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Part A Probability: Non-examinable proofs

This appendix provides additional technical detail for each chapter of the Part A Probability
notes. Since we have not added systematic references from within the chapters to maintain
the flow there at the intended level of the course, we use the same structure here for ease
of reference. Specifically, Section H.j corresponds to Chapter j, and we mostly restate any
relevant claims here. Subdivisions in Section H.3 are not aligned with subdivisions of Chapter
3, though. As with anything in the previous appendices that goes beyond the prerequisites

of this course, the material of this appendix goes beyond the syllabus and is non-examinable.

H.1 Review of Prelims Probability

We refer to Appendix D for a discussion of Prelims Probability, Appendix E for some further
developments based on Prelims Analysis and Probability. As discussed in the final remark of
Appendix E, this leaves three items, two of which are discussed in Appendix G using results
from Part A Integration previewed in Appendix F. The final unproven detail is that the weak
law of large numbers holds with only a first moment. As noted previously, this is proved in
Part B Probability, Measure and Martingales using martingale methods, but is also included
here by rigorously establishing and using generating function methods, which does not require

martingales but uses the measure-theoretic approach to expectations of Section G.5.

H.2 Convergence of random variables, limit theorems

Remark H.1. In the (review) proof of Markov’s inequality in Section 2.4, we proceed slightly
differently from the Prelims proof, but we still use the order properties of expectation without
restricting the random variable to be either discrete or continuous or assuming the finiteness
of the expectation. In the proof of the weak law of large numbers, we use the additivity of
variance for independent random variables. This was all set up in Section E.2, specifically

Theorems E.5 and Theorem E.13, as well as the discussion after Theorem E.8.

Remark H.2. The (non-examinable) proof of the strong law of large numbers in Section 2.5.1

is under the additional assumption that fourth moments are finite. For a general proof, we
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refer to Part B Probability, Measure and Martingales. In our special case, we also use the
general linearity of expectation of Theorem E.8, as well as Corollary E.14.

The appropriate pointer for interchanging series and expectation is to Part B Probability,
Measure and Martingales. Recall the sketch provided in Sections G.4-G.5.

With this setup, Tonelli’s theorem yields in the context of Section 2.5.1 that

5 (%)= [ L (B2 ) ot
- /nEN / (Séw) - “)4P(dw)u1(dn) - ij:]E (i _ M) ] |

Remark H.3. The central limit theorem has been stated without proof in Chapter 2, indicating

E

that proofs based on generating functions will be provided in Chapter 3.

H.3 Generating functions

H.3.1 The convergence theorem for probability generating functions

The convergence theorem for probability generating functions is stated without proof, but
we do remark that this can be proved “with a bit more work” than the uniqueness theorem,

which was proved in Prelims Probability, all based on the theory of power series.

Theorem H.4. For N-valued random variables X and X,, n > 1, with probability mass
functions (pmfs) p and p,, n > 1, and probability generating functions (pgfs) G and G,
n>1,

Vk >0 po(k) = pk) <= Vse[0,1] Gn(s) = G(s).

Proof. “=7: Let s € [0,1]. Let € > 0. Since p: N — [0, 1] is a pmf, there is kg such that

ko—1 .
>1—-.
> pk) =1

k=0

Since p, (k) — p(k), there is ng such that

ko—1
Vn > ng, an(k)zl—g and Vn >mno VO <k < ko — 1, ‘pn(k)_p(k)‘<i'
2 2 4k

But then
ko—1 0 0 € € e
- < k . T
G (s) — G(s)| < kzo s*|pn (k) — p(k)| + kzkj pa(k) + ka: pk) <hop-tg+g=¢
= =ko =ro

“<”: Clearly the s = 0 case yields p,(0) — p(0). But then

e cither p(0) = 1 and 0 < Gy (s) — pn(0) < 302 pu(k) = 1 — pu(0) — 0 implies that
pn(k) = 0 for all k > 1,
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e or p(0) < 1 and for all n > ng, also p,(0) < 1, and for all s € [0, 1],

> pn(k + 1)Sk ~ Gu(s) = pa(0) R G(s) —p(0) = p(k + 1)sk.

T pn(0) 1= p(0) 1—p(0) 2= 1-p(0)

k=0

An induction shows that p, (k) — p(k) for all & > 0. O

H.3.2 Moment generating functions, characteristic functions and

their uniqueness theorems

Remark H.5. The only reason why the proof of Theorem H.5 is an ”informal proof” is that
we interchange expectation and series. To formalise this, we recall the argument in Remark
H.2, where a similar interchange is justified for non-negative random variables, using Tonelli’s
theorem. In the case here where the random variables can take positive and negative values,
the product space of counting measure and probability measure is the same, but we need to
establish integrability to apply Fubini’s Theorem. To this end, we may compute the repeated
integral in either order, by Tonelli’s Theorem, and the finiteness of the mgf at +¢ yields

/CeﬂuéeN

This establishes that the function f(k,w) = (k!)~'#*(X (w))* is integrable with respect to the

product measure of p; and P, and we may interchange to find, when |¢| < ¢,

k
My(t) = Ele¥] = E [Z ’,;X’“] = [ [ e

keN

_ — tFE[XF]
/}CEN [ )P (k) = ZE[k'Xk} > LR

keN keN

k| g (dk)P(dw) = / . X @IP(dw)

= E[elX] <E[e*Y + e7X] = E[e"Y] + E[e ] < 0.

Turning to moment generating functions and characteristic functions, it is instructive to

combine them into an analytic transform, as follows.
Definition H.6. Let X be a real-valued random variable. We define the analytic transform
Mx (w) = E[e®X] = E[cos(vX)e"X] 4 iE[sin(vX )e"¥]

for all w = u+iv € C for which these expectations exist. We denote the set of such w-values
byli.

This extends the moment generating function for w = u € R and relates to the character-
istic function for w = iv € iR as ¢x (v) = Mx (iv).
Lemma H.7. For any real-valued random variable, Dx = I + iR for some interval I that

contains 0.

Proof. The observation 0 € Dx is elementary. If a,c € Dx NR witha <0< canda <b <c,
then e?X < eaxl{X<0} + eCXI{XZO} and by order properties of expectation we conclude that
[a,c] € Dx NR and hence that Dx NR is an interval .

Similarly, | cos(vX)e“X| < e*X and |sin(vX)e*X| < "X hence I +iR C Dx. Conversely,
if u +iv € Dy, then e*X < (| cos(vX)| + |sin(vX)])e"X, so u € Dx. O
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Theorem H.8. Consider a real-valued random variable X such that (—tg,t9) C Dx NR for
some ty > 0. Then the function Mx: (—to,to) + iR — C is holomorphic.

Proof. The argument in Remark H.5 applies with ¢ € (—to,to) replaced by z € (—tg,t0) +iR.
Hence, Mx is a power series in z and therefore holomorphic in the disk of radius ¢y around
the origin. Similarly, for all w € (—tg, to) + iR,

_ k k,wX
E[er] —E |ewX Z (Z k'u}) Xk — Z E[Xk'e ](Z _ w)k:
keN ’ keN ’

has positive radius of convergence, so Mx is holomorphic on (—to, o) + iR. O

Corollary H.9. The standard normal distribution has characteristic function ¢(v) = e~v/2,
Proof. For the moment generating function M (u) = e’/ 2 u € R, we recognise the unique
(by the identity theorem, Theorem F.47) holomorphic extension M (w) = ew’/ 2 w € C, that
includes the characteristic function ¢(v) = M(iv) = e()°/2 = ¢=v*/2 y € R, as claimed. [

Let us now first consider characteristic functions. We will deduce the uniqueness theorem

for characteristic functions from the following inversion formula.

Theorem H.10 (Inversion formula for characteristic functions). Consider any real-valued
random variable X and its characteristic function ¢x. Then for all a,b € R with a < b, we
have, as m — 00,

1 m efiat o efibt 1 1
— ———dx()dt - =P(X =a)+Pla < X <)+ =P(X =b).

2 J_,, it 2 2

Proof. We write the integral on the left-hand side as a double integral against the product

measure of P and Lebesgue measure on [—m, m], in the sense of Section G.4, with integrand

—tat __ ,—ibt

€ € ;
eltX(w)’

f(wvt) =

= (w,t) € Q x [-m,m].

