regular integral with respect to a
measure extends readily to integrals with respect to functions of finite variation.

Proposition 6.1.8 (Associativity). Let a be of finite variation as above and f,g
measurable functions, f is a-integrable and g is (f - a)-integrable. Then gf is a-
integrable and

[ stwatr-a)s) = [ es)r(s)dats).

We may express the above in a more concise notation as

g (f-a)=gf-a (6.2)

The following is a trivial property in the deterministic setting which becomes very
useful in the stochastic setting.

Proposition 6.1.9 (Stopping). Let a be of finite variation as above. Fixt > 0 and let
a'(s) = a(t \s). Then a' is of finite variation and for any measurable a-integrable
function f

U

/O-u/\tf(s)da(s) _ ./Oiuf(s)dar(s) :/0 f(S)l[O,t] (s)da(s), wu€[0,00].

Proof. It suffices to observe that if u is the signed measure associated with a then
the measure ' associated with o' is defined via u'(I") = u(I" N [0,¢]), for a Borel
set ' C [0,00). O

Proposition 6.1.10 (Integration by parts). Let a and b be two continuous functions
of finite variation, a(0) = b(0) = 0, then for any t

altble) = /0 as)db(s) + | /0 "b(s)da(s).

Proof. Let u and v be their associated signed measure. Then LHS = u ® v([0,7]?)
and the RHS can be computed as
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/Ota(s)db(s) —pev({(s.u) € (0,47 15 < u})
Otb(s)da(s) =pu@v({(s,u) € 0,7 15> u})

and the equality follows since the diagonal has zero measure by continuity of @ and
b (or equivalently since u({s}) =v({s})=0Vs). O

Remark 6.1.11. A function a € C? is of finite variation and [ f(s)da(s) = [ f(s)a’(s)ds.

Proposition 6.1.12 (Chain-rule). If F is a C' function and a is continuous of fi-
nite variation then F(a(t)) is also of finite variation and F(a(t)) = F(a(0)) +

JoF'(a(s))da(s).

Proof. The statement is trivially true for F(x) = x. Now by Proposition it
is straightforward to check that if the statement is true for F then it is also true for
xF(x). Hence by induction, the statement holds for all polynomials. The proof is
finished by approximating F € C! with a sequence of polynomials. [

Proposition 6.1.13 (Change of variables). If a is non-decreasing and right-continuous
then so is
c(s) :=inf{r >0 :a(t) > s},

where inf@ = +oo. Let a(0) = 0. Then, for any Borel measurable function f > 0 on
R, we have

[ rwaat = [ stetspas.

Proof. That ¢ is non-decreasing follows since a is. Further, the set {7 : a(z) > s} is
the union of sets {¢ : a(t) > s+ €} over € > 0 which shows c is right-continuous. As
for the change of variables formula, for f =1, it reads

a(v) = /N 1.(5)<yds = inf{s: c(s) > v}
o <

and the equality follows from the definition of c. Taking differences, the desired for-
mula holds for the indicators of sets (u,v] and then, by the monotone class theorem,
for any function f with compact support. It remains then to take increasing limits to
establish the formula in all generality. O

6.2 Process of finite variation

Recall that a filtered probability space (2, .%#,(.%;),P) satisfying the usual hypoth-
esis is given.
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Definition 6.2.1. An adapted right-continuous process A = (A, : 7 > 0) is called a
finite variation process (or a process of finite variation) if Ag = 0 and t — A; is (a
function) of finite variation a.s.

Remark 6.2.2. Note that we put Ag = 0, which is a convenient normalisation. Since
the filtration is complete we may always modify A on a set of measure 0 and hence
we may and will assume that all paths are of finite variation.

Proposition 6.2.3. Let A be a finite variation process and K a progressively mea-
surable process s.t.

t
Vi >0Vo e Q / 1K, (@)]|dA,(@)] < .
0

Then ((K-A); :t > 0) defined as (K-A),(0) := [ K,(®)dAs(®) is a finite variation
process.
Proof. Clearly (K -A),;(®) is right-continuous and of finite variation so it suffices
: t
r

to check that ((K-A), : ¢t > 0) is adapted. Fix ¢ > 0. Consider first & defined by
h(s,®) = 1, (s)1r (o) for (u,v] C [0,¢] and " € F. Then

(h-A); = 1r(A, —A,)

is #;-measurable. By monotone class theorem, (k-A), is % ,-measurable for any
h = 1¢ with G € %([0,t]) ® %, or more generally any bounded #([0,7]) ® .%;-
measurable function 4. If / is a general %([0,7]) ® % -measurable function satisfy-
ing

ot
[ s, 0)llda, (@) <= Voeo,
Jo
then & = lim A, is a pointwise limit of simple functions with || > |A,| and integrals
converge by the dominated convergence theorem and hence [ (s, @)dA,(®) is also
F-measurable. In particular, (K - A);(®) is .%#;-measurable since by progressive
measurability, (s, ®) — K;(®) on [0,7] is B([0,1]) ® F—measurable. O

Finally, for future convenience, we restate the fact that the integral is associative and
stable under stopping. This simply combines Propositions and [6.1.9]above.

Proposition 6.2.4. Let A be a finite variation process and K, F progressively mea-
surable processes s.t.

viz0voeo [ Ko@) <o [ IRO)dE- 1)) <=
Then the integral is associative:
(F-(K-A)),=(FK-A),, t>0. (6.3)
Let T be a stopping time and A" = (A¢ps : s > 0) be the stopped process. Then

(K-A") = (K-A)ene = (K1 - A)r,  120. (6.4)
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6.3 Continuous local martingales

We introduce now the generalisation of martingales which are needed to make our
theory of stochastic integration well behaved.

Definition 6.3.1. An adapted process (M, :t > 0) is called a continuous local mar-
tingale if it has continuous trajectories a.s. and if there exist a an non-decreasing
sequence of stopping times (7,) such that 7, e a.s. and M™ = (Myrg, :t > 0) is
a martingale Vn. We say (7,) reduces M.

Remark 6.3.2. Note that in particular My € L' and we may equivalently require that
M™ is a Ul martingale. In fact, by continuity of paths, we may always modify 7, so
that M™ — M is bounded and hence UL It suffices to take 7, A p, for p, = inf{z >
0 : |M, — Mp| > n}. Adding an .%; measurable random variable My which is in L!
does not affect the uniform integrability.

Remark 6.3.3. Tt is sometimes useful to define a local martingale in a slightly more
general way without requiring that My € L! but we do not pursue this here.

Proposition 6.3.4. If M is a continuous local martingale then

(i) for any stopping time p the stopped process MP is also a continuous local mar-
tingale;
(ii) if N is also a continuous local martingale then so is M+ N;
(iii) if M is non-negative (i.e. Vt > 0 M; > 0 a.s. ) then it is a supermartingale;
(iv) if there exists an integrable random variable & such that, for allt > 0, |M;| < &
a.s. then M is a (true) martingale;
(v) M is a (true) martingale if and only if for any N > 0 the class
{M; : t is a stopping time with T < N} is uniformly integrable.

Proof.

(1) This follows from the fact that a stopped UI martingale is a UI martingale.
(ii) It suffices to observe that the sequence T, A p, reduces M + N, where (7,) re-
duces M and (p,) reduces N.
(>iii) Exercise.
(iv) This is a consequence of the dominated convergence theorem (for the condi-
tional expectation). Indeed, for 0 < s <t

M, = lim M® = lim E[M"|.%,] <" E[lim M/ |.Z,] = E[M,|.Z,).
n—yoo n—oo n—yoo

(v) If M is a martingale than for any N > 0, M" is a UI martingale and the state-

ment follows from Theorem [5.4.3] For the reverse, let T be a bounded stopping

time and recall that, by Theorem [5.4.8] it suffices to show that M is integrable

and E[M;] = E[My]. Take N such that T < N a.s. and let (7,) be a localis-

ing sequence for M. Then M™ is a martingale and, again by Theorem
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E[Mz,nc] = E[My]. However {My,rz:n >0} C {M, : p <N} and hence is UI
by assumption. It follows that

M; nc — M7 as. and in L'

so that E[M¢] = lim,_.. E[M7 ] = E[Mp] as required.
O

Theorem 6.3.5. A continuous local martingale M, My = 0 a.s., is a process of finite
variation if and only if M is indistinguishable from zero.

