
Homological Algebra C2 . 2 Lecture 1 15/10/2026.

( L与)
Overview

Homologicagebra

Algebra : Linear algebra
·
Vector spaces/field

SI · Modules/rings.More complicated e.

g
.
not

every
module is free/ has a basis

Ex : R = Z R = G[X] α E ¢
_

M = Z/nz M = C[XJ / ( x - α )

↳ Algebraic operations behave in more complicated way.

Homological algebra : Follo to describe what

happens .

Basic idea :"repiace bod modules by good ones"
o + 2Eo2 -ZInZ -o
ー

"resolution" Work with complexes of modules.



"Good modules" > Free

-> Projective
↓ Injective
Flat

"Measure of bad" :Ext a For
groups
.

Toolbox actually more general than for modules/rings.
General context : "abelian categories

↳ Can be applied in many
other context.

Categories I see C2 . 7 . Cotegay theory]
Plan * Abelian cotegories
↳ Resolutions

,
chain complexes↓

↓ Derived functors
Ext

,
For

,
Noszulcom plexes

Graup hamology



Historical remark. Aerological algebra
Homology

first introduced in the
context of algebraic
topology

General ideal : attach

algebraic data to a
Poincare : 1895 Space "Homology of a space

:

…

~ 1540's : Purely algebraic applications "group homology"

\
"Lie algebra homology"
…

Unified into homological algebra
니

Homological algebra" : book Cortan-

Eilenberg
(IgS6)

"Sur quelques points d'algèbre homologique"
Grothendieck (1557)

Define
"abelian [Motivation : sheaves of modules]
categories" Colegory theory : Eilenbery - Mechane (1543)



After that
, homological algebra invaded many parts

of mathematics :

· Algebraic number thery (eg group wh.
for Golois groups

s...)
· Complex geometry/Algebraic geometry

[ "Sheaves of modules")

·
Further developments in hou. algebra : derived categories...

-> Toolbox useful in many
context.

Remaining of today : Towards category theory.



Tensor products.
6 : field Veep : category of h-vector spaceso

chee

es between
them

V. W, L E Vecp Bilin (V.Will : = Ebilinean maps V+ W- L]
San me understand bilinear maps using only the motion of liven may?
Hom (V

, W) : set of lineor maps from VIW.
↑ R-rector space Iom (V.

W) (new rotation

Bilin(V
,WiL) T(v

, w) = T(v) (wi = Thulful

= Hom (V, Hom (W , L))

= Hom (W
, How (V , ())

a) Is Bilin (V ,Wi-) :Verk -> Set functor
k
.representable ? In other words , is there ametr spec

VoW st
.

Bilim (V
.Wi = Hom (VOW.

-) ?
This is equivalent to asking for the universal bilinear may:
nector space VDW

with a bilinea
map
VW -> VOW

st
.

all others factorize in a unique way : kW-Voh

b☆ 子 !



This is also equivalent to asking that the functor
How /W

.
-1 : Veap -> keep has leftjoint- *W :

Hon (1 oW ,
-1 = Howl-

,

How /W ,
- 1)

= Bilir(- , Wi -)

VOW exists : look at the vector space epored by VXW :

blVew] =SINw (viw with finte support)
Look at the subspace of 6 [V+W] speared by :

(v +wiw)- (v ,w) - (viw) (v ,
w +w) - Criw) - Nin

M ={(cr ,w - c(r , m) (v
. c) - c(viw) 1

foll th river wow ew

Byconstruction I first isomorphism therren) :
Hom (kIVW] / M . L) = Bilin (V.W ,

L)

so VQW : = kIVew] /M

Universal bilinear may : VxW --> kTVtW] -> Vew
p ↑ = k[Vw]/M

⑫entquliet

bilinear
,
the universal bilinear map.



Note: VOW is give f
to
unique isomorphism . If M is another

solution (universal bilinear maf)

wen-Vow
&5/ p7

!
ison Scheck)

Bilin (V.Will zu Bl/W ,
riLM (flip onden

=> Vow =WV

Note :
how = wok = w

_

Trilincas
maps : Triliz /Va

,
V

.
Vs

.
L) =

s
Bilin (VatK

, Vg . L)

= Bl (V
, KQVs

,

L)

=> (VOK)OY =o KO(keV)
I Not so coly toMore wing theMore generally . Vo Su : quatient description

VS⑤K *18 V,) 8 VE …

=> ( --- . ()Vo Vor)Vol) 8 ...

(Vecp
,
$) is a symmetric manoidal category.