Since this function is bounded measurable and the product measure is finite on Q x [—m, m],

the function f is integrable and Fubini’s Theorem applies to give

pit(X—a) _ 4it(X—b)
/ / f(w, t)P(dw)dt = / flw, t)dtP(dw) = E / - dt
[0,m] Jo o Jjo,m [0,m] it

and, after change of variables

e—it(X—b) _ g—it(X—a)
/ /f(w,t)IP’(dw)dt:// F(w, t)dtP(dw) = E / : dt| .
[—m.,0] JQ Q J[=m,0] [0,m] it

By linearity of expectation and integration, they sum to

/ e e b= 2E [/ e b))dt}

it t

2/m(Xa) sin(u) du— 2/m(Xb) sin(u) du] ’
0 u 0 u

—m

=E




Probability Part A, version of 24 September 2022 124

with the convention that fO_Tg(u)du = —fi)r g(u)du for r > 0, and for even functions g
this further equals — fOT g(u)du. Borrowing from Complex Analysis that fOT # — /2 as
r — oo, we find that the term under the expectation converges to 2r on {a < X < b}, to
mon {X =a} and {X = b} and to 0 on {X < a} and {X > b}. To apply the Dominated
Convergence Theorem and let m — oo, we further check that the term under the expectation

is bounded by 4 [ (sin(u)/u)du, so that
1 m e—iat _ e—ibt

1 1
o ¢X(t)dt—>§IP(X:a)+]P>(a<X<b)+§]P(X:b).

it

—m

O

Corollary H.11 (Uniqueness theorem for characteristic functions). If X and Y are random

variables with the same characteristic function, then X and 'Y have the same distribution.

Proof. By Theorem H.10, we have
1 1 1 1
éP(X:a)+IF’(a<X<b)+§]P’(X:b) = §P(Y:a)+IP’(a<Y<b)+§IP(Y:b)

Letting a — —o0, and b | x, using Theorem D.46 and Lemma E.11, this yields equality of

cumulative distribution functions, which completes the proof. O

As a consequence of the analyticity of Theorem H.8, we obtain a Complex Analysis proof

of the uniqueness theorem for moment generating functions, which we restate here.

Corollary H.12 (Uniqueness theorem for moment generating functions). If X and Y are
random variables with the same moment generating function, which is finite on [—to,to] for

some tg > 0, then X and Y have the same distribution.

Proof. The two holomorphic functions Mx and My coincide on (—tg,t). By the identity
theorem of Complex Analysis, Theorem F.47, Mx and My coincide on the domain (—tg,%o)+
iR. In particular, ¢ x = ¢y, and by Corollary H.11, X and Y have the same distribution. O

H.3.3 Convergence theorems for moment generating functions and
characteristic functions

Turning to convergence theorems, let us first establish the Skorokhod representation theorem.

Theorem H.13 (Skorokhod representation theorem). Let Y and X1, Xs, ... be random vari-
ables such that X, converges to'Y in distribution. Then there exists a probability space and
random variables Y and )}1,)?2, ... with the same distributions as Y and X1, Xo,..., such

that X, converges to Y almost surely.

Proof. Consider a probability space with a uniform random variable U on [0, 1]. We use the
construction of Corollary G.2 and define Y = Qy (U) where Qy (u) = inf{z € R: Fy (z) > u}
and similarly define X, = Qx, (U), using the same uniform random variable U.

By assumption, we have Fx, _(z) — Fy(x) for all z € R where Fy is continuous. Now fix

any u € [0,1] such that the pre-image F;-*({u}) has at most one element. Then z := Qy (u)
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is the unique = € R such that Fy(z—) < u < Fy(z). In particular, for all € > 0, we have
Fy (x + ¢) > u, there is a continuity point 2’ < z + ¢ of Fy such that

Fx, (z') = Fy(¢')>u = Fx, (x+¢e)> Fx,(z') > u for n sufficiently large.

Hence Qx,(u) < x4 ¢ for n sufficiently large. Similarly, Fy(x — e) < u and there is a
continuity point " > x — ¢ of Fy such that

Fx, (2") = Fy(2")<u = Fx, (v —¢)<Fx, (2") <u for n sufficiently large.

But then Qx, (u) € [x—¢,x+¢] for all n sufficiently large, i.e. Qx, (u) = 2 = Qy (u). The set
of u-values that we excluded is countable, so this entails that X,, = Rz, (U)—=Qy({U) = Y
almost surely. 0

The first convergence theorem we establish characterises convergence in distribution in
terms of the convergence of a much wider class of expectations which includes the real and
imaginary parts of characteristic functions. The equivalent condition in this theorem often
serves as the definition of convergence in distribution and generalises straightforwardly to

random variables taking values in R? or other topological spaces.

Theorem H.14. Suppose X1, Xo,... and Y are random variables. Then
X, 3Y asn— 0o < Vg: R = R bounded continuous, Elg(X,)] — E[g(Y)] as n — oo.

Proof. “=": If X,, i Y, we may instead consider )Z'n 2% Y where )an 4 X, for each n >1
and YV £ Y, by Theorem H.13. Then for any bounded continuous g: R — R, the Dominated
Convergence Theorem then yields E[g(X,,)] = E[g(X,,)] = E[g(Y)] = E[g(Y)].

“<”: Let € R be such that Fy is continuous at . We have to show that Fx, (z) —
Fy(z), i.e. E[g(X,)] — E[g(Y)] for the discontinuous function g = 1(_ 4. To this end, let
€ > 0. By continuity of Fy at x, there is 6 > 0 such that

Fy(z+0)—¢/2 < Fy(x) < Fy(x —96) +¢/2.

There are continuous ¢g* with loz—6 <9 < 1oq < gt < 1(_co,z+5); to which our
hypothesis applies and yields E[g* (X,,)] — E[g*(Y)]. In particular,

Jng >0 ¥n > no, Elg~ (V)] —¢/2 <E[g™(X,)] < Fx,(z) <E[gF(X,)] <E[g7(Y)] +¢/2.
such that, as required,

Vn >ng, Fy(z) —e < Fy(z—0) —¢/2 <E[g~ (V)] —¢/2
< Fx,(z) <E[gF(Y)]+e/2< Fy(z+6)+¢/2< Fy(z) +e.

We will use the following convergence criterion.

Lemma H.15. A sequence of random variables X,, n > 1, converges in distribution to Y if

and only if the following two conditions hold.
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A. The family of distributions of X,,, n > 1, is tight in that

Ve > 0 Jeg > 0 such that ¥n > 1, P(|X,| > ¢o) < e.

B. All subsequences of (X,,) that converge in distribution, converge in distribution toY .

Proof. “=": For condition A, let € > 0. By properties of the limiting cumulative distribution
function, there is ¢o such that P(|Y| > ¢y) < &/2, without loss of generality such that
P(]Y| = ¢o) = 0. By convergence in distribution,

P(X, < —cp) <PY < —¢p) +¢/4 and P(X, <c¢p) >P(Y <c¢p) —e/4.

Hence, P(|X,| > ¢o) <P(|Y| > ¢) + ¢/2 < e. Condition B is straightforward.

“<=": Assume that X,, does not converge to X in distribution, then there is x € R where
Fy is continuous but such that Fx _(z) does not converge to Fy (x). We can therefore find
€ > 0 and a subsequence (X,,(,)) along which [Fx () — Fy(x)| > ¢ for all m > 1. To find
the desired contradiction (to Condition B), it suffices to show that (X)) has a subsequence
that converges in distribution.

To this end, consider an enumeration g¢;, ¢ > 1, of Q. Since [0, 1] is compact, the Bolzano-
Weierstrass Theorem, Theorem B.12, allows us to extract convergent subsequences that we
can inductively refine to have cumulative distribution functions converge at g1, ..., gy along
the kth subsequence. From this kth subsequence, we take the kth term, denoted by Xy, (x)),
for each k > 1, to build a “diagonal” subsequence (X, (m(x))) along which cumulative distri-

bution functions F'x converge at all ¢;, © > 1, to some limit F: Q — [0,1], which is

n(m(k
increasing as a limit o(f ;n)éreasing functions.

For convergence in distribution of (X, (m))), we will not care about the value of F
where left and right limits differ and define the right-continuous modification and extension
F(r) = inf{F(q): ¢ € QN (r,00)}, 7 € R. Now consider any r € R where F is continuous.

By continuity, we can find three rationals ¢ < ¢— < r < ¢4 such that
F(r)—s < F(g) < Flg_) < F(r) < Flqy) < F(r) +<.