Proof. Assume M is a continuous local martingale and of finite variation. Let
t
T, = inf{t >0 / |dM,| > n} = inf{r > 0 : V(M), > n}
0

which are stopping times since V (M), = [§ |dM;] is continuous and adapted.
Let N = M™ is a bounded local martingale:

A\ Ty AT,
|zv,|:\M,Mn|S|/0 dMu|g/0 M| < n,

and hence (NV,) is a martingale.
Letr>0and A ={0=1 <t <t <...<ty =1} asubdivision of [0,7]. Then

m

ENZ =Y ENZ — N2 ] = Y E[(N, — N, )]
i=1 =1

<E[( sup [N, =Ny () LN~ Ny | ]
1<i<m | —
<V(N) =V (M)ipg, <n

<nE[ sup [N, —Ny ,|] =0 asmesh(A)—0

1<i<m

by Dominated Convergence Theorem since [N;, — N, || < V(N); <n.
It then follows by Fatou lemma that

E[M7] = E[lim M7, ;] < lim E[M;, ] =0

which implies M; = 0 a.s. which further implies P(M; = 0Vz > 0) = 1 by continuity
of paths. 0O



6.4 Quadratic variation of a continuous local martingale 47

6.4 Quadratic variation of a continuous local martingale

Recall Definition[3.5.1]of a process admitting quadratic variation and Theorem[3.5.2]
where we showed that (B, B); = t, for a Brownian motion B. We prove in this sec-
tion that any continuous local martingale M is of finite quadratic variation and that
the quadratic variation allows us to describe the process M rather well. Indeed, in-
tuitively speaking, a path of a local martingale M has to wiggle a lot and, being a
martingale, it has to wiggle “up and down”. So to describe it all we have to do is
specify its instantaneous “speed”. This is precisely what quadratic variation (M, M)
does. You may think of (M, M), as the “clock” of the process M.

Theorem 6.4.1. Let M be a continuous local martingale. There exists a unique (up
to indistinguishability) non-decreasing continuous adapted process ((M,M), : t >
0) starting in zero such that (M? — (M, M), :t > 0) is a continuous local martingale.

Furthermore, for any T > 0 and any sequence of partitions A, = {0 =1ty <1t} <
o<ty =T} with supi<i<m, (t] =t ) = 0asn — oo

np
(M, M)r = lim Y My — My ), (6.5)
i=1

where the limit is in probability.
The process (M, M) is called the quadratic variation of M, or simply the increas-
ing process of M, and is often denoted (M, M); = (M);.

Sketch of the Proof (NOT EXAMINABLE).
Uniqueness is a direct consequence of Theorem since if A,A’ are two such
processes then (M2 —A—(M?*—A )) = A — A is a local martingale starting in zero
and of finite variation, which implies A = A’ by Theorem[6.3.5]

For existence, assume first that M is bounded (and hence also a martingale).
Take a nested sequence of partitions A, of [0,T] with mesh(A,) — 0. Then, with
Ay ={0=15 <t} <...<t, =T}, wecheck that

my

X = ZMt{'_, (Mtlfl/\t *Mt;l_l/\t)
i=1

is a martingale. Further (a direct but involved) computation gives

lim E[(X"—X")*] =0

n,m—»oo
and by Doob’s L?-inequality

lim E[sup(X" —X")?] = 0.

nm—ee o

We conclude that, passing to a subsequence, X"k — Y a.s. uniformly on [0,7] to a
continuous process (¥;);<r. Martingale property of X", X, = E[X;*|.%], is inher-
ited by Y. Finally, we have
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2 ] 2 A
Mt’.' -2 zr;.' = Z(Mr" *Mt.”_ ) = Qth" (M)
j J = i i—1 j

and hence is non-decreasing along 17 : j < mj. Letting n — oo we see that M? -2y,
is a.s. non-decreasing on [0, T], and we let (M, M), := M?* — 2Y, (we may set it equal
to O on the null set where it may fail to be non-decreasing if we wished). We also
have that M? — (M, M), = 2Y, is a martingale, as required.

We repeat the above argument for 7 € N observing that the resulting ((M, M), :
t <T) for T coincides with the one for T — 1 on [0, T — 1]. Uniqueness shows (M, M)
does not depend on the choice of (4,). We also have, by the above,

(M. M), = M} 2%, = lim Qv (M)

and limit is in L2.
Now let M be a general continuous local martingale. Let N; = M; — M, and note
that
M?>=M3+ 2MyN, +N?= (M,M), = (N,N),
N——
local martingale

which implies that it suffices to consider the case My = 0 a.s.

Let v = Hy AH_n(M) = inf{t > 0 : |M;| > N}. The reasoning above applies
to M™ and gives us A™ = (M™ M™),. Uniqueness implies P(AN = AN~! vz <
Ty—1) = 1 so that there exists a non-decreasing process A s.t. P(A; = AN vt < 7y) =
1. By construction then (MIZMN —Aspgy 11> 0) is a martingale which means that
M? — A is a local martingale as required, (M, M) = A. We also have (M, M), =
lim, QV2y, (M) (in L? and probability) and observing that VT P(T < 1,) — 1 we
conclude. 0O

Remark 6.4.2. Note that, by construction, we would expect ¥; = fé M, dM,,. This will
indeed be the case.

Remark 6.4.3. Note that (M* M), = (M,M)x; simply by uniqueness and since
(M2, — (M, M),r, t > 0) is a stopped local martingale and hence a local martingale.

Remark 6.4.4. We often write (M) = (M, M) for simplicity.

We turn our attention now to martingales with strong integrability properties. Al-
though we continue to talk about processes, we note that all of what follows is
invariant if we change a process on a null set. Accordingly, one can think of a mar-
tingale M as being defined up to indistinguishability. This is similar to when instead
of considering functions we consider their equivalence classes up to an a.e.—equality.

Definition 6.4.5. Let H? be the space of L?-bounded cadlag martingales i.e.

((Z:),P)-martingales M s.t. supE[M?] < o.
t>0
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and H? the subspace consisting of continuous L?-bounded martingales. Finally, let
Hi={MeH?:My=0as.}.

We note that the space H? is also sometimes denoted .. It follows from Doob’s
L’-inequality that

E [supr} <4supE[M?] < +oo, M cH.

>0 >0

In consequence {M; : t > 0} is bounded by a square integrable random variable
(sup,>q |M;]) and in particular is uniformly integrable. It follows from Theorem|5.4.1]
and Remark that M, = E[M..|.%] for some square integrable r.v. M. Note
that M. is F.—measurable, where Zo = 0(% :t > 0). Conversely, for any Y €
L?(Q,.%.,P), the martingale M, := E[Y|.%] is in H? and M. = Y. Clearly, two L>-
bounded martingales M, M’ are indistinguishable if and only if M., = M, a.s. This
shows that if we endow H with the norm

M|l = \/E[M2] = Ml 20, 7. ), M €T, (6.6)

then H? can be identified with the familiar L?(Q,.%..,P) space.
Theorem 6.4.6. H? is a closed subspace of H>.

Proof. Consider a sequence of continuous martingales M" € H? which converges,
in || ||z to some M € H2. By Doob’s L*-inequalty

E [sup |M;! M,|2} <4|M" *MH%Iz — 0, asn—oco.
20

Passing to a subsequence, we have sup,- |M* —M,| — 0 a.s. and hence M has
continuous paths a.s., M € H> which completes the proof. O

Remark 6.4.7. In functional analytic terms, the above discussion can be summarised
by saying that H?, endowed with the norm || - ||2, is a Hilbert space and so is H?
with the inherited norm ||M|| 2 = | M ||y, M € H2.

We now re-express the norm in (6.6) for continuous martingales, i.e. on H?, using
the quadratic variation whose existence we established in Theorem [6.4.1]

Theorem 6.4.8. Let M be a continuous local martingale, My = 0 a.s. We have:

(i) M € H? ifand only if E[(M)e] < oo, and then M* — (M) is a uniformly integrable
martingale.

(ii) M is a square integrable martingale, i.e. ]E[Mtz] < oo forall t > 0 if and only if
E[(M),] < oo for all t >0, and then M> — (M) is a martingale.

Proof. (i) Let M € H? and hence, as argued above, M; = E[M..|.%] for M.. € L.
Let p, = inf{t > 0 : (M), > n} which is a first hitting time for a continuous adapted
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process and hence a stopping time, recall Exercise m It follows that |M,2Apn —
(M)ipp,| < n+sup,~oM? which is integrable so that by Proposition m (M —
(M))P is a (true) martingale and E[M, , | = E[(M)p,].

