
Lecture 5.

Def : Let F : 2 -D be an additive functor between
_

abelian categories [ and D.
# is left-exact if No-A + Bec +0 sesine,

o -> F(A)- -> F(B) -> F(C) exact in D

F is right-exact if
↑ (A) - F(B) -+ F(C) -O exact in D

F exact if both left a right exact :

· -> F(A)- > F(B) - F(c) -> O ses in D
·

Lem : Yet t be an abelian stegary and let M Gobj (1).
TheFunctor Home (M .

-) : - > Ab is left exact :
ㅂ

0 - A feB Esco Ses

-0 - Howt M ,
A) -> HomA(M , B) - HomAIM , ¢
fe ge exact

Proof : If < Home (M ,
Al :

fix = fox = 0 -X=0 since fis monic.

_
M *sA - B
→의



Exact : gof = o so gefec = gfa = 0
2o gefe = 0.

to Im fo a Nenga

I BeHomt(M , B) und gB = gB =
0

the InSCHer g=I f
so 5x + Homy (M ,

1) s . t . B-fox = fex
suf

Apfus
e

□

Lemma: FM-Jobj(t) , Homtl- ,
M) : toP -> Ab is

left-exact .
If Polso abelian category
. Apply previous hamme to

Aop .

Ex : 0- X ** - ZInZ -0 in Ab □

Hom/E/nE , -) :
0 + 0 - 0- > ElnE

Homl-
·
ElnE) : 0 - Eine - EInEZInE



D : An object P is called projective if the functor
Hony (P , - : A -> Ab isenact.

that is :F B - C -> 0 exact

_p
An object I is called injective if the functor

HomAl- ,
I) : tP--> Ab is enect.

that
is : Fo-A- B exact

b, .7
I

E: Riving M : R-modute Homr-mad(R , M) = M

left) p
as abelien

gaups
Hom

,
/R

,
-) : R-mod -> Ab

is the forget functor .

Exact !
so R is projective in R-mod.

VJ set : RJ = ROT =@R free R-module on the
basis J

Hom (R85
, M) = IM

Exact
, so free 1-modules are projective in R.



Remark : If P ER-moo is projective.
Choosing generators of P , 7 surjection Cepi

0- tr - RT → P → 0
.

y

…
.Piod

P
Split exact sequence :

M5 _ PDA

so P direct summand of a free 1-module.
Exercise : Check the converse.

: In R-mod , projectives are direct summands of free
R-modules.

_

Def : Let t. be an additive ategory
.

We all I compact if
#Homa (d, bi) =o Hont(C, bi)

Vlb :Sit
IEI p

Natural map of
objects in t abelion

group
st. Albi exist bj bi
iEI iEI

& /



&em: Automatic for finite I.

# Hammmd(R, Mi)=Mi Hom IR , Mil

soR compact in R-mod
-

Ralso generator : VM , 52 , 0R - M+ 0 epi
-

Im : Let ot be an abelian category with arbitrary coproducts.
Assume that P is a compact projective generator.
Then the functor

Horrt (P , -) : it s Endy/p)
* -moo

"

Hout /Pr

is an equivalence of categories.
*

Rem : R & # s .
t

.
R-mod = R = mod ?"Monito equivalence-一

&ketch of proof: Construct an adjoint .

Denote R := Endy (P).
Want R -> P

ROI - POI

any
MER-mod as a presentation :