By convergence of Fx, . to F < F at ¢+ and noting that F(g_) > F(q), we conclude that
for all k sufficiently large

F(?") —e< FXn(m(k))(q—) < FXn(m(k)) (T) < FXn(m(k))(q"r) < F(T’) +e.

For (Xn(m(k))) to converge in distribution, we need to further ensure that the limit F' is a
cumulative distribution function. As F' is increasing and right-continuous, it remains to show
that F'(r) tends to 0 and 1 as r — —oo and r — oo, respectively. By monotonicity and
boundedness in [0, 1], the limits always exist in [0, 1], so the only way they can fail to be 0 or
1 is if they are § or 1 — ¢ for some § > 0. But this contradicts Condition A for ¢ = §/2 since
for k sufficiently large, Condition A entails for any ¢; > ¢y such that F' is continuous at +c;

FXn,(nL(k))(_cl) < ]P)(|Xn(m(k))‘ > CO) <e= 5/2 <0
and FXn(m(k))(cl) >1-— ]P)(‘Xn(m(k)ﬂ > Co) >1l—e=1- 5/2 >1-4,

and these inequalities are preserved in the limit as k — oo giving F(—¢1) < §/2 < ¢ and
Fle1) >1-6/2>1-4. O
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Theorem H.16 (Convergence theorem for characteristic functions). Suppose X1, Xo, ... and

Y are random wvariables. Then
X, 3Y asn— 0o = vVt € R, ¢x,(t) = oy (t) as n — oco.

Proof. “=": This follows from Theorem H.14, applied to real and imaginary parts.

“<=": We apply Lemma H.15. For Condition A, note that characteristic functions are
continuous, by the Dominated Convergence Theorem. In particular ¢y (t) — ¢y (0) = 1 as
t ] 0. Now let € > 0. Then we can find m > 0 such that

;n/f;u—mmdt <

By hypothesis, we have ¢x, (t) = ¢y (t), so by dominated convergence, we have, for n suffi-
ciently large,

1 m
= Lm(l — ., (1)dt < %

where Fubini’s theorem applied to the bounded measurable function f(t,w) = (1 — X))

on [—m, m] x § yields

27171/”;(1—¢Xn(t))dt:E[1/m (1—6“X")dt] :E[1—W]

2m J_,,

Hence

1
(Xl 2 2/m) <E[2 (1= ) L, saym]

mX,,

For Condition B we just note that the convergence in distribution of any subsequence (X, 1))
entails the convergence of their characteristic functions to the characteristic function of the
limiting distribution, by Theorem H.14, as argued in the “=" direction. But the characteristic
functions of (X)) converge to the characteristic function of Y by hypothesis. By the
uniqueness theorem, the limiting distribution of (X)) is the distribution of Y. O

Theorem H.17 (Convergence theorem for moment generating functions). Suppose X1, Xo, ...
and Y are random variables whose moment generating functions Mx,, Mx,, ... and My are
all finite on [—tg, to] for some to > 0. Then

Yt € [—to,to], Mx, (t) = My(t) asn —o00 = X, LY asn — oo.
Proof. We apply Lemma H.15. For Condition A, we obtain from Markov’s inequality
Ve>0 P(|X,|>c)= P(eto‘x"l > ) < e R [etO‘X’*l] < e "¢(Mx, (to) + Mx, (—to)).

Now let € > 0. By hypothesis, the sequence (Mx, (to) + Mx, (—to)) converges and is hence
bounded, by C, say, so that we can find ¢ = ¢y sufficiently large to make the right-hand side
smaller than ¢ for all n > 1.
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For Condition B, consider any subsequence (Xn(k)) with X, % 7 for some random
variable Z. Note that g(r) = Cexp(—tolog(r)/t) = Cr—t/t is integrable over [1,00) for all
t € (0,tp) and the Dominated Convergence Theorem applies to f,,(r) = P(|X,| > log(r)/t),
n > 1, by the display above. Then applying Proposition E.9 to e!lXnm!| [1, 00)-valued, yields

o 1 e 1
Efe!Xr®] = 1 +/ P <|Xn(k) > ng) dr —1 +/ P <|Z > Oi(’">> dr = E[etlZ).
1 1
Extending g(r) = 1 on [0,1), the same argument for one-sided tails P(X,, ) > log(r)/t) <
P(| X, k)| > log(r)/t) yields E[e'*n] — E[e'?] for all ¢ € (0,1o), and similarly for t € (—to,0).
The case t = 0 is trivial. By uniqueness of limits, E[e*Y] = E[e!?] for all t € [~t(/2,t/2] and

by the Uniqueness Theorem for moment generating functions, Z 4 Y, as required. O

H.3.4 Further details relevant for the generating functions chapter

Remark H.18. In Section 3.2.2 we use that (1+a/n+o0(1/n))™ — e®. In other words, if a,, — a,
then (14+a,/n)™ — e®. In anticipation of applications for characteristic functions, let us here
consider a,, € C, n > 1, and a € C. By continuity of exp and of the holomorphic log on the
ball of radius 1 around 1 with log(1) = 0, this is equivalent to nlog(l + a,/n) — a. Taylor’s
theorem gives log(1 + 2)/z — 1 as z — 0. For a # 0, this entails (n/a,)log(l + a,/n) — 1,
which is, as required. For a = 0, log(1 + z)/z — 1 gives in particular that |log(1 + 2)| < 2|z|
for |z| sufficiently small. This entails that |nlog(l + a,/n)| < 2|a,| — 2|a] = 0, as required.

Remark H.19. In (3.2), we claim a Taylor expansion for characteristic functions. Whereas
for moment generating functions, the existence of moments followed from the existence of the
moment generating function on some [—tg, to, to > 0, this does not translate to characteristic
functions, which always exist regardless of the existence of moments. We therefore assume
that E[| X |¥] < oo and then note that |i* X* e | = | X|* for all t € R, and the Differentiability
Lemma, Theorem G.20, yields that ¢x is k times continuously differentiable with

Since clearly qﬁg?)(()) = i*E[X*] and ¢x(0) = 1, Taylor’s theorem (for the real and imaginary
parts) yields, as t — 0,
E[X?] " ik—ltk—lE[Xk_l]

ox(t) = 1+ tE[X] + %t ———= +.

5] oo T

where we stress that the argument so far has only provided an expansion up to order k — 1,
not k. In particular, the case kK = 2 relevant for the weak law of large numbers requires
E[X?] < oo and the case k = 3 relevant for the central limit theorem requires E[|X[3] < oo.

This can be improved, though, and we will prove the expansion up to order k in (3.2)

under the assumption E[| X |¥] < co. Let us restate this here.

Proposition H.20. Let X be a random variable with characteristic function ¢x and finite
kth moment E[| X |¥] < co. Then
E[X?]

k
dx(t) =1+ itE[X] + z’thT + e ikek E([lig! } + o(th).
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Proof. Rather than applying the Taylor expansion to ¢ x directly, we will use a Taylor expan-
sion inside the expectation. Specifically, we expand e? around 0, and we derive an alternative

remainder term directly. We set

RN
hi(y) =¥ = pnt

m=0

and we note that hy(0) = 0 and hj (y) = thx_1(y) for all £ > 1. We also note that |ho(y)| < 2.
We proceed inductively and obtain bounds for all £ > 1

lyF—*

\hk71(y)|§2(k_1)! = |hk(y)|=‘/oyihk1(s)ds

[yl |S|k—1 |y|k
<2 ds = 2—=——.
= /0 k-1~ Tl

Similarly, we can start from the estimate

lyl
< / €*]ds = [y]
0

and show inductively that |hg(y)| < |y|**1/(k + 1)! for all k > 0. In particular, this entails

, v
lho(y) = e — 1] = \ [ eas
0 Z

< o Blmin{t| X5, 2(k + 1) X"

ox(t) - 3 imen L =y

m!

< E[|nu(itx)| |

m=0
where on the one hand the expectation is finite provided that just E[|X|¥] < oo, and on the
other hand it tends to 0 as ¢ — 0, by the Dominated Convergence Theorem. O

Remark H.21. We then also say “Apart from working with complex power series instead of
real power series, there are no additional complications when translating the proof from mgfs

to cfs.” This is now easily checked, by replacing all mgfs by cfs and ¢ by it, as appropriate.