Note that by Dominated Convergence Theorem E[Mtz/\pn] — E[Mg] as t — oo
and E[(M)7p,] = E[(M)p,] as t — oo by Monotone Convergence Theorem. Hence
E[M3 ] = E[(M)),]. The same arguments show that letting n — oo we have E[MZ] =
E[(M)e] < o. Since M? — (M) is dominated by sup,~,M? + (M), which is inte-
grable, we conclude that M? — (M) is a UI martingale.

To argue the reverse implication, let M be a continuous local martingale with
E[(M)o] < oo. Let 7, = inf{t : [M;| > n}, a stopping time as above, and note that
M™ is bounded. By the above argument M7, — (M)z, is a UI martingale. If p
is an a.s. finite stopping time then Optional Sampling Theorem, see Theorem [5.4.3]
gives

E[M} s,

| =E[(M)pps,] < E[(M)e]

Then by Fatou’s Lemma

E[Mp)] < lim E[M,,] < E[(M)..]

n—yoo

and so {M, : p is a stopping time} is bounded in L? and hence UL We can conclude
using Proposition (v) or else, take t}@ L! limit to get

E[Mt/\r,,‘ys] :Ms/\r,,
\ ln—oo
E[M;|.Z;] = M.

(ii) This follows by applying (i) to M7 forany 7 > 0. O
It follows instantly from (i) above that for a martingale M with My = O we have
M|} = E[MZ]) = E[(M).]
which we will use in the sequel. We can also deduce a complement to the previous

characterisation of non-zero continuous local martingales.

Corollary 6.4.9. Let M be a continuous local martingale, My = 0. Then the follow-
ing are equivalent

(i) M is indistinguishable from zero,
(ii) (M); =0 for allt > 0 a.s.
(iii) M is a process of finite variation.

Proof. We saw that (i) is equivalent to (iii) in Theorem[6.3.5] To see that (iii) implies
(i) note that for a partition A = {0 =19 <1, <... <ty, =1} we have

QVAM), < sup |M,—M, |- V(M), —0 asmesh(A)— 0.

1<i<mpy


Jan
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It remains to argue that (ii) implies (i). From (ii) we have (M)c = limy_,ee(M); =0
a.s. It follows from Theorem that M € H? and E[M2] = E[(M).] = 0 and
hence M, = 0 a.s. We conclude by continuity of paths that M is indistinguishable
from zero. O

We now extend the notion of quadratic variation to the co-variation between two
local martingales through polarisation, as is usually done for an inner product.

Definition 6.4.10. The quadratic co-variation (cross-variation) between two contin-
uous local martingales M, N is defined as

(M,NY = %(<M+N,M+N)7<M>—(N>). ©67)

It is sometimes called the (angle) bracket process of M and N.

Proposition 6.4.11. For two continuous local martingales M, N

(i) the process (M,N) is the unique finite variation process, zero in zero, such that
(M;N; — (M,N), : t > 0) is a continuous local martingale.
(ii) the mapping M,N — (M,N) is bi-linear and symmetric.
(iii) for any stopping time T

<MT,NT>[:<MT7N>Z:<M,NT>[:<M7N>T/\[, tZO, a.s. (6.8)
(iv) for any t > 0 and a sequence of partitions A, of [0,t] with mesh converging to
zero
Z (Mfi+1 _Mfi)(Nli+| _Nli) — <M7N>ta (6-9)
t,'EAn

the convergence being in probability.

Remark 6.4.12 (Fundamental remark). It follows from (6.9) that (M,N)) is invariant
under changing the filtration to some other (%) and P to an absolutely continuous
Q (i.e. P(A) = 0 implies Q(A) = 0) as long as M, N remain ((%;),Q)-local martin-
gales.

Proof. (i) (M +N)?> — (M + N,M + N), is a continuous local martingale and by
adding and subtracting terms it is equal to

M} — (M,M); +N*— (N,N), +2 (M,N, — %(<M+N,M+N>l —(M,M); — (N,N),))

l.mat l.mat
hence also a l.mat

Uniqueness follows from Theorem [6.3.5]
(iv) Note that

(M; +N; — M — Ny)* — (M, — My)? — (N, — Ny)* = 2(M; — My)(N; — Ny).

The asserted convergence then follows from Theorem [6.4.1]
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(i1) Both properties follow from (iv). Symmetry is obvious from the definition in
(6.7).

(iii) Follows from (iv). O

Remark 6.4.13. It follows that if M and N are two martingales bounded in L?,

MyNy =0 a.s., then (M;N;, — (M,N),,t > 0) is a Ul martingale. In particular,
E[MN;] =E[(M,N);] Vstopping time 7. (6.10)

Combining the above result with (ii) in Proposition we deduce that

Corollary 6.4.14. The mapping

Hj xHj > (M,N) — E[(M,N).] €R
is an inner product on the vector space H(z) (over R) which induces the norm
E[(M,M)] = E[M2] = M|}
In particular, the usual Cauchy—Schwarz inequality gives us
[E[(M,N)e]| < VE[(M)e] V/E[(N).]

In fact we can easily deduce an a.s. version of this inequality using (6.9). Indeed,
applying Cauchy-Schwarz to (6.9) we have

Z (Ml[+| 7Mti)(Nli+1 Nl:
liEAn

— Z M[H—l Mtl Z N[H—l Nl:) .

€A, ;€A

Taking limits we deduce that

(M, NY,| < /(M) /(N),  as. 6.11)

To close this section we establish a more general version of this inequality.

Theorem 6.4.15 (Kunita-Watanabe inequality). Let M,N be continuous local
martingales and K ,H two measurable processes. Then

; 1/2 1/2
VOS,SW/ |H,||Ks||d(M,N)| < (/ H2d(M ) (/ K2d( s) a.s. (6.12)
0

In particular, forany p > 1, 1/p+1/g=1and 0 <t < oo, we have

| [ 1mlikliaorm] < ( ([ )pﬂ])l/p(ﬂz (/OtK3d<N>s)q/2Dl/q.
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Proof (NOT EXAMINABLE, SKETCH).
The second statement follows from the first by Holder’s inequality. Also, it suffices
to show (6.12) for a finite 7 since both LHS and RHS are non-decreasing in 7.

First, the same arguments as for (6.11)) above but considering subdivisions of [s,]

gives that
(M,NYE < /(MY (NYE Vs <t oas.

where (M,N)t = (M,N), — (M,N),. Then, for a subdivision of [s,],

YN < Yo S
< X0 T = VN

and hence [! |[d(M,N),| < \/(M)./(N). More generally, considering subdivisions
of a set A which is a union of intervals, this generalises to

[ 18,3, < ¢ / |d<M>u|\/ J1a s 6.13)

which then extends to any A € %([0,¢]) by a Monotone Class argument.

Let us fix @ € 2 such that (6.13) holds and evaluate processes on this . First, let
consider simple functions: h = Y A;j14,, k = Y i; 14, with A;, 1; > 0, A; € A([0,1]).
We then have

_/(:h(s)k(s)|d<M’N>s| =Y A /A d(M,N),|
< \/ZA’Z/A[MMM\/Z“"z//;i|d<M>“

_ \/ /0 th(s)2d<M)s\/l /0 "k(s)d (V).

The result now follows by writing a non-negative measurable function as an increas-
ing sequence of simple functions. 0O

6.5 Continuous semimartingales

Definition 6.5.1. A stochastic process X = (X; : ¢ > 0) is called a continuous semi-
martingale if it can be written as

where M is a continuous local martingale and A is a continuous process of finite
variation and My = Ag =0 a.s.
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Remark 6.5.2. The above decomposition is unique by Theorem [6.3.5]
Remark 6.5.3. X is a semimartingale relative to (.%;) and P.

Proposition 6.5.4. A continuous semimartingale is of finite quadratic variation and
(X, Xy =(M,M).