Proposition H.22. The Cauchy distribution with probability density function f(z) = m,

x € R, has characteristic function ¢(t) = e~ I,

Proof. Let t > 0. Consider the holomorphic function

itz 1 itz —t
¢ = € with  Res;(g) = % at the simple pole 1.
T

:71'(1—1-22) z—im(z+1)

9(2)

Consider the semi-circular contour of radius R > 1 in the upper half-plane. Then the integral

along the (anti-clockwise) semi-circle v vanishes as R — oo by Jordan’s Lemma, applied

to the meromorphic function f(z) = m that satisfies f(z) — 0 as |z| — oo. The only

singularity inside the semi-circular contour is at z = i. By the Residue Theorem,

R oo
e ' =2miRes;(g) = / g(x)dx —|—/ g(z)dz — / e f(x)d.
YR —o0

—R

By symmetry, ¢(—t) = é(t) = e~*. Since also ¢(0) = 1, this gives altogether ¢(t) = e~ I*l for
all t € R. O
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H.4 Joint distribution for continuous random variables

In Section 4.1 we express probabilities as bivariate integrals over bivariate Borel sets for
bivariate jointly continuous random variables. More formally, the Borel o-algebra is defined
to be the smallest o-algebra that contains all rectangles of the form I; x --- x I, where
Ii,...,I, C R are intervals. Recall that all intervals can be expressed via complements,
countable unions and countable intersections in terms of intervals of the form (—o0,b]. An
analogous statement holds for rectangles in R™, which can be expressed in terms of rectangles
of the form (—o0,b1] x -+ x (—00,b,]. Specifically, for A = (a1,b1] X -+ X (an,by,] for

—o00 < aj < bj < 0o, we can achieve this by taking differences noting that
(a1, b1] X -+ (aj—1,bj-1] X (a;,b5] x (=00,bj41] x -+ - (=00, by]
= ((al»bll X o (a1, bjma] X (=00, bs] X (=00, bj41] x "'(—007bn]>
\ (@1, b1] x -+ (-1, 4] x (=00,a5] x (=00, byga] X -+ (=00,bu ).

Theorem H.23. Let X = (X1,...,X,,) be a jointly continuous random vector with joint
p.d.f. fx. Then for all Borel sets A € Mpo:(R™), the set {X € A} = {w € Q: X(w) € A} is

an event (in F) and we have
P(X € A) :/ Fy (2)dz,
A
where this integral is against Lebesgue measure on R™.

Proof. We adapt the proof of Theorem G.7, which covers the case n = 1. For n > 2, the
claim holds for A = (—o0,z1] X -+ X (=00, ;] by definition. Since the Borel o-algebra of
R™ is generated by the collection of subsets of this form, the remainder of the argument of

Theorem G.7 can be read verbatim as an argument in R"™. O

Remark H.24. The Probability part of the proof of Theorem 4.1 is complete. As mentioned
before in a different context, what has not been proved rigorously is the change of variables
formula for two- or higher-dimensional integrals. A version of the two-dimensional case was
stated but not proved in Theorem F.26 within Part A Integration.

Let us state here the version provided as a non-examinable 15-page document in the Part

A Integration course. This is sufficient for our purposes.

Theorem H.25. Consider two open sets D, R C R™ and a bijective transformation T': D —
R that is continuously differentiable with continuously differentiable inverse. Then a function
f:+ R — R is Lebesgue integrable over R if and only if (f o T)|detJr| is Lebesgue integrable

/Rf:/D(foT)|detJT\.

Remark H.26. The heuristic derivation of conditional densities in (4.3) is claimed to be

over D. In that case

justified if fxy is “sufficiently smooth.” Let us explore conditions under which this holds.

In fact, it suffices to have the following limits

1 T+e

1 Tr+e Yy Yy
lim — fx(Ww)du = fx(z) and lim f/ / Ifx,y (u,v)dvdu = / fx,y(z,v)dv.
el0 € Jy=g el0 € Jy=z Jv=—oo v=—00
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The first one holds if fx is right-continuous at . In the same way, the second one follows if we
establish that u — Uy:_oo fx.v(u,v)dv is continuous at v = z. This holds by the Dominated
Convergence Theorem if we assume that v — fx y (u,v) is right-continuous at x for all v and
fx,v(u,v) < g(v) for some function g that is integrable on (—oo, y| for all y. If we strengthen

the integrability of g to integrability on R, this also includes the right-continuity of fx at z.
Remark H.27. The purpose of Section 4.4.3 is to avoid getting bogged down in lengthy

transformation formula arguments for bivariate normal distributions. We claim that having
g2
Y = P(T(X — 1) + 1= ptoaZs + pp =: gx(Z2)
1

for independent X and Z, entails that the conditional distributions of ¥ = gx(Z2) given
X = z is just the distribution of ¢g,(Z3). You may feel that this makes intuitive sense since
when X = z, all randomness of Z5 still remains. More formally, we can easily check that by

a quick argument involving the transformation formula for probability density functions,

z, 2(®: 95 (W) I(951)' - 1y
rixmaty) = 208 Leanlte DB (o0 0) 02 0] = frizo )

H.5 Markov chains: Introduction

Lemma H.28. Consider a countable set I, an initial distribution A\ and a transition matriz
P = (pij)ijer- Then there is a probability space (0, F,IP) on which we can define a Markov

chain (Yy)n>o0 with initial distribution X and transition matriz P.

Proof. Without loss of generality, I is countably infinite (the finite case being analogous). Fix
bijections f: I — N and write g = f~!. Then, Pign)s m €N, pi o =0, x ¢ N, is a probability
mass function on R, for each ¢ € I. Consider the associated cumulative distribution functions
F;: R —1[0,1],7 € I and let Q;(u) = inf{z € R: F;(z) > u}, v € [0,1].

Let U be uniformly distributed on [0,1]. Recall from Corollary G.2 that @Q;(U) has
cumulative distribution function Fj, and hence P(g(Q;(U)) = j) = P(Q:(U) = f(j)) = psj for
all 4,7 € I. Similarly, the cumulative distribution function F) associated with Ay¢,), n € N,
and Qy(u) = inf{z € R: F\(z) > u}, u € [0,1], gives access to a random variable g(Qx(U))
with the initial distribution.

Now consider the setting of Corollary G.4, where X;_1 := U, k > 1, is a sequence of
independent uniform random variables. We claim that the process Yy = ¢(Qx(Xo)), Yn =
9(Qy,_, (X)), n > 1, is a Markov chain with initial distribution A and transition matrix P.
To see this, note that for all n > 0 and all ¢g,...,i, € [

{Yo=1ip,Y1=141,...,Y, =iy}
= {9(Qx(X0)) = i0, 9(Qio (X1)) = i1, .., 9(Qi,_, (Xn)) = in}
= {F\(f(i0)) < Xo < FA(f(i0) + 1),
Fio(f(i1)) < X1 < Fio(f(i) + 1), Fi  (f(in)) < Xn < By (f(in) + 1)}

and hence by independence of Xy, ..., X,,

P(Yy =0, Y1 =i1,...,Y, =1,)
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— B(g(Qx(Xo)) = i0)P(9(Qiy (X1)) = i)+ Plg(Qu_ (X0)) = in)
= )\iopi07i1 © Pinoaying

as required for a Markov chain with initial distribution A and transition matrix P. O

Remark H.29. One may question why we only considered the joint distributions of finitely

many random variables, not of the entire sequence. We are interested in events of the form
E={W, #iforalln>0} or E'={W visits ¢ infinitely often}

that depend on infinitely many random variables. While E is easily well-approximated by
events only depending on finitely many random variables, this may at first not seem to be
the case for E’ since E’ poses no restriction on any finite number of W,,. However, this can
still be done:
E = ﬂ U (W, =i,1<j <k}
E>11<n;<--<ny

so the probabilities of such events of interest to us are determined by the distributions of any
finite family of random variables. This can be formalised further in Kolmogorov’s consistency
theorem which in our context essentially says that (a consistent system of) distributions of
any finite family of random variables gives rise to a unique distribution of the sequence of
random variables, and this means that probabilities of all events that depend on the sequence
are indeed determined by this unique extension. We will not make precise what the meaning
of this statement is nor how to prove anything like this.

Remark H.30. We use the term “transition matrix” also when the state space is countably
infinite. This means that the entries of products of transition matrices are (convergent!) series.
Most prominently, in the setting of Theorem 5.2, we use notation P™ for the nth power of P.
In general, such “matrix” products require certain assumptions, but in our context all entries
and the row sums are bounded by 1, so even before the identification with n-step transition

probabilities, the convergence of the series is guaranteed by simple comparison tests.

Remark H.31. Sections 5.7 ad 5.8 involve successive hitting times. The fact that the process
after the hitting time is independent of the process before the hitting time (and that the
process after the hitting time is another Markov chain) can be proved directly using the
Markov property as discussed in Seciton 5.2, or it is an instance of the Strong Markov property

that generalises the (simple) Markov property from fixed times to certain random times.

Definition H.32. Consider a Markov chain W with state space S. A stopping time is a
random variable N:  — {0,1,2,...} U {oo}, for which the event {N = n} depends only on
Wo, ..., Wy, for all n > 0.

Lemma H.33. For any B C S, the first hitting time H® = inf{n > 0: W,, € B} is a
stopping time

This is an (elementary) optional exercise in Part A Probability.

Theorem H.34 (Strong Markov property). Let W be a Markov chain and N a stopping
time. Then conditionally given {N < oo, Wx = i}, the post-N process (Wnii, k > 0) is a
Markov chain starting from i that is conditionally independent of (W;,0 < j < N —1).
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This is a (harder) optional exercise in Part A Probability. Let us explore the meaning of

this statement here.

Remark H.35. In the exploration of the (simple) Markov property (the case N = n determin-
istic in Theorem H.34) in Section 5.2, we expressed the conditional independence in several
ways relating joint (conditional) distributions. As noted in Remark H.29, it is natural and
indeed sufficient for our purposes and much more generally to consider distributions of finitely
many random variables. In the statement of the strong Markov property, this remark applies
to both the post-N process and the pre-IN process, which has a random length.

Specifically, if P(N = oo) = 0, the random process (W;,0 < j < N — 1) takes values in
the countable set | J,,~, 5", except on an event {IN = oo} of probability 0, so its distribution

is naturally expressed as the probability mass function
P(W;,0<j<N-1)=(i;,0<j<n-1)), (1;,0<ji<n—-1)eS", n>0.
More generally, we can use events of the form

E= J ﬁ%eAﬁ%“wW@leNm}m{N:n}

n—1

0<n<oo
If P(N = o0) > 0, the statement of the Markov is still conditional given N < oo and the above
probability mass function expresses the relevant part of the distribution of the pre-N process
(W;,0 < j < N—-1), on {N < oo}, while for the sake of also capturing the distribution
on {N = oo}, we remark that we can continue to rely on the observation in Remark H.29
that the (consistent) specification of the joint distributions of finitely many random variables
also identifies probabilities of events of interest that depend on the entire sequence. For
applications beyond the strong Markov property, we may therefore complement the above by
events of the form

E={Woe AL, .. Wy € A% N =cc}.

19

or combine the above events more generally into events of the form
FE = {WO €Ag,...,Wi_1 € Ap_1,N > k}

Let us note three corollaries of the strong Markov property that clarify steps of arguments
respectively in the remark offering an alternative approach at the end of the gambler’s ruin
example in Section 5.7, in the setup of recurrence and transience at the beginning of Section
5.8, and when we revisit the gambler’s ruin in Section 5.10.1.

Corollary H.36. Let X be a general birth-and-death chain with non-trivial transition prob-
abilities

Dii+1 =pi, =0, Pii—1=1—p;, ¢2>1, Po,o =1—po
for some p; € 10,1], ¢ > 0. Let r; =P;(hit i — 1), ¢ > 1. Then P;(hit 0) =r; -4y, i > 1.
Proof. For ¢ =1, this is trivial. Inductively assuming the claim for some ¢ > 1, we note that

with probability 1, birth-and-death processes starting from ¢ + 1 must visit ¢ before visiting

0, i.e. HU} < H{0} We apply the strong Markov property at the stopping time H{% to
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find that conditionally given {H{%} < oo} = {H1"} < 00, X;yiy = i}, the post-H{# process
(Xptiy 1 gy k > 0) is distributed like X starting from ¢ and

]P)H_l(hit 0) = Pi_;,_l(H{O} < OO) z+1(H{1} < OO)PH_l(H{O} < OO|H{Z} < OO)

=P
= Pi-}-l (hlt Z)PZ(H{O} < OO) =Ti1Ti" - T1-
O

Corollary H.37. Suppose that (X,,n > 0) is a Markov chain on a state space S and that

i € S is a state that is transient in the sense that
P;(X,, =i for somen >1)=p< 1.
Then the total number of visits to i has geometric distribution with parameter 1 — p.

Proof. Let Réi} = 0 and denote by R}{,i} = inf{n > Rfri];l +1: X, =i}, m > 1, the successive
return times, with the conventions that inf () = co and that Ri = oo if R;[,z}_l = 0o. Then

the number G of returns to i satisfies
P;(G=0)= ]P’i(Rii} =00)=P;(X, #iforalln>1)=1—p and P;(G>1)=p.

The strong Markov property at Ry{,f}7 which is easily seen to be a stopping time, yields
that conditionally given {R;{é} < oo} = {R;{ﬁ} < 00, Xpiy = i}, the post—RnZL} process
(XR{,-}HC, k > 0) has the same distribution as X, starting from i. Note that the (m + 1)t

return time of X is finite if and only if the first return time of the post—R,{,i} process is finite.

Inductively, assuming that P(G > m) = p™ for some m > 1, this yields
PG >m+1) =PRI, < o0) = Bi(RI < 00)Py(RY) | < oo| RED < o0)
= Pi(RY < co)Bi(RIY < 00) = pmt.
O

Corollary H.38. In the setting of Corollary H.36, let d; = E;[HU=}], i > 1. Then
B [H) =dy+ - +d;, i > 1.

To deduce this carefully from the strong Markov property is an optional exercise in Part
A Probability.

Remark H.39. In the proof of Theorem 5.8, interchanging expectation and series is justified

by Tonelli’s theorem.

Proposition H.40. (a) Let C be a recurrent communicating class. Either all states in C
are positive recurrent, or all are null recurrent (so we may refer to the whole class as

positive recurrent or null recurrent).
(b) Every finite recurrent class is positive recurrent.
(c) If C is positive recurrent, then E;[inf{n > 1: X,, =i}] < oo for alli,j € C.

This is an optional exercise in Part A Probability.
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H.6 Markov chains: stationary distributions and conver-

gence to equilibrium

Remark H.41. In the proof of the ergodic theorem for Markov chains, there are three points

of detail that we would like to clarify.

1. In the recurrent case, we claim that the times between successive visits of a state ¢ are
i.i.d.. To prove this, we proceed as in the proof of Corollary H.37, where now {qu? <
oo} = {R%) < 00, Xy = i} has probability 1. Hence, the strong Markov property
yields that (X .,k > 0) is (unconditionally!) independent of (X;,0 < j < RY) — 1)
and hence of (RY),Rg) - Rgi), ..,RY) - Rﬁ,?fl). Furthermore, (X o, .k > 0) is a

Markov chain starting from ¢ whose first return time to ¢ is R%Ll — Rg,?, which therefore

has a distribution that does not depend on m. By induction, RY), Réi) — Rgi), ey 5,? -
Rffl)fl, RS,ZL)H — Rﬁ}) are independent.

2. We use the strong law of large numbers for these i.i.d. random variables, which may
or may not have finite fourth moment, indeed even for random variables with infinite
expectation. In order to have a complete proof of the ergodic theorem, we therefore
need to establish a sufficiently general strong law of large numbers. For finite mean,
we leave this to Part B Probability, Measure and Martingales. For infinite mean, we

explore this in the following theorem.

3. We claim that the asymptotics Ty, /k — m; € (0, 00] for the time T}, of the kth visit to 4
implies the asymptotics V;(n)/n — 1/m; € [0,00) for the number V;(n) of visits to i by
time n. To prove this formally, we first note that recurrence implies that V;(n) — oo
almost surely. Furthermore, we note that Ty,,,) < n < Ty, (n)+1, and on the event
{Vi(n) — oo}, this yields

Tvi(n) n_ o T+ Viln) +1
Viln) = Vi(n) = Vi(n) +1  Vi(n)

By algebra of limits we conclude that on the event {V;(n) — oo} N {Tx/k — m;} of
probability 1, we have sandwiched n/V;(n) between two sequences that converge to m;.