Proof. Fix t > 0 and consider a sequence of subdivisions of [0,7], A,, = {0 =1p <
t <...<ty, =t} with mesh(A,) — 0 as m — . Then

m m

N Hm
Z(Xz,- —Xt,;l )2 = Z(Mti _Mlifl )2 + Z(Ati _Ati—l )2 +ZZ(Mti _Mti—l )(Ati _Afi—] )
i=1 i=1 i=1 i=1

) (if) (iif)

It follows from the properties of M and A that, as m — oo,

(i) < sup |A,; —A, |- Vi(A) =0 as.
1<i<m

(iii) < sup M, —M, |- V;,(A) =0 as.
1<i<m

O
If X,Y are two continuous semimartingales we may define their co-variation (X,Y)
via the usual polarisation formula as in (6.7). It follows instantly that the prop-
erties (if)—(iv) in Proposition extend to co-variation between continuous
semimartingales. It also follows that if X, = Xo + M, + A, ¥, = Yo+ N; + A} then
(X,Y); = (M,N),. In particular, (M,A) = 0.



Chapter 7
Stochastic Integration

Differential equations are a ubiquitous tool of mathematical models. The classical
calculus, going back to Newton and Leibnitz, defines differentiation and integration
and links the two operations via the fundamental theorem of calculus. This link,
together with chain rule or the integration by parts formula, allows us to formulate
and solve differential equations laying the cornerstone for successful modelling of
deterministic systems.

However in many real world applications, from finance through population dy-
namics to geology, it is more natural to assume that our system exhibits a random
component. The quantities of interest will be driven by deterministic factors as well
as a random noise. A simple equation, embodying this double nature, could be writ-
ten as

dX; = f(X;)dt + o(X;)dB,, t>0, (7.1)

where B is a Brownian motion. We do not really know what dB; means since B; is
nowhere differentiable as a function of 7. In any case, if we are to make sense of this
we would like to define both this differential, as well as an integral w.r.t. B, in such
a way that the “fundamental theorem of calculus” still works: d( f(; K,dB;) = K,dB;.
We will thus take this relation as the definition and understand purely as a
shorthand notation for

t t
X, = Xo+ / F(X,)ds+ / o(X,)dB,, >0, (7.2)
0 0
For a nice f, e.g. f bounded, there is no ambiguity in defining the first integral.

More generally, we know how to define [j f(X,)dA;, where A is of finite variation.
We simply define the integral @ by o, i.e.

([ rxoan.) @) = [ rexopaao)

where the RHS is well defined as a Stieltjes integral.
In contrast, the second integral in (7.2]) makes no sense so far. For almost every
o € Q, the path B;(®) is of infinite variation so we can not integrate anything non-

55
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trivial with respect to it. There are two natural ways to try to go forward. First, we
can start with integrating trivial things and hope general integrands will be obtained
through taking limits. This is done in Section below. Second, we can try to
find desirable properties that such a stochastic integral should satisfy and show that
they uniquely determine it. This is done in Section [7.1.2] and is shown to coincide
with the previous approach.

7.1 Stochastic integral w.r.t. L>-bounded martingales

We will now develop a theory of integration w.r.t. martingales in H>. We present
two ways to define the stochastic (It6) integral. The first one proceeds through a
limiting procedure. It is quite intuitive but some details are a bit tedious, even if not
difficult. The second construction will be quicker and rather elegant but possibly
less intuitive.

7.1.1 Construction of stochastic integral through a limiting
procedure

Recall that Hg is the space of continuous martingales M, zero in zero, which are
bounded in L?. Tt is a Hilbert space with the inner product < M,N > = E[M..N.d]
and its induced norm

M|y = £/ E[MZ] = VE[(M)e].

Define & to be the space of simple bounded process of the form
P = Z (p<i>1(fi7l,'+1](t)7 t>0, (7.3)
i=0

forsomem e N,0<1t) <t; <...<tyus+1 and where (pm are bounded .%; -measurable
random variables. Define the stochastic integral ¢ ¢ M of such ¢ in (7.3)) with respect
to M € H? via

m

(poM), ==Y 0O (Min,,, —Mip,), t=0. (7.4)

i=0
If we write M! := @) (M;y,,,, — My ;) then clearly M’ € H2. Further, since for i #
j the intervals (#;,#+1) and (t;,¢j11) are disjoint, we check easily that MM/ is a
martingale and hence (M',M’), = 0 for all t > 0 a.s.. Bi-linearity of cross-variation
then implies that
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(pot)y =Y ) =Y (9) (M) — M) = [ 02a0hs, 120

i=0 i=0
(7.5)
For simplicity it is useful to have a compact notation for the integral of ¢> with
respect to (M) seen as a stochastic process. More generally, if K is a progressively
measurable process and A is of finite variation we denote

K - A the process (K -A), /K , >0,

wherever K and A are such that the Stieltjes integral is well defined a.s. for all # > 0.
Property (7.5) can then be written as (¢ e M) = ¢ - (M). More generally we see that
for N € H? we have

m

<(p.M7N>t:Z t—Z(P (M,N), \nt — <M7N>t,-/\t)
i=0 (7.6)

:/O o d(M,N); = (¢-(M,N)),,

which will be exploited Section [7.1.2] below.
Using (7.5) it is straightforward to see that

Proposition 7.1.1. Let M € H2. The mapping @ — @ e M is a linear map from & to
H(Z). Further

ool =] [ otam | a7

Proof. Given the derivations above, it remains to check the linearity. Note that we
can always add extra time points in the representation (7.3) and equating some con-
secutive (p<i>. It follows that given @, ¥ € & we may assume their representations in
use the same time points. It is then clear that (¢ + W) eM = Qe M + ye M as
required. O

Remark 7.1.2. In general, when considering discontinuous martingales, it is impor-
tant to assume that the processes in & are left-continuous. Indeed, let U, & be two
independent random variables, U is uniformon [0, 1] and P(§ = —1)=P({ =1) =
1/2. Then X, := £1,>y is a right-continuous martingale w.r.t. to its natural filtration
(FX). Clearly, X is constant except one jump and hence is of finite variation. It fol-
lows that [, := jé X,dX, is well defined as a Stieltjes integral. Clearly, I; = 2 =1
a.s. while Iy = 0 so that (1;) can not be a martingale.

Observe that the RHS in (7.7) is an L? norm. We define now the appropriate spaces.

Definition 7.1.3. Given M € H? we denote L? (M) the space of progressively mea-
surable processes K such that

A S 78)
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Note that if we define a measure iy on B([0,0)) ® .F via

[/1“@ } //lAza) ) (©)P(do)

and let Prog be the o-algebra on [0,0) x Q generated by the progressively mea-
surable processes then L?(M) = L2([0,%0) x 2, Prog, Lyr), where we take K to be
defined up to uy—indistinguishability. This justifies the usual L? notation and, in
particular, L?(M) is a Hilbert space with the inner product

HK—E [ /0 wHtK,d<M>l} —E[(HK - (M)).].

Naturally & C L?(M) and Proposition established that the map
59— peMcH]
is a linear isometry. The last remaining piece of the puzzle is

Proposition 7.1.4. Let M € H?. Then & is a dense vector subspace of L>(M).

Proof. It suffices to show that if K € L?>(M) is orthogonal to all ¢ € & then K =0
(as an element of L?(M)). So suppose that < K, @ >12)= 0 for all ¢ € &. Let
X =K-(M)ie. X, = [;K.d(M),, which is a well defined Stieltjes integral and in
fact

EX,| <E M |Ku|d<M>u] <,JE M'Kgdaw)u] VEM),; < +oo

since M € H?> and K € L*(M), and where the second inequality is simply the
Cauchy-Schwarz inequality (A1) for L>(M) withx =K,y = 1.

Taking ¢ = &1, € &, with 0 < s <7 and & a bounded .#;-measurable r.v., we
see that

0=< K9 >y~ [§ [ Kl ~ELE06 )]

Since this holds for any .%;-measurable bounded & we conclude that E[(X, —
X;)|-%;] = 0 which means that X is a martingale. But X is also continuous and of
finite variation and hence (recall Thm VI1.3.3 in the lectures) X = 0 a.s. This means
that K =0 d(M) —a.e. a.s. i.e. K = 0 dys-a.e. and hence K = 0in L2(M). O

We can now bring all the pieces together and define a stochastic integral starting
from simple processes. More precisely, the above shows that any K € L?>(M) is a
limit of simple processes ¢ — K. For each ¢" we can define the stochastic integral
¢" e M via (74). The isometry property then shows that ¢" e M converge in H?
to some element which we denote K e M and which does not depend on the choice
of approximating sequence ¢", see the proof of Proposition[A.2.7]
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Theorem 7.1.5. Let M € H%. The mapping @ — @ e M from & to H(z) defined in (1.4)
has a unique extension to a linear isometry from L2(M) to H% which we denote
K—KeM.