Hence, V;(n)/n converges to 1/m; almost surely.

Theorem H.42 (Strong law of large numbers for non-negative random variables with infinite

mean). Let X,,, n > 1, be i.i.d. non-negative random variables with p := E[X1] = co. Let
Spn=X1+---+X,,n>1. Then

Sn

— =S u=00 almost surely, as n — co.

n

Proof. For any K € [0,00), consider the sequence XSLK) = min{X,, K}, n > 1, of ii.d.
random variables with finite mean px = IE[X{K)] < o0 and E[(XfK))Zl] < K* < co. Let
S,(LK) = Xl(K) + 4 X,(LK), n > 1. By the strong law of large numbers for random variables
with finite fourth moment,

S, S

— 2
n n

— UK almost surely, as n — oc.
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Now note that X fK), K > 1, is an increasing sequence of random variables with limit Xj.
The monotone convergence theorem yields that px = E[Xl(K)] — E[X1] = p = co. Now fix
M > 1. Then pux > M + 1 for all K sufficiently large and S, /n > M for all n sufficiently
large, except possibly on a set Aps of probability 0. But then S, /n — oo except possibly on
Uasr>1 An, which also has probability zero by countable subadditivity. O

Remark H.43. In the informal proof of Lemma 6.11, we use the ergodic theorem to obtain
the asymptotics for the number of visits to 7 and j, but we also rely on the observation that
a proportion p; ; of the visits to ¢ is followed by a transition into j. There are several ways
to make this rigorous. Maybe the quickest is to make the second statement precise using the
strong law of large numbers and then to carefully combine the two almost sure limits. In
the following, we work out an alternative proof that is more explicit about the dependence
structure induced by the repeated trials of transitioning to j after visiting .

Indeed, our aim is to apply the ergodic theorem directly. We consider S = {(i,j) €
I?: p;; > 0} C I? and the S-valued process W,, = (X, X,,+1), n > 1. It is easy to see that
this is an irreducible Markov chain with (non-zero) transition probabilities, for (i, ), (j, k) €

S, given by
Ui g),Gik) = PWarr = (4, k) [Wh = (i, 7)) = P(Xpy2 = k| Xnp1 = J, Xoo = 9) = pjik-

Then the expected return time my; ;) by W from (i, j) back to itself can be split at the
successive visits of X to ¢, each of which has probability p;; of being followed by a tran-
sition to j, independently of previous visits to ¢, by the strong Markov property. Hence,
the number G of visits to i before the first transition from i to j is geometrically dis-
tributed with success probability p; ;. The first visit to i takes a number of steps with
mean E;[H{}] = E; [Rfi}|X1 = j] — 1, the unsuccessful trials take independent identically
distibuted numbers N,, of steps with mean E; [R{i}|X1 % j], and the successful trial adds 1,
so that

meg = B[R X =] —1+E

= E:[R{"[X, = j] + E[G — 1]E[N]

= [R50 = j] + — PR £ ]

3
1 i . . i . .
= (BRI =0 =) + BRI £ )P0 £ 5))
Z’j
1 (i} m;
= —E[Ri"] =2
bi,j [ ! } bij

This allows us to relate proportions Vj(n) of X and V{; jy(n — 1) of W as

1 Vin) _ 1{Xo =j} Vijy(n=1)n-1 Dij
T t2 RO P

m; n n n—1

i€l iel "

certainly when I is finite, and for counably infinite I by the argument presented at the end

of the proof of Lemma 6.11.



Probability Part A, version of 24 September 2022 137

Remark H.44. In the proof of Lemma 6.12, we indicate an argument based on convergence

)

in probability to see that for all € > 0 and n sufficiently large

4] - 50 [0 -

n n n m; n n m;
V(i 1 1 1
gP(‘(Z) >€>++5§+2{—:
n m; i m;
1 V(1 1 1 1
20+(—5)P(‘(Z)—§5>2—(1+)6,

since 0 < V;(n)/n < 1, and hence

EVa(@)] | 1
_ 5 — as n — o0o.
n m;
Alternatively, this follows straight from the dominated convergence theorem.

Recall that the proof of the ergodic theorem was based on the strong law of large num-
bers, whose proof is only completed in Part B Probability, Measure and Martingales, so the
advantage of the above argument is that the strong law of large numbers, while not yet fully
proved, is a key result for both theory and applications, while the dominated convergence

theorem is a key result in a measure-theoretic approach to Probability.

Remark H.45. Lemma 6.12 shows that the existence of a stationary distribution on a class
C C I implies that m; < oo for some i € C, i.e. that some ¢ € C is positive recurrent. Since
positive recurrence is a class property, the same holds for all « € C. Conversely, in the setting
of the ergodic theorem, we note that ) ,_; Vi(n)/n =1 for all n > 1, and as the terms under
the sum converge to 1/m;, we obtain that ), ;(1/m;) = 1 for finite I, by algebra of limits.
For countably infinite I, this is more delicate. One way to extend to this case is to note
that ), ;(1/m;) < 1 for all finite J C I. But then, in the positive recurrent case, we have
0<M:=3,(1/mj) <1land m; =1/(m;M), i € I, is a stationary distribution, which by
Lemma 6.12 is actually m; = 1/m;, so M = 1.

Proposition H.46. Let X be an irreducible Markov chain with transition matriz P and state

space S. Then i € S is aperiodic if and only ifpl(-z) > 0 for all sufficiently large n.

This is an optional exercise in Part A Probability, which is useful to formalise a step in
the rather informal proof of the Markov chain convergence theorem given in the main body
of the lecture notes. Another optional exercise is to make all informal steps in that proof
formal.

H.7 Poisson processes

Remark H.47. Poisson processes are families of uncountably many random variables. How-
ever, they do not require any bigger probability spaces because these uncountably many
random variables can all be expressed as functions of a countable family of random variables.
Specifically, the definition based on i.i.d. exponentially distributed inter-arrival times does
precisely this. As we have demonstrated previously, there is a probability on which these
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i.i.d. exponentially distributed random variables Y,,: © — [0,00), n > 1, can be defined. The
construction

Ni(w) =#{n>1:YVi(w)+ -+ Vo(w) <t} =Y 1{Vi(w) +---+ YV, (w) <t} >0,
n>1
then specifies all Ny: Q — {0,1,2,...} U {oo}, t > 0, and these are random variables since

sums and limits (series) of random variables are also random variables.

Remark H.48. The main body of the lecture notes has an informal proof that the increments
in the setting of the definition based on independent inter-arrival times are independent. This
is informal, because it involves conditioning infinitely many random variables on finitely many
continuously distributed random variables. Rather than formalising this, we give a technically
simpler alternative proof based on conditioning on the event { Ny = k} of positive probability.
We claim that conditionally given {Ns = k}, the post-s process ]\7u = Ngjy — N5, u > 0,
is a Poisson process of rate A in the sense that its inter-arrival times }7,“ n > 1, which on
{Ns = k} satisfy
Vi=Yi1 —(s=Tk), Yo="VYiio,Vs="VYiis,...

are i.i.d. Exp()). Since {N, = k} = {T} < s, Tk + Yis1 > s} and also {¥; < z} only depend
on Yy,..., Y 1, the intersection of these events is independent of the random variables }7”,
n > 2, and it suffices to show that the conditional distribution of }71 given {N; = k} is also
Exp()). To this end, we calculate P(Y; > z|N, = k) as

]P(Yk_H > (S — Tk) + 2,1 < 8)
P(Yey1 > (s =T) Tp <s)

P(Yit1 — (s —Tk) > 2|Tk < 8, T + Yi41 > s) =

Numerator and denominator are of the same form, and written as an integral, this gives

/\k Sk -z
G-DIES

P(Yit1 > (s = Ti) + 2,1, < s) = / / fro () fyis (y)dydt = e™*
s—t+z

After cancellation, the preceding equation further equals e~*#, as required to identify Exp()\)
as the conditional distribution of Y7 given { Ny = k}. Since this conditional distribution does

not depend on k, it is also the unconditional distributio, by the law of total probability

P(Y; > z) ZIP’ Y1 > z|N, = k)P( =3 e PN, =k)=e,
k=0 k=0

and so P(N, = k,Y; > z) = P(N, = k)P(Y; > z). Hence, N, and Y; are independent and N
is a Poisson process of rate A that is independent of Ns. An induction establishes independent
Poisson increments.

Remark H.49. Our proof of the claim that a Poisson process in the sense of independent
Poisson increments has independent Exp(\) inter-arrival times is not a formal proof either.
Indeed, there is a non-trivial question about whether Y7 = inf{t > 0: N; > 0} is even a
random variable in the sense that sets like {Y; < 2} = {w € Q: Ny > 0 for some t € (0,2)} =
Ute(o,z){Nt > 0} are in the o-algebra F of the probability space (2, F,P) on which Ny, t > 0,
are defined. The subtlety is that {Y; < z} depends on uncountably many random variables,

and uncountable unions of events need not be events in F.
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If we further stipulate that (N¢,t > 0) is a counting process with values in {0,1,2,...}
that is increasing in the sense that Ny < N, the answer to this question is “yes” as it
suffices to restrict the union to t € Q, and we then similarly find that Tx, & > 1, and hence
Yy, =Ty —Tk_1, k > 2, are also random variables. Clearly, the existence of such a process has
been proved by the construction from independent Exp(A) inter-arrival times, but the further
question that is being asked here is whether the independent Poisson increments uniquely
identify the distribution of the inter-arrival times. In the setting of (increasing) counting

processes, the answer is “yes,” because we can re-express events such as
{Tl S Sl,TQ S 527...7Tk S Sk} = {Nsl Z 1,N52 Z 2""7N3k Z k}
so the joint distribution of any finite number of arrival times, or equivalently inter-arrival

times, is uniquely identified by the joint distributions of (N, ¢ > 0) at finitely many times,
or equivalently the increments between those times.

Theorem H.50. Definition 7.4 via infinitesimal increments defines a rate-A Poisson process.

Proof. In the setting where (N;,t > 0) is a counting process that satisfies the Poisson in-
crements definition, (N¢,t > 0) already satisfies conditions (i) and (ii) of Definition 7.4. For
(iii), just note that the Poisson increments yield that the distribution of N(s, s + h] does not
depend on s > 0 and that

P(N(s,s+h] = 0) = —1—)\h+ o(h)
P(N(s,s+h] =1) = Ahe ™" = Ah + o(h)
P(N(s,s+h] >2)=1—-P(N(s,s+h] <1)=1—e M — Ahe " = o(h).
It remains to prove that (i)—(iii) suffice to uniquely characterise the Poisson process of rate

A. Indeed, as the distribution of N(s,s + h| does not depend on s, it suffices to identify the
distribution of Ny for all ¢ > 0. We find from the i.i.d. increments that for all £ € {0,1,2,...},

IP’(Nt:k):IP’<§n:N(i;1t,it] = )
(l 1

N (l — 1t, lt] =1 for k values of i and NV (_t t} =0 0therwise>
n

n n

_ (Z ()\:L—ko(;))k (1—,\24”) (:,;))le
n(n—1)- . (n—k+1) O +]j<1>>k (1 Y +no<1>>”’“
D*

k! ’

This is a lower bound since we ignored the possibility that any of the n intervals contributes

2 or more to N;. We obtain an upper bound by adding to the above a term that includes all

of these possibilities (and even drops the requirement to sum to k). Specifically, we add

(O (=) s Be (v (T2 0o () o

and a sandwich argument completes the proof. O
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Remark H.51. In the statement of Theorem 7.6 on thinning, we mark points of a Poisson
process independently with probability p. Formally, we can use an independent sequence of
Bernoulli variables I, £ > 1, such that [} is associated with the point at Ty, = Y1 +---+Y%, on
a probability space with a sequence of independent uniform variables U,,, m > 1, where we use
the even subsequence to construct Yy = —(log(Usg))/A ~ Exp(\) and the odd subsequence
to construct the I, = 1{Us;_1 < p} ~ Bernoulli(p), k& > 1.

This notation for Bernoulli variables works well to show (i)—(iii) in the Poisson increments

definition. Specifically, for (ii), the events
Ej = {N(tj—htj] = nj71"1+"‘+7lj—1+1 =01, ’In1+~~+nj = ij7nj}’ 1<j<k,

are independent for all n; € {0,1,2,...} and ij1,...,ij,, € {0,1}, 1 < j < k. Summing
their probabilities over the n; and i, for fixed sums i1 + -+ + 45, =m;, 1 < j < k, we
conclude the independence of events {M (t;_1,t;] = m;}, 1 < j <k, as required.

In Remark 7.7 we claim that the process of unmarked points is an independent Poisson
process. Indeed, the independence of events {M (¢;_1,t;] = m;, L(t;_1,t;] = £;} can be read
as above, just also fixing n; = m; +¢;, 1 < j < k. We then revisit the calculation for (iii) in
the proof of Theorem 7.6 and find

N(0,t]
P(M(0,t] =m,L(0,t] =) =P | Y L =m|N(0,t] =m+L | P(N(0,£] =m+20)
r=1

m+£
]P’(ZI m‘N(O,t] m+€> P(N(0,t] = m +£)

m-+L
=P (Z I. :m> P(N(0,t] = m +¢)

m+0\ ,, e~ ANmHe
[ s i
m

=P (p\)™ 7(1(1)1_6)! )¢
(o) (Y,

Proposition H.52. Let B£7l), r > 1, be independent Bernoulli variables with success proba-
bility A/n, for each n > 1. Define

e the discrete-time counting process Xf;f) = B%n) + -+ BT(,TLL), m >0,

e the discrete-time arrival times R,(C") = inf{m > 0: Xy(,?) >k}, k> 1, and also Rén) =0,
e the discrete-time inter-arrival times ng) = Rgn) - Ryi)l.

Then the increments X,(,i? - X,(TZ)A, 1 < j <k, are independent Binomial(m; — m;_1,A\/n)
forall0 =mg <mq <--- <my and k > 1. Also, the discrete-time inter-arrival times form

a sequence of independent Geometric(A/n) random variables.
Proof. This is elementary. O

Corollary H.53. In the setting of Proposition H.52, consider continuous-time counting pro-

cesses N = x™

e t > 0, that incorporate n discrete time steps per unit time, with
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arrival times T,i") = inf{t > 0: Nt(") >k} = Ré")/n, k > 1, and inter-arrival times

Yj(n) = Tj(") — Tj(f)l = G;n)/n, j > 1. Then we have, as n — oo,

P(N™(0,t1] = ma, ..., N (tg_1, tx] = mp) = P(N(0,t1] = ma, ..., N(tp—1,tr] = my)

and
P(Yl(n) <wy,... ,Yk(n) <uyr) > PY1 <wyp,..., Y <yp),

where N is a Poisson process of rate A with inter-arrival times Y;, j > 1.

Proof. Just note that the independence observations in Proposition H.52 and the indepen-
dence properties of Poisson increments and inter-arrival times allow us to split the joint
probabilities into products of probabilities, which each converge by the convergence theorems

of Binomial to Poisson and Geometric to Exponential as noted in Section 7.4. O

We can view these as simple instances of multivariate convergence in distribution. Specifi-
cally, they can be seen as “finite-dimensional convergence” of the processes N(™) to the limiting
process N. Other instances of multivariate convergence in distribution can be obtained by
combining two applications of the central limit theorem to pairs of random variables that are
independent within each pair, which comes up in Question 8 on Problem Sheet 2. It takes
more development of this notion to deduce the convergence of probabilities that relate the two
random variables in ways that do not factorise. While this was applied in an informal way in
the problem sheet question, we refer to the Part C course on Limit Theorems and Large De-
viations in Probability for relevant theory in the much higher generality of weak convergence
of probability measures on metric spaces, which also allows to strengthen the convergence in
Corollary H.53 to a convergence of distributions on a the space of right-continuous functions

with left limits equipped with the Skorokhod topology.



Prelims Algebra: Relevant material

This appendix contains a selection of statements of definitions and theorems from the Prelims
Linear Algebra courses that are relevant for Part A Probability. Most importantly, what we
need are eigenvalues and eigenvectors of square matrices. Relevant for some examples are also
some properties of permutations (borrowed from the Groups and Groups Actions course) and
the notion of diagonalisability of a square matrix. Again for the sake of dealing with certain
examples, we add material on recurrence relations that was essentially included in the Prelims
Probability course. Specifically, we state results on solutions to recurrence relations for first
and second order with constant coeflicients, and we include a proof in the case of second order

results, extrapolating slightly from the special cases covered in Prelims Probability.