Remark 7.1.6. For K € L?>(M), the martingale K e M is called the stochastic (It6)
integral of K with respect to M and is often written as (K e M), = [} K,dM,,. The
isometry property may be then written as

o0 2 o0
< | K,dM,)]—E[ / K?d<M>,]—||K||iz(M). 19)

It also implies that if K € L?>(M) and a sequence of processes ¢" € L?(M) (e.g.
simple processes @" € &) converges to K in || - [|2(p), i-€. [|@" — K|l 2(3) — 0 as
n — oo, then ¢" @ M converge to K e M in || - || ;2.

IKoM|} =E

Proof. This is a direct consequence of combining Propositions [A.2.7] and
Z14 O

7.1.2 Intrinsic characterisation of stochastic integrals using the
quadratic co-variation

We come now to a second definition or characterisation of the Itd integral. We will
show that it coincides with the definition developed in the previous section.

Theorem 7.1.7. Let M € H>. For any K € L*(M) there exists a unique element in
H(z), denoted K e M, such that

(KeM,N)=K-(M,N), VYN cH. (7.10)

Furthermore, ||K e M|y = ||K||; 2(y) and the map

L>(M)> K — KeM € H}
is a linear isometry.

Proof. We first show uniqueness. Suppose that there are two such elements, X and

X'. Then gives that
(X,N)—(X',N) = (X —X',N) =0, VNeH.

Taking N = X — X’ we conclude, by Corollary|[6.4.9} that X = X',
It remains to argue existence. Consider the mapping

H;>N —E[(K-(M,N)).] €R.
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By linearity of expectation, of Stieltjes integral and of (M, ), see Proposition[6.4.11
(i), the above mapping is linear. Further, by Kunita-Watanabe inequality in Theorem
6.4.15

E[(K- (M, N))oo| < [N K [12 0

and hence it is also continuous. It follows, by the representation theorem for con-
tinuous linear functionals on a Hilbert space, that there exists (a unique) element
KeMc H% such that

E[(K e M)oNo] = E[(K - (M,N))..], VN € H3. (7.11)
Let 7 now be a stopping time. Then, using uniform integrability of K e M, we obtain
E((K o M):N:] = E[E[(K o M).| 2] Ne| = E[(K o M)..N¢]

—E[(KoM)NT Y EVE (k. (M.NT))_]
= ]E[(K <M5N>T)oo] = ]E[(K <MaN>)r] :

It follows by Theorem [5.4.8]that (K e M)N — K - (M, N) is a martingale and hence

KeM ,N)=K-(M,N), by uniqueness of the co-variation process in Proposition
(i). This establishes (7-10) for N € Hj. For N € H? we have N = N — Ny € H}
and it follows that

(KeM,N) = (KeM,N)=K-(M,N)=K-(M,N),

as required. The right-hand side in (7.11)) is linear in K and hence so is K e M. It
remains to show the isometry property:

|KeM|fp =E [(KeM)Z] =E[(K e M)w(K o M).:] “ED g (K- (KoM, M)).]
=E[(K*-(M,M))_] = [KI}2 )

where the last equalities follow by associativity of Stieljtes integral (6.3)) and (7.10)
which in particular gives (KoM M) =K -(M,M). O

Note that it follows instantly from the fact that the initial value My does not influence
the quadratic (co)variation of a martingale M, that K e M = K e (M — M), as one
would expect. We also have:

Corollary 7.1.8. The two definitions of stochastic integral in Theorems and
coincide for M € H?.

Proof. We saw that the stochastic integral in (7.4) satisfies (7.6) which is precisely
(710) for K € &. It follows that the two definitions of the stochastic integral co-
incide for simple integrands in K € & and then the uniqueness of extension of the
isometry in Theorem|7.1.5] and the uniqueness in Theorem|7.1.7] show that the two
notions coincide for all K € L2(M). O

Defining stochastic integral as in Theorem [7.1.7]in certainly elegant — it is sim-
ple to state and pins down the precise property which characterises the stochastic
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integral. Moreover, it is very useful. What (7.10) does is to characterise stochastic
integration on the LHS through the usual well-understood Stieltjes integration on
the RHS. This has immediate consequences.

Proposition 7.1.9 (Associativity of stochastic integration). Let M € H2 Kel? (M)
and F € L>(K e M). Then FK € L*>(M) and

FKeM=Fe(KeM). (7.12)
Proof. We have
(KeM,KoeM)=K-(M,KeM)=K>-(M,M)

so that [y" F2d(K e M), = [;° F2K>d(M),, which shows that FK € L2(M). Then, for
N € H2, we have

Thm@]f K-{

((FK)eM,N) v Y E ek

TmZLT: (K o M,N)

Thm<Fo(KoM),N>,

which gives the desired result by the uniqueness property in Theorem O
Recall that if M € H? and 7 is a stopping time then M*® = (M, : t > 0) denotes the
stopped process which is itself a martingale and clearly M® € H?. For any N € H?
we have

(M®,N) = (M,N)" =1p - (M,N) = (1) ;e M, N),

where we first used property (iii) in Proposition [6.4.11] then properties of Stielt-
jes integral and finally (7.10). It then follows by uniqueness in Theorem that
Lo eM=M T, In fact a more general property holds true.

Proposition 7.1.10 (Stopped stochastic integrals). Let M € H?, K € L?>(M) and ©
a stopping time. Then

(KeM)"=KeM" =Kl oM.
Proof. We already argued above that the result holds for K = 1. This gives
KeM*=Ke (1 eM) =Kl oM,

where we used (7.12)). Further, applying the same result to the martingale K e M we
also obtain
(KeM)" =1y ;0 (KeM) =1y KeM

which gives the desired equalities. O
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7.2 Extensions: stochastic integration with respect to continuous
semimartingales

Definition 7.2.1. For a continuous local martingale M, we denote LY. (M) the space
of progressively measurable processes K such that

!
V>0 / K2d(M); < +o0 a.s.
0

Theorem 7.2.2. Let M be a continuous local martingale. For any K € L2 (M) there
exists a unique continuous local martingale, zero in zero, denoted K e M and called
the stochastic integral of K with respect to M, such that for any continuous local
martingale N

(KeM,N) =K (M,N). (7.13)

Furthermore, if M € H? and K € L*>(M) then this definition coincides with the pre-
viously defined stochastic integral K e M.

Proof. To see that this definition extends the previous one, observe that and
associativity of Stieltjes integral imply that (K e M, K e M) = K- (M, M) so that if
M € H? and K € L?(M) then, by Theorem[6.4.8] K M € H3 and hence it coincides
with the integral defined in Theorem|7.1.7

Let

t
T, = inf{t >0 :/ (1+K2)d(M), > n}
0

which are stopping times (recall Exercise 4.2.2) and 7, /" o a.s. with n — co.

Note that (M™)., = (M);, < n so that M% € H> by Theorem Further,
7.1.10

(K% - (M™))s < n so that K € L?>(M™). Finally, by Proposition | for any m,n

(KeM™),, = (KeM™)

he = where p = T, A Ty,.

tAp

It follows that we may define a unique continuous process K e M by setting it to be
equal to K e M™ on [0, 7,]. By definition, K e M is a continuous local martingale and
(1) is its reducing sequence.

Let N be a continuous local martingale. Without loss of generality let Ny = 0. We
consider its reducing sequence

T,=inf{t >0:|N;| >n} and p,:=1, AT,
Then NP € Hj and hence

(K o M,N)P» =((K e M)Pr NP1) ZP" (K & M7)Pr NP1 &3 (K e M™ NP1
Tth_ (M™ NPn)

g =

K- (M,N)P" = (K- (M,N))",
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so that (K e M,N) = K - (M,N) as required. Uniqueness of K ¢ M follows as in
Theorem[Z.1.71 O

Remark 7.2.3. 1t follows from the proofs above and the characterisation in (7.13)),
that the associativity of stochastic integral in and stability under stopping
in Proposition instantly extend to a continuous local martingale M and K €
L2 (M), FeLli (KeM).

loc loc

Recall that a continuous semimartingale X can be represented as X = Xo+M + A,
where Xj is an .#p—measurable random variable, M is a continuous local martingale
and A is of finite variation. It follows that such a decomposition is unique since if
X =Xo+M +A" then M' —M = A — A’ is both a continuous local martingale and
a process of finite variation and hence is indistinguishable from zero by Corollary
6.4.9

Naturally, we can define an integral with respect to a continuous semimartin-
gale X = Xy + M + A simply by linearity as sum of integrals w.r.t. M and w.r.t. A.
We just have to take integrands K which will be both in L2 (M) and will satisfy
i |Ks||dAg| < oo for all # > 0. A subset of such integrands, particularly convenient
since it does not depend on M or A, is given by

Definition 7.2.4. We say that a process K is locally bounded if it is progressively
measurable and
a.s.¥t>0 sup|Ky| < Heo.
u<t
Note that a continuous process is necessarily locally bounded since a continuous
function achieves its maximum and minimum on a compact interval.

Definition 7.2.5. Let X = Xp + M + A be a continuous semimartingale and K a lo-
cally bounded process. The (It6) stochastic integral of K with respect to X is the
continuous semimartingale K e X defined by

KeX . =KeM-+K-A

and we often write simply

t t t
(K.X)t = / KYdXY = / KrdMs +/ stA.v~
0 0 0

Naturally this integral inherits the common properties of the stochastic and Stieltjes
integrals.

Proposition 7.2.6. In the statements below X is a continuous semimartingale and
K is a locally bounded process.

(i) The map which to X and K associates their (stochastic) integral K e X is bilin-
ear.
(ii) If F is another locally bounded process then F ¢ (K eX) = FK o X (associativity)
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(iii) If T is a stopping time then
(KeX)" =Kl jeX =KeX".

(iv) If X is a local martingale (resp. a process of finite variation) then K e M is a
local martingale (resp. a process of finite variation).

(v) For ¢ € & given in (1.3)

(poX) = (Pm (Xt,'H/\t —Xt,»m)-

™

I
-

1

Proof. This is a straightforward consequence of the definition, Proposition[6.2.4]and

Remark O

Remark 7.2.7 (Fundamental remark). It follows from the properties of the quadratic
co-variation, recall Remark [6.4.12] and the characterisation in (7.13), that the
stochastic integral in Definition is invariant under an equivalent change of
measure. That is if Q is a probability measure with Q(I") = 0 iff P(I") = 0 for all
I' € Z then the stochastic integrals under P and Q coincide.

This shows that our newly defined integral has all the natural properties, for
a given integrand and integrator. To complete the theory it remains to understand
how it behaves under limits. Of course we saw already in Theorem that un-
der suitable integrability conditions (appropriate) L? convergence of integrands and
stochastic integrals were equivalent. In general we have a weaker result.

Proposition 7.2.8 (Stochastic dominated convergence theorem). Let X be a con-
tinuous semimartingale and K" a sequence of locally bounded processes K|' — 0 as
n— oo a.s. for all t and further |K}'| < K, for all n and some locally bounded process
K. Then K" @ X converge to zero in probability and more precisely

J i

Proof. We can treat the finite variation part Xy + A and the local martingale part M
separately. For the former, we first note that

‘/ KndA+
t
<[ |K::\dAJ+/O |K:z|dA;=/0 KA

The a.s. pointwise convergence of K" to 0, together with the bound |K"| < K, allow
us to apply the (usual) dominated convergence theorem to conclude that, for any
t>0, [;|K"||dA,| converges to 0 a.s. In fact, as [; |K"||dA,| is non-decreasing in 7,
the convergence is uniform on any compact interval.

vVt >0 sup

s<t
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For the continuous local martingale part M, let (7,,) be a reducing sequence such
that M™ € H3 and K € L?(M™). Then, by 1t0s isometry (7.9),

( L Kz”er>2] ~E [ | &1, <r>d<M>,} =K R

K" oM™, =E

2
L2(M™m)

n — oo, and hence ||K" e M H%IZ — 0 as n — oo. For a fixed r > 0, and any given
€ > 0, we may take m large enough so that P(7,, <7) < &£/2. We then have

It then follows from the dominated convergence theorem that || K" | —0as

P(sup|(K”oM)s| > s) <]P’< sup [(K"eM),| > 8) +e/2<¢

s<t S<tATpy

1 2
< g||K"oMT HHz +e/2<¢,

for n large enough. 0O
Using the above we can finally understand in what sense a stochastic integral can be
seen as a limit of simple integrals in (7.4)).

Proposition 7.2.9. Let X be a continuous semimartingale and K a left-continuous
locally bounded process. If A" is a sequence of subdivisions on [0,t] with mesh
converging to zero then

t
Z K (X, — X)) — / K dX; in probability as n — oo.
tEA" 0

Proof. Assume first that K is a bounded process. Let K}’ = K;, if t € (;,4;1] with
t; € A". Then K]' — K; as n — oo by left continuity and | K" — K| < ¢ by some constant
c. Now K" is a simple integrand and

(Kn’M)t = Z Kti(Xti+1 7Xfi)'
tieAn

Applying Proposition ((K,, —K) oM) , converges to 0 in probability with
n — oo, as required.

In the general case, we consider T, = inf{s > 0 : |K;| > m} and note that, by left-
continuity, the stopped process is bounded: |K% | < m. In particular the above rea-
soning shows the result holds for K™ . We conclude since K is locally bounded and
hence T, SNecasm— oo, 0O

The sum Y, can Ki, (Xi,,, —X;;) is the usual Riemann-sum approximation which uses
the left end-point K;,. This ties in with our definitions in (7.3)-(7.4) and is what
allows to preserve the martingale property, see (iv) in Proposition However
other choices are possible and lead to different notions of stochastic integrals. These
will not preserve the martingale property but may have their own merits. In particu-
lar it is possible to preserve the usual simple integration by parts formula from the
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Newton-Leibnitz calculus. In contrast, Itd stochastic integral has its own integration
by parts which features the so-called Itd correction. We explore it in the next section.

7.3 1t6’s formula and its applications

We state now the fundamental integration by parts (or chain rule) formula for
stochastic integrals.

Proposition 7.3.1 (Integration by parts). If X and Y are two continuous semi-
martingales then

t r
X,Y,:XOY0+/ XSdYS—i—/ YdXo+ (X,¥)r, (>0 as.  (7.14)
0 0

Proof. Fix r and let A" be a sequence of subdivisions on [0,¢] with mesh converging
to zero. Note that

XY, — XY, = X, (Y = ¥o) + V5 (X, — X,) + (X, — X,) (¥, — ¥,)
so for any n

XYy — Xo¥o = Z (Xfi(YlH-l 7Yti> JrYli(XlH-l 7Xli) + (Xf[+| 7le)(l/li+1 7Yfi>>
tLeA

— (X oY), +(YoX), +(X,Y), asn—oo

by Proposition and Proposition O

Theorem 7.3.2 (Itd’s formula). LetX 1 ..., X% be continuous semimartingales and
F:R? — R a C? function. Then (F (X! Xd) t > 0) is a continuous semimartin-
gale and a.s. for allt > 0

F(Xf17 X ) (X07 XO +Z/ ax, Xsl sd)dxsl

| . 2p (7.15)
+= ———(x!, .. XX X,
2 | <ijealo axl‘ng( ‘ A >
In particular, for d = 1, we have
F(X) = F(X,) +/ F/(X,)dX, +2/ F(X,)d(X)s.

Proof. Let X = Xy + M + A be the semimartingale decomposition of X and denote
V the total variation process of A. Let
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Then (7,),>0 is a family of stopping times with 7,  eo. It is sufficient to prove
(7.15) up to time 7,. Let o7 C C*>(R?,R) be the subset of functions F for which the
formula holds. We will argue below that <7 satisfies the following four properties:

(i) </ contains the functions F (xi,...,x4) = 1 and F(x,...,x4) = x; fori < d,
(ii) < is a vector space,
(iii) if F,G € o, then FG € <7,
(iv) if F, € o/ and F,, — F in C*(B,,R) for all > 0 then F € .o/, where F, — F in
C?(B,,R) means that

d

1533

i=1j=1

’F,(x)  J*F(x)
oxt 8x1  oxiox/

8x’ 8x’

A, := sup max { |F(x
XEB,

converges to zero as n — oo with B, = {x € R? : |x| < r}.