I.1 Linear Algebra I

Definition I.1. Let m,n be positive integers. An m X n matriz is an array of real numbers
arranged into m rows and n colums. Row vectors in R™ are 1 x n matrices and column vectors

in RY; are n x 1 matrices.

Definition I.2 (Matrix multiplication). If A = (a;;) is an m x n matrix and B = (b;;) an

n X p matrix, then the product C = AB is the m X p matrix with entries

n
cikzz:aijbjk, 1<i<mand1l<Ek<p.
=1

When m = n = p, we write A? for the product AA and inductively A9t! = A9A for ¢ > 2.
We also define A% = I,,, where I,, = (8;;) is the identity matrix with entries §;; = 1 if i = j
and 0;; = 0 if i # j. Note that A7A" = A?*" for all ¢, > 0.

Definition I.3. We say that vectors vy,...,v,, € R™ are linearly independent if the only

solution to the equation
Q11 + - F AUy, =0, where aq,...,q, € R,

isag=--=a,, =0.

142
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I.2 Linear Algebra II

Let M, (R) be the set of n x n matrices with real entries. For A € M, (R) we write A =

[a1,...,a,] where a; € R? |, 1 < i <n, are the columns of A.
Definition I.4. A function D: M, (R) — R is determinantal if it is

(a) multilinear in the columns:

D[,caz+bz,]:cD[,al,]+D[,bz,],

(b) alternating: DJ...,a;,a,41,...] =01if a; = a;41,
(¢) and D(I,) = 1.
Proposition 1.5. Let D: M, (R) — R be a determinantal map. Then
(a) D[...,a;,...,a;,..]=—=D[...,a;,...,4;,.. ],
(b) and D[...,a;,...,a;j,...| =0 when a; = a;, i # j.

Definition I.6. Let S be a set. A bijection S — S is called a permutation of S and the
set of permutations of S is denoted Sym(S). If n is a positive integer, then we write S,, for
Sym({1,...,n}). An element ¢ € S,, which switches two elements 1 < i < j < n and fixes
the others is called a transposition.

Theorem 1.7. Let S be a set.
(a) Then Sym(S) forms a group under composition. It is called the symmetric group of S.
(b) The cardinality of Sy, is n!.

Definition I.8. A permutation is said to be odd (resp. even) if it can be written as a com-
position of an odd (resp. even) number of transpositions. We define the sign of o € S, as

sign(o) = 1 if ¢ is even and sign(c) = —1 if ¢ is odd.
Theorem 1.9. (a) Every permutation can be written as a composition of transpositions.
(b) Every permutation is either even or odd, but not both.

Theorem 1.10. For each n € N there exists a unique determinantal function D: M,(R) — R
and it is explicitly given by

Diay,...,a,] = Z sign(0)aq(1),1** * Go(n),n-
o€eSy,

Definition I.11. For an A € M, (R), a column vector v € R | is a right eigenvector if v # 0
and Av = cv for some ¢ € R. We call ¢ € R an eigenvalue of A if Av = cv for some nonzero

v € RY . We call a row vector A € R™ a left eigenvector if A # 0 and AA = cA.

Definition I.12. For A € M,,(R) the characteristic polynomial of A is defined as xa(z) =
det(A — z1,).
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Theorem 1.13. Let A € M, (R). Then ¢ is an eigenvalue of A if and only if ¢ is a root of
the characteristic polynomial x a(z) of A.

Theorem 1.14. Let c1,...,cm, for m < n, be the distinct eigenvalues of A and vy, ..., vy,

corresponding eigenvectors. Then vy, ..., vy, are linearly independent.

Definition I.15. A matrix A € M,(R) is diagonalisable if there is an invertible matrix U
such that B := U 'AU is a diagonal matrix.

Proposition 1.16. If A € M, (R) is diagonalisable with diagonal matriz B = U~1AU, then

the diagonal entries of B are the eigenvalues, and the colums in U corresponding eigenvectors.
Corollary 1.17. If A € M, (R) has n distinct eigenvalues, then A is diagonalisable.
Corollary 1.18. If A € M,(R) is diagonalisable with diagonal matriz B = U~YAU, then

A" = UB"U~', where B™ is the diagonal matriz whose entries are the nth powers of the

corresponding entries of B, for alln > 0.

1.3 Recurence relations

Definition 1.19. Let k > 1. A kth order linear recurrence relation (or difference equation )

has the form i
Z ajunt; = f(n) (1.1)
§=0

with ag # 0 and ax # 0, where ag, . . ., ax are constants independent of n. A solution to (I1.1)
is a sequence (uy,),>o satisfying (I.1) for all n > 0. The equation (I.1) is called homogeneous

if f(n) =0 for all n > 0 and inhomogeneous otherwise.

Theorem 1.20. The general solution (u,) of (I.1) can be written as w, = v, + w, where

(vp) is a particular solution to (I.1) and (wy,) solves the associated homogeneous equation

k
Z QjWn4j5 = 0. (12)
7=0

Corollary 1.21. For k =1, the general solution to u,+1 = auy, + ¢ is given by
un:Aa"—l—lfca ifa#1 and up =A+nc ifa=1,
for n >0 and an arbitrary constant A € R.
Proposition 1.22. For k = 2, the general solution to
Upt1 = AUy + Dup_1 + ¢, n>1,

is given in terms of the solutions A1 and Ao of the auziliary equation A2 = al + b, by

un:AlA?+A2)\§‘+%b if A # X and a+b# 1,
e
un:AlejLAgAgjul%bn if\ £ X and a+b=1,
& .
’LLn:(Al—i-AQn))\n—f—m Zf)\lz)Q:)\;él,

un:Al—i—AQn—&—gnQ if A1 =X =1
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Proof. Factorise the auziliary equation \? = aX + b into A2 —aX —b= (A —A)(A—X2) =0
identifying two roots A1, A2 € C, not necessarily distinct. Then A\;+Xo = aand b = A1 (A1 —a).
Now consider any (real) solution () to the homogeneous equation x, 1 = axp + bxp_1.

Then y,, = x, — A1z, satisfies for n > 1
Yntl = Tnt1l — ATy = (@ — A1)Tp + b1 = (a — M) (T — MZn—1) = AaYn.
Inductively, y,+1 = BAY for some B € R. But then (z,,) solves the first order equation
Tpt+1 = My, + BAY. (1.3)

The general solution to the associated homogeneous equation z,+1 = A1z, is 2, = A1 AT

Case 1: A1 # Aa. A particular solution of (I1.3) is v, = yn+1/(A2 — A1) since for n > 1

B \nt B

= A A2 — M)A = A\v, + BAY.
a2 /\2_)\1(1+2 1)A3 = Ao, + By

Un41 =
Let Ay = B/(A2 — A1). By Theorem 1.20,
Tp = 2Zn +Vn = A1 AT + A2

is the general solution of the inhomogeneous first-order equation (I.3), for each fixed B =
As(Aa— A1), and of the homogeneous second order equation ,,+1 = ax, +bx,_1, for arbitrary
constants Ay, As € R.

We can find a constant particular solution ¢, = s of the inhomogeneous second order
equation if a + b # 1 as then

Cc

at, +btp_1+c=(a+d)s+c=s=th1 <— ek E—
—a—
Ifa+b=1, then Ay =1 and Ay = —b # 1, so there is a particular solution t,, = rn as then

- C
140

atp, +btp_1+c=arn+blrn—r)+c=(a+brm+c—br=r(n+1) < r

Case 2: A\ = A2 = A. Then a = 2X\ and b = —)\%2. If A = 0, this all degenerates to
ug = A, uy = Ag and u,, = ¢, n > 2. Now suppose that A # 0. A particular solution of (I1.3)

is vy, = NYpt1/A since then
avy +bvy 1 = 220Yn i1 /A — N0 — Dy /A= BA"(2n — (n — 1)) = (n + 1) ynio/\ = Uni1.

By Theorem 1.20, the general solution of (I.3) can be written as @, = z, + v, = (A1 +nAds)\"
for fixed B = AAg, and similarly for the general solution of z,4+1 = az, + bx,,_1, now for
arbitrary constants A;, A € R.

As in Case 1, a constant particular solution ¢,, = ¢/(\—1)? exists bar one exception A = 1.

When A\ = 1, t, = en?/2 is easily seen to be a particular solution. O