Note that (i)-(iii) imply that .2/ contains all polynomials. By Weierstrass’s approxi-
mation theorem, the polynomials are dense in C2(B,,R) and so (iv) then implies .o/
contains C%(B,,R) for all r and hence &/ = C?(R% R).

Properties (i) and (ii) above are immediate. Let us argue (iii). Suppose F,G € <
and set F; = F(X;), G; = G(X;). Since the formula holds for F and G, (F;) and (G;)
are continuous semimartingales. Integration by parts (Proposition yields

t t
FG~FoGo = | FdG,+ [ GdF+ (F.G). (7.16)
0 0

By associativity of stochastic integration, see Proposition we have

/thG —Zd:/tF(X)aGSdX"Jrl ) /[F(X) 9°Gs d(x', x/)
o T Ao Voxt T 2\ A5  oxiox/ o

with a similar expression for fé G,dF;. By Theorem we have

Substituting these into (7.16), we obtain Itd’s formula for FG.
It remains to argue (iv). Let F,, € &7 such that F,, — F in C?>(B,,R). Then

> [ -t ¥
5 Vs + /
i=1/0 ox' (9 l 1<1 J<d

1
SAn,r(Vt/\r,- + 5

d%F, d*F

Sxian X) ~ g (Xo) [ d(M', M),

<M>t/\‘[r) SAn,’rr_>0 asn—)oo7

where X; = (X},...,X"). It follows that
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4 i\t JF, 1 't 92F S
—(Xy)dA;+ = 2 (X,)d(M' M
i 1/0 8xl( ) S+21§i,j§d 0 axlax]( SN ME)s
AT 8F 1 t 92F o
—Yy / ( 42 2 (X,)d(M, M), as
=~ oxi dAs 21§§’§d08x8x1 s s

Moreover, since F;, and F are uniformly bounded on B,, by Proposition [7.2.8]

Nt 8F (AT 8F
dMl / th . babilit e,
lzi/() axz lfi 8x’ n probability as n

Putting the above together and taking the limit in n — oo, we obtain

tATy 8F tAT (92F o
F(une) = F(Xo) +Z/ Bx’ Xs) Z / dxidx/ (X;)d(X', X)s-

1<1 J<d

O
The last statement for d = 1 is the canonical form of the Itd’s formula and it high-
lights its most striking feature — the presence of the last term which arises due to
non-trivial quadratic variation. Note that the formula holds for any semimartingale
and in particular for X of bounded variation — in this case the last term is zero and it
reduces to the “fundamental theorem of calculus.”

The multidimensional statement in (7.15)) is not given just for generality — it is in
fact extremely useful. In the first instance we shall apply it for the case d = 2 with
X' = M a continuous local martingale and X> = A a process of bounded variation.
We know that (M,A) =0 so then reduces to

1 OF t 92F

F(M;,A) = F(Mo, Ao) +/ o (M, A, )M, +/ (M, As)dAs +2 IS (M, A (M),

Typical applications include choice of A, =1, A, = (M), or A; = sup,, My. In par-

ticular, taking F(x,y) = exp(Ax — %2 y) we derive the following useful result:

Proposition 7.3.3. Let M be a continuous local martingale and A € R. Then

2
E*(M), = exp (xM, - *2<M>z) 1>, (7.17)

is a continuous local martingale. In fact the same holds true for any A € C with the
real and imaginary parts being local martingales.

Proof. Note that (M) is of finite variation (in fact is non-decreasing) and in par-
ticular (M,(M)) = 0 and also ((M),(M)) = 0. Let F(x,y) = exp <7Lx7’172y>.

F € C*(R?,C) so we may apply It6’s formula to &* (M), = F(M;,(M),). Com-
puting the partial derivatives and simplifying gives:
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2 2 19
EX(M), = E(M)o+ /0 =P (M, (M) )dM,

which shows that &* (M) is a continuous local martingale. [
Note that we have a%F (x,y) = AF(x,y) so that

1
M), = E* (M) +2 | & (1),am,
which we can write in a simplified “differential form” as

d&* (M), = A& (M),dM,

which shows &* (M) solves the stochastic exponential differential equation driven
by M: dY; = AY;dM;. We already saw that exponential martingales can be very use-
ful, e.g. to characterise distributions of hitting times (via their Laplace transforms).
Here we see another beautiful application.

Theorem 7.3.4 (Lévy’s characterisation of Brownian motion). Let M be a con-
tinuous local martingale starting in zero. Then M is a standard Brownian motion if
and only if (M), =t a.s. forallt > 0.

Proof. We know that the quadratic variation of a Brownian motion B is given by
(B); =t so we just have to show the reverse statement. Suppose M is a continuous
local martingale starting in zero with (M), =t a.s. for all # > 0. Then, by Proposition

,
exp (iéM, + it) , >0

is a local martingale for any & € R and, since it is bounded, it is a martingale. Let
0 <s<t. We have

& ] g2
E [exp (ith + 2t> ’9‘ — exp (ing + zs)
which we can rewrite as

E [e0n )| 7] P )

Taking expectations is follows that M, — M has a centred Gaussian distribution with
variance (¢ —s). Using this, together with the definition of the conditional expecta-
tion, we have

. 2 .
E [1Ae15<Mr*Mx>} —P(4)e” T~ = P(A)E [elé(Mf*Mﬁ} . AcF,EcR

Fix A € Z; with P(A) > 0 and let P4 :=P(-NA)/P(A), which a probability measure
on .%. The above shows that M; — M, has the same distribution under P and P4 so
that
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Vf =0 Ealf(M;—My)] =E[f(M; —M;)]
ie. E[laf(M; —M)] =PA)E[f(M, — My)]

which now holds for any A € %, and shows that (M, — M) is independent of .Z;. It
follows that M is an (.%;)-Brownian motion. O

The above result shows that the quadratic variation captures, in a way, all the rel-
evant information. We know that a continuous martingale has to wiggle a lot, the
martingale property dictates that is has to be equally likely to wiggle up and down,
and the only remaining information is the precise (instantaneous) speed at which the
process wiggles which is captured by the (change of) quadratic variation.

The above has a natural intriguing consequence: if I take an arbitrary continuous
local martingale M, can I change the time so that the process becomes a Brownian
motion? That is to say, can I keep adjusting, accelerating or decelerating, the flow
of time, in such a way that the relative “speed at which M wiggles” is constant and
hence M looks like a Brownian motion? The answer is Yes!

Theorem 7.3.5 (Dambis, Dubins and Schwarz). Let M be an ((:%#;),P))—continuous
local martingale, My = 0 and (M)eo = o0 a.s. Let T, :=1inf{t > 0: (M), > s}. Then
the process B, Bs := My, is an ((Fx,),P)-Brownian motion and M; = B yy),, ¥Vt >0
a.s.

Proof. Note that 7; is the first hitting time of an open set (s, o) for an adapted process
(M) with continuous sample paths and hence t; is a stopping time (recall that (%)
is right-continuous). Further, (M)« = o a.s. implies that T, < oo a.s. The process (7; :
s > 0) is non-decreasing and right-continuous (in fact s — 7 is the right-continuous
inverse of 1 — (M),). Let %, := %7, . Note that it satisfies the usual assumptions. The
process B is right continuous by continuity of M and right-continuity of 7. We have

limB, =limM; =M,_.
MI/H} u HI;\I} T Ty

But[7,_, 7] is either a point or an interval of constancy of (M). The latter are known
(exercise) to coincide a.s. with the intervals of constancy of M and hence M;_ =
M, = By so that B has a.s. continuous paths. To conclude that B is a (¢;)-Brownian
motion, by Lévy’s theorem, it remains to see that (By) and (B> — s) are (%;)-local
martingales.

Note that M™ and (M™)?> — (M)™ are uniformly integrable martingales. Taking
0 <u < s < n and applying the optional stopping theorem we obtain

E[Bs|gu] = E[M‘gy|yfu] :M"E[;l :MTM :Bu
and
E[B} —s|9) =E [(M7)’ — (M)7|F, ] = (M7)* — (M)T, = (My,)* — (M), =B, —u,

where we used continuity of (M) to write (M), = u. It follows that B is indeed a
(¥;)-Brownian motion.
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Finally, By, = Mz, =M; again since the intervals of constancy of M and of

(M) coincide a.s. so that s — T is constant on [f, T(), |-
O






Appendix A
A very short primer in functional analysis

We start with a brief recall of basic notions of functional analysis leading to Hilbert
spaces and identification of their dual mentioned above.

A.1 Normed vector spaces

We start with basics. A vector space V over R is a set endowed with two binary
operations: addition and multiplication by a scalar, which satisfy the natural axioms.
We focus the discussion on real scalars as this is relevant for us but most of what
follows applies to spaces over complex numbers (or more general fields).

Definition A.1.1. A norm || - || on a vector space V is a mapping from V to [0,)
such that

(i) forany a € R, v €V, ||av| = |al||v|| (absolute homogeneity);
(i) for any x,y € V, |lx+y|| < ||x]| + ||ly|| (triangle inequality);
(iii) ||v|| = 0 if and only if v is the zero vector in V (separates points).

Note that a norm induces a metric on V through d(x,y) = ||x — y|| and hence a
topology on V. A norm is then a continuous function from V to R. The space of
continuous linear functions plays a special role:

Definition A.1.2. Given a normed vector space over reals (V, || - |lv), its dual V' is
the space of all continuous linear maps (functionals) from V to R. V"’ itself is a vector
space over R equipped with a norm

1ol == sup  |o(v)|.

veV,|vlly <1

The classical examples of spaces to consider are spaces of sequences or of func-
tions. Let (., F, i) be a measurable space endowed with a o-finite measure. Then
for a real valued measurable function f on .¥ we can consider

73
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ty= ([ ironian)

and let 7 (.7, IF, ) be the space of such functions for which || f||, < . Observe
that || - ||, is not yet a norm on .Z’” — indeed it fails to satisfy (iii) in Definition
since if f =0 p-a.e. but is not zero, e.g. f = 14 for a measurable A € F with
H(A) =0, then still || ||, = 0. We then say that || - ||, is a semi-norm on .Z”.

To remedy this, we consider the space L” (., FF, i) which is the quotient of .£”
with respect to the equivalence relation f ~ g iff f = g u-a.e. Put differently, L? is
the space of equivalence classes of functions equal tt-a.e. and which are integrable
with p'" power. Then (L?(.%,F, 1), || - ||,) is a normed vector space for p > 1. The
triangle inequality for || - ||, is simply the Minkowski inequality.

A more geometric notion of measuring the relation between vectors is given by
an inner product.

Definition A.1.3. Given a vector space V over R, a mapping < -,- >:V xV — Ris
called an inner product if

(1) it is bilinear and symmetric: < ax+bz,y >=a < x,y > +b < z,y > and <
x,y>=<yx>fora,beR, x,yz€V;
(i) foranyx €V, <x,x >>0;
(iii) < x,x >=01if and only if x is the zero vector in V.

This notion is all too well known on V = R” where an inner product is given by
n
<X,y >= xTy = iny,-.
i=1
An inner product satisfies the Cauchy-Schwartz inequality

Proposition A.1.4. An inner product on a vector space satisfies

| <x,y>[<V/<xx>y/<yy>, xyeV. (A1)

Proof. Let ||x]| := /< x,x>, x € V. Fix x,y € V and define a quadratic function
Q0:R—Rby

O(r) = |lx+myl? = yIPr +2 <xy>r+|f?, reR
which clearly is non-negative and hence its discriminant has to be non-positive i.e.
4] <xy> P = 4P [IylI* < 0 thatis | <x,y > | < [|x]| [yl

as required. We note also that equality holds if and only if the vectors x,y are linearly
dependenti.e. x =ryforsomer € R. 0O

The above implies that ||x|| := /< x,x > is a norm on V. We say that the norm is
induced by an inner product. Among spaces L” defined above only L? has norm
which is induced by an inner product, namely by
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<f,g>= // F(x)g(x)p(dx). (A2)

A.2 Banach spaces

We first define Cauchy sequences which embody the idea of a converging sequence
when we do not know the limiting element.

Definition A.2.1. A sequence (x,) of elements in a normed vector space (X, || - ||)
is called a Cauchy sequence if for any € > 0 there exists N > 1 such that for all
n,m > N we have ||x, —xn| < €.

Definition A.2.2. A normed vector space (X, || - ||) is complete if every Cauchy se-
quence converges to an element x € X. It is then called a Banach space. Further, if
the norm is induces by an inner product then (X, || - ||) is called a Hilbert space.

Naturally, the Euclidean space R is a Banach space (and in fact a Hilbert space)
with the norm ||x|| = /X%, x?. This implies (reasoning for d = 1) that

Proposition A.2.3. If (X, || ||x) is a normed vector space over R then its dual (X', || -
llx) in Deﬁnition is a Banach space.

In many cases it is interesting to build linear functionals satisfying certain additional
properties. This is often done using the Hahn-Banach theorem. It states in particular
that a continuous linear functional defined on a linear subspace Y of X can be con-
tinuously extended to the whole of X without increasing its norm. Its version is also
known as the separating hyperplane theorem since it allows to separate two convex
sets (one open) using an affine hyperplane.

An important step in studying continuous linear functionals on X is achieved by
describing the structure of X’. We have

Proposition A.2.4. Let (.7 F, 1) be a measurable space with a C-finite measure.
Then for any p > 1, LP(# ,F, 1) is a Banach space and for p > 1 its dual is equiv-
alent to (isometric to) the space L4(. F, 1), where 1 /p+1/q = 1.

In particular we see that L? is its own dual. This means that any continuous linear
functional on L? can be identified with an element in L2. This property remains true
for any Hilbert space:

Proposition A.2.5. Let (X,|| - ||) be a Hilbert space with the norm induced by an
inner product, ||x|| = /< x,x >. If ¢ : X — R is a continuous linear map then there
exists an element xy € X such that

o(y) =<x,y>, VyeX.

In particular, if ¢ : L*>(.7,F, u) — R is a continuous linear map then there exists an
element f; € L?(.,F, 1) such that
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0(8) = |_s)fo(x)n(dx), Vg e L*(,F, ).

Note that the inner product < x,y >, or the integral [, g(x) fy (x) 1 (dx), in the above
statement are well defined by (A.T)-(A.2).

On a (separable) Hilbert space, we can also state an infinite dimensional analogue
of the Pythagorean theorem. Recall that R" is a Hilbert space with inner product <
x,y >=Y"_ | x;y;. This uses the canonical basis in R" but if we take any orthonormal
basis in R”, say (g1,...,¢&,), then

n n
x:Z <X, E> & andhenceHtz:Z < x,€ >,
i=1 i=1

which is the Pythagorean theorem. The same reasoning gives < x,y >= Y1 | <
X, & >< y,& >. The infinite dimensional version is known as the

Proposition A.2.6 (Parseval’s identity). Let (X, || - ||) be a separable Hilbert space
with the norm induced by an inner product (x,y) —< x,y > and let (€, :n > 1) be
an orthonormal basis of X. Then for any x,y € X

<X,y >= Z < X,8, ><y,& >, and in particular ||x||* = Z <x,8, 2.
n>1 n>1

Finally we state one more result, which is crucial for the construction of the
stochastic integral in the Section

Proposition A.2.7. Suppose (X, |- ||x) and (Y, |- ||y) are two Banach spaces, & C X
is a dense vector subspace in X and I : & — 'Y is a linear isometry, i.e. a linear map
which preserves the norm, ||I(x)||y = ||x||x for all x € X. Then I may be extended in
an unique way to a linear isometry from X to Y.

Proof. Take x € X and x,, — x with x,, € &. Then, by the isometry property, (I(x,)) is
Cauchy in Y since (x,) is Cauchy in X. It follows that it converges to some element
which we denote I(x). Further, if we have two sequences in &, (x,) and (y,), both
converging to x € X and giving raise to potentially two elements /(x) and I(x)’ then
we can build a third sequence 22, = X, Z2n+1 = Y, Which also converges to x and we
see that I(z,) has to converge and the limit has to agree with both /(x) and I(x)’, so
that /(x) = I(x)’ is unique. It follows that we defined /(x) € Y uniquely for all x € X.
Further,
1)y = tim [10x,)ly = lim e = [l

so that I is norm-preserving. Finally, if x,y € X then we can write them as limits
of sequences of elements in &, say (x,) and (y,) respectively. For any a,b € R,
ax, + by, € & since & is a vector space, and then by the above and linearity of / on
& we have

I(ax+by) = lim(ax, + by,) = lim (al(xn) n bl(yn)> — al(x) + bI(y),
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so that / is linear on X as required. 0O
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